Correcting Exposure Bias for Link Recommendation

A. Bias and Variance

Lemma A.1. Let X ~ Bernoulli(0) andY = aX + b(1 — X)), where a and b are some constants. Then
Var(Y) = 0(1 — 6)(a — b)2.

Proof of Lemma 3.1

Lemma. The bias and variance of R,m,ve( 0) are
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The variance is
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Lemmas 3.2, 3.3, and 3.4 can be proved similarly.

Proof of Theorem 3.1
Theorem (Comparison of Variances). For all values of 7,7, we have Var(ﬁAp) < Var(]?,m-,,g)7 and
Var(Rap) < Var(Ry,) < Var(Rpy)

Proof. First we show that Var(}A%Ap) < Var(f%naive). We have
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Using the fact that w?j < 1V(i,j) €U, we get Var(]/%Ap) < Var(ﬁnaive).

Next, we show that Vm(ﬁw) < Var(Rpy):
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Next, we show that Var(ﬁAp) < Var(ﬁw):
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Var(Rap) < Var(R,).

Proof of Theorem 3.2
Theorem (Comparison of Biases). Under the bias approximations, a sufficient condition for B(}A%w) =B (EPU) < B(]’%,m,w)
is
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Proof. We first derive the sufficient condition for B(R,,) = B(}AEPU) < B(I:Ena,-ve). We have
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Then, a sufficient condition for B(ﬁw) = B(EPU) < B(ﬁnaive) is
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Next, we derive the sufficient condition for ﬁAp < ﬁnam. Observe that
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B. Generalization Bound

Proof of Theorem 4.1
Theorem (Generalization Bound). Let F be a class of functions (7, y). Let §(0;5,Yi;) < n¥(i,j) € U and 7;j > € >
0 V(i,7) € U. Then, for Re {Ew, Rpu, EAP}, with probability at least 1 — 6, we have

(¥, 7)
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+ B
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where M = ;élii” log(2) and B(R) is the bias of R derived in Section 3.

Proof. We proceed similarly to the standard Rademacher complexity generalization bound proof (Shalev-Shwartz &
Ben-David, 2014)[Ch. 26]. Observe that

< B(R) + E,[R(0,7,7)]. ®)

E,[R(0,7, )] < R(0,7,7) + (o). ©)
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if 0 and 6 differ in only one coordinate, i.e., 0;; # 6;; for some (¢, j) € U and oy, = 61, V(1,m) € U s.t. (4, j) # (I, m).

Using McDiarmid’s Inequality, with probability at least 1 — §, we have
®(0) < E[®(0)] + C.

(10)

Next, we upper bound E[®(0)]. Let 0 be a ghost sample independently drawn having the same distribution as o. We have
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Combining Egs. 8, 9, 10, and 11, we get Eq. 6. Another application of McDiarmid’s Inequality allows us to obtain Eq. 7
from Eq. 6. O
C. Feedback Loops
Lemma C.1 (Binomial Tail Bound). If the random variable X,, ~ %Binomial(n, 0), then for € > 0, we have
P(|X, — 0] > €) < 2exp (—2ne®) .
Proof. Observe that X,, € [0,1]. Applying Hoeffding’s inequality gives us the desired result. O

Lemma C.2. Letn € N and k be a fixed C — 1 simplex such that k,n € N Yv € [C]. The random variable ¢, ~
ﬁBinomial(mvn, qv), where q, € (0,1). Assume that q, > q,, if v > w. We denote as € the following C — 1 simplex:
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This is saying that, for (v, w) s.t. v > w the simplex € will be more skewed towards v than the simplex k if the sampled §,
and G, are close to their mean values q,, and q.,,, respectively.

Proof. Observe that if |§, — qu| < €y and |§y — Guw| < €yw, then the lowest value that €, can take is
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The inequality (1) above can further be simplified as
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Lemma C.3. Ler v be a fixed C — 1 simplex and € be the following G — } simplex, ~é\ = Lla1Gr, a2Go, - . ., acqc), where
Z = ZzG[C] .G, and the vector k ~ %Multinomial(n,’e\). Let €,y = éuivéw = éw({:qw and Ky = KUTM.

