
Efficient Performance Bounds for Primal-Dual Reinforcement
Learning from Demonstrations

Angeliki Kamoutsi 1 Goran Banjac 1 John Lygeros 1

Abstract
We consider large-scale Markov decision pro-
cesses with an unknown cost function and ad-
dress the problem of learning a policy from a
finite set of expert demonstrations. We assume
that the learner is not allowed to interact with the
expert and has no access to reinforcement sig-
nal of any kind. Existing inverse reinforcement
learning methods come with strong theoretical
guarantees, but are computationally expensive,
while state-of-the-art policy optimization algo-
rithms achieve significant empirical success, but
are hampered by limited theoretical understand-
ing. To bridge the gap between theory and prac-
tice, we introduce a novel bilinear saddle-point
framework using Lagrangian duality. The pro-
posed primal-dual viewpoint allows us to develop
a model-free provably efficient algorithm through
the lens of stochastic convex optimization. The
method enjoys the advantages of simplicity of
implementation, low memory requirements, and
computational and sample complexities indepen-
dent of the number of states. We further present
an equivalent no-regret online-learning interpreta-
tion.

1. Introduction
Reinforcement learning (RL) is an area in machine learning
with connections to control and optimization that has shown
tremendous success in large-scale real-world applications,
such as robotics, aritificial intelligence, cognitive autonomy,
operations research, and healthcare (Tesauro & Kephart,
2002; Mnih et al., 2015; Chen et al., 2017; Vamvoudakis
& Kokolakis, 2020). It studies the problem of learning
to act optimally in a sequential decision-making problem,
while interacting with an unknown environment (Bertsekas
& Tsitsiklis, 1996; Sutton & Barto, 1998).
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In the standard RL setting a cost signal is given to instruct
agents how to complete the desired task. However, often-
times encoding preferences using demonstrations provided
by an expert, is easier than designing a cost function (Pomer-
leau, 1991; Russell, 1998; Bagnell, 2015). In such cases,
the goal of learning from demonstrations (LfD) or imita-
tion learning (IL) is to learn a policy that achieves or even
surpasses the performance of the expert policy.

A lot of methods have been proposed to solve the LfD
problem. The most straightforward approach is behavior
cloning, which casts the problem as a supervised learning
problem, in which the goal is to learn a map from states
to optimal actions (Pomerleau, 1991). Although behavior
cloning is simple and easy to implement, the crucial i.i.d.
assumption made in supervised learning is violated. As a
result, the approach suffers from the problem of cascading
errors, which is related to covariate shift (Bagnell, 2015;
Ho et al., 2016). Later works (Ross et al., 2011) eliminate
this distribution mismatch by formulating the problem as a
no-regret online learning problem, but require interaction
with the expert. On the contrary, in this paper, we consider
the batch LfD scenario, i.e., the learner can observe only a
finite set of expert demonstrations, is not allowed to query
the expert for more data while training, and is not provided
any reinforcement signal.

Inverse reinforcement learning (IRL) (Abbeel & Ng, 2004)
is a prevalent approach to LfD. In this paradigm, the learner
first infers the unknown cost function that the expert tries to
minimize and then uses it to reproduce the optimal behavior.
IRL algorithms do not suffer from the problem of cascading
errors because the training takes place over entire expert
trajectories, rather than individual actions. In addition, since
the recovered cost function “explains” the expert behavior,
they can easily generalize to unseen states or even new envi-
ronments. Note however, that most existing IRL algorithms
(Abbeel & Ng, 2004; Ratliff et al., 2006; Syed & Schapire,
2007; Neu & Szepesvári, 2007; Ziebart et al., 2008; Abbeel
et al., 2008; Levine et al., 2010; 2011) are computationally
expensive because they use RL as a subroutine.

On the other hand, under the assumption of a linearly param-
eterized cost class, one can frame the problem as a single
convex program (Syed et al., 2008), bypassing the inter-



Efficient Performance Bounds for Primal-Dual Reinforcement Learning from Demonstrations

mediate step of learning the cost function. Although the
associated program can be solved exactly for small-sized
MDPs, the approach suffers from the curse of dimensional-
ity, making it intractable for large-scale problems.

