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Apppendix
A. Additional results

A.1l. Early phaseTr( F) correlates with nal generalization

In this section, we present the additional experimental results for Sextieigure7 shows the experiments with varying
batch size for CIFAR-100 and CIFAR-10. The conclusions are the same as discussed in the main text ir3.Saktialso
show the training accuracy for all the experiments performed in Figared Figure/. They are shown in Figur@and
Figure9 respectively. Most runs in all these experiments reach training accur@@$o and above.

2 § 55
8o 5
3 [3)
o &) 50
f 90 7
g L | | | g L | |
= 400 600 800 1000 500 1000 1500
Tr(Fy) Tr(Fi)
(a) CIFAR-10 (with aug.) (b) CIFAR-100 (w/o aug.)

Figure 7: Association between early phase valuegr@fF) and generalization holds on the CIFAR-10 and CIFAR-100
datasets. Each point corresponds to multiple runs with randomly chosen seeds and a speci ¢ value of batéh size.
recorded during the early phase (2-7 epochs, see main text for details), while the test accuracy is the maximum value along
the entire optimization path (averaged across runs with the same batch size). The horizontal and vertical error bars show the
standard deviation of values across runs. The plots show that early pii&3eis predictive of nal generalization.
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Figure 8: Training accuracy for the runs corresponding to Figuieach point corresponds to multiple seeds and a speci ¢
value of learning rateTr( F;) is recorded during the early phase of training (2-7 epochs, see the main text for details), while

the training accuracy is the maximum value along the entire optimization path (averaged across runs with the same learning
rate).
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Figure 9: Training accuracy for the runs corresponding to Figuiach point corresponds to multiple runs with randomly
chosen seeds and a speci ¢ value of batch siz&,; is recorded during the early phase (2-7 epochs, see main text for

details), while the training accuracy is the maximum value along the entire optimization path (averaged across runs with the
same batch size).

A.2. Fisher Penalty

We rst show additional metrics for experiments summarized in Taklethe main text. Tablé summarizes the nal

training accuracy, showing that the baseline experiments were trained until approximately 100% training accuracy was
reached. Tablé supports the claim that all gradient norm regularizers reduce the maximum valt(@9Qf(we measure

Tr( F) starting from after one epoch of training becalisgF) explodes in networks with batch normalization layers at
initialization). Finally, Tables con rms that the regularizers incurred a relatively small additional computational cost.

Figure10 complements Figuré for the other two models on the CIFAR-10 and CIFAR-100 datasets. The gures are in line
with the results of the main text.

Lastly, in Table7 we report the nal training accuracy reached by runs reported in Talldhe main text.
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Figure 10: Same as Figu#e but for DenseNet on CIFAR-100, and SimpleCNN on CIFAR-10. Curves were smoothed for
visual clarity.

Table 4: The maximum value @ir( F) along the optimization trajectory for experiments on CIFAR-10 or CIFAR-100
included in Tablel.

Setting Baseline| GP GP | FP GR
DenseNet/C100 (w/o aug.) 24.68 98.17| 83.64 64.33| 66.24 73.66
VGG11/C100 (w/o aug.) 50.88 148.19| 102.95 58.53| 64.93 62.96
WResNet/C100 (w/o aug.) 26.21 91.39 | 41.43 40.94| 56.53 39.31

SCNN/C10 (Wioaug) 2421 5205 | 47.96 25.03| 19.63 2535




Catastrophic Fisher Explosion: Early Phase Fisher Matrix Impacts Generalization

Table 5: Time per epoch (in seconds) for experiments in Table

Setting Baseline| GP GP | FP GR
WResNet/TinyimageNet (aug.) 214.45 142.69 233.14 143.78| 208.62 371.74
DenseNet/C100 (w/o aug.) 78.88 57.40| 77.89 78.66 | 97.25 75.96
VGG11/C100 (w/o aug.) 30.50 35.27 | 31.54 32.52 | 4341 42.40
WResNet/C100 (w/o aug.) 49.64 4799 | 71.33 61.36 | 76.93  53.25

SCNN/C10 (w/o aug.) 18.64 19.51 \ 26.09 19.91 \ 21.21 20.55

Table 6: The nal epoch training accuracy for experiments shown in TabExperiments with small learning rate reach no
lower accuracy than experiments corresponding to a large learning rate

