Is Pessimism Provably Efficient for Offline RL?

A. Illustration of Suboptimality via a Special Case: MAB

We consider the MAB, a special case of the MDP, where S is a singleton, A is discrete, and H = 1. To simplify the
subsequent discussion, we assume without loss of generality

r(a) = p(a) + €, where e ~ N(0,1).

Here p(a) is the expected reward of each action a € A and ¢ is independently drawn. For notational simplicity, we omit
the dependency on h € [H] and x € S, as H = 1 and S is a singleton. Based on the dataset D = {(a”,77)}X_,, where
r™ =r(a"), we consider the sample average estimator

1 - K
fi(a) = WZTT-]I{CLT =a}, where N(a) :Z]l{aT =a}.

Note that /i serves as the estimated Q-function. Under Assumption 2.2, we have

fi(a) ~ N(u(a),1/N(a)). (A1)
In particular, {fi(a)},c.4 are independent across each action a € A conditioning on {a” }£_;. We consider the policy
7(-) = argmax(fi(-), 7(-)) 4, (A2)

which is greedy with respect to 71, as it takes the action argmax, ¢ 4 ft(a) with probability one.

By Equation (3.1), Lemma 3.1, and Equation (A.2), we have

SubOpt(7; z) < —Ez[c(a)] +Ex-[1(a)], where (a) = p(a) — fi(a).
6] (i)

Note that ¢(a) is mean zero with respect to Pp for each action a € A. Therefore, assuming hypothetically 7 and ¢ are
independent, term (i) is mean zero with respect to Pp. Meanwhile, as 7* and ¢ are independent, term (ii) is also mean zero
with respect to Pp. However, as 7 and ¢ are spuriously correlated due to their dependency on D, term (i) can be rather large
in expectation. See Figure 1 for an illustration. Specifically, we have

—Ez[u(a)] = (A() — p(-), ()4
= (A() = u(), argmax(@(-), w(-)) 4) - (A3)

For example, assuming p(a) = 0 for each action a € A, term (i) is the maximum of |.4| Gaussians {N(0,1/N(a))}ac 4,
which can be rather large in expectation, especially when N (a?) is relatively small for a certain action o € A, e.g.,
N(a*) = 1. More generally, it is quite possible that 7 takes a certain action a’ € A with probability one only because
N (a?) is relatively small, which allows Ji(a?) to be rather large, even when p(a?) is relatively small. Due to such a spurious
correlation, (fi(-) — u(-), 7(-))4 = fi(a’) — p(a?) in Equation (A.3) can be rather large in expectation, which incurs a
significant suboptimality. More importantly, such an undesired situation can be quite common in practice, as D does not
necessarily have a “uniform coverage” over each action a € A. In other words, N (a!) is often relatively small for at least a
certain action a! € A.

Going beyond the MAB, that is, H > 1, such a spurious correlation is further exacerbated, as it is more challenging to
ensure each state x € S and each action a € A are visited sufficiently many times in D. To this end, existing literature
(Antos et al., 2007; 2008; Munos and Szepesvari, 2008; Farahmand et al., 2010; 2016; Scherrer et al., 2015; Liu et al.,
2018; Nachum et al., 2019a;b; Chen and Jiang, 2019; Tang et al., 2019; Kallus and Uehara, 2019; 2020; Fan et al., 2020;
Xie and Jiang, 2020a;b; Jiang and Huang, 2020; Uehara et al., 2020; Duan et al., 2020; Yin et al., 2020; Qu and Wierman,
2020; Li et al., 2020; Liao et al., 2020; Nachum and Dai, 2020; Yang et al., 2020a; Zhang et al., 2020a;b) relies on various
assumptions on the “uniform coverage” of D, e.g., finite concentrability coefficients and uniformly lower bounded densities
of visitation measures, which however often fail to hold in practice.

B. Well-Explored Dataset

Corollary B.1 (Well-Explored Dataset). Suppose D consists of K trajectories {(z], a7, r;)}f,’fi , independently and

identically induced by a fixed behavior policy 7 in the linear MDP. Meanwhile, suppose there exists an absolute constant
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¢ > 0 such that
Amin(En) > ¢, where Sy = Ex[(sn, an)d(sn, an) ' |

at each step h € [H]. Here E is taken with respect to the trajectory induced by 7 in the underlying MDP. In Algorithm 2,
we set

A=1, B=c-dH\/C, where ¢=log(4dHK/¢).

Here ¢ > 0 is an absolute constant and £ € (0, 1) is the confidence parameter. Suppose we have K > C' - log(4dH/¢),
where C' > 0 is a sufficiently large absolute constant that depends on ¢. For Pess(D) in Algorithm 2, the event

& = {SubOpt(Pess(D);x) < dH?K~Y?\/Cforall z € S} (B.1)

satisfies Pp(E*) > 1 — £. Here ¢’ > 0 is an absolute constant that only depends on ¢ and c.

Proof of Corollary B.1. See Appendix E.4 for a detailed proof. O

C. Proof Sketch

In this section, we sketch the proofs of the main results in Section 4. In Section C.1, we sketch the proof of Theorem 4.2,
which handles any general MDP. In Section C.2, we specialize it to the linear MDP, which is handled by Theorem 4.4. In
Section C.3, we sketch the proof of Theorem 4.6, which establishes the information-theoretic lower bound.

C.1. Suboptimality of PEVI: General MDP

Recall that we define the model evaluation errors {¢; } ,Ile in Equation (3.1), which are based on the (action- and state-
yvalue functions {(Qp, Vi) }L, constructed by PEVI. Also, recall that we define the -uncertainty quantifiers {I'y, }/Z

in Definition 4.1. The key to the proof of Theorem 4.2 is to show that for all h € [H], the constructed Q-function @, in
Algorithm 1 is a pessimistic estimator of the optimal Q-function @)} To this end, in the following lemma, we prove that
under the event £ defined in Equation (4.1), ¢, lies within [0, 2T';,] in a pointwise manner for all h € [H]. Recall that Pp is
the joint distribution of the data collecting process.

Lemma C.1 (Pessimism for General MDP). Suppose that {I', }/"_, in Algorithm 1 are £-uncertainty quantifiers. Under £
defined in Equation (4.1), which satisfies Pp(£) > 1 — &, we have

0 <ip(w,a) < 2T (z,a), forall (z,a) € S X A, h € [H|. (C.1)
Proof of Lemma C.1. See Appendix E.1 for a detailed proof. O

In Equation (C.1), the nonnegativity of {s;}L | implies the pessimism of {@h}hH:l, that is, Q), < @;; in a pointwise
manner for all h € [H]. To see this, note that the definition of {,}L | in Equation (3.1) gives

Qi (x,a) = Qn(x,a) > BrVi)) (@, a) — ByVig1)(z,0) = (BaViiy)(@,a) = (PaViia) (@, a), (C2
which together with Equations (2.3) and (2.5) further implies
Q;(x,a) — Qn(z,a) > E[glgﬁ Qi1 (5n41,0") = (Qnr1(Sns1, )y Tn1 (| Sn41)) | sh =, an = a]
> E[(Qf 41 (snt1,) — Qni1(Sn41, )y Thr1 (| Sn41)) A | sn =, an = al (C3)

forall (z,a) € S x Aand h € [H]. Also, note that IA/HH = V111 = 0. Therefore, Equation (C.2) implies Q7; > @H in
a pointwise manner. Moreover, by recursively applying Equation (C.3), we have @ > @ p in a pointwise manner for all

h € [H]. In other words, Lemma C.1 implies that the pessimism of {@h}thl holds with probability at least 1 — £ as long as
{T'p}Z | in Algorithm 1 are -uncertainty quantifiers, which serves as a sufficient condition that can be verified. Meanwhile,

the upper bound of {Lh,}ﬁ’:1 in Equation (C.1) controls the underestimation bias of {@h }{Ll, which arises from pessimism.

Based on Lemma C.1, we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. 'We upper bound the three terms on the right-hand side of Equation (3.2) respectively. Specifically,
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we apply Lemma 3.1 by setting 7 = {7, }}_, as the output of Algorithm 1, that is, 7 = Pess(D). As 7, is greedy with
respect to @, for all h € [H], term (iii) in Equation (3.2) is nonpositive. Therefore, we have

H H
SubOpt(Pess(D); :I:) < — ZE; [Lh(sh, ap) ’ 51 = x] + ZE”* [Lh(sh, ap) ’ 51 = x] (C4)
h=1 h=1
(i) (i)
for all x € S, where terms (i) and (ii) characterize the spurious correlation and intrinsic uncertainty, respectively. To upper
bound such two terms, we invoke Lemma C.1, which implies

H
(i)<0, (i)<2 Z]Ew* [Th(sn,an) | s1 = ] (C.5)

h=1
for all x € S. Combining Equations (C.4) and (C.5), we obtain Equation (4.2) under £ defined in Equation (4.1). Meanwhile,
by Definition 4.1, we have Pp(€) > 1 — £. Therefore, we conclude the proof of Theorem 4.2. O

C.2. Suboptimality of PEVI: Linear MDP

Based on Theorem 4.2, we are ready to prove Theorem 4.4, which is specialized to the linear MDP defined in Definition 4.3.

Proof of Theorem 4.4. Tt suffices to show that {I';, }7Z_ | specified in Equation (4.7) are &-uncertainty quantifiers, which are
defined in Definition 4.1. In the following lemma, we prove that such a statement holds when the regularization parameter
A > 0 and scaling parameter 8 > 0 in Algorithm 2 are properly chosen.

Lemma C.2 (¢-Uncertainty Quantifier for Linear MDP). Suppose that Assumption 2.2 holds and the underlying MDP is a
linear MDP. In Algorithm 2, we set

A=1, B=c-dH+\/¢, where ¢ =log(2dHK/¢).

Here ¢ > 0 is an absolute constant and & € (0, 1) is the confidence parameter. It holds that {I';, }_ | specified in Equation
(4.7) are &-uncertainty quantifiers, where {V},; }th1 used in Equation (4.1) are obtained by Algorithm 2.

