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Abstract
Modeling the time-series of high-dimensional,
longitudinal data is important for predicting patient disease progression. However, existing neural network based approaches that learn representations of patient state, while very flexible, are
susceptible to overfitting. We propose a deep generative model that makes use of a novel attentionbased neural architecture inspired by the physics
of how treatments affect disease state. The result is a scalable and accurate model of highdimensional patient biomarkers as they vary over
time. Our proposed model yields significant improvements in generalization and, on real-world
clinical data, provides interpretable insights into
the dynamics of cancer progression.

1. Introduction
Clinical biomarkers capture snapshots of a patient’s evolving
disease state as well as their response to treatment. However,
these data can be high-dimensional, exhibit missingness,
and display complex nonlinear behaviour over time as a
function of time-varying interventions. Good unsupervised
models of such data are key to discovering new clinical
insights. This task is commonly referred to as disease progression modeling (Alaa & van der Schaar, 2019; Elibol
et al., 2016; Liu et al., 2015; Schulam & Saria, 2016; Severson et al., 2020; Venuto et al., 2016; Wang et al., 2014).
Reliable unsupervised models of time-varying clinical data
find several uses in healthcare. One use case is enabling
practitioners to ask and answer counterfactuals using observational data (Bica et al., 2020a; Pearl et al., 2009; Rubin,
1974). Other use cases include guiding early treatment
decisions based on a patient’s biomarker trajectory, detecting drug effects in clinical trials (Mould et al., 2007), and
clustering patterns in biomarkers that correlate with disease
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sub-type (Zhang et al., 2019b). To do these tasks well, understanding how a patient’s biomarkers evolve over time given
a prescribed treatment regimen is vital, since a person’s
biomarker profile is often the only observed proxy to their
true disease state. Like prior work (Alaa & van der Schaar,
2019; Krishnan et al., 2017; Severson et al., 2020), we frame
this problem as a conditional density estimation task, where
our goal is to model the density of complex multivariate
time-series conditional on time-varying treatments.
Representation learning exposes a variety of techniques for
good conditional density estimation (Che et al., 2018; Choi
et al., 2016; Miotto et al., 2016; Suresh et al., 2017). For
sequential data, a popular approach has been to leverage
black-box, sequential models (e.g. Recurrent Neural Networks (RNNs)), where a time-varying representation is used
to predict clinical biomarkers. Such models are prone to
overfitting, particularly on smaller clinical datasets. More
importantly, such models often make simplistic assumptions
on how time-varying treatments affect downstream clinical
biomarkers; for example, one choice is to concatenate treatments to the model’s hidden representations (Alaa & van der
Schaar, 2019; Krishnan et al., 2017). The assumption here
is that the neural network learns how treatments influence
the representation. We argue that this choice is a missed
opportunity and better choices exist. Concretely, we aim
to encourage neural models to learn representations that
encode a patient’s underlying disease burden by specifying
how these representations evolve due to treatment. We develop a new disease progression model that captures such
insights by using inductive biases rooted in the biological
mechanisms of treatment effect.
Inductive biases have been integral to the success of deep
learning in other domains such as vision, text and audio. For
example, convolutional neural networks explicitly learn representations invariant to translation or rotation of image data
(Jaderberg et al., 2015; LeCun, 2012; Veeling et al., 2018),
transformers leverage attention modules (Bahdanau et al.,
2014; Vaswani et al., 2017) that mimic how human vision
pays attention to various aspects of an image, and modified
graph neural networks can explicitly incorporate laws of
physics to generalize better (Seo & Liu, 2019). For some
learning problems, the physics underlying the domain are
often known, e.g. the laws of motion, and may be leveraged
in the design of inductive biases (Anderson et al., 2019; Ling
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Figure 1. Inductive Bias Concept (Top): A clinician often has
multiple mechanistic hypotheses as to how the latent tumor burden
evolves. Our approach formalizes these hypotheses as neural architectures that specify how representations respond to treatments.
Patient Data (Bottom): Illustration of data from a chronic disease patient. Baseline (static) data typically consists of genomics,
demographics, and initial labs. Longitudinal data typically includes laboratory values (e.g. serum IgG) and treatments (e.g.
lenalidomide). Baseline data is usually complete, but longitudinal
measurements are frequently missing at various time points.

et al., 2016; Wang et al., 2020). The same does not hold true
in healthcare, since exact disease and treatment response
mechanisms are not known. However, physicians often
have multiple hypotheses of how the disease behaves during
treatment. To capture this intuition, we develop inductive
biases that allow for a data-driven selection over multiple
neural mechanistic models that dictate how treatments affect
representations over time.
Contributions: We present a new attention-based neural architecture, PK-PDNeural , that captures the effect of
drug combinations in representation space (Figure 1 [top]).
It learns to attend over multiple competing mechanistic
explanations of how a patient’s genetics, past treatment
history, and prior disease state influence the representation to predict the next outcome. The architecture is instantiated in a state space model, SSMPK-PD , and shows
strong improvements in generalization compared to several baselines and prior state of the art. We demonstrate
the model can provide insights into multiple myeloma progression. Finally, we release a disease progression benchmark dataset called ML-MMRF, comprising a curated, preprocessed subset of data from the Multiple Myeloma Research Foundation CoMMpass study (US National Institutes of Health, and others). Our model code can be
found at https://github.com/clinicalml/ief,
and the data processing code can be found at https:
//github.com/clinicalml/ml_mmrf.