Setting Baseline | GPx GP | FP GR
WResNet/TinyimageNet (aug.) 99.84%  99.96% 99.97% 93.84% | 81.05% 86.46%
DenseNet/C100 (w/o aug.) 99.98% 99.97‘}: 99.96% 99.91% | 99.91% 99.39%

VGG11/C100 (w/o aug.) 99.98%  99.98% 99.85% 99.62% | 97.73% 86.32%
WResNet/C100 (w/o aug.) 99.98% 99.98% 99.97% 99.96% | 99.99% 99.94%

SCNN/C10 (w/o aug.) 100.00%  100.00%697.79%  100.0099 93.80% 94.64%

Table 7: The nal epoch training accuracy for experiments shown in Table

Setting FP
DenseNet/C100 (aug) 98.79.27% 97.53 1.75%
SCNN/C10 (aug) 97.521.98% 98.94 0.08%
VGG11/C100 (aug) 98.640.06% 93.06 0.01%
WResNet/C100 (aug) 99.90.01% 99.97 0.00%

WResNet/Tiny ImageNet (aug) 99.86.02% 93.65 5.85%

A.3. Fisher Penalty Reduces Memorization

In this section, we include additional experimental results for Seetien Figure 11 is the same as Figurg but for
ResNet-50. Finally, we show additional metrics for the experiments involving 25% noisy examples. [Fighmvs the
cosine between the mini-batch gradients computed on the noisy and clean data. & aratblEable3 we show training
accuracy on the noisy and clean examples in the nal epoch of training.
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Figure 12: The cosine between the mini-batch gradients computed on the gypjan@ cleand.) data, both measured on
the training set. We observe that in the early phase of training the angle is negative. Furthermore, stronger regularization
with GP, or FP correlates with a more negative angle.
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(a) Gradient norm on clean examples (left, denoteg: psnoisy examples (middle, denotedgs, and their ratio (right);
evaluated on the training set.

(b) Training accuracy on clean and noisy examples (solid/dashed lined, left), validation accuracy (middle), and a scatter plot
of training accuracy on clean vs noisy examples (right).

Figure 11: Same as Figuke but for ResNet-50 trained on the CIFAR-100 dataset.

Table 8: Training accuracy on the clean examples int the nal epoch, for experiments reported ifi (Taithe25% examples
with noisy labels).

Label Noise Setting Baseline Mixup GP \FP GR

25% VGG-11/C100 99.79%  73.14% 97.4604/9.52% 81.75%
ResNet-52/C100 95.87%  77.71% 95.88%8.72% 74.21%

A.4. Early Tr( F) in uences nal curvature

In this section, we present additional experimental results for Setibhe experiment on CIFAR-10 is shown in Figuré
The conclusions are the same as discussed in the main text in S&ction

Table 9: Training accuracy on the noisy examples in the nal epoch, for experiments reported i fatile25% examples
with noisy labels).

Label Noise Setting Baseline Mixup GP \FP GR

25% VGG-11/C100 99.56% 8.29% 89.23%1.10% 4.96%
ResNet-52/C100 73.67% 4.22% 72.671%4.14% 2.86%
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Figure 13: Smalllr( F) during the early phase of training is more likely to reach wider minima as measurigd Hy.

Left: 2 models are trained with different levels of regularization for 20 epochs on CIFAR¥(B.) at the end of 20 epochs
(denoted agr( F;)) is shown. Middle: Each model is then used as initialization and trained until convergence using the low
regularization con guration with different random seeds. A histograrfirH ) at the point corresponding to the best test
accuracy along the trajectory (denotedTyH¢)) is shown. Right: a histogram of the best test accuracy corresponding to
middle gure is shown.

(a) CIFAR-10 (w/ augmentation) (b) CIFAR-100 (w/o augmentation)

Figure 14: The value ofr( H) over the course of training. Each point corresponds to runs with different seeds and a
speci ¢ value of learning rate and batch siz&. * and TA respectively denote the minimum training loss and the maximum

test accuracy along the entire trajectory for the corresponding runs (averaged across seeds). The plots show that atter
optimization trajectories become biased towards atter minima early during training, at a coarse scale of hyper-parameter
values (red vs blue).