Proof of Lemma C.2. See Appendix E.2 for a detailed proof. O

As Lemma C.2 proves that {I';, }L | specified in Equation (4.7) are £-uncertainty quantifiers, £ defined in Equation (4.1)
satisfies Pp(E) > 1 — £. Recall that Pp is the joint distribution of the data collecting process. By specializing Theorem 4.2
to the linear MDP, we have

H
SubOpt(Pess(D); x) <2 ZE”* [Fh(sh,ah) ‘ 51 = ac]

51:£E:|

H
=283 Ere [ (6(sn, an) A (s, an)
h=1

for all x € S under £ defined in Equation (4.1). Here the last equality follows from Equation (4.7). Therefore, we conclude
the proof of Theorem 4.4. ]
C.3. Minimax Optimality of PEVI

In this section, we sketch the proof of Theorem 4.6, which establishes the minimax optimality of Theorem 4.4 for the linear
MDP. Specifically, in Section C.3.1, we construct a class 91 of linear MDPs and a worst-case dataset D, while in Section
C.3.2, we prove Theorem 4.6 via the information-theoretic lower bound.

C.3.1. CONSTRUCTION OF A HARD INSTANCE

In the sequel, we construct a class )t of linear MDPs and a worst-case dataset D, which is compliant with the underlying
MDP as defined in Definition 2.1.
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Linear MDP: We define the following class of linear MDPs

M = {M(p1,p2,p3) : p1,p2,p3 € [1/4,3/4] with p3 = min{py, p2}}, (C.6)

where M (p1,p2,ps) is an episodic MDP with the horizon H > 2, state space S = {x¢, 21,22}, and action space
A= {b; }34:1 with | A] = A > 3. In particular, we fix the initial state as s; = x. For the transition kernel, at the first step
h =1, we set

Pi(w1|z0,b1) = p1, Pi(w2]w0,b1) =1 —p1,
Pi(w1 |20, b2) = p2, Pi(w2|wo,b2) =1 — po,
Pi(z1|20,bj) =p3, Pi(za|xo,bj) =1—ps, forall je{3,..., A} (C.7)
Meanwhile, at any subsequent step i € {2,..., H}, we set
Pr(zy|x1,a) = Pp(xe|22,a) =1, forall a € A.

In other words, 21,22 € S are the absorbing states. Here P; (21 | zo, b1 ) abbreviates Py (s2 = 21| 81 = xg, a1 = by). For
the reward function, we set

ri(zg,a) =0, forall a € A,
rp(r1,a) =1, rp(xe,a) =0, forall ac A he{2,...,H}. (C.8)

See Figure 3 for an illustration. Note that M (p1, p2,ps) is a linear MDP, which is defined in Definition 4.3 with the
dimension d = A + 2. To see this, we set the corresponding feature map ¢: S x A — R% as

d(x0,b;) = (e4,0,0) € RA2 forall j € [A],
H(z1,a) = (04,1,0) € RA*2 forall a € A,
B(x9,a) = (04,0,1) e RA*2 forall a € A, (C.9)

where {e; }3-4:1 and 0 4 are the canonical basis and zero vector in R*, respectively.

Figure 3. An illustration of the episodic MDP M = M (p1,p2,p3) € MM with the state space S = {zo,x1, 22} and action space
A = {b; }34:1. Here we fix the initial state as s; = o, where the agent takes the action a € A and transits into the second state
s € {x1,z2}. At the first step h = 1, the transition probability satisfies P (z1 | zo, b;) = p; and Py (z2 | o, b;) = 1 — p; for all
J € [A], where for notational simplicity, we define p; = ps forall j € {3,..., A}. Also, z1,x2 € S are the absorbing states. Meanwhile,
the reward function satisfies 71, (zo, @) = 0, 7 (21,a) = 1, and 7, (z2,a) = O foralla € Aand h € [H].

As x1,22 € S are the absorbing states, the optimal policy 7} at the first step ~ = 1 is a deterministic policy, which by
Equation (C.8) selects the action a € A that induces the largest transition probability into the desired state z1. In other
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words, at the first step h = 1, we have

mi(bj= | o) =1, where j* = argmax p. (C.10)
je{1,2}

Here we assume without loss of generality p; # p2 in Equation (C.7). Meanwhile, at any subsequent step h € {2,..., H},

an arbitrary policy 7y, is optimal, as the action a € A selected by 75, does not affect the transition probability. Therefore, for

any policy 7 = {m, }L,, the suboptimality of 7 for the linear MDP M = M (p1, p2, p3) takes the form
A
SubOpt(M, m;x0) = pj- - (H — 1) = > p; - mi(b; | xo) - (H — 1), (C.11)
j=1

where for notational simplicity, we define p; = p3 for all j € {3,..., A}. Here with an abuse of notation, we incorporate
the explicit dependency on the underlying MDP M € 91 into the suboptimality SubOpt(7; xg).

Dataset: We specify the worst-case data collecting process Pp as follows. Given a linear MDP M € 9, the dataset
D = {(z,a}, rg)}fhlil consists of K trajectories starting from the same initial state x, that is, ] = z forall 7 € [K].
The initial actions {a] } ¢k are predetermined. The subsequent states {2}, } c[k],n>2 are sampled from the underlying
MDP M = M (p1,p2,p3), while the subsequent actions {a}, }-c[x],n>2 are arbitrarily chosen, as they do not affect the
state transitions. The state transitions in the different trajectories are independent. The immediate reward 77, satisfies
r] = rp(x],a},). Note that such a dataset D satisfies Assumption 2.2, that is, D is compliant with the linear MDP M € 9.

We define
K .
nj =Y 1{a] =b;}, {ki}j2 = {r5:a] =b; with7 € [K]}, forall j € [A]. (C.12)
=1

In other words, assuming that 1 < 7 < 75 < --- < 7,; < K are the episode indices such that a7’ = b; for all i € [n;], we

;A o . .
127, are the realizations of K independent Bernoulli random

define £ = r3’ forall j € [A]. By such a construction, {%};"

variables, which satisfy
Epl}] =p;, forall i€ [ng], j € [A]. (C.13)

Note that knowing the value of the immediate reward rJ is sufficient for determining the value of the second state x3.
Meanwhile, recall that x1, x5 € S are the absorbing states. Therefore, for learning the optimal policy 7*, the original dataset
D contains the same information as the reduced dataset D; = {(z7, a7, 23, 75)}X ,, where the randomness only comes
from the state transition at the first step A = 1 of each trajectory 7 € [K]. Correspondingly, the probability of observing the
dataset D; takes the form

K
Ppom (D7) = H Pt (ra(s2,a2) =73 | s1 = 2], a1 = af)

T=1
A g ; A ny i n;
K —K i=1 1% nj—>.. 7 K
:H(Hpja.(lfpj)l ]):H(pj VYL (1= )i ]), (C.14)
j=1 i=1 j=1

Here Pp.. o denotes the randomness of the dataset D, which is compliant with the underlying MDP M = M (p1, p2, p3),
while P, denotes the randomness of the immediate rewards and state transitions. In the second equality, we apply the
definition of {H;}:Zl in Equation (C.12). By such a definition, Pp. ¢ (D7) in Equation (C.14) is the likelihood of the linear
MDP M € 971 given the reduced dataset D; (or equivalently, the original dataset D, assuming that the subsequent actions
{a}, }re[x),n>2 are predetermined).

C.3.2. INFORMATION-THEORETIC LOWER BOUND

The proof of Theorem 4.6 is based on the Le Cam method (Le Cam, 2012; Yu, 1997). Specifically, we construct two linear
MDPs M1, My € 9, where the class 90t of linear MDPs is defined in Equation (C.6). Such a construction ensures that (i)
the distribution of the dataset D, which is compliant with the underlying MDP, is similar across M7, My € 9, and (ii) the
suboptimality of any policy 7, which is constructed based on the dataset, is different across M1, My € 9. In other words,
it is hard to distinguish M, Mo € 91 based on D, while 7 obtained from D can not achieve a desired suboptimality for
My, My € 90t simultaneously. Such a construction captures the fundamental hardness of offline RL for the linear MDP.
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For any p, p* € [1/4,3/4], where p < p*, we set
My =M@p*,p,p), Mz=M(p,p",p) (C.15)

Based on D, whose likelihood is specified in Equation (C.14), we aim to test whether the underlying MDP is M or M.
The following lemma establishes a reduction from learning the optimal policy 7* to testing the underlying MDP M € 9.
Recall that for any ¢ € {1, 2}, n, is defined in Equation (C.12).

Lemma C.3. For the dataset D specified in Section C.3.1, the output A1go(D) of any algorithm satisfies

max_/ng - Epom, [SubOpt(Me,Algo(D); xo)}

Le{1,2}
> \/nii % . (p* _p) . (H — 1) . (ED~M1 [1 — 7T1(b1 |:L‘0)] +E’D~M2 [7‘(1([)1 |£Co)]),

where 7 = {m,}/L, = Algo(D). For any ¢ € {1,2}, Ep. 4, is taken with respect to the randomness of D, which is
compliant with the underlying MDP M.

Proof of Lemma C.3. See Appendix F.1 for a detailed proof. O

As specified in Equation (C.10), for the underlying MDP M, the optimal policy 7] takes the initial action b; with
probability one at the initial state xy, while for My, 7] takes by with probability one at zzp. We consider the following
hypothesis testing problem

Hy: M =My versus Hy{: M= M, (C.16)

based on the dataset D. For such a problem, any test function ¢ is a binary map such that /(D) = 0 means the null
hypothesis Hy is accepted, while ¢)(D) = 1 means Hj is rejected. For the output 7 = {7}/, = Algo(D) of any
algorithm, we define

Ya1q0(D) =1{a # b1}, where a ~ m1(-| o). (C.17)
Correspondingly, the risk of the (randomized) test function 1), 4, takes the form
Risk(Ya150) = Epaaty [I{¥a190(D) = 1}] + Eppts [1{a140(D) = 03]
=Epom, [1 = m1(b1 | 20)] + Epnt, [m1(b1 | 0)]- (C.18)

Therefore, Lemma C.3 lower bounds the suboptimality of any policy 7 = {m,}/L, = Algo(D) by the risk of a
(randomized) test function, which is induced by m, for the corresponding hypothesis testing problem defined in Equation
(C.16). Such an approach mirrors the Le Cam method (Le Cam, 2012; Yu, 1997) for establishing the minimax optimality in
statistical estimation. In particular, a careful choice of p, p* € [1/4,3/4] leads to the information-theoretic lower bound
established in Theorem 4.6. See Appendix F.3 for a detailed proof.