The formulations and reasoning in (Syed et al., 2008)
formed the ground and inspired later state-of-the-art pol-
icy optimization algorithms (Ho et al., 2016; Ho & Ermon,
2016). In particular, the authors in (Ho et al., 2016) con-
sider the case of linearly paremeterized cost classes and
present policy gradient algorithms, which are parallel to
those proposed in (Williams, 1992; Schulman et al., 2015)
for RL. Moreover, (Ho & Ermon, 2016) propose a genera-
tive adversarial imitation learning (GAIL) method for the
case of nonlinear costs. They do so, by formulating the
problem as minimax optimization and drawing a connec-
tion to generative adversarial networks (Goodfellow et al.,
2014). In particular, GAIL solves IL with alternating up-
dates of both policy and cost functions. These approaches
are model-free and achieve significant empirical success in
challenging benchmark tasks. However, in general the asso-
ciated minimax problem is highly nonconvex-nonconcave
and as a result remains hampered by limited theoretical
understanding.

Indeed, the global convergence properties of alternating
policy gradient schemes for the minimax formulation of
GAIL have been studied only for linear (although infinite-
dimensional) Markov decision processes (MDPs) and linear
or linearizable costs (Cai et al., 2019; Zhang et al., 2020).
It however remains unclear whether such neural policy gra-
dient methods converge to the optimal policy or if they
converge at all, for the case of nonlinear dynamics. As a
result, provably efficient policy optimization schemes for
the LfD problem beyond the linear setting remain largely
unexplored.

Contributions. In an attempt to tackle this longstanding
question, in this work we present a convex-analytic view-
point of the LfD problem. To this end, we adopt the ap-
prenticeship learning (AL) formalism which carries the as-
sumption that the unknown true cost function can be rep-
resented as a weighted combination of some known basis
functions, where the true unknown weights specify how
different desiderata should be traded-off (Abbeel & Ng,
2004; Syed & Schapire, 2007; Syed et al., 2008; Ho & Er-
mon, 2016; Brown et al., 2020a). In particular, we make
no restrictive assumptions on the MDP model (linearity or
ergodicity).

Following the recent line of works (Chen et al., 2018; Lee
& He, 2019; Wang, 2020; Bas-Serrano & Neu, 2020; Cheng
et al., 2020; Jin & Sidford, 2020; Shariff & Szepesvári,
2020) on approximate linear programming (ALP) for large-
scale MDPs, we formulate the LfD problem as a bilinear
saddle-point problem in light of Lagrangian duality. We

study primal-dual optimality conditions and prove relations
between saddle points of the Lagrangian function and op-
timal solutions to the LfD problem. In particular, we show
that under the expert optimality assumption, the set of so-
lutions to the dual linear program (LP) characterizes the
set of solutions to the inverse problem, i.e., the set of cost
functions for which the expert is optimal. Moreover, in this
case, we show that the expert policy, the true cost function,
and the true optimal value function form a saddle point of
the proposed Lagrangian.

Analogous to ALP, we obtain a linearly-relaxed saddle-point
formulation by limiting our search to a linear subspace de-
fined by a small number of features. We exhibit a formal
link between approximate saddle points of the reduced La-
grangian and the optimality gap of our problem.

The aforementioned analysis lays theoretical foundations
for a provably efficient stochastic primal-dual algorithm. By
using linear function approximators, we propose a mirror-
descent-based algorithm with a generative model and derive
explicit probabilistic performance bounds on the quality of
the extracted policy. A salient feature of the algorithm is
that its sample complexity does not depend on the size of
the state space but instead on the number of approxima-
tion features. We note however that our algorithm degrades
with the approximation error due to the linear approxima-
tion architecture. We consider both the case of weak and
strong linear features (Lakshminarayanan et al., 2018; Shar-
iff & Szepesvári, 2020). Finally, we present an equivalent
no-regret online-learning interpretation of our primal-dual
algorithm. This kind of reduction has been studied up to
now only for the online IL setting (Ross et al., 2011), where
interaction with the expert is allowed.