2. Related Work
Much work has been done across machine learning, pharmacology, statistics and biomedical informatics on building
models to characterize the progression of chronic diseases.

Gaussian Processes (GPs) have been used to model patient
biomarkers over time and estimate counterfactuals over a
single intervention (Futoma et al., 2016; Schulam & Saria,
2017; Silva, 2016; Soleimani et al., 2017). In each of these
cases, the focus is either on a single intervention per time
point or on continuous-valued interventions given continuously, both strong assumptions for chronic diseases. To
adjust for biases that exist in longitudinal data, Bica et al.
(2020a); Lim et al. (2018) use propensity weighting to adjust
for time-dependent confounders. However, they concatenate multi-variate treatments to patient biomarkers as input
to RNNs; when data is scarce, such approaches have difficulty capturing how the hidden representations respond to
treatment.
State space models and other Markov models have been
used to model the progression of a variety of chronic diseases, including Cystic Fibrosis, scleroderma, breast cancer,
COPD and CKD (Alaa & van der Schaar, 2019; Perotte
et al., 2015; Schulam & Saria, 2016; Taghipour et al., 2013;
Wang et al., 2014). There has also been much research
in characterizing disease trajectories, subtypes, and correlations between risk factors and progression for patients
suffering from Alzheimer’s Disease (Goyal et al., 2018;
Khatami et al., 2019; Marinescu et al., 2019; Zhang et al.,
2019a). Like us, the above works pose disease progression
as density estimation but in contrast, many of the above
models do not condition on time-varying interventions.

3. Background - State Space Models (SSMs)
SSMs are a popular model for sequential data and have a
rich history in modeling disease progression.
Notation: B ∈ RJ denotes baseline data that are static,
i.e. individual-specific covariates. For chronic diseases,
these data comprise a J-dimensional vector, including
patients’ age, gender, genetics, race, and ethnicity. Let
U = {U0 , . . . , UT −1 }; Ut ∈ RL be a sequence of Ldimensional interventions for an individual. An element of
Ut may be binary, to denote prescription of a drug, or realvalued, to denote dosage. X = {X1 , . . . , XT }; Xt ∈ RM
denotes the sequence of real-valued, M -dimensional clinical biomarkers. An element of Xt may denote a serum
lab value or blood count, which is used by clinicians to
measure organ function as a proxy for disease severity. Xt
frequently contains missing data. We assume access to a
dataset D = {(X1 , U1 , B 1 ), . . . , (XN , UN , B N )}. For a
visual depiction of the data, we refer the reader to Figure
1. Unless required, we ignore the superscript denoting the
index of the datapoint and denote concatenation with [].
Model: SSMs capture dependencies in sequential data via
a time-varying latent state. When this latent state is discrete,
SSMs are also known as Hidden Markov Models (HMM).
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In our setting, we deal with a continuous latent state. The
generative process is:
p(X|U, B) =

Z Y
T
Z t=1

pθ (Zt |Zt−1 , Ut−1 , B)pθ (Xt |Zt )dZ

Zt |· ∼N (µθ (Zt−1 , Ut−1 , B), Σtθ (Zt−1 , Ut−1 , B)),

Xt |·

∼N (κθ (Zt ), Σeθ (Zt ))

(1)

We denote the parameters of a model by θ, which may
comprise weight matrices or the parameters of functions
that index θ. SSMs make the Markov assumption on the
latent variables, Zt , and we assume that relevant information about past medications are captured by the state
or contained in Ut−1 . We set Σtθ , Σeθ , κθ (Zt ) to be functions of a concatenation of their inputs, e.g. Σtθ (·) =
softplus(W[Zt−1 , Ut−1 , B] + b). Σtθ , Σeθ are diagonal matrices where the softplus function is used to ensure positivity.
PN
Learning: We maximize i=1 log p(Xi |Ui , B i ) with respect to θ. For a nonlinear SSM, this function is intractable,
so we learn via maximizing a variational lower bound on it.
To evaluate the bound, we perform probabilistic inference
using a structured inference network (Krishnan et al., 2017).
The learning algorithm alternates between predicting variational parameters using a bi-directional recurrent neural
network, evaluating a variational upper bound, and making gradient updates jointly with respect to the parameters
of the generative model and the inference network. When
evaluating the likelihood of data under the model, if Xt is
missing, it is marginalized out. Since the inference network
also conditions on sequences of observed data to predict
the variational parameters, we use forward fill imputation
where data are missing.