D. Proofs of Suboptimality Decomposition

Proof of Lemma 3.1. By the definition in Equation (2.6), the suboptimality of the policy 7 given any initial state z € S can
be decomposed as

~ ~

SubOpt(7; ) = (V{7 (2) — Vi(2)) + (Vi(z) — V¥ (), (D.1)
) (ii)

where {‘A/h}{le are the estimated value functions constructed by the meta-algorithm. Term (i) in Equation (D.1) is the

difference between the estimated value function 171 and the optimal value function Vfr*, while term (ii) is the difference
between V7 and the value function Vf of 7. To further decompose terms (i) and (ii), we utilize the following lemma, which
is obtained from (Cai et al., 2020), to characterize the difference between an estimated value function and the value function
of a policy.

Lemma D.1 (Extended Value Difference (Cai et al., 2020)). Let 7 = {7, }__| and 7’ = {7}, }/L | be any two policies and
let {Q}L | be any estimated Q-functions. For all h € [H]|, we define the estimated value function V},: S — R by setting
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V(@) = (Qn(x, ), mh(-| 2)) 4 forall z € S. Forall z € S, we have

Vi(x) — Z]E (Qn(sny )y (| s0) — T (- | sn))a| 51 = 2]
h=1

H
+ Y B [Qn(sn,an) — (Br Vi) (sn,an) | 51 = 2],
h=1

where [E. is taken with respect to the trajectory generated by 7/, while By, is the Bellman operator defined in Equation (2.4).

Proof. See Section B.1 in (Cai et al., 2020) for a detailed proof. O

Applying Lemma D.1 with 7 = 7, 7’ = 7*, and {@h}{le being the estimated Q-functions constructed by the meta-
algorithm, we have

H
Vi@) = Vi (@) = > B [(Qn(sn, ), n(- [ sn) = (- [ sn))a | 51 = 2]
h=1

+ ZEﬂ* [@h(Sm an) — (BaVis1)(sn, an) |51 =21],
h=1

where [E .~ is taken with respect to the trajectory generated by 7*. By the definition of the model evaluation error ¢y, in
Equation (3.1), we have
H

Ere [(Qn(sn: )i (- Isn) = n(-[sn))a | s1 = 2] + D B [tn (s, an) | 51 = 2]
h=1

Vi (z)

uMm

Similarly, applying Lemma D.1 with 7 = 7’ = 7 and {@h}thl being the estimated Q-functions constructed by the
meta-algorithm, we have

H
Vi(z) — Vf(x) = ZE; [@h(sh,ah) - (IB%h\A/hH)(smah) | s1 = :c] = — ZE; [Lh(sh,ah) | 51 = x],

h=1 h=1

where E= is taken with respect to the trajectory generated by 7. By Equation (D.1), we conclude the proof of Lemma
3.1. O

E. Proofs of Pessimistic Value Iteration
E.1. Proof of Lemma C.1

Proof of Lemma C.1. We first show that on the event £ defined in Equation (4.1), the model evaluation errors {Lh}hH:1 are
nonnegative. In the sequel, we assume that £ holds. Recall the construction of ()}, in Line 1 of Algorithm 1 for all h € [H].
Forall h € [H] and all (x,a) € S x A, if Q),(z,a) < 0, we have

@h(a:,a) =min{Q,(z,a), H —h+ 1} =0.
By the definition of ¢, in Equation (3.1), we have
i (x,0) = (B Vii1) (. 0) = Qu(z,a) = BrViga)(2,a) > 0,
as rp, and XAth are nonnegative. Otherwise, if @h(x, a) > 0, we have
Qn(w,a) = min{Q, (w,a), H — h + 1} < Q(w,a).
As {T,}H_| are &-uncertainty quantifiers, which are defined in Definition 4.1, we have

tn(7,0) > (BaVii1)(z,0) — Qp(w,a) = BrVis1)(w,a) — (BuVis1)(2,0) + Ta(@,a) > 0.
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Here the last inequality follows from the definition of £ in Equation (4.1). Therefore, we conclude the proof of ¢ (x,a) > 0
forall h € [H] and all (z,a) € S x Aon €.

It remains to establish the upper bound in Equation (C.1). For all h € [H] and all (x,a) € S x A, combining the definition
of event £ in Equation (4.1) as well as the construction of ()}, in Line 1 of Algorithm 1 gives

Qu(z,a) = By Vis1)(z,a) — Tp(z,a) < (BpVigr)(z,a) < H — b+ 1,

where the first inequality follows from the triangle inequality, while the second inequality follows from the fact that
rp € 0,1] and V41 € [0, H — h]. Hence, we have

Qn(z,a) = min{Q,,(z,a), H — h + 1}* = max{Q, (z,a),0} > Q,(z,a),
which by the definition of ¢, in Equation (3.1) implies
(@, a) = (BrVis1) (3, 0) — Qu(,a) < (BrVii1)(z,0) — Qp(x,a)
= By Vii1)(@,a) — (B Vg1 )(z, a) + Th(z, a) < 204 (2, a).

Here the last inequality follows from the definition of £ in Equation (4.1). Therefore, we complete the proof of ¢y, (z,a) <
2Ty (x,a) forall h € [H] and all (z,a) € S x AonE.

In summary, we conclude that on &,
0 < ip(z,a) < 2Tk (z,a), V(z,a) € S x A, Yh € [H].

Therefore, we conclude the proof of Lemma C.1. O

E.2. Proof of Lemma C.2

Proof of Lemma C.2. Tt suffices to show that under Assumption 2.2, the event £ defined in Equation (4.1) satisfies Pp(€) >
1 — ¢ with the é-uncertainty quantifiers {T', }/L_; defined in Equation (4.7). To this end, we upper bound the difference

between (B, Vj,11)(z, a) and (I@hf/hﬂ)(:r, a) forall h € [H] and all (z,a) € S x A, where the Bellman operator By, is

~

(ieﬁned in Equation (2.4), the estimated Bellman operator B, is defined in Equation (4.5), and the estimated value function
V41 is constructed in Line 2 of Algorithm 2.

For any function V: § — [0, H|, Definition 4.3 ensures that P,V and B,V are linear in the feature map ¢ for all h € [H].
To see this, note that Equation (4.4) implies

BV ) (2, a) = <¢(x,a),/sV(:c')uh(:c')dx'>, V(z,a) € S x A, Vh € [H].

Also, Equation (4.4) ensures that the expected reward is linear in ¢ for all h € [H], which implies

(BAV)(,0) = (0(,0), 1) + (6lz,0),

V(w’)uh(gc’)dx'>, V(z,a) € S x A, Vh € [H]. (E.1)
s

Hence, there exists an unknown vector w;, € R% such that
(BhIA/;,,+1)(x,a) = d)(x,a)Tu)h, V(xz,a) € S x A, Yh € [H]. (E.2)

Recall the definition of w}, in Equation (4.6) and the construction of @h XA/hH in Equation (4.5). The following lemma upper
bounds the norms of wy, and Wy, respectively.

Lemma E.1 (Bounded Weights of Value Functions). Let Vi, > 0 be an absolute constant. For any function V : § —
[0, Vinax] and any h € [H|, we have

wall < (14 Vinax)Vd, — ||@n]| < HYEKd/,

where wy, and wy, are defined in Equations (E.2) and (4.6), respectively.
Proof of Lemma E.1. For all h € [H], Equations (E.1) and (E.2) imply
wp, = 6, +/ V(2" pn(2")da'.
s

By the triangle inequality and the fact that ||, (S)|| < v/d in Definition 4.3 with the notation || (S)|| = Js ln ()] da’,
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we have

ol <100+ | | V@) V@l

< VA + Vinax - [0 (S)|| < (1 4 Vinax)Vd, (E.3)
where the third inequality follows from the fact that V' € [0, Vijax]-

Meanwhile, by the definition of @, in Equation (4.6) and the triangle inequality, we have

I = \\A;l(iqs(xz,aa - (rF + Vo (a70))|
T=1

K
<A e ag) - (rf + Vi (h40)].
T=1

Note that |}, + Vi11(2f,,)| < H, which follows from the fact that 7], € [0,1] and Vi1 € [0, H — 1] by Line 2 of
Algorithm 2. Also, note that A;, > X - I, which follows from the definition of A;, in Equation (4.6). Hence, we have

K K
@l < H - IA olag,af)ll = H- > w(x;,az>TA;1/2A;1A;1/2¢<z;, ay)
=1 =1

H & -
=N ; Vblar,ap) TAL 6l ap),

where the last inequality follows from the fact that || A} ! [|op < A™!. Here | - ||op denotes the matrix operator norm. By the
Cauchy-Schwarz inequality, we have

K
Il < HVERTR | 3 60T a)™A7 6l af) = HYRTR Tr(A,:lZ¢<x;,a;>¢<xz,a;ﬂ)

T=1

=H\/K/\ \/Tr YA = A1) < HYE/X - JTe(A ' Ay) = HEKd/, (E4)

where the second equality follows from the definition of A, in Equation (4.6).