Next, to understand why small@r( F) during the early phase is more likely to end up in a wider nal minimum, we track

Tr( H) during the entire course of training and show that it stabilizes early on. In this experiment, we create two sets of hyper-
parameters: coarse-grained and ne-grained. For CIFAR-10, we use bat@® 3iZe[ B, whereA = 480,500 520y

andB = f80; 100 120g. For all batch size con gurations, a learning rate of 0.02 is used. Overloading the syMmbals

B for CIFAR-100, we use learning rate2 A [ B, whereA = f0:0008 0:001; 0:0012y andB = f0:008 0:01; 0:012.

For all learning rate con gurations, a batch size of 100 is used. In both cases, the elements within eadmsd

vary on a ne-grained scale, while the elements across the two sets vary on a coarse-grained scale. The remaining details
and additional experiments can be found in Apperidix The experiments are shown in Figuré Notice that after
initialization (index 0 on the horizontal axis), the rst value is computed at epoch 10 (at which point the experiments show
that entanglement has started to hold in alignment with the late phase).

We make three observations in this experiment. First, the relative orderifrglaf values for runs between setsvs B

stays the same after the rst 10 epochs. Second, the degree of entanglement is higher between any two epochs when looking
at runs across sefsandB, while it is weaker when looking at runs within any one of the sets. Finally, test accuracies for
setB runs are always higher than those of Aatuns, but this trend is not strong for runs within any one set. Note that the
minimum loss values are roughly at a similar scale for each dataset and they are all at at®elow
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B. Computation of Tr(H)

We computedr( H) in our experiments using the Hutchinson's estimatani( ] ),

Tr(H)

Tr(H 1)
Tr(H E[zz"))
E[Tr(H zz")]
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wherel is the identity matrixz is a multi-variate standard Gaussian random variablezdadvre i.i.d. instances of. The
larger the value oM , the more accurate the approximation is. We uged 30. To make the above computation ef cient,
note that the gradier% only needs to be computed once and it can be re-used in the summation dverstraples.

C. Approximations in Fisher Penalty

In this section, we describe in detail the approximations made when computing the Fisher Penalty. R&zal-jhean be
expressed as

Tr(F)= Exx i p (yix) k@@‘(xv)kﬁ : 4)

In the preliminary experiments, we found that we can use the norm of the expected gradient rather than the expected norm
of the gradient, which is a more direct expressioigfF):
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whereN andM are the minibatch size and the number of samples fiofwjx ), respectively. This greatly improves the
computational ef ciency. WitiN = B andM = 1, we end up with the following learning objective function:

1% »
Xigiyie; )= B Xy )+ o o(Xis%) o ®)

i=1 i=1

P 2
We found empirically that Bi :3:1 o(xi;¥%) , which we denote byfr( Fg), andTr( F) correlate well during training.

To demonstrate this, we train SimpleCNN on the CIFAR-10 dataset with 5 different learning rated (frérto 10 1). The
outcome is shown in Figurg5. We see that for most of the training, with the exception of the nal ph#ige; &) and
Tr( F) correlate extremely well. Equally importantly, we nd that using a large learning affectsToply ) andTr( F),
which further suggests the two are closely connected.
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Figure 15: Correlation betweéln( F) andTr( FB) for SimpleCNN trained on the CIFAR-10 dataset. Blue to red color
denotes learning rates frob® 3 to 10 1. The value ofTr( F) andTr( FB) correlate strongly for the most of the training
trajectory. Using large learning rate reduces BotF) andTr( FB).

(a) Fisher Penalty with = 10 (b) Fisher Penalty witfi =1

Figure 16: A comparison between the effect of recomputing Fisher Penalty gradient every 10 iterations (left) or every
iteration (right), with respect to validation accuracy am@F). We denote by the frequency with which we update the
gradient. Both experiments result in approximately 80% test accuracy with the best con guration.

Figure 17: Using Fisher Penalty without the approximation results in a similar generalization performance. We penalize
the norm of the gradient rather than norm of the mini-batch gradient (as in Eq@tigve observe that this variant of
Fisher Penalty improves generalization to a similar degree as the version of Fisher Penalty used in the paper (d.6.)Figure
achieving 79.7% test accuracy.
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We also update the gradient &f( FB) only every 10 optimization steps. We found empirically it does not affect
generalization performance nor the ability to regulafiige-) in our setting. However, we acknowledge that it is plausible
that this choice would have to be reconsidered in training with very large learning rates or with larger models.

Figure16 compares learning curves of training with FP recomputed every optimization step with every 10th optimization
step. For each, we tune the hyperparametahecking 10 values equally spaced betwg@r? and10® on a logarithmic

scale. We observe that for the optimal value gboth validation accuracy arid( F) are similar between the two runs.
Both experiments achieve approximately 80% test accuracy.