Related works Our work is related to the LP approach to
AL (Syed et al., 2008) and the theoretical analysis of GAIL
made in (Cai et al., 2019; Chen et al., 2020a; Zhang et al.,
2020). Unlike (Syed et al., 2008), who consider the case of
tabular MDPs and known dynamics, we consider large-scale
problems and only access to a simulator for the MDP model.
We revisit the LP approach in (Syed et al., 2008) and focus
instead on its saddle-point formulation due to its potential
for scalable algorithms with theoretical guarantees (Cheng
et al., 2020; Nachum & Dai, 2020). The authors in (Cai et al.,
2019) study the global convergence properties of GAIL for
the linear quadratic regulator problem by extending the re-
sults in (Fazel et al., 2018), while the authors in (Zhang
et al., 2020) consider the case of infinite-dimensional linear
MDPs and linearizable cost functions. Similar to (Wang
et al., 2020) the policies and cost functions are approximated
by overparameterized ReLU neural networks. In our work,
we consider general nonlinear MDPs without any restric-
tive assumption such as linearity or ergodicity, and employ
linear function approximators. The authors in (Chen et al.,
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2020a) study the convergence and generalization of GAIL
for general MDPs. However they only prove convergence to
a stationary point. On the contrary, our algorithm produces
a nearly-optimal policy.

Our work builds upon a vast line of works on ALP for
forward RL (De Farias & Van Roy, 2003; Abbasi-Yadkori
et al., 2014; Chen et al., 2018; Lakshminarayanan et al.,
2018; Mohajerin Esfahani et al., 2018; Wang, 2020; Lee &
He, 2019; Bas-Serrano et al., 2020; Cheng et al., 2020; Jin
& Sidford, 2020; Shariff & Szepesvári, 2020; Bas-Serrano
& Neu, 2020). The LP approach to MDPs, which dates
back to (Manne, 1960; Hernández-Lerma & Lasserre, 1996;
Borkar, 1988), has recently gained traction as an alternative
to dynamic programming techniques, for its advantage to
lead to problem formulations that are directly amenable to
modern large-scale stochastic optimization methods. More-
over, this optimization-based approach can tackle uncon-
ventional problems involving additional safety constraints
or secondary costs, where traditional dynamic program-
ming techniques are not applicable (Hernández-Lerma et al.,
2003; Dufour & Prieto-Rumeau, 2013; Shafieepoorfard
et al., 2013). In this paper, we develop an ALP framework
for the LfD problem. While the forward policy optimization
problem tries to minimize the total expected cost, the LfD
problem is a minimax problem that tries to match the expert
across a given cost class. In our saddle-point formulation
the cost function is not fixed but is itself a decision variable.
Thus, the variation of the cost function during the algorithm
continuously changes the Lagrangian making the analysis
of the problem more challenging.

2. Preliminaries and Problem Setup
2.1. Basic Definitions and Notations

We denote by Rn
+ and Rn

++ the sets of n-dimensional vec-
tors with nonnegative and positive real elements, respec-
tively. For a matrix A ∈ Rm×n, its p-norm is defined by
‖A‖p , sup{‖Ax‖p | ‖x‖p = 1}. For vectors x and y,
we denote by 〈x,y〉 the usual inner product. Moreover,
x ≤ y denotes elementwise inequality, i.e., xi ≤ yi for
all i. We use 1 and 0 to denote vectors with all elements
equal to one and zero, respectively. The set of probabil-
ity distributions on a finite set S is denoted by ∆S , i.e.,
∆S , {p ∈ R

|S|
+ |

∑
s∈S p(s) = 1}, where |S| is the

cardinality of S. Sums spanning over the spaces X and A
will be simply denoted by

∑
x and

∑
a, respectively. For

µ,µ′ ∈ ∆X their Kullback–Leibler divergence is given by
KL(µ||µ′) ,

∑
x µ(x) log µ(x)

µ′(x) . For a nonempty closed
convex set Θ, the Euclidean projection of x onto Θ is given
by ΠΘ(x) , arg miny∈Θ‖x− y‖2.

2.2. Reinforcement Learning

A finite MDP is given by a tuple
(
X ,A, P,ν0, c, γ

)
, where

X is the state space,A is the action space, P : X×A → ∆X
is the transition law, ν0 ∈ ∆X is the initial state distribution,
c ∈ [−1, 1]|X ||A| is the one-stage cost, and γ ∈ (0, 1) is the
discount factor. We focus on problems where X and A are
too large to be enumerated.