4. Attentive Pharmacodynamic State Space
Model
To make the shift from black-box models to those that capture useful structure for modeling clinical data, we begin
with a discussion of PK-PD models and some of the key limitations that practitioners may face when directly applying
them to modern clinical datasets.
4.1. Limitations of
Pharmacokinetic-Pharmacodynamic Modeling
Pharmacology is a natural store of domain expertise for reasoning about how treatments affect disease. We look specifically at pharmacokinetics (PK), which deals with how drugs
move in the body, and pharmacodynamics (PD), which
studies the body’s response to drugs. Consider a classical
pharmacokinetic-pharmacodynamic (PK-PD) model used
to characterize variation in tumor volume due to chemotherapy (Norton, 2014; West & Newton, 2017). Known as the

log-cell kill model, it is based on the hypothesis that a given
dose of chemotherapy results in killing a constant fraction
of tumor cells rather than a constant number of cells. The
original model is an ordinary differential equation but an
equivalent expression is:
S(t) = S(t − 1) · (1 + ρ log(K/S(t − 1)) − βc C(t)), (2)
S(t) is the (scalar) tumor volume, C(t) is the (scalar) concentration of a chemotherapeutic drug over time, K is the
maximum tumor volume possible, ρ is the growth rate, and
βc represents the drug effect on tumor size. Besides its bespoke nature, there are some key limitations of this model
that hinder its broad applicability for unsupervised learning:
Single intervention, single biomarker: The model parameterizes the effect of a single, scalar intervention on a single,
scalar, time-varying biomarker making it impossible to apply directly to high-dimensional clinical data. Furthermore,
the quantity it models, tumor volume, is unobserved for
non-solid cancers.
Misspecified in functional form: The log-cell-kill hypothesis, by itself, is not an accurate description of the drug
mechanism in most non-cancerous chronic diseases.
Misspecified in time: Patients go through cycles of recovery
and relapse during a disease. Even if the hypothesis holds
when the patient is sick, it may not hold when the patient is
in recovery.
In what follows, we aim to mitigate these limitations to
build a practical, scalable model of disease progression.
4.2. Latent Representations of Disease State
Tackling the first limitation, we use nonlinear SSMs in order
to model longitudinal, high-dimensional data. Even though
tumor volume may not be observed in observational clinical
datasets, various proxies (e.g. lab values, blood counts) of
the unobserved disease burden often are. We conjecture
that the time-varying latent representation, Zt , implicitly
captures such clinical phenotypes from the observations.
To ensure that the phenotypes captured by Zt vary over time
in a manner akin to clinical intuition, we focus the efforts
of our design on the transition function, µθ (Zt−1 , Ut−1 , B),
of the state space model. This function controls the way
in which the latent state Zt in an SSM evolves over time
(and through it, the data) when exposed to interventions, Ut ;
this makes the transition function a good starting point for
incorporating clinical domain knowledge.
4.3. Neural Attention over Treatment Effect
Mechanisms
In order to design a good transition function, we first need
to address the second limitation that we may not know the
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Figure 2. Unsupervised Models of Sequential Data (Left): We show a State Space Model (SSM) of X (the longitudinal biomarkers)
conditioned on B (genetics, demographics) and U (binary indicators of treatment and line of therapy). The rectangle depicts the
µθ (Zt−1 , Ut−1 , B). Neural Architecture for PK-PDNeural (Middle): Illustration of the neural architecture we design; we use a softattention mechanism over the neural PK/PD effects using the current patient representation as a query to decide how the masks should be
distributed. Modeling relapse with the neural treatment exponential response (Right): The curve depicts a single dimension of the
representation and vertical lines denote a single treatment. After maintaining the response with treatments, a regression towards baseline
(in blue; depicting what would have happened had no treatment been prescribed) occurs when treatment is stopped.