Finally, to ensure that using the approximation in EquaBiaoes not negatively affect how Fisher Penalty improves
generalization or reduces the valuelof F), we experiment with a variant of Fisher Penalty without the approximation.
Please recall that we always meastirgF) (i.e. we do not use approximations in computifirgF ) that is reported in the
plots), regardless of what variant of penalty is used in regularizing the training.

Speci cally, we augment the loss function with the norm of the gradient computed on the rst example in the mini-batch as
follows

Camivisi )= 5 v )+ kaxagke: ©

i=1

We apply this penalty in each optimization step. We tune the hyperparametkecking 10 values equally spaced between
10 4 and10 2 on a logarithmic scale.

Figure17 summarizes the results. We observe that the best valug/igfids 79.7% test accuracy, compared to 80.02% test
accuracy yielded by the Fisher Penalty. The effecTiqit) is also very similar. We observe that the best run corresponds to

a maximum value ofr( F) of 24.16, compared to that of 21.38 achieved by Fisher Penalty. These results suggest that the
approximation used in this paper's version of the Fisher Penalty only improves the generalization and attening effects of
Fisher Penalty.

D. A closer look at the surprising effect of learning rate on the loss geometry in the early phase
of training

It is intuitive to hypothesize that the catastrophic Fisher explosion (the initial growth of the valugFof) occurs during

training with a large learning rate but is overlooked due to not suf ciently ne-grained computatidn( &f). In this

section, we show evidence against this hypothesis based on the literature mentioned in the main text. We also run additional
experiments in which we compute the valuelof F) at each iteration.

The surprising effect of the Iearnmg rate on the geometry of the loss surface (e g. the vEIUE )fwas demonstrated in
prior works ( ) ) i ). In particular,

( ); ( ) show that training with a Iarge learning rate rapidly escapes regions of
high curvature, where curvature is understood as the spectral norm of the Hessian evaluated at the current point of the loss
surface. Perhaps the most direct experimental data against this hypothesis can be founeins{ a) ) in Figure 1,
where training with Gradient Descent nds regions of the loss surface with large curvature for small learning rate rapidly in
the early phase of training.

We also run the following experiment to provide further evidence against the hypothesis. We train SimpleCNN on the
CIFAR-10 dataset using two different learning rates, while computing the valte Bf) for every mini-batch. We use 128
random samples in each iteration to estimate-).

We nd that training with a large learning rate never (even for a single optimization step) enters a region where the value of
Tr(F) is as large as what is reached during training with a small learning rate. Hi§steows the experimental data.

We also found similar to hold when varying the batch size, see Sefetiaich further shows that the observed effects
cannot be explained by the difference in learning speed incurred by using a small learning rate.

To summarize, both the published evidenceaf ( ); ( ); ( ), as
well as our additional experiments, are inconsistent with the hypothesis that the results in this paper can be explained by
differences in training speed between experiments using large and small learning rates.
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Figure 18: Training with a large learning rate never (even for a single optimization step) enters a region with as large value
of Tr( F) as the maximum value dfr( F) reached during training with a small learning rate. We run the experiment using
SimpleCNN on the CIFAR-10 dataset with two different learning rates. The left plot shows the vai(@Qfcomputed at

each iteration, and the right plot shows training accuracy computed on the current mini-batch (curve has been smoothed for
clarity).

E. Catastrophic Fisher Explosion holds in training with large batch size

In this section, we show preliminary evidence that the conclusions transfer to large batch size training. Namely, we show that
(1) catastrophic Fisher explosion also occurs in large batch size training, and (2) Fisher Penalty can improve generalization
and close the generalization gap due to using a large batch<sizes | ).

Figure 19: Catastrophic Fisher explosion occurs also in large batch size training. Experiment run on the CIFAR-10 and
dataset the SimpleCNN model. The left plot shows the valug(dF) computed at each iteration, and the right plot shows
training accuracy computed on the current mini-batch (curve has been smoothed for clarity).

We rst train SimpleCNN on the CIFAR-10 dataset using three different batch sizes, while computing the Val(E pfor
every mini-batch. We use 128 random samples in each iteration to esfinf&te Figure1l9 summarizes the experiment.
We observe that training with a large batch size enters a region of the loss surface with a substantially largefiglitie of
than with the small batch size.