Therefore, combining Equations (E.3) and (E.4), we conclude the proof of Lemma E.1. O]

We upper bound the difference between By, V)., and BV, ;. Forall h € [H] and all (z,a) € S x A, we have
(BrVig1)(@,a) = BrVia) (@, a) = ¢(z,0) " (wy, — @)

K
= o(2,0) Twn — o, ) AT (Y oaiaf) - (7 + Vi (2740)))

T=1

K
= olw,)Twi — o(x.a) AL (D 6(eh af) - (BaVii) (o] af) ) (E5)

T=1

®
K A~ ~
— ¢(x,a) AL ( > o(q.af) - (7 + Vi (2741) — BaViga) (7, aﬁ))) :
T=1

(i1)
Here the first equality follows from the definition of the Bellman operator Bj, in Equation (2.4), the decomposition of By, in
Equation (E.1), and the definition of the estimated Bellman operator B, in Equation (4.5), while the second equality follows
from the definition of @y, in Equation (4.6). By the triangle inequality, we have

|(BhVii1) (@, a) — (B Vi) (z, a)| < ()] + |G-
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In the sequel, we upper bound terms (i) and (ii) respectively. By the construction of the estimated value function V;,_H in
Line 2 of Algorithm 2, we have V,11 € [0, H — 1]. By Lemma E.1, we have ||wy|| < H+/d. Hence, term (i) defined in
Equation (E.5) is upper bounded by

K

|(1)| = (,25(1’, a)Twh - (Z (,25 xha ah xh7a;rz)—rwh)
T=1

= ’qb(x,a)—rwh —d(x,a) A (Ap — A1) Jwp| = A |o(a, a)TAglwh’

<X flwnlly-r - [6(z,a)] s < HVAX -/ é(z,a)TA, 6(z0). E6)

Here the second equality follows from the definition of A; in Equation (4.6). Also, the first inequality follows from the
Cauchy-Schwarz inequality, while the last inequality follows from the fact that

lwnlly-1 = Jwf Ay twn < A, lop® - lwnll < HV/d/X

Here || - [|op denotes the matrix operator norm and we use the fact that | A, [lop < A1

It remains to upper bound term (ii). For notational simplicity, for any A € [H], any 7 € [K], and any function V: S — [0, H],
we define the random variable

n(V) =i+ V(zpi1) — (BaV)(2h, af). (E.7)
By the Cauchy-Schwarz inequality, term (ii) defined in Equation (E.5) is upper bounded by

|GD)] = |p(z,a) A, (Zﬁb T}, ap) eh(Vthl))‘

K
< |32 otwr,an) - (Vi) - Nt a)ln
T=1 h
K
o DIRICRUSRE (L] RV (E8)
T=1
(iii)

In the sequel, we upper bound term (iii) via concentration inequalities. An obstacle is that I7h+1 depends on { (7, a}) } rek]
via {(z7,, a,TL/)}TG[ K],h'>h- 88 it is constructed based on the dataset D. To this end, we resort to uniform concentration
inequalities to upper bound

K

swp | ol an) - n(v)|

VeViii1(R,B,\) —
for each h € [H], where it holds that Vj, ;1 € V41 (R, B, \). Here for all h € [H], we define the function class
Vi(R, B, ) = {Vi(2;60,8,%): S — [0, H) with ||| < R, € [0, B], X = \- I},

where Vi, (x;6,3,%) = maj({min{q&(x, a)’h—p- \/Qﬁ(x, )T 1¢(z,a), H—h+ 1}+}. (E.9)
a€c
Foralle > 0 and all h € [H], let V,,(¢; R, B, \) be the minimal e-cover of V, (R, B, A) with respect to the supremum
norm. In other words, for any function V' € V},(R, B, \), there exists a function V' € A}, (¢; R, B, \) such that
sup’V(m) - VT(x)’ <e.
€S
Meanwhile, among all e-covers of V;,(R, B, \) defined by such a property, we choose Ny, (g; R, B, \) as the one with the
minimal cardinality.

By Lemma E.1, we have || @y || < H+/Kd/A. Hence, for all h € [H], we have
Vi1 € Vi1 (Ro, Bo,\),  where Ry = H\/Kd/X, By = 28.
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Here A > 0 is the regularization parameter and S > 0 is the scaling parameter, which are specified in Algorithm 2. For
notational simplicity, we use Vj, 1 and N, 11(€) to denote Vi1 1(Ro, Bo, ) and Ny 11(g; Ro, Bo, A), respectively. As it
holds that Vi, 11 € Vyy1 and Ny 1 () is an e-cover of V11, there exists a function ij+1 € Np11(e) such that

sug |1A/h+1(a:) - V,j+1(x)| <e. (E.10)
e

Hence, given V}j 41 and ‘7h+1, the monotonicity of conditional expectations implies
(BLV; ) (@ a) — (PhViga)(z, )| (E.11)
= ‘E[V}j+1(3h+1) | sp=x,ap =al — E[I/}hﬂ(shﬂ) ‘ sh =T, ap = a ‘
< ]E|:|‘/;j+1(8h+1) — XA/hH(shH)’ ‘ Sp=T,an = a} <e, V(z,a) € S x A, Vh € [H].

Here the conditional expectation is induced by the transition kernel Py (- | ,a). Combining Equation (E.11) and the
definition of the Bellman operator B;, in Equation (2.4), we have

BV ) (@ a) — BrVisr)(z,a)| <&,  Y(z,a) € S x A, Vhe [H]. (E.12)
By the triangle inequality, Equations (E.10) and (E.12) imply
‘(rh(x,a) + Vi (@) = (B Vi) (3,0)) — (ru(z,a) + Vi, (2') (IB%hV,jH)(x,a))‘ < 2 (E.13)

forall h € [H] and all (x,a,2") € S x A x S. Setting (z,a,z") = (z},af, =} ;) in Equation (E.13), we have
len(Vie1) — b (Vi )| <26, Vr e [K], Vhe [H). (E.14)

Also, recall the definition of term (iii) in Equation (E.8). By the Cauchy-Schwarz inequality, for any two vectors a, b € R4
and any positive definite matrix A € R%*%, it holds that [|a + b[|3 < 2 ||a||3 + 2 - ||b||3. Hence, for all h € [H], we have

K
(iii)§2-HZO#(%@Z%EZ(VJH)Hi +2. Hth,ah) CIFEEAM)] )
T=1

T=1 h
The second term on the right-hand side of Equation (E.15) is upper bounded by
2

2|30 60T ah) - (o)~ V)|
=1

—1
Ah

K
=2 Y oaf,af) AL o ) - (R (Vi) — (Vi) - (6 (Vasn) — 6 (Vi)

T,7'=1

K
e Y |lah,ap) AL Bla] a Z (R, i)l - et ap ) - 1AL lop,

T,7'=1 T,7'=1

where the first inequality follows from Equation (E.14). As it holds that A, >= A - I by the definition of Ay in Equation (4.6)
and ||¢(z,a)|| < 1forall (z,a) € S x A by Definition 4.3, for all h € [H], we have

< 8ZK2/ (E.16)

h

K
N 2
2| S0 6tk ab) - (Tan) - G 0)
T=1
Combining Equations (E.15) and (E.16), for all h € [H], we have

(i) < 2- sup
VGNh+1 6)

‘Zﬁﬁ xj,ap) e (V )Hih1 + 82 K%/ (E.17)

Note that the right-hand side of Equation (E.17) does not involve the estimated value functions @h and ‘7h+1’ which are
constructed based on the dataset D. Hence, it allows us to upper bound the first term via uniform concentration inequalities.
We utilize the following lemma to characterize the first term for any fixed function V' € N, 1(g). Recall the definition of
€7 (V') in Equation (E.7). Also recall that Pp is the joint distribution of the data collecting process.

Lemma E.2 (Concentration of Self-Normalized Processes). Let V : & — [0, H — 1] be any fixed function. Under
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Assumption 2.2, for any fixed h € [H| and any ¢ € (0, 1), we have

K 2
PD(H > (a7, af) '62(‘/)HA71 > H?- (2-log(1/8) +d - log(1 +K/,\))> <5
=1 h

Proof of Lemma E.2. For the fixed h € [H] and all 7 € {0,..., K}, we define the o-algebra

i i\ (THDAK o -
Fir = o ({(h al) T UL, 201 0),
where o (+) denotes the o-algebra generated by a set of random variables and (7 + 1) A K denotes min{7 + 1, K'}. For all
T € [K], we have ¢(z], a},) € Fn -1, as (x],a}) is Fp, -—1-measurable. Also, for the fixed function V': & — [0, H — 1]
and all 7 € [K], we have
en(V) =1, + V(ahi1) — BrV)(2f, ap) € Fir,

as (r},x},) is Fu --measurable. Hence, {¢} (V)}, is a stochastic process adapted to the filtration {7}/ ,. By
Assumption 2.2, we have

Ep[ef,(V) | Fur—1] = Ep[rf, + V(2] 1) | {2, a)) Yoy A(r. 2 ) V2] — BRV) (2}, af)
=E[rn(sn.an) + V(sn+1) | sn = xf,an = af,] — (BLV)(2},,ap) =0,

where the second equality follows from Equation (2.7) and the last equality follows from the definition of the Bellman
operator B;, in Equation (2.4). Here Ep is taken with respect to Pp, while E is taken with respect to the immediate reward
and next state in the underlying MDP.

Moreover, as it holds that ] < [0,1] and V' € [0, H — 1], we have 7} + V(z},,) € [0, H]. Meanwhile, we have
(ByV)(x},a},) € [0, H], which implies |e} (V)| < H. Hence, for the fixed h € [H] and all 7 € [K], the random variable
€7, (V') defined in Equation (E.7) is mean-zero and H-sub-Gaussian conditioning on Fj, -_1.

We invoke Lemma G.2 with My = A - Tand M = X- [ + Zle (7, a]) ¢p(af,a})" forall k € [K]. For the fixed
function V': § — [0, H — 1] and fixed h € [H|, we have

det(Ah)1/2
L)) <
6-det(/\-I)1/2) <9

forall § € (0,1). Here we use the fact that Mk = Aj,. Note that |¢(z,a)|| < 1forall (z,a) € S x A by Definition 4.3.
We have

K
2
Pp (H > otk af) - V)|, > 20 1og (
=1

K K
[Anllop = |31+ D dlaf af)oeh ap) || < A+ 3 I9(af af)oeF. af) o < A+ K,
T=1

T=1
where || - ||op denotes the matrix operator norm. Hence, it holds that det(Aj,) < (A + K)% and det(X - I) = A%, which
implies

2

K
PD(H > ol af) 'GZ(V)H > H? - (2-log(1/8) + d - log(1 +K/A))>
=1

-1
Ah,

< PD(H i¢($z,a;) . e;(V)Hihl > 2H? - log ((%)> <.
r=1 :

Therefore, we conclude the proof of Lemma E.2. [

Applying Lemma E.2 and the union bound, for any fixed h € [H], we have

Pp ( sup
VEN}H,l (E)

K 2
]Zgﬁ(x;,a;) ~e,Tl(V)HA71 > H? - (2-log(1/0) + d - log(1 + K/A))) <6 WNata ()l
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Forall{ € (0,1)andalle > 0, weset 6 = &/(H - [Ny41(e)|). Hence, for any fixed h € [H], it holds that

K
2
sup || oaqap) - (V)|
VEN41(e) ;1 P ALt

< H?. (2 Nog(H - |Nis1(e)|/€) +d - log(1 + K//\)) (E.18)

with probability at least 1 — £/ H, which is taken with respect to Pp. Combining Equations (E.17) and (E.18), we have

K N 2
IPD< N {H S (. af) eZ(VhH)HNI (E.19)
helH] ~ 7=1 h

<2H?. (2 log(H - [Nut1(e)|/€) +d -log(1 + K/A)) + 8€2K2//\}) >1-¢,

which follows from the union bound.