exact mechanism by which drugs affect the disease state.
However, we often have a set of reasonable hypotheses about
the mechanisms that underlie how we expect the dynamics
of the latent disease state to behave.
Putting aside the specifics of what mechanisms we should
use for the moment, suppose we are given d mechanism
functions, g1 , . . . , gd , each of which is a neural architecture
that we believe captures aspects of how a representation
should vary as a response to treatment. How a patient’s
representation should vary will depend on what state the
patient is in. e.g. sicker patients may respond less well
to treatment than healthier ones. To operationalize this
insight, we make use of an attention mechanism (Bahdanau
et al., 2014) to attend to which choice of function is most
appropriate.
Attending over mechanisms of effect Attention mechanisms
operate by using a "query" to index into a set of "keys" to
compute a set of attention weights, which are a distribution
over the "values". We propose a soft-attention mechanism
to select between g1 , . . . , gd . At each t, for the query, we
have q = Zt−1 Wq . For the key and value, we have,
K̃ = [g1 (Zt−1 , Ut−1 , B); . . . ; gd (Zt−1 , Ut−1 , B)]> Wk
Ṽ = [g1 (Zt−1 , Ut−1 , B); . . . ; gd (Zt−1 , Ut−1 , B)]> Wv .
Note that Wq , Wk , Wv ∈ RQ×Q and that q ∈ RQ , K̃ ∈
RQ×d , and Ṽ ∈ RQ×d . Then, we have the following,
µθ (Zt−1 , Ut−1 , B) =

X
d
i=1


softmax

q

√

K̃
Q




Ṽi Wo
i

(3)
We compute the attention weights using the latent representation at a particular time point as a "query" and the output
of each of g1 , . . . , gd as "keys"; see Figure 2 (middle). This
choice of neural architecture for µθ allows us to parameterize heterogeneous SSMs, where the function characterizing
latent dynamics changes over time.

4.4. Lines of Therapy with Local and Global Clocks
Here, we address a third limitation of classical PK-PD models: a proposed drug mechanism’s validity may depend on
how long the patient has been treated and what stage of
therapy they are in. Such stages, or lines of therapy, refer to
contiguous plans of multiple treatments prescribed to a patient. They are often a unique structure of clinical data from
individuals suffering from chronic diseases. For example,
first line therapies often represent combinations prioritized
due to their efficacy in clinical trials; subsequent lines may
be decided by clinician preference. Lines of therapy index
treatment plans that span multiple time-steps and are often
laid out by clinicians at first diagnosis. We show how to
make use of this information within a mechanism function.
To capture the clinician’s intention when prescribing treatment, we incorporate line of therapy as a one-hot vector
in Ut [: K] ∀t (K is the maximal line of therapy). Lines
of therapy typically change when a drug combination fails
or causes adverse side effects. By conditioning on line of
therapy, a transition function (of the SSM) parameterized by
a neural network can, in theory, infer the length of time a patient has been on that line. However, although architectures
such as Neural Turing Machines (Graves et al., 2014) can
learn to count occurrences, they would need a substantial
amount of data to do so.
To enforce the specified drug mechanism functions to capture time since change in line of therapy, we use clocks
to track the time elapsed since an event. This strategy
has precedent in RNNs, where Che et al. (2018) use time
since the last observation to help RNNs learn well when
data is missing. Koutnik et al. (2014) partition the hidden
states in RNNs so they are updated at different time-scales.
Here, we augment our interventional vector, Ut , with two
more dimensions. A global clock, gc, captures time elapsed
since T = 0, i.e. Ut [K] = gct = t. A local clock, lc,
captures time elapsed since a line of therapy began; i.e.
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Ut [K + 1] = lct = t − pt where pt denotes the index
of time when the line last changed. By using the local
clock, µθ (Zt−1 , Ut−1 , B) can modulate Zt to capture patterns such as: the longer a line of therapy is deployed, the
less or (more) effective it may be.
For the patient in Figure 1, we can see that the first
dimension of U denoting line of therapy would be
[0, 0, 0, 0, 1, 1, 2, 2, 2].
Line 0 was used four times,
line 1 used twice, line 2 used thrice. Then, p =
[0, 0, 0, 0, 4, 4, 6, 6, 6, 6], gc = [0, 1, 2, 3, 4, 5, 6, 7, 8, 9] and
lc = [0, 1, 2, 3, 0, 1, 0, 1, 2, 3]. To the best of our knowledge,
we are the first to make use of lines-of-therapy information
and clocks concurrently to capture temporal information
when modeling clinical data.
4.5. Neural PK-PD Functions for Chronic Diseases
Having developed solutions to tackle some of the limitations of PK-PD models, we turn to the design of three new
mechanism functions, each of which captures different hypotheses a clinician may have about how the underlying
disease burden of a patient changes (as manifested in their
latent states).
Modeling baseline conditional variation: Biomarkers
of chronic diseases can increase, decrease, or stay the
same. Such patterns may be found in the dose-response
to chemotherapy used in solid cancerous tumors (Klein,
2009). In reality, clinicians find that these changes are often
modulated by patient specific features such as age, genetic
mutations, and history of illness. Patients who have been
in therapy for a long time may find decreased sensitivity to
treatments. To capture this variation:
g1 (Zt−1 , Ut−1 , B) = Zt−1 · tanh(blin + Wlin [Ut−1 , B])
(4)
where blin ∈ RQ , Wlin ∈ RQ×(L+J) . Here, the effects on
the representation are bounded (via the tanh function) but
depend on the combination of drugs prescribed and the
patient’s baseline data, including genetics.
Modeling slow, gradual relapse after treatment: One of
the defining features of many chronic diseases is the possibility of a relapse during active therapy. In cancer, a relapse
can happen due to cancerous cells escaping the treatment or
a variety of other bio-chemical processes, such as increased
resistance to treatment due to mutations. The relapse can
result in bio-markers reverting to values that they held prior
to the start of treatment; for an example of this, see Figure
2 (right). We design the following neural architectures to
capture such patterns in a latent representation.
Neural Log-Cell Kill: This architecture is inspired by the
classical log cell kill model of tumor volume in solid cell tumors (West & Newton, 2017) but unlike the original model,