Next, we run a variant of one of the experiments in Tablinstead of using a suboptimal (smaller) learning rate, we use a
suboptimal (larger) batch size. Speci cally, we train SimpleCNN on the CIFAR-10 dataset (without augmentation) with a
10x larger batch size while keeping the learning rate the same. Using a larger batch size r824t%ilower test accuracy
(76:94% compared t@3:7%test accuracy, c.f. with Tabl®.
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We next experiment with Fisher Penalty. We apply the penalty in each optimization step and use1B8aesatmples when
computing the penalty. We also use a 2x lower learning rate, which stabilizes training but does not improve generalization
on its own (training with this learning rate reach&s59%test accuracy). Figurg0 showsTr( F) and validation accuracy

during training for different values of the penalty. We observe that Fisher Penalty improves test accuraty5asrto

78:7%. Applying Fisher Penalty also effectively reduces the peak valde(d¥).

Taken together, the results suggest that Catastrophic Fisher explosion holds in large batch size training; using a small batch
size improves generalization by a similar mechanism as using a large learning rate, which can be introduced explicitly in the
form of Fisher Penalty.

Figure 20: Fisher Penalty improves generalization in large batch size training. Experiment run on the CIFAR-10 dataset
(without augmentation) and the SimpleCNN model. Warmer color corresponds to larger coef cient used when applying
Fisher Penalty.

F. Tr(H) and Tr( F) correlate strongly

We demonstrate a strong correlation betw@&driH ) andTr( F) for DenseNet, ResNet-56 and SimpleCNN in Fighte
We calculatelr( F) using a mini-batch. We see that( F) has a smaller magnitude (we use a mini-batch gradient) but
correlates strongly witfir(H).

(a) DenseNet on CIFAR-100 (b) SimpleCNN on CIFAR-10 (c) ResNet-56 on CIFAR-100

Figure 21: Correlation betweém( F) andTr(H).
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G. Relationship between Fisher Penalty and gradient norm penalty

We give here a short argument that GP might act as a proxy for regulafigifg. Letf (x) represents the logits of the

network, and_ represent the loss. Théwgk? = k@@(f?x;))/) @g)x) k?, andTr(F) = k@@(fz‘g) @gx) k?. Hence, in particular,
reducing the scale of the Jacobian of the logits with respect to weights will reducédidgttand TrE). Empirically,
penalizing gradient norm seems to be a less effective regularizer, which suggests that it acts as a proxy for regularizing

Tr( F). A similar argument can be also made for,GP

H. Fisher Penalty Reduces Memorization

We present here a short argument that Fisher Penalty can be seen as reducing the training speed of examples that are both
labeled randomly and for which the model makes a random prediction.

LetDr = fX;;yigi denote a set of examples where the labaes sampled from the discrete uniform distribution Let
ax;y; )= @@‘(x ;y; ) denote gradient of the loss function evaluated on an exampie (

Assume that the predictive distributign (yjx) is uniform for allx 2 Dg. Then the e@ected mean squared norm
of gradient of examples iDg over different sampling of labels B[kg(x;y)k3] = ﬁ CEyu [lka(xi;y)[k3] =

R]
ﬁ By b oo [kg(xi: 9)2K2].

Fisher Penalty aims to penalize the trace of the Fisher Information Matrix. For examides ifr( F) evaluates to

Tr(FR) = jD%jEy b (vix) Ka(xi;9ks , which under our assumptions is equaBiig(x ; y)k?].

We are interested in understanding how Fisher Penalty affects the learning speed of noisy examples. The reduction in the
training loss for a given example can be related to its gradient norm using Taylor expansion. Consider the difference in
training loss ~ = " (X;y; g(x;y)) " (x;y; ) after performing a single step of gradient descent on this example.
Using rst-order Taylor expansion we arrive af kg(x;y)K3.

Taken together, penalizidgy(x; y)kz, which is achieved by penalizing( F)r, can be seen as slowing down learning on
noisy examples.

However, in practice, we apply Fisher Penalty to all examples in the training set because we do not know which ones are
corrupted. Considdd = Dgr [D ¢, whereD is the whole training set aridc denotes the subset with clean (not altered)
labels. ThenTr(F) = Tr( Fr) + Tr( F¢), whereTr( F) denotes trace of the FIM evaluated on the whole dataset, and
Tr(F¢) (Tr( Fr)) denotes the trace of the FIM on the clean (noisy) subset of the dataset.