The MDP models a controlled discrete-time stochastic sys-
tem with initial state x0 ∼ ν0. At each round t, if the system
is in state xt = x ∈ X and the action at = a ∈ A is taken,
then a cost c(x, a) is incurred, and the system transitions to
the next state xt+1 ∼ P (·|x, a).

A stationary Markov policy is a map π : X → ∆A, and
π(a|x) denotes the probability of choosing action a, while
being in state x. We denote the space of stationary Markov
policies by Π0.

The value function Vπ
c ∈ R|X | of π, given a cost c, is

defined by V πc (x) , (1−γ) Eπ
x

[∑∞
t=0 γ

tc(xt, at)
]
,where

Eπ
x denotes the expectation with respect to the trajectories

generated by π starting from x0 = x.

The goal of RL is to solve the following optimal control
problem

ρ?c , min
π∈Π0

ρc(π), (RLc)

where ρc(π) = 〈ν0,V
π
c 〉 is the total expected cost of π.

For every policy π, we define the normalized state-action
occupancy measure µπ ∈ ∆X×A, by µπ(x, a) , (1 −
γ)
∑∞
t=0 γ

t Pπ
ν0

[xt = x, at = a] , where Pπ
ν0

[·] denotes
the probability of an event when following π starting from
x0 ∼ ν0. The occupancy measure can be interpreted as the
discounted visitation frequency of state-action pairs. This
allows us to write ρc(π) = 〈µπ, c〉.

The optimal value function V?
c ∈ R|X | is defined by

V ?c (x) , minπ∈Π0 V
π
c (x). For clarity, when the cost c

is a parameterized function, written as cw for a parameter
vector w, we will replace c by w in the notation of the
aforementioned quantities, e.g., ρw(π), Vπ

w, etc.

2.3. Learning from Demonstrations

The goal of LfD is to learn a policy that outperforms the
expert policy πE for an unknown true cost function ctrue. We
assume that the learner is given only a finite set of truncated
expert sample trajectories and is not allowed to interact or
query the expert for more data while training.

Although the MDP model is not known, we assume access
to a generative-model oracle which, given a state-action pair
(x, a), outputs the next state x′ ∼ P (·|x, a). Moreover we
can sample x0 ∼ ν0. This is also known as the simulator-
defined MDP (Szörényi et al., 2014; Taleghan et al., 2015).
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To address the LfD problem, we adopt the AL formal-
ism (Abbeel & Ng, 2004; Syed et al., 2008; Ho et al., 2016;
Ho & Ermon, 2016), which carries the assumption that ctrue
belongs to a class of cost functions C. We then seek a policy
that performs better than the expert across C by solving the
following minimax optimization problem

α? , min
π∈Π0

max
c∈C

ρc(π)− ρc(πE). (LfDπE)

Equivalently, we can write α? = minπ δC(π, πE), where
δC(π, πE) , maxc∈C

(
ρc(π) − ρc(πE)

)
denotes the C-

distance between π and πE (Ho et al., 2016; Chen et al.,
2020a; Zhang et al., 2020). An optimal solution πA
to (LfDπE) is called an apprentice policy and satisfies
ρctrue(πA) ≤ ρctrue(πE) + α? with α? being always nonposi-
tive.

Intuitively, the cost class C distinguishes the expert from
other policies. The maximization in (LfDπE) assigns high
total cost to non-expert policies and low total cost to πE (Ho
et al., 2016), while the minimization aims to find the policy
that matches the expert as close as possible with respect to
the C-distance.

In this work, we assume that the true cost function can be
represented as a convex combination of some known fea-
tures, where the true unknown weights specify how different
desiderata should be traded-off. In particular, we consider
the following cost function class (Syed & Schapire, 2007;
Syed et al., 2008; Ho et al., 2016)

C = Cconv , {cw ,
nc∑
i=1

wici | wi ≥ 0,

nc∑
i=1

wi = 1},

where {ci}nc
i=1 ⊂ R|X ||A| are fixed cost vectors, such that

‖ci‖∞ ≤ 1 for all i = 1, . . . , nc. In this case, δC(π, ππE) =
maxi∈[nc]

(
ρci(π)− ρci(πE)

)
.