scales to high-dimensional representations and takes into
account lines of therapy via the local clock. This allows the
model to effectively reset every time a new line of therapy
begins. The functional form of the model is,
2
g2 (Zt−1 , Ut−1 , B) = Zt−1 · (1 − ρ log(Zt−1
)

(5)

− β exp(−δ · lct−1 )),

where β = tanh(Wlc Ut−1 + blc ). Wlc ∈ RQ×L , blc ∈
RQ , δ ∈ RQ and ρ ∈ RQ are learned. While diseases may
not have a single observation that characterizes the state of
the organ system (akin to tumor volume), we hypothesize
that representations, Zt , of the observed clinical biomarkers
may benefit from mimicking the dynamics exhibited by tumor volume when exposed to chemotherapeutic agents. We
emphasize that unlike Equation 2, the function in Equation
5 operates over a vector valued set of representations that
can be modulated by the patient’s genetic markers.
Neural Treatment Exponential: Xu et al. (2016) develop
a Bayesian nonparameteric model to explain variation in
creatinine, a single biomarker, due to treatment. We design
an architecture inspired by their model that scales to high
dimensional representations, allows for the representation
to vary as a function of the patient’s genetics, and makes
use of information in the lines of therapy via the clocks.
g3 (Zt−1 , Ut−1 , B)
(6)

γl
b0 + α1,t−1 /[1 + exp(−α2,t−1 (lct−1 − 2 ))],



 if 0 ≤ lc
t−1 < γl
=
3γl

b
+
α
l
0,t−1 /[1 + exp(α3,t−1 (lct−1 − 2 ))],



if lct−1 ≥ γl
Despite its complexity, the intermediate representations
learned within this architecture have simple intuitive meanings. α1,t−1 = Wd [Zt−1 , Ut−1 , B] + bd , where Wd ∈
RQ×(Q+L+J) , bd ∈ RQ is used to control whether each
dimension in Zt−1 increases or decreases as a function
of the treatment and baseline data. α2,t−1 , α3,t−1 , and γl
control the steepness and duration of the intervention effect. We restrict these characteristics to be similar for drugs
administered under the same line of therapy. Thus, we
parameterize: [α2 , α3 , γl ]t−1 = σ(We · Ut−1 [0] + be ). If
there are three lines of therapy, We ∈ R3×3 , be ∈ R3 and
the biases, b0 ∈ RQ and bl ∈ RQ , are learned. Finally,
α0,t−1 = (α1,t−1 + 2b0 − bl )/(1 + exp(−α3,t−1 γl /2)) ensures that the effect peaks at t = lct + γl . Figure 2 (right)
depicts how a single latent dimension may vary over time
for a single line of therapy using this neural architecture.
From PK-PDNeural to the SSMPK-PD : When g1 , g2 , g3 , as
described in Equations 4, 5, 6, are used in the transition
function µθ (as defined in Equation 3), we refer to the resulting function as PK-PDNeural . Moreover, when PK-PDNeural
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is used as the transition function in an SSM, we refer to the
resulting model as SSMPK-PD , a heterogeneous state space
model designed to model the progression of diseases.