It remains to choose a proper € > 0 and upper bound the e-covering number |V}, 11 (). In the sequel, we sete = dH/K
and A = 1. By Equation (E.19), for all h € [H], it holds that

K
| S oq.an) |, <20 (2 108(H - INiis (2)1/€) +d-log(1 + K) +4d°)  (B20)
T=1 h

with probability at least 1 — £, which is taken with respect to Pp. To upper bound |N},11(¢)|, we utilize the following
lemma, which is obtained from (Jin et al., 2020). Recall the definition of the function class V,, (R, B, ) in Equation (E.9).
Also, recall that MV, (¢; R, B, \) is the minimal e-cover of V;, (R, B, \) with respect to the supremum norm.

Lemma E.3 (¢-Covering Number (Jin et al., 2020)). For all & € [H] and all ¢ > 0, we have

log [Ny (g; R, B,\)| < d-log(1 +4R/e) + d* - log(1 + 8d"/2B?/(€*N)).
Proof of Lemma E.3. See Lemma D.6 in (Jin et al., 2020) for a detailed proof. O

Recall that
Vi1 € Vig1(Ro, B, A),  where Ry = H\/Kd/\, By =28, A=1, B =c-dH\/C.

Here ¢ > 0 is an absolute constant, £ € (0, 1) is the confidence parameter, and ¢ = log(2dH K/€) is specified in Algorithm
2. Recall that N} y1(e) = Np11(g; Ry, Bo, A) is the minimal e-cover of V11 = V41 (Ro, Bo, A) with respect to the
supremum norm. Applying Lemma E.3 with ¢ = dH /K, we have

1og [Nup1(e)| < d-log(1 +4d~Y2K3/2) 4 d? - log(1 + 32¢% - d /2 K2¢)
< d-log(1 4 4d?K?) + d? - log(1 + 32¢% - A2 K?¢). (E21)

As itholds that ¢ > 1, we set ¢ > 1 to ensure that the second term on the right-hand side of Equation (E.21) is the dominating
term, where 32¢? - d'/2K2( > 1. Hence, we have

log [Nuy1(e)] < 2d? - log(1 + 32¢% - d/2K?¢) < 2d? - log(64¢? - d*/2K2(). (E.22)
By Equations (E.20) and (E.22), for all h € [H], it holds that
K N 2
|13 olwhap) - . (Vas)|
T=1
<2H?. (2-log(H/€) + 4d® -log(64¢* - d"/*K*¢) + d - log(1 + K) + 4d?) (E.23)

with probability at least 1 — £, which is taken with respect to Pp. Note that log(1 + K) < log(2K) < ¢ and log ¢ < (.
Hence, we have

—1
Ah

2-log(H/€) 4 4d? - log(d'/?K?¢) + d - log(1 + K) + 4d?
< 2d* - log(dHK*/€) + d¢ + 8d*¢ < 18d%C.
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As it holds that ¢ > 1 and log ¢ < ¢, Equation (E.23) implies
K N 2
H S 6], af) - € (Vis) HA < d2H2C - (36 + 8 - log(64c?)). (E.24)
T=1 h

We set ¢ > 1 to be sufficiently large, which ensures that 36 + 8 - log(64c?) < ¢?/4 on the right-hand side of Equation (E.24).
By Equations (E.8) and (E.24), for all h € [H], it holds that

)] < ¢/2- dH/C - \/ola,a)TA b, 0) = 8/2 -1/ 6(e, ) TA; (e, a) (E25)
with probability at least 1 — £, which is taken with respect to Pp.
By Equations (4.7), (E.5), (E.6), and (E.25), for all h € [H] and all (z,a) € S x A, it holds that

|(B1,Vir1) (2, @) — (BpVisr)(z, a)| < (HVA+ B/2) - \/¢(x, a)TA; o(x,a) < Th(z,a)

with probability at least 1 — &, which is taken with respect to Pp. In other words, {I', }/._, defined in Equation (4.7) are
&-uncertainty quantifiers. Therefore, we conclude the proof of Lemma C.2. O

E.3. Proof of Corollary 4.5

Proof of Corollary 4.5. By the Cauchy-Schwarz inequality, we have
E [(¢(5h7@h>TA;1¢<3h, ah))1/2 ‘ $1 = JC}
=E,- {\/Tr (&(sn, ah)TA}_ngi)(sh,ah)) ‘ $1 = x]
=E,- {\/Tr (¢(sn,an)p(sn, ah)TAgl) ‘ 51 = x}

< \/Tr (E,r* [(ﬁ(s;“ah)¢(sh,ah)—r | 51 = :v] A;1> (E.26)
forall z € S and all h € [H]. We define the event

H
EF = {SubOpt(Pess(D);x) < 2BZE7T* {(qﬁ(sh, ah)TAgl(b(sh, ah))l/2 ‘ 51 = x} forall z € S}. (E.27)
h=1

For notational simplicity, we define
Sn(x) = Ere [¢(sn, an)d(sn,an) " | s1 = 2]
forall » € S and all h € [H]. On the event £T N E*F, where £T and £* are defined in Equations (4.9) and (E.27), respectively,

we have

H
SubOpt(Pess(D);z) < ZﬁZEﬂ* [(¢(sh, an) " A (s, ah))1/2 ‘ 51 = x}
h=1

H
< 262 \/Tr (Zh(m) I+ K- Eh(a:))_1>
h=1

d

*2551: 3 An,j(@)
N =\ 1+ct- K-\ j(z)

)

Here {\, ; (Jr:)}?:1 are the eigenvalues of ¥, (z) forall z € S and all h € [H], the first inequality follows from the definition
of &t in Equation (E.27), and the second inequality follows from Equation (E.26) and the definition of £ tin Equation (4.9).
Meanwhile, by Definition 4.3, we have ||¢(s,a)|| < 1forall (z,a) € S x A. By Jensen’s inequality, we have

th(l’)ut)p < Ene [ |¢(5h; ah)¢(5h7 ah)THop ’ S§1 = Jc] <1




Is Pessimism Provably Efficient for Offline RL?

forall z € Sandall h € [H|. As X () is positive semidefinite, we have A, ;(z) € [0, 1] forall z € S, all h € [H], and all
j € [d]. Hence, on £T N £*, we have

d
A
SubOpt(Pess <2ﬂ§ E o hjé ))\h @)
=1 J

d

< 252 \ > S N ) o NG
Jj=

11—|—ch~[(

for all z € S, where the second inequality follows from the fact that A, j(z) € [0,1] forall z € S, all h € [H], and all
j € [d], while the third inequality follows from the choice of the scaling parameter 5 > 0 in Corollary 4.5. Here we define
the absolute constant ¢/ = 2¢/ Vet > 0, where ¢f > 0 is the absolute constant used in Equation (4.9) and ¢ > 0 is the
absolute constant used in Theorem 4.4. By the condition in Corollary 4.5, we have Pp(ET) > 1 — £/2. Also, by Theorem
4.4, we have Pp(£) > 1 — £/2. Hence, by the union bound, we have Pp (€T N ) > 1 — &, which yields Equation (4.10).

In particular, if rank(¥,(z)) < r forall € S and all b € [H], on EF N E*, which satisfies Pp(ET N EF) > 1 — £, we have

d
Anj(
SubOpt(Pess(D);z) < 23> §:1+CT ’I’é )
i=1 \J

" dHQ 1/2\/5

E%m
M

T <
—\= 1+¢ K

where ¢/ = 2¢y/7/ct > 0 is an absolute constant. Here the second inequality follows from the fact that A, j(x) € [0,1]
and rank (X, (z)) < rforallz € S, all h € [H], and all j € [d], while the third inequality follows from the choice of 3 in
Corollary 4.5. Hence, we obtain Equation (4.11). Therefore, we conclude the proof of Corollary 4.5. O
E.4. Proof of Corollary B.1

Proof of Corollary B.1. For all h € [H] and all 7 € [K|], we define the random matrices

K
Zh = ZA;—w Ap = (;5(.7;‘;,(1;)(;5(1';,0,2)1— — X,

where 3 = Ex [¢(sn, an)d(sn,an) '] (E.28)

For all h € [H] and all 7 € [K], Equation (E.28) implies Ez[A}] = 0. Here E; is taken with respect to the trajectory
induced by the fixed behavior policy 7 in the underlying MDP. As the K trajectories in the dataset D are i.i.d., for all
h € [H], {(2],a],r])} < | are also i.i.d.. Hence, for all h € [H], {A7}X | arei.i.d. and centered.

By Definition 4.3, we have ||¢(z, a)|| < 1 forall (z,a) € S x A. By Jensen’s inequality, we have
IZnllop < Ex [l¢(shs an)é(sn, an) "llop] < 1.
For any vector v € R? with ||v|| = 1, the triangle inequality implies
170l < lle(ar, ap)é(ar, ap) Toll + [1Spoll < [loll + [ Sallop - lol] < 2.
Hence, for all h € [H] and all 7 € [K], we have
A7 lop <2, IIAT(AT) Tllop < [l ARHlop - 11(AT) Tllop < 4.