Hence, ifTr(Fr)  Tr(Fc), we can expect Fisher Penalty to disproportionately slow down training of noisy examples.
This assumption is likely to hold because the clean examples tend to be learned much earlier in training than néisyiones (

, ). In experiments, we indeed observe that the gradient norm of examples with noisy labels is disproportionately
affected by Fisher Penalty, and also that learning on noisy examples is slower.

|. Additional Experimental Details
I.1. Early phaseTr( F) correlates with nal generalization

Here, we describe additional details for experiments in Se&ion

In the experiments with batch size, for CIFAR-10, we use batch sizes 100, 500 and 700; dn@. For CIFAR-100,

we use batch sizes 100, 300 and 700, ard :5. These thresholds are crossed between 2 and 7 epochs across different
hyperparameter settings. The remaining details for CIFAR-100 and CIFAR-10 are the same as described in the main text.
The optimization details for these datasets are as follows.

ImageNet No data augmentation was used in order to allow training loss to converge to small values. We use a batch size
of 256. Training is done using SGD with momentum set to 0.9, weight decay %et t@l, and with base learning rates in
f0:00% 0:01; 0:1g. Learning rate is dropped by a factor of 0.1 after 29 epochs and training is ended at around 50 epochs
at which most runs converge to small loss values. No batch normalization is used and weight are initialized using Fixup
( | ). For each hyperparameter setting, we run two experiments with different random seeds (due to the
computational overhead). We compiig F) using 2500 samples (similarly tog ) ).
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CIFAR-10: We used random ipping as data augmentation. In the experiments with variation in learning rates (used
f0:007: 0:01; 0:05g), we use a batch size of 256. In the experiments with variation in batch size (used 100, 500 and 700), we
use a learning rate of 0.02. Training is done using SGD with momentum set to 0.9, weight decayesebtd_earning

rate is dropped by a factor of 0.5 at epochs 60, 120, and 170, and training is ended at 200 epochs at which most runs
converge to small loss values. No batch normalization is used and weight are initialized/usingi(al, ). For each
hyperparameter setting, we run 32 experiments with different random seeds. We canjpytesing 5000 samples.

CIFAR-100: No data augmentation was used for CIFAR-100 to allow training loss to converge to small values. We
used random ipping as data augmentation for CIFAR-10. In the experiments with variation in learning rates (used
f0:005, 0:001; 0:01g), we use a batch size of 100. In the experiments with variation in batch size (used 100, 300 and 700),
we use a learning rates of 0.02. Training is done using SGD with momentum set to 0.9, weight decag sebthearning

rate is dropped by a factor of 0.5 at epochs 60, 120, and 170, and training is ended at 200 epochs at which most runs
converge to small loss values. No batch normalization is used and the weights are initialized\using @!,, ). For

each hyperparameter setting, we run 32 experiments with different random seeds. We co(riputesing 5000 samples.

I.2. Fisher Penalty

Here, we describe the remaining details for the experiments in SettMMe rst describe how we tune hyperparameters in
these experiments. In the remainder of this section, we describe each setting used in detail.

Tuning hyperparameters In all experiments, we refer to the optimal learning rateas the learning rate found using

grid search. In most experiments, we check 5 different learning rate values uniformly spaced on a logarithmic scale, usually
betweenl0 2 and1(®. In some experiments, we adapt the range to ensure that it includes the optimal learning rate. We
tune the learning rate only once for each con guration (i.e. we do not repeat it for different random seeds).

In the rst setting, for most experiments involving gradient norm regularizers, we usesfr@aller learning rate than . For
TinylmageNet, we use 30smaller learning rate than . To pick the regularization coef cient, we evaluate 10 different
values uniformly spaced on a logarithmic scale betwk@nt vto 10" v withv 2 R, . We choose the best performing

according to validation accuracy. We pick the values shanually with the aim that the optimalis included in this
range. We generally found that= 0:01 works well for GP, G, and FP. For GPwe found in some experiments that it is
necessary to pick larger values\wof

Measuring Tr(F)  We measurdr( F) using the number of examples equal to the batch size used in training. For
experiments with Batch Normalization layers, we use Batch Normalization in evaluation mode due to the practical reason
that computinglr( F) uses a batch size of 1, and heficéF) is not de ned for a network with Batch Normalization layers

in training mode.