5. Evaluation
5.1. Datasets
We study SSMPK-PD on three different datasets – two here,
and on a third semi-synthetic dataset in the appendix.
Synthetic Data: We begin with a synthetic disease progression dataset where each patient is assigned baseline covariates B ∈ R6 . B determines how the biomarkers, Xt ∈ R2 ,
behave in the absence of treatment. Ut ∈ R4 comprises the
line of therapy (K = 2), the local clock, and a single binary
variable indicating when treatment is prescribed. To mimic
the data dynamics described in Figure 1, the biomarkers
follow second-order polynomial trajectories over time with
the underlying treatment effect being determined by the
Neural Treatment Exponential (see Equation 6). Biomarker
1 can be thought of as a marker of disease burden, while
biomarker 2 can be thought of as a marker of biological
function. The full generative process for the data is in the
supplementary material. To understand generalization of
the model as a function of sample complexity, we train on
100/1000 samples and evaluate on five held-out sets of size
50000.
ML-MMRF: The Multiple Myeloma Research Foundation
(MMRF) CoMMpass study releases de-identified clinical
data for 1143 patients suffering from multiple myeloma, an
incurable plasma cell cancer. All patients are aligned to the
start of treatment, which is made according to current standard of care (not random assignment). With an oncologist,
we curate demographic and genomic markers, B ∈ R16 ,
clinical biomarkers, Xt ∈ R16 , and interventions, Ut ∈ R9 ,
with one local clock, a three dimensional one-hot encoding
for line of therapy, and binary markers of 5 drugs. Our
results are obtained using a 75/25 train/test split. To select
hyperparameters, we perform 5-fold cross validation on the
training set. Finally, there is missingness in the biomarkers,
with 66% of the observations missing. We refer the reader
to the appendix for more details on the dataset.
5.2. Setup
We learn via: (arg minθ − log p(X|U, B; θ)) using ADAM
(Kingma & Ba, 2014) with a learning rate of 0.001 for
15000 epochs. L1 or L2 regularization is applied in one of
two ways: either we regularize all model parameters (including parameters of inference network), or we regularize
all weight matrices except those associated with the attention mechanism. We search over regularization strengths
of 0.01, 0.1, 1, 10 and latent dimensions of 16, 48, 64 and
128. We do model selection using the negative evidence

lower bound (NELBO); Appendix B contains details on the
derivation of this bound. We use a single copy of g1 , g2 ,
and g3 in the transition function. Multiple copies of each
function as well as other "mechanistic" functions can be
used, highlighting the flexibility of our approach. However,
this must be balanced with potentially overfitting on small
datasets.
5.3. Baselines
SSMLinear parametrizes µθ (Zt−1 , Ut−1 , B) with a linear
function. This model is a strong, linear baseline whose
variants have been used for modeling data of patients suffering from Chronic Kidney Disease (Perotte et al., 2015).
SSMNL : Krishnan et al. (2017) use a nonlinear SSM to capture variation in the clinical biomarkers of diabetic patients.
We compare to their model, parameterizing the transition
function with a 2-layer MLP.
SSMMOE : We use an SSM whose transition function is parameterized via a Mixture-of-Experts (MoE) architecture
(Jacobs et al., 1991; Jordan & Jacobs, 1994); i.e. g1 , g2 , g3
are each replaced with a multi-layer perceptron. This baseline does not incorporate any domain knowledge and tests
the relative benefits of prescribing the functional forms via
mechanisms versus learning them from data.
SSMAttn.Hist. : We implement a variant of the SSM in Alaa &
van der Schaar (2019), a state-of-the-art model for disease
progression trained via conditional density estimation. The
authors use a discrete state space for disease progression
modeling making a direct comparison difficult. However,
SSMAttn.Hist. preserves the structural modeling assumptions
they make. Namely, the transition function of the model attends to a concatenation of previous states and interventions
at each point in time. We defer specifics to Appendix B.
In addition, we run two simpler baselines, a First Order
Markov Model (FOMM) and Gated Recurrent Unit (GRU)
(Cho et al., 2014), on the synthetic data and ML-MMRF but
defer those results to Appendix E.
5.4. Evaluation Metrics
NELBO On both the synthetic data and ML-MMRF data,
we quantify generalization via the negative evidence lower
bound (NELBO), which is a variational upper bound on
the negative log-likelihood of the data. A lower NELBO
indicates better generalization.
Pairwise Comparisons For a fine-grain evaluation of our
models on ML-MMRF, we compare held-out NELBO under
SSMPK-PD versus the corresponding baseline for each patient. For each held-out point, ∆i = 1 when the NELBO of
that datapoint is lower under SSMPK-PD and P
∆i = 0 when
N
it is not. In Table 1 (bottom), we report N1 i=1 ∆i , the
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Patient [1] (Biomarker 1)

proportion of data for which SSMPK-PD yields better results.
Counts To get a sense for the number of patients on whom
SSMPK-PD does much better, we count the number of heldout patients for whom the held-out negative log likelihood
(computed via importance sampling) is more than 10 nats
lower under SSMPK-PD than the corresponding baseline (and
vice versa for the baselines).

Patient [1] (Biomarker 2)
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5.5. Results
We investigate three broad categories of questions.
5.5.1. G ENERALIZATION UNDER DIFFERENT

Figure 3. Synthetic: Forward samples (conditioned only on B)
from SSMPK-PD (o), SSMLinear (x), SSMPK-PD without local clocks
(4), for a single patient. Y-axis shows biomarker values.