Note that this assumption is not necessarily restrictive as
usually in practice the true cost function depends on just
a few key properties, but the desirable weighting is un-
known (Abbeel & Ng, 2004). Moreover, these features
can be arbitrarily complex nonlinear functions and can be
obtained via unsupervised learning from raw state observa-
tions (Brown et al., 2020b; Chen et al., 2020b).

We highlight that one can consider other linearly parame-
terized cost classes, e.g., Clin = {

∑nc

i=1 wiψi | ‖w‖2 ≤ 1}
(Abbeel & Ng, 2004), leading to similar reasoning and anal-
ysis.

2.4. Technique Overview

Before diving into technical details, we provide a technique
overview by formalizing the main building block of our anal-
ysis, as described informally in the introduction. Figure 1
illustrates the big picture behind our reduction.

LfD problem
nonconvex

Saddle-point
formulation

convex-concave

Reduced minimax
formulation

lin. parametrization

(optimal policy) (saddle point) (approx. saddle point)

occupancy
measure

Lagrange
duality

large-scale
MDPs

Figure 1. Main building blocks of our analysis.

The main difficulty in (LfDπE) comes from its nonconvex-
nonconcave structure. In Section 3, by using Lagrangian
duality, we handle this difficulty by transforming the origi-
nal nonconvex-nonconcave optimization program (LfDπE)
into the bilinear saddle-point problem (1). The new decision
variables are occupancy measures µ, value functions u and
cost weights w. The two formulations are equivalent, since
the primal optimizer µA directly maps to that of the original
problem πA and vice versa. Moreover, under the assump-
tion of expert optimality the triplet (µπE

,V?
wtrue

,wtrue) is a
saddle-point of (1).

For large-scale MDPs the saddle-point formulation (1) is in-
tractable. To mitigate this dificulty, in Section 4 we consider
the reduced saddle-point problem (2) by introducing pa-
rameterized families {µθ | θ ∈ Θ} and {uλ | λ ∈ Λ},
for appropriately chosen parameter sets Θ and Λ. We
then relate the saddle-point residual εsad(θ,λ,w) (3) of
an approximate saddle-point (θ,λ,w) to the suboptimal-
ity gap of the extracted policy π for the original (LfDπE).
In particular we show that δC(πθ, πE) − δC(πA, πE) ≤
kεsad(θ,λ,w)+εapprox, where εapprox is a measure of expres-
sivity of the function approximators and k ∈ {1, 3}. In this
way, it is apparent that (LfDπE) is decoupled in two parts:
minimization of εsad(θ,λ,w) and function approximation.

In Section 5, we choose linear function approximators (LFA)
to preserve the convexity-concavity of the Lagrangian and
design a scalable algorithm with sublinear convergence rate
to a neighborhood of πA, where the representation power
of LFA determines the convergence error. In particular,
we present a variance reduced stochastic mirror descent
algorithm (Nemirovski et al., 2009) under local norms and
coordinate-wise gradient estimators (Carmon et al., 2019;
Jin & Sidford, 2020) to solve the (LfDπE) problem with a
generative-model oracle.

3. The Convex Optimization View
In this section, we revisit the LP approach to the LfD prob-
lem (Syed et al., 2008) and introduce a novel linear duality
framework, which will be later exploited to lay theoretical
foundations for an efficient stochastic primal-dual algorithm.
The details on the formulations and the proofs of this section
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can be found in Appendix A.

3.1. Primal-Dual Linear Programming Formulations

Assuming that C = Cconv, one can frame the (LfDπE) prob-
lem as an LP over occupancy measures (Syed et al., 2008).
We first review briefly the rationale behind the formulation.

The set of occupancy measures can be characterized
in terms of linear constraint satisfaction. To this aim,
let F ,

{
µ ∈ R|X ||A| | Tγµ = ν0, µ ≥ 0

}
, where

Tγ : R|X ||A| → R|X | is a linear operator given by Tγµ =
1

1−γ (B − γP)ᵀµ. Here, P is the vector form of P , i.e.,
P(x,a),x′ , P (x′|x, a), and B is a binary matrix defined by
B(x,a),x′ , 1 if x = x′, and B(x,a),x′ , 0 otherwise.