DenseNet on the CIFAR-100 dataset We use the DenseNet (L=40, k=12) con guration fron | ). We

largely follow the experimental setting iii( | ). We use the standard data augmentation (where noted) and

data normalization for CIFAR-100. We hold out random 5000 examples as the validation set. We train the model using SGD
with a momentum of 0.9, a batch size of 128, and a weight decay of 0.0001. Follovuirag | ), we train for

300 epochs and decay the learning rate by a factor of 0.1 after epochs 150 and 225. To reduce variance, in testing we update

Batch Normalization statistics using 100 batches from the training set.

Wide ResNet on the CIFAR-100 dataset We train Wide ResNet (depth 44 and width 3, without Batch Normalization
layers). We largely follow experimental setting il , ).We use the standard data augmentation and data
normalization for CIFAR-100. We hold out random 5000 examples as the validation set. We train the model using SGD
with a momentum of 0.9, a batch size of 128, and a weight decay of 0.0010. Folloviing: @, ), we train for 300

epochs and decay the learning rate by a factor of 0.1 after epochs 150 and 225. We remove Batch Normalization layers. To

ensure stable training we use the Skiplnit initializatiore \ ).

VGG-11 on the CIFAR-100 dataset We adapt the VGG-11 modeb( ) ) to CIFAR-100. We

do not use dropout nor Batch Normalization layers. We hold out random 5000 examples as the validation set. We use the
standard data augmentation (where noted) and data normalization for CIFAR-100. We train the model using SGD with a
momentum of 0.9, a batch size of 128, and a weight decay of 0.0001. We train the model for 300 epochs and decay the
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learning rate by a factor of 0.1 after every 40 epochs starting from epoch 80.

SimpleCNN on the CIFAR-10 dataset We also run experiments on the CNN example architecture from the Keras
example repository({ S )2, which we change slightly. Speci cally, we remove dropout and reduce the
size of the nal fully-connected layer to 128. We train it for 300 epochs and decay the learning rate by a factor of 0.1 after
the epochs 150 and 225. We train the model using SGD with a momentum of 0.9, and a batch size of 128.

Wide ResNet on the TinylmageNet dataset We train Wide ResNet (depth 44 and width 3, with Batch Normalization
layers) on TinylmageNet ( ). TinylmageNet consists of a subset of 100,000 examples from ImageNet that

we downsized to 3232 pixels. We train the model using SGD with a momentum of 0.9, a batch size of 128, and a weight
decay of 0.0001. We train for 300 epochs and decay the learning rate by a factor of 0.1 after epochs 150 and 225. We do not
use validation in TinylmageNet due to its larger size. To reduce variance, in testing we update Batch Normalization statistics
using 100 batches from the training set.

I.3. Fisher Penalty Reduces Memorization

Here, we describe additional experimental details for SeetidnWe use two con gurations described in Sectidlt VGG-

11 trained on CIFAR-100 dataset, and Wide ResNet trained on the CIFAR-100 dataset. We tune the regularization coef cient
in the rangd 0:01; 0:1; 0:31; 10g, with the exception of GPfor which we use the randel0; 30; 100, 300 100Qy. We

tuned the mixup coef cient in the rand®:4; 0:8; 1:6; 3:2; 6:4g. We removed weight decay in these experiments. We use

validation set for early stopping, as commonly done in the literature.

I.4. Early Tr( F) in uences nal curvature

CIFAR-10: We used random ipping as data augmentation for CIFAR-10. We use a learning rate of 0.02 for all experiments.
Training is done using SGD with momentum 0.9, weight debay 5, and batch size as shown in gures. The learning rate

is dropped by a factor of 0.5 at 80, 150, and 200 epochs, and training is ended at 250 epochs. No batch normalization is used
and the weights are initialized using( , ). For each batch size, we run 32 experiments with different random
seeds. We compufl( F) using 5000 samples.

CIFAR-100: No data augmentation is used. We use a batch size of 100 for all experiments. Training is done using SGD
with momentum 0.9, weight decdy 5, and with base learning rate as shown in gures. The learning rate is dropped by

a factor of 0.5 at 80, 150, and 200 epochs, and training is ended at 250 epochs. No batch normalization is used and the
weights are initialized using’( , ). For each learning rate, we run 32 experiments with different random seeds.

We computelr( F) using 5000 samples.

2Accessible ahttps://github.com/keras-team/keras/blob/master/examples/cifar10_cnn.py
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