CONDITIONS

SSMPK-PD generalizes better in setting with few (∼ 100)
samples. Table 1 (top) depicts NELBOs on held-out synthetic data across different models, where a lower number
implies better generalization. We see a statistically significant gain in generalization for SSMPK-PD compared to all
other baselines. SSMNL , SSMMOE overfit quickly on 100
samples but recover their performance when learning with
1000 samples.
SSMPK-PD generalizes well when it is misspecified. Because
we often lack prior knowledge about the true underlying
dynamics in the data, we study how SSMPK-PD performs
when it is misspecified. We replace the Neural Treatment
Exponential function, g3 , from PK-PDNeural with another
instance of g1 . The resulting model is now misspecified
since g3 is used to generate the data but no longer lies
within the model family. We denote this model as (SSM
PK-PD w/o TExp). In Table 1 (top), when comparing the
sixth column to the others, we find that we outperform all
baselines and get comparable generalization to SSMPK-PD
with the Neural Treatment Exponential function. This result
emphasizes our architecture’s flexibility and its ability to
learn the underlying (unknown) intervention effect through
a combination of other, related mechanism functions.
SSMPK-PD generalizes well on real-world patient data. A
substantially harder test of model misspecification is on
the ML-MMRF data where we have unknown dynamics
that drive the high-dimensional (often missing) biomarkers
in addition to combinations of drugs prescribed over time.
To rigorously validate whether we improve generalization
on ML-MMRF data with SSMPK-PD , we study model performance with respect to the three metrics introduced in
Section 5.4. We report our results in Table 1 (bottom). First,
we consistently observe that a high fraction of patient data
in the test set are explained better by SSMPK-PD than the
corresponding baseline (pairwise comparisons). We also
note that out of 282 patients in the test set, across all the
baselines, we find that the SSMPK-PD generalizes better for
many more patients (counts). Finally, SSMPK-PD has lower

NELBO averaged across the entire test set compared to all
baselines.
5.5.2. M ODEL COMPLEXITY & GENERALIZATION
The improvements of SSMPK-PD are consistent taking model
sizes into account. We show in Table 1 (bottom) the number of parameters used in each model. We find that more
parameters do not imply better performance. Models with
the most parameters (e.g. SSMNL ) overfit while those with
the lowest number of parameters underfit (e.g. SSMLinear )
suggesting that the gains in generalization that we observe
are coming from our parameterization. We experimented
with increasing the size of the SSMLinear model (via the
latent variable dimension) to match the size of the best PKPD model. We found that doing so did not outperform the
held-out likelihood of SSMPK-PD .
When data are scarce, a Mixture of Experts architecture is
difficult to learn: How effective are the functional forms of
the neural architectures we develop? To answer this question, we compare the held-out log-likelihood of SSMPK-PD
vs SSMMOE in the third column of Table 1 (bottom). In the
ML-MMRF data, we find that the SSMPK-PD outperforms
the SSMMOE . We suspect this is due to the fact that learning
diverse "experts" is hard when data is scarce and supports
the hypothesis that the judicious choice of neural architectures plays a vital role in capturing biomarker dynamics.
Can PK-PDNeural be used in other model families? In the
supplement, we implement PK-PDNeural in a first-order
Markov model and find similar improvements in generalization on the ML-MMRF dataset. This result suggests that the
principle we propose of leveraging domain knowledge from
pharmacology to design mechanism functions can allow
other kinds of deep generative models (beyond SSMs) to
also generalize better when data are scarce.
5.5.3. V ISUALIZING PATIENT DYNAMICS
In Figure 4 (right), to further validate our initial hypothesis
that the model is using the various neural PK-PD effect func-
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Training Set Size

SSM
Linear

SSM
NL

SSM
MOE

SSM
Attn. Hist.

SSM
PK-PD

SSM PK-PD
(w/o TExp)

100

58.57 +/- .06

69.04 +/- .11

60.98 +/- .04

76.94 +/- .02

55.34 +/- .03

58.39 +/- .05

1000

53.84 +/- .02

44.75 +/- .02

51.57 +/- .03

73.80 +/- .03

39.84 +/- .02

38.93 +/- .01

Evaluation Metric

SSM
SSM
vs.
PK-PD
Linear

SSM
SSM
vs.
PK-PD
NL

SSM
SSM
vs.
PK-PD
MOE

SSM
SSM
vs.
PK-PD
Attn. Hist.