As {A7}% | arei.i.d. and centered, for all h € [H], we have

1B 1202 ko = | S B LAY .
=1

= K - [|Ex[A},(A}) Top < K - Ex [| A4 (43) [lop] < 4K,
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where the first inequality follows from Jensen’s inequality. Similarly, for all h € [H] and all 7 € [K], as it holds that
1CAT) T AT llop < 11CAT) llop - |47 llop < 4,
we have
1= (23 Znlllop < 4K.
Applying Lemma G.1 to Z}, defined in Equation (E.28), for any fixed h € [H] and any ¢ > 0, we have

K
Po (| Znllop > t) = P (H 347
T=1

For all ¢ € (0,1), we set t = /10K -log(4dH/€). By Equation (E.29), when K is sufficiently large so that K >
5-log(4dH/E), we have 2t/3 < K. Hence, for the fixed h € [H], we have

Po (|| Znllop < t) =1 —2d-exp(—t*/(8K + 4t/3))
>1—2d-exp(—t*/(10K)) =1 —¢/(2H). (E.30)
By Equation (E.30) and the union bound, for all » € [H], it holds that

t2/2
< . - . .
Op>t) < 2d exp( 4K+2t/3) (E.29)

K
1
12/ Kl = |52 3 600 ai)o(ahal)T =S < V107K - Tog(4dH[E) (E31)
=1

with probability at least 1 — £/2, which is taken with respect to Pp.
By the definition of Zj in Equation (E.28), we have

K
Zn =Y oz}, a})p(x],a;) " — K-Sy = (Ap = X-1) = K - 5. (E.32)

=1

Recall that there exists an absolute constant ¢ > 0 such that A, (25) > ¢, which implies ||Z,:1 llop < 1/c. By Equations
(E.31) and (E.32), when K is sufficiently large so that K’ > 40/c - log(4dH/¢), for all h € [H], it holds that

)\min(Ah/K) = )\min(zh + )\/K -1 + Zh/K)
> Amin(En) = 120/ K|lop > ¢ — /10/K - log(4dH /&) > ¢/2.
Hence, for all h € [H], it holds that
_ -1
1A, Hlop < (K - Amin(An/K)) < 2/(K - ¢)
with probability at least 1 — £/2 with respect to Pp, which implies

\/¢(x,a)TA;1¢(m7a) <lp(z,a)|l- |A; 2 < " /VK,  V(x,a) €S x A, Vh € [H]. (E.33)

Here we define the absolute constant ¢’ = y/2/c and use the fact that ||¢(x, a)|| < 1for all (z,a) € S x A in Definition
4.3.

We define the event
& = {\/¢(x,a)TA;1¢(x,a) < ¢"/VK forall (z,a) € S x Aandall h € [H]}
By Equation (E.33), we have Pp (&) > 1 —¢/2 for K > 40/c - log(4dH/£). Also, we define the event

H
& = {SubOpt(ﬁ;:c) <28- ZE”* {\/Qﬁ(sh, ah)TAglgb(sh, ap)
h=1

sy = x} for all z € S}.

Here we set 3 = c¢-dH+/log(4dH K /), where ¢ > 0 is the same absolute constant as in Theorem 4.4. By Theorem 4.4, we
have Pp(€5) > 1 — £/2. Hence, when K is sufficiently large so that K > 40/c - log(4dH/£), on the event £* = £F N &5,
we have

SubOpt(7;z) < 26 H - ' |VK = ¢ - dH?*\/log(4dHK /¢)/K,  Vz € S.

By the union bound, we have Pp(£*) > 1 — € with ¢/ = 2¢- ¢”, where ¢’ = y/2/c and ¢ > 0 is the same absolute constant
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as in Theorem 4.4. Therefore, we conclude the proof of Corollary B.1. O

F. Proofs of Minimax Optimality
F.1. Proof of Lemma C.3

Proof of Lemma C.3. We consider two linear MDPs My = M (p*, p, p) and My = M (p, p*, p) in the class D1 defined in
Equation (C.6). As we have p* > p, by Equations (C.7) and (C.8), the optimal policy for M satisfies 7r’1k’1(a1 |zo) =
1{a; = by}, which always chooses the action by for step h = 1, while the optimal policy for M satisfies wf’z(al | zo) =
1{a1 = by}, which always chooses the action by for step h = 1. Given the dataset D, we denote by 7 = {m, }H1, =
Algo(D) the output of any RL algorithm. Recall that Z;‘:l m1(bj | xo) = 1. By Equation (C.11), the suboptimality of 7
for M is

A
SubOpt(My, m;x0) = (p* —p"-m(bi]xo) — Zp -1 (b, |m0)) -(H-1)
j=2

=@ —p) - (1—m(bi|20)) - (H—1). (E.1)
Similarly, the suboptimality of 7 for My is
SubOpt(Ma, 5 20) = (p* —p) - (1 — w1 (b2 | 20)) - (H — 1). (F2)
Recall that we define n; = Zle 1{a] = b,} forall j € [A]. Combining Equations (F.1) and (F.2), we have

I iz Epeat, [SubOpH (M, A1go(D); o)
€1,

> 7\/771_'_ Vs Epopm, [SubOpt(Ml,Algo(D),xo)} + Epom, [SubOpt(Mg,Algo(D),xo)}

= 07 =) (= 1) (Boead, [1 =m0 [20)] + s [1 = 7102 20)] )

ni1ng

> _vmnte e ~H—1~(]E~ 1— mi(b1 | 20)] + Epong, [m1 (b1 |z )
2 it v (" —p)-( ) (Epen, [ 1(b1]20)] + Epapt, [m1(b1 | 20)]

where Ep. A4, is the expectation taken with respect to the randomness of D, which is compliant with the underlying MDP

M, for all £ € {1,2}. Here the first inequality follows from the fact that max{x,y} > a-2 + (1 —a) -y, forall a € [0, 1]
and all z, y > 0. Therefore, we conclude the proof of Lemma C.3. O

F.2. Suboptimality of PEVI on 91

In this section, we establish the suboptimality of PEVI for the linear MDPs in 9t. We consider any linear MDP M =
M (p1,p2,p3) € M and the dataset D = {(z7},,a}, rﬁ)}f}fil compliant with M, which is constructed in Section C.3.1.
Recall that n; = Zle 1{a] = b;} forall j € [A] and j* = argmax ;¢ 4) p;. We define m; = Zle 1{z = x;} forall
je{1,2}.

Lemma F.1 (Suboptimality of PEVI). Suppose Assumption 2.2 holds and the underlying MDP is M € 9. In Algorithm

2, weset A = 1land 8 = c¢-dH/log(4dHK /). Here ¢ > 0 is an absolute constant and £ € (0, 1) is the confidence
parameter, which are specified in Theorem 4.4. We have

iEW* [(¢(3h7ah)TAﬁl¢(8h7ah))l/2 } §1 = xo}
h=1

- Y (H-1)- A i), F3
1+ n ( ) (\/1+m1 \/1+m2) E3)

where [E .« is taken with repsect to the trajectory induced by the optimal policy 7* in M. When K is sufficiently large so
that K > 32 - log(8/¢), Pess(D) in Algorithm 2 satisfies

SubOpt(M, Pess(D);xg) < IBH/ /1~ (F4)
with probability at least 1 — &, which is with respect to Pp.



Is Pessimism Provably Efficient for Offline RL?

Proof of Lemma F.1. Recall that ] = x for all 7 € [K]. By the definition of A} in Equation (4.6), we have

K
Al =A I+ Z (ZS(IOa a'{)d)(xo, a"{)T = dlag(A +ng,..., A+ na, )\7 A) € R(A+2)X(A+2)a (E5)

T=1
where the second equality follows from the definition of ¢ in Equation (C.9). Since z1,z2 € S are the absorbing states, for
alla € Aandall h € {2,..., H}, we have

K
Ap=X-1+ Z o(xf,af)o(xh,af) T = diag(\, ..., A, A+ my, A+ my) € RATDx(A+2) (F.6)
T=1
where the second equality follows from the definition of ¢ in Equation (C.9). Also, we have
]P)Tr* (82 = .’171) = Dj*, and PW* (82 = $2) =1- Dj*,
where P~ is taken with respect to the trajectory induced by 7* in M. Combining Equations (F.5) and (F.6), we have

B [(¢(8h7ah)TA;1¢(Sh, ah))1/2 ‘ 51 = xo}

@), h=1,
pi- - (L +m) 2+ (1 —pj)- (L4+me)" V2 he{2,... H},

which yields Equation (F.3). Here we use the definition of ¢ in Equation (C.9) and the parameter A = 1 in Algorithm 2.

(F7)

In the sequel, we lower bound m and ms via concentration inequalities. By the construction of D in Section C.3.1, for all
7 € [K]and all j € [A], given the action a] = b;, 1{z] = z1} is a Bernoulli random variable with the success probability
pj- As p1,p2,p3 € [1/4,3/4], we have

K A A
Ep[mi] = ZED [1{z] = z1}] = ij ‘n; >1/4- an = K/4. (E.8)
=1 j=1 j=1

Given the actions {a] }X_;, m; is a sum of K independent Bernoulli random variables. By Hoeffding’s inequality, for all

& > 0, it holds that
m1 — Ep[mi]| < v/K/2 - log(8/¢) (F9)
with probability at least 1 — £/4, which is with respect to Pp. By Equations (F.8) and (F.9), it holds that

my > K/4—+/K/2 1log(8/¢) (F.10)
with probability at least 1 — £/4, which is with respect to Pp. Similarly, we have

K A A
Eplmo] = Y Ep[1{a] =z2}] => (1-p;)-n; >1/4-) n; > K/4.
=1 j=1 j=1
By Hoeffding’s inequality, it holds that
mo > K/4—+/K/2-1log(8/¢) (F.11)
with probability at least 1 — £/4, which is taken with respect to Pp. We define the event
E={my > K/8, my > K/8}. (F.12)

Combining Equations (F.10) and (F.11), by the union bound, when K is sufficiently large so that K > 32 - log(8/¢), we

have Pp(€) > 1 —&/2.