Assume that |G, — q-| < € Yz € [C] where q. € (0, 1) are fixed. If |k, — €, < =] and |k, — €, < 5|, then for some
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Since |G, — ¢.| < € Vz € [C], we have

6= e __
Zze[C] gz
> .y (qy — €)
oy (qu — €) + Zze[CLz;éu az(qz + €)
.y (qu — 6)
Cmax,cic) (g +€)’
Oy (quw — €)

and similarly €,, >

Cmax,c(o) uw(q: + €)
av(qv - 6) + Qi <Qw - 6)
Cmax.cic)(qz + €)

€yt ey >

Therefore, we can set 1,,, such that

Mnw <p (av(qv —€)+ aW(qw - 6))
c Cmax.cic)(g: +€)

o —€)t o —€
Mo <p< v(qv ) W(qw )) '
max,ec[c) ¢z + €
O
Proof of Theorem 5.1
()
Theorem. WLOG, assume that q,, > q, if v > w. Let /1782, = (t';i ay- Let AS}J, represent the event that relative fraction

of recommendations from g, to that from g,, increases at time t, i.e., H(t+1) > m(fu), Let A" be the event that all relative

fractions get skewed towards g, from g, if ¢y > Qu, i.e. AD) = Neo,wyes AW where S = {(v,w):ve[Cl,we[C],v>
w}. Then, for constants €, > 0 that only depend on x®) and q, we have

2
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Proof. We know that the estimated probabilities qvt) have distribution qvt) |e®) ~ 1 —Binomial(nky, g,). The simplex with
normalized probabilities is e(*T1) = [A(t), aét), ... ,a(c)] where Z = ZZG () @ ).

Let cjf,t) = 1(t) Binomial(mﬁq(f)7 ¢v). We denote by gl
t+1 t) ~(t
st+1) A( : _ qu(; )qq(} ) )
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There are two main parts to the proof. First, we show that, with high probability, éﬁjl) — n,(,i,l > p V(v,w) € S for some

constant p. Then, we show that, with high probability, éﬂ'l) m,(Jtijl) < p V(v,w) € S. We combine these two results to

show that, with high probability, x{5 " > k%) V(v,w) € S.

Using Lemma C.2, for some (v, w) € S, we know that for some constant p,,, such that
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we have
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for a constant €,,, s.t. 0 < €4 <

Intuitively, this is saying that @Sﬁjl) —/{S,tg, > Pow if @y
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Now, we show that éfJ ) is close to H(H_ ) We know that x(tt1) ~ %Multinomial(n, el+t1). Let the event Q) =
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Combining Eq. 15 and 16, we get the desired result as follows:
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Proof of Theorem 5.2
Lemma C.4 (Convergence in Probability). Let X,,,Y,, and Z be random variables such that X,, LN Y, and Y, LN Z, then
X, 5z
Proof. For any € > 0, we have
P(|X,—Z|>2e)=P(|X,-Y,+Y,—Z| >¢)

< P(|Xn _Yn| + ‘Yn _Z| > 6)

<P (1%, - Vol 2 5) +P (1% - Vol 2 5)

=0.
Therefore, X,, > Z. [
Theorem. Let g, > q,. Asn — o0, /fsjtl)u LA - ﬁ, where ¢ = ;1—'".

Proof. At time step t, the fraction of recommendations from each group is ;. From group g,, the user cites papers

according to probability g,. Therefore, @(f) RN m(f)qq,. And the normalized estimate is e(**1) = %[mgt)qh e Hg)qc],

where S =37 (o kP q... Since KD ~ 1 Multinomial(n, 2*+1)), we have
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Table 5. The distribution of the FOS in the two real-world datasets.

FOS DATASET 1  DATASET 2
ART 0.03% 0.08%
BIOLOGY 26.48% 23.43%
BUSINESS 0.38% 0.10%
CHEMISTRY 10.11% 15.67%
COMPUTER SCIENCE 9.40% 3.42%
ECONOMICS 2.51% 0.03%
ENGINEERING 6.24% 17.98%
ENVIRONMENTAL SCIENCE 0.13% 0.03%
GEOGRAPHY 0.48% 0.40%
GEOLOGY 1.45% 0.46%
HISTORY 0.04% 0.03%
MATERIALS SCIENCE 3.06% 19.09%
MATHEMATICS 7.17% 1.03%
MEDICINE 21.28% 13.90%
PHILOSOPHY 0.03% 0.01%
PHYSICS 2.99% 3.14%
POLITICAL SCIENCE 0.18% 0.01%
PSYCHOLOGY 7.49% 1.14%
SOCIOLOGY 0.55% 0.05%

®
We know that K’(”i) L oe. Combining this with Eq. 17 and using Lemma C.4 recursively, we get

Raw

(t)
m(Jt) add
Raw
1 P 1 . .
. 1= —— — 1— —— (Continuous mapping theorem)
Ko 1 + Ct
1 + (%)
Raw
(t)
K 1
S T Ty a
Ky + Kw I+e¢
1
P
3 /{S}%—)l— 1+

D. Experiments

Table 5 provides the distribution of the various FOS in both the datasets used for the real-world dataset experiments
(Section 6.2). We can see that the FOS distributions are different. For example, Dataset 2 has substantially more Materials
Science and Engineering papers.