Pairwise Comparison (↑)
Counts (↑)
NELBO (↓)

0.796 (0.400)
PK-PD: 158, LIN: 6
PK-PD: 61.54, LIN: 74.22

0.760 (0.426)
130, 12
61.54, 79.10

0.714 (0.450)
94, 8
61.54, 73.44

0.934 (0.247)
272, 0
61.54, 105.04

# of Model Parameters

PK-PD: 23K, LIN: 7K

23K, 51K

23K, 77K

23K, 17K

Table 1. Top: Synthetic data: Lower is better. We report the test NELBO with std. dev. for each SSM model to study generalization
in the synthetic setting. Bottom: ML-MMRF: Pairwise Comparison: each number is the fraction (with std. dev.) of test patients for
which SSMPK-PD has a lower NELBO than an SSM that uses a different transition function. Counts: We report the number of test patients
(out of 282) for which an SSM model (PK-PD or otherwise) has a greater than 10 nats difference in negative log likelihood compared to
the alternative model. NELBO: We report the test NELBO of each model. Note that we label the metrics associated with SSMPK-PD and
SSMLinear in the first column, but drop these labels in subsequent columns.
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Figure 4. ML-MMRF: (Left two) We visualize the TSNE representations of each test patient’s latent state, Zt , at the start of treatment
and three years in. (Right) For SSMPK-PD , we visualize the attention weights, averaged over all time steps and all patients, on each
of the neural effect functions across state space dimensions.

tions, we visualize the attention weights from SSMPK-PD
trained on ML-MMRF averaged across time and all patients.
The highest weighted component is the treatment exponential model g3 , followed by the bounded linear model g1 for
many of the latent state dimensions. We also see that several
of the latent state dimensions make exclusive use of the
neural log-cell kill model g2 .
How do the clocks help model patient dynamics? Figure
3 shows samples from three SSMs trained on synthetic
data. SSMPK-PD captures treatment response accurately
while SSMLinear does not register that the effect of treatment can persist over time. To study the impact of clocks on
the learned model, we perform an ablation study on SSMs
where the local clock in Ut , used by PK-PDNeural , is set to a
constant. Without clocks (PK-PD w/o lc), the model does
not capture the onset or persistence of treatment response.
SSMPK-PD learns latent representations that reflect the patient’s disease state: In ML-MMRF, we restrict the patient
population to those with at least T = 36 months of data. At
two different points during their treatment of the disease,
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Figure 5. ML-MMRF: Each column is a different biomarker containing forward samples (conditioned on approximately the first 2
years of a patient’s data) from SSMPK-PD (o) and SSMlinear (x) of a
single test patient. Blue circles denote ground truth, and the markers above the trajectories represent treatments prescribed across
time. Y-axis shows biomarker levels, with the dotted green[gray]
line representing the maximum[minimum] healthy value. Car, Cyc,
Dex, and Len shown in legend to maintain consistency with plots
in Appendix, but are not given in the treatment regimen.

we visualize the result of TSNE (Maaten & Hinton, 2008)
applied to their latent representations in Figure 4 (left).
Early in their treatment, the latent representations of these
patients appear to have no apparent structure. As time progresses, we find that the dimensions split into two groups.
One group, for the most part, is still being treated, while the
other is not being treated. A deeper dive into the untreated
patients reveals that this cohort has a less severe subtype
of myeloma (via a common risk assessment method known
as ISS staging). This result suggests that the latent state
of SSMPK-PD has successfully captured the coarse disease
severity of patients at particular time points.
Visualizing patient samples from SSMPK-PD : Figure 5 shows
the average of three samples from SSMLinear and SSMPK-PD
trained on ML-MMRF. We track two biomarkers used by
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clinicians to map myeloma progression. SSMPK-PD better
captures the evolution of these biomarkers conditioned on
treatment. For serum IgG, SSMPK-PD correctly predicts the
relapse of disease after stopping first line therapy, while
SSMLinear does not. On the other hand, for serum lambda,
SSMPK-PD correctly predicts it will remain steady.

6. Discussion
PK-PDNeural leverages domain knowledge from pharmacology in the form of treatment effect mechanisms to
quantitatively and qualitatively improve performance of a
representation-learning based disease progression model.
Bica et al. (2020b) note the potential for blending ideas
from pharmacology with machine learning: our work is
among the first to do so.
We highlight several avenues for future work. For example,
in machine learning for healthcare, the model we develop
can find use in practical problems such as forecasting highdimensional clinical biomarkers and learning useful representations of patients that are predictive of outcomes. Doing
so can aid in the development of tools for risk stratification
or in software to aid in clinical trial design. Applying the
model to data from other chronic diseases such as diabetes,
congestive heart failure, small cell lung cancer and rheumatoid arthritis, brings opportunities to augment PK-PDNeural
with new neural PK-PD functions tailored to capture the
unique biomaker dynamics exhibited by patients suffering
from these diseases.
Finally, we believe PK-PDNeural can find use in the design of
parameteric environment simulators for different domains.
In pharmacology, such simulation based pipelines can help
determine effective drug doses (Hutchinson et al., 2019).
Our idea of attending over multiple dynamics functions can
find use in the design of simulators in domains such as
economics, where multiple hypothesized mechanisms are
used to explain observed market phenomena (Ghosh et al.,
2019).
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