Meanwhile, by Theorem 4.4 with the parameter A = 1 and the confidence parameter £/2, it holds that

SubOpt D)yxy) < ———=+26(H—-1) - F.13
4 p(M’PeSS( )7310)_ 1+’I’LJ* + B( ) (\/1—|—m1 +\/1+m2) ( )

with probability at least 1 — £/2, which is taken with respect to Pp. By the union bound on the two events defined in
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Equations (F.12) and (F.13), respectively, it holds that

SubOpt(M, Pess(D);zg) < \/27% +28(H-1)- (j% + j%)

<28/~ +98(H — 1)/VK < 9BH/\/n;-
with probability at least 1 —¢, which is with respect to Pp. Here the first inequality follows from the fact that p;« € [1/4,3/4],

the second inequality follows from the fact that my,mo > K/8 on & defined in (F.12), while the last inequality follows
from the fact that n;~ < K. Therefore, we conclude the proof of Lemma F.1. O

F.3. Proof of Theorem 4.6

Proof of Theorem 4.6. We consider two linear MDPs M = M (p*,p,p) and My = (p, p*,p) in the class I and the
dataset D compliant with M, or M5, which is constructed in Section C.3.1. We additionally assume that n,,no > 4 and
1/¢ < ny/ne < & for an absolute constant ¢ > 0. For the policy m = {m,}/_ | = A1go(D) constructed by any offline RL
algorithm, recall the test function 1a14,(D) defined in Equation (C.17), which is constructed for the hypothesis testing
problem defined in Equation (C.16). By Equation (C.18), we have

Epom, [1 = m1(b1 | 20)] + Epant, [m1(b1 | 20)]
= Epmty [1{tn190(D) = 1}] + Eppn, [1{tha140(D) = 0}]
2 1- TV(PDNMl 5 PDNMZ) Z 1-— \/KL(PDN.A/M || PDNMz)/Q? (F14)

where the first inequality follows from the definition of the total variation distance, while the second inequality follows
from Pinsker’s inequality. Here for each ¢ € {1, 2}, we use Pp.. A4, is with respect to the randomness of D when D is
compliant with M, for all £ € {1,2}. Also, we use TV and KL to denote the total variation and the Kullback-Leibler (KL-)
divergence, respectively.

Recall the mapping of the rewards {r3 } .c[x] into the relabeled rewards {n; ?;;41 in Equation (C.12). Also, recall that the
actions {a;}Te[ K],h>2 are chosen arbitrarily but fixed in the dataset D. Since x1, 72 € S are absorbing states, we have
Pponrm, (D) = Ppon,(D1) forall £ € {1,2}, where Dy = {(27,af,23,73)}r¢[k] is the reduced dataset. By Equation
(C.14), the probabilities of observing D; under M and M take the form

A

PDNMl(Dl) — (p*)Z?:ll K1, (]_ 7p*)”1*2?:11 K1 . H (pzlil ’i;' . (1 — p)”J*Z7il ’i;)’
j=2

Poaty(D2) = (1) =5 (1= ptye s T (20 - (L) 50 ), (E15)
Je[A]
i#2

respectively. Here we use the fact that p; = p*, po = pin My = M (p*, p, p), while p; = p, p2 = p* in My = M (p,p*, p),
where p* > p. By Equation (F.15), we have

ni no
, . (1 - 1-p*
KL (ot | Poass) =Bpmae, | (30t = 30) tow 2 20t (o )t =2
i=1

P —p*) —-p
. p-(1-p 1—p*
= (n1p* — nap) - log ———= + (N1 — n9) - log
( ) p-(1—p*) ( ) 1—p

=n1-(p*-10gp*+(1—p*)-log p)+n2-(p~10g%+(l—p)-10g p)

p 1 p 1—p
where the second equality follows from Equation (C.13). Note that for all € (—1, 1), it holds that log(1 4+ x) < . Hence,
when p* — p < min{p, 1 — p}, we have

* 1—p* * e
p*~1ogp—+(lfp*)~log :p*~log(1+p p)+(17p*)~log(1+p p)
P 1-p D 1-
. PP —p o P—p (pr—p)?
<p- +1-p")- = .
( ) l—-p p-(1-p)
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Similarly, when p* — p < min{p*, 1 — p*}, we have

_ * 2
1-p < " —p)°
L—p* = p*-(1-p*)
Recall that ny,ns > 4 and 1/¢ < ny/ne < ¢ for an absolute constant ¢ > 0. We set

p-logZ%Hl—p)-log

11 3
_ 1 rj_ 3 16
P=o978 V2 (g + o) (F.16)

11 [ s
P T s\ 2 (o)
such that p*,p € [1/4,3/4],0 < p* —p < 1/4 and p* — p < min{p,1 — p,p*, 1 — p*}. Hence, the KL-divergence is upper
bounded as
ni- (P —p)®  n2- (0 —p)?
p-(1=p)  p*-(1-p¥)
where the second inequality follows from the fact that p, p* € [1/4,3/4] and the last inequality follows from Equation
(F.16). By Equations (F.14) and (F.17), we have
Eport, [1 = mi(b1 | 20)] +Epants [m1(b1 | 20)] > 1 — /KL(Ppont, | Poor,)/2 > 1/2 (F.18)

Combining Equations (F.16) and (F.18), for the output 7 = {7, }/L | = Algo(D) of any offline RL algorithm, we have

max /1y - Eppm, [SubOpt(Mg, Algo(D); xo)}

KL(Ppop, | Ppor,) < <16/3- (ny +n2) - (p* —p)* < 1/2, (F.17)

Leq{1,2}
Z m@ . (p* —p) . (H — 1) . (EDNMI [1 — 771(b1 |J)0)] +ED~M2 [7‘(‘1([)1 ‘{EO)]>

> 1/ M1MNoy 1 3 H-1
- /N1 4+ /ne 4 2(”1 +TL2) 2

Vi B
= Tt )i a2 N (19)

for an absolute constant

oo V3 !
8vV2 (Ve+1)-ye-(E+1)

Here the first inequality follows from Lemma C.3, while the last inequality follows from the fact that 1/¢ < ny /ns < ¢.

> 0. (F.20)

By the definition of M/ and My in Equation (C.15), the optimal policy 7** for M always chooses the action by, while
the optimal policy 7** for My always chooses the action by. Recall that n; = Zle 1{a] =b,} forall j € [A] and m; =
SE 1{a7 = z;} forall j € {1,2}. Also, recall that j* = argmax;¢c (4 p; = 1 for My, while j* = argmax;c 4 p; = 2

T=1

for My. Therefore, nj» = ¢ on M, forall ¢ € {1,2}. By Lemma F.1, for all £ € {1, 2}, we have

H * %
E,. an) A o) s = o) = (1) (e =),
h; f,Mg[((b(Sh an) A d(sh,an)) T | s aﬁo} ey ( ) (\/1+m1 \/1+m2)

where £ ..c 4, is taken with repect to the trajectory induced by 7% in M, for all £ € {1,2}. Given the actions {a] }X_,,
m1 and mo are the sums of K independent Bernoulli random variables. We define the event

E={my > K/8, my > K/8}. (F21)
On &, it holds that

H
3 B ey [ (85m 0) A7 9, 00)) | 51 = )
h=1

S\/%+(H—1)-(\?/’%+j%>§6(f[—l)/\/@. (F22)
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Hence, we have
SubOpt (M, Algo(D); ) 1
E:iiﬂJEn%AAAZ{(¢(Shﬂah)T]X;1¢(8h’ah))1/2‘Sl ::xo]
SubOpt(My, Algo(D); o) . ]1]
Sy Bt [ (65, an) TAT 05, 0n)) [ 51 = wo]

\/ Ty
> v - . : =
Zg%}{(j( .y Epr, [SubOpt(Mg,Algo(D),xo) ]15} , (F.23)

max Epoam
¢e{1,2} ¢

> max EDNM
~ ref{1,2} ¢

where the last inequality follows from Equation (F.22) and the definition of £ in Equation (F.21). We use &° to denote the
complement of £. By Equation (C.8), we have r;, € [0,1] for all h € [H] and 71 (g, a) = 0 for all a € A. Hence, the
suboptimality of any policy is upper bounded by H — 1. For all £ € {1, 2}, we have

Ve - Epo, {SUbOpt(M& Algo(D);xo) - 15}
— Vit - Epat, [SubOpt (M, A1go(D); 20) | = vite - Epeu, |SubOpt(Me, B1go(D); zy) - lge |

> /g Ep, [SubOpt(Mg,Algo(D);xo)} —(H—1) - /ig - Ppopn, (E). (F.24)

We invoke the same argument as in Equations (F.10) and (F.11). For any 6 > 0 and any ¢ € {1,2}, since we have
p,p* > 1/4, when K is sufficiently large so that K > 32 - log(4/6), we have Pppq,(€) > 1 — 8. Hence, setting
§ = 1/K?, when K is sufficiently large so that K > 32 - log(4K?) = 64 - log(2K), we have Pp..q, () > 1 — 1/K? for
all ¢ € {1,2}. By Equation (F.24), for all ¢ € {1, 2}, it holds that

Ve - Eponm, {SUbOpt<Mz’ Algo(D); ) - ]13}

> /i - B, | SubOpt (My, ALgo(D)s o) | = (H 1) - v/ K. (F25)
By Equations (F.19), (F.23), and (F.25), we have
SubOpt(/\/lz7 Algo(D); xo)
(25, Boeme | TAL 172
et1.2} Sohet B, [(S(sns an) AL d(snyan)) T | 51 = o]
N
> vt . T
> eg?é}{ 6(H — 1) Eppm, [SubOpt(Mg,Algo(D),:co) ]lg]
N n
> vt . _
> gg%i);}{ 6(H — 1) Epm, [SubOpt(Mg,Algo(D),xo)} e
> _ sup {\/717 - Epom [SubOpt(Mg Algo(D)'xo)]} b
T 6(H —1) peqrzy ‘ ’ ' 6K

>C'/6—1/(6K)>C"/12 (F.26)

when K is sufficiently large so that K’ > 64 - log(2K) and K > 2/C" for C’ defined in Equation (F.20). Here the first
inequality follows from Equation (F.23), the second inequality follows from Equation (F.25), the third inequality follows
from the fact that n, < K for all £ € {1, 2}, and the fourth inequality follows from Equation (F.19).