Proposition 1. (Puterman, 1994) It holds that, F =
{µπ | π ∈ Π0} . Indeed, for every π ∈ Π0, we have that
µπ ∈ F. Moreover, for every feasible solution µ ∈ F,
we can obtain a stationary Markov policy πµ ∈ Π0 by
πµ(a|x) , µ(x,a)∑

a′∈A µ(x,a′) . Then, the induced occupancy
measure is exactly µ.

Using the epigraph reformulation and Proposition 1, it fol-
lows that (LfDπE) is equivalent to the following primal LP:

min
(µ,ε)

ε

s.t.
〈
µ− µπE

, ci
〉
≤ ε, i ∈ [nc],

µ ∈ F.

(PπE)

The linear program (PπE) resembles the dual LP for solving
forward MDPs (Puterman, 1994). Its optimization variables
are occupancy measures and a maximum per-feature cost
component.

The constraints that define the set F are also known as Bell-
man flow constraints and ensure that µ is an occupancy
measure generated by a stationary Markov policy. In par-
ticular, (µπA

, α?) is a primal optimizer. Conversely, by an
optimal occupancy measure µA, an apprentice policy can
be extracted as πµA

.

The main objective of this subsection is to shed light to the
dual of (PπE) and interpret the dual optimizers.

It holds that 〈ν0,u〉 =
〈
TγµπE

,u
〉

=
〈
µπE

,T∗γu
〉
, where

T∗γ : R|X | → R|X ||A|, given by T∗γu = 1
1−γ (B − γP)u,

is the adjoint operator of Tγ . We then get by standard linear
duality that the dual LP is given by

max
(u,w)

〈
µπE

,T∗γu− cw

〉
s.t. cw −T∗γu ≥ 0,

u ∈ R|X |, w ∈ ∆[nc].

(DπE)

The inequality constraint in (DπE) is a relaxation of the
Bellman optimality conditions. Therefore, (DπE) resembles

the primal LP for solving forward MDPs but its optimization
variables are both value functions and cost weights.

Next, we derive optimality conditions for our LP formula-
tions. We first assume that the expert is optimal for the true
cost. In this case, the expert policy πE is an optimal solution
to (LfDπE).
Lemma 1. Assume that πE is optimal for (RLctrue). Then πE
is optimal for (LfDπE) with optimal value α? = 0. Equiva-
lently, (µπE

, 0) is optimal for (PπE).

The following Proposition gives necessary and sufficient
conditions for dual optimality. The proof is based on
Lemma 1 (if πE is optimal, then α? = 0) and complemen-
tary slackness conditions for the LP approach to forward
MDPs.
Proposition 2 (Optimal expert). Assume that πE is optimal
for (RLctrue). A pair (uA,wA) is optimal for (DπE) if and
only if wA ∈ ∆[nc], πE is optimal for (RLcwA

) and uA =
V?

wA
. In particular, (V?

wtrue
,wtrue) is an optimal solution

to (DπE).

Proposition 2 states that, under the expert optimality as-
sumption, the set of dual opimizers characterizes the set of
solutions to the IRL problem, i.e, the set of costs in Cconv

for which the expert is optimal. Indeed, a weight vector
wA ∈ ∆[nu] is dual optimal if and only if the expert policy
πE is optimal for the forward RL problem with cost cwA .
In this case, uA coincides with the corresponding optimal
value function1. In particular, the true weights wtrue and the
true optimal value function V?

wtrue
are dual optimizers.

Is is worth noting that the linear program (DπE) is different
from the LP formulation of IRL proposed in (Ng & Russell,
2000; Komanduru & Honorio, 2019), which is based on
dynamic programming principles. In contrast, our character-
ization of solutions to the inverse problem is based on duality
arguments in the same line as (Ahuja & Orlin, 2001; Iyengar
& Kang, 2005; Pauwels et al., 2016). Moreover, the dual LP
formulation (