Since <M defined in Equation (C.6) is a subclass of linear MDPs, Equation (F.26) implies the lower bound in Equation (4.13)
with ¢ = C’/12 for K sufficiently large so that K > 64 - log(2K) and K > 2/C". Therefore, we conclude the proof of
Theorem 4.6. O

F.4. Locally Refined Upper Bounds

Since 9N is a class of linear MDPs, a direct application of Theorem 4.4 yields an upper bound on the suboptimality of
Pess(D) constructed by Algorithm 2, which is minimax optimal up to 5 and absolute constant. In the sequel, focusing on
N, we prove that, with a different choice of the £-uncertainty quantifier designed specifically for M, PEVI achieves a more
refined local minimax optimality.
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Specifically, for any M = M (p1, p2, p3) € I, recall that both 21 and x5 are absorbing states. By the construction of the
reward function of M, for any value function V and any h > 2, the Bellman operator By, is defined by

(BrV)(z1,a) = rp(x1,a) + V(xy) = V(xy) + 1, (BrV)(z2,a) = rp(z2,a) + V(x2) = V(22),
for all a € A. Besides, recall that the initial state is fixed to ;9. For any j € [A], we have

(B1V)(wo,b;) = p;j - V(21) + (1 — p;) - V(22), (F27)

where we let p; = ps for all j > 3. Then, based on any dataset D = {(z7, a}, r;)}f;il that is compliant with M, we

construct an estimated Bellman operator B » and value function {A/h as follows. Starting from KA/HH being a zero function,
for any h > 2, we define V}, by letting V3, (z1) = H — h + 1 and V,(22) = 0. For any a € A, we define B, V}, 11 by
(BrVis1)(z1,a) = (BrVir1) (@1, a) = Vipa(z) + 1= H — h+1,
(BrVis1) (22, 0) = (BpVig1) (w2, 0) = Vi1 (22) = 0.

Furthermore, for h = 1, we define the empirical Bellman update by replacing Equation (F.27) with its empirical estimator.
Specifically, since 71 (g, a) = 0 for all a € A, by Equation (F.28), for all j € [A] with n; > 0, we define

(F.28)

N 1 K N
(B1V2) (o, bj) = n ZH{QI = b} Va(a3)
K
= S 1{(af,43) = (b)) =

J T=1

H —

%

1 K
> 1{a] =b;} 17, (F29)
T=1

while for j € [A] with n; = 0, we simply set (@1172)(330, b;) = 0. Furthermore, for any ¢ > 0, we define

Ié(x0.b;) = (H — 1) \log(24/6) /(1 +ny), Vi€ [d], T§(,)=0, Vh>2. (F.30)

Thus, employing the empirical Bellman update @h ‘A/h+1 given in Equations (F.28) and (F.29), and function I‘i defined in
Equation (F.30), we obtain an instantiation of PEVI that is specified in Algorithm 1. We let Pess*(D) denote the output
policy, whose suboptimality is established in the following proposition.

Proposition F.2 (Local Optimality of PEVI). For any M € 9t and any dataset D that is compliant with M, we assume that
Nj= = Zle 1{a] = bj} > 1 for the optimal action b;~, where j* = argmax c; o1{p; }. Then the following statements

hold: (i) {Fi}thl defined in Equation (F.30) are £-uncertainty quantifiers satisfying Equation (4.1), and hence (ii) we have

H
SubOpt(Pess*(D); ao) < ¢ - Hv/log(A/&) - 3 E- [(qs(sh,ah)TA,;la;(smah))1/2 ’ 51 = 330}
h=1

with probability at least least 1 — £ with respect to Pp, where ¢ > 0 is an absolute constant. Here [E .~ is taken with respect
to the trajectory induced by the optimal policy 7* under the MDP M, and A}, is defined as in Equation (4.6) with A = 1.

We remark that by choosing &-uncertainty quantifiers designed specifically for linear MDPs in 931, Proposition F.2 establishes
a tighter upper bound compared to that in Theorem 4.4. Specifically, Equation (F.4) shows that directly applying Theorem
4.4 yields an O(H? A/, /n;~) suboptimality upper bound, where O(-) omits logarithmic terms and absolute constants. In

contrast, as shown in Equation (F.33), Pess*(D) achieves an improved (5(H /+/T;+) suboptimality upper bound. Thus,
neglecting logarithmic terms and absolute constants, although both being minimax optimal algorithms, Pess*(D) is
superior over Pess(D) given in Algorithm 2 by a factor of HA, and Pess*(D) is minimax optimal up to a factor of H.

Proof of Proposition F.2. The proof consists of two steps. In the first step, we prove that {I‘i} L given in Equation (F.30)
is are valid &£-uncertainty quantifiers. In the second step, we apply Theorem 4.2 and establish the final upper bound.

Step L. In the following, we show that {I‘i}le are valid ¢-uncertainty quantifiers. That is, for the empirical Bellman
operators given in Equations (F.28) and (F.29), we have

PD(;(@h?h+1)(x, a) — BpVii1)(z,a)| <Té(x,0a), Y(z,a) €S x A, Vh e [H]) >1-¢. (F31)



Is Pessimism Provably Efficient for Offline RL?

Combining Equations (F.28) and (F.30), we directly have
(B Vii1)(@,a) = (ByViy1)(z,0)| = 0 =T} (2, a)

forall (z,a) € S x Aand h > 2.
Thus, it suffices to only focus on the case where & = 1. Recall that we define n; = Zle 1{a] = b;}. Forany j € [A], we
consider the cases where n; = 0 and n; > 1 separately. For the former case, recall that we define (B1V2)(zo,b;) = 0. By
Equation (F.27), we have (B1V2)(xzo,b;) = p; - (H — 1). Besides, Equation (F.30) implies that

T (z0,b;) = (H — 1) - \/210g(24/€) = (H — 1) = (BiV2)(wo, by)-
Thus, we have |(B1V5)(zo, b;) — (B1Va)(z0,b;)| < TS (20, b;).

Meanwhile, when n; > 1, consider the o-algebra F, = o({x}}7_,) for all 7 € [n;], where we denote {/-@ 2=
{r3: a] = b;,7 € [K]} as introduced in Section C.3.1. Since D is compliant with M, by Equation (C.13), {x} — p;}:2, is
a martingale difference sequence that is adapted to filtration {]—"1}7;1 Applying Azuma-Hoeffding’s inequality, we have

po (| 3o~ )| 2 yflost2a/0)/(1 )
J =1
< 2exp(—2n;/(1 4 ny) - log(24/€)) < 2- (24/§) 72/ ) < ¢ /A, (F32)

where we utilize the fact that n; > 1. Meanwhile, combining Equations (F.27), (F.28), (F.29), (F.30) and (F.32), for any
fixed j € [A], we have

~ ~ 1 .
(B V2) (w0, by) — (B V2) (o, by)| = (H — 1)+ |— >~ — ;)| < T§(,0;)

with probability at least 1 — £/A. Taking the union bound over all j € [A] yields the desired result in Equation (F.31). Thus,
we have shown that {F’;tb}hH:1 given in Equation (F.30) are £-uncertainty quantifiers.

Step IL. In the sequel, we apply Theorem 4.2 to Pess*(D) and establish the suboptimality upper bound in Proposition F.2.
Specifically, Theorem 4.2 shows that, with probability at least 1 — £ with respect to Pp, we have

log(2A/¢)

F.33
1+ T« ( )

H
SubOpt(Pess*(D);xo) <2 Eqe [T (sn,an) |51 = 20] = 2(H — 1) -
where the last equality follows from Equation (F.30) and j* = argmax ¢ {172}{pj}. Meanwhile, by Equation (F.7) with
A = 1, it holds that
1
A/ 1 + nj* ’

Also notice that log(2A/€) = log2 + log(A/€) < 2log(A/€) for A > 2. Finally, combining Equations (F.33) and (F.34),
we have

H
ZEW* [(gﬁ(sh,ah)TAglng(smah))l/z ’ 51 = xo} > (F.34)
=1

H
SubOpt(Pess* (D);ao) < ¢ Hv/10g(A/€) - 3 B | (05 an) Ay dlsn, an) " [ 51 = o]
h=1

with probability at least 1 — £ with respect to Pp, where ¢ > 0 is an absolute constant that can be chosen as ¢ = 4. Therefore,
we complete the proof of Proposition F.2. O

G. Supporting Lemmas

The following lemma characterizes the deviation of the sample mean of random matrices, which can be found in various
literature, for example, see Theorem 1.6.2 of (Tropp, 2015).

Lemma G.1 (Matrix Bernstein Inequality). Assume that {A;}}_, are n independent and centered random matrices in
R91%42 that is, E[A;] = O for all k € [n]. Besides, we assume that these random matrices are uniformly bounded and
assume that each one is uniformly bounded in the sense that || Ay |l,, < L forall k € [n]. Let Z = >_}'_, Ay, and define
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v(Z) as
o(Z) = max{HE[ZZT]HOp, H]E[ZTZ}HOP} - max{H g:E[AkA;] o ’ Zi:]E[A,IAk} Op}.
Then, for any ¢ > 0, we have B -
P([|Z]lop > t) < (d1 + d2) - exp ( - U(Z)i/z/gt)
Proof. See, e.g., Theorem 1.6.2 of (Tropp, 2015) for a detailed proof. O

In addition, the following lemma, obtained from (Abbasi-Yadkori et al., 2011), establishes the concentration of self-
normalized processes.

Lemma G.2 (Concentration of Self-Normalized Processes (Abbasi-Yadkori et al., 2011)). Let {e;}{2, be a real-valued
stochastic process that is adaptive to a filtration {}'t}fio. That is, ¢; is F;-measurable for all £ > 1. Moreover, we assume
that, for any ¢ > 1, conditioning on F;_1, €; is a zero-mean and o-subGaussian random variable such that

Ele; | F;-1] =0  and  Elexp(\e;) | Fi1] < exp(\20?/2), VA ER. (G.1)

Besides, let {¢:}5°, be an R9-valued stochastic process such that ¢, is F;_1-measurable for all t > 1. Let M, € R4%4 pe
a deterministic and positive-definite matrix, and we define M; = M, + 22:1 gbsqﬁj for all ¢ > 1. Then for any § > 0, with
probability at least 1 — §, we have for all ¢ > 1 that

t
H Z(bs + €s
s=1

det(M,)Y/2 det(My)—1/2
1<202-10g< et(My) 56( o) )

2
M,

Proof. See Theorem 1 of (Abbasi-Yadkori et al., 2011) for a detailed proof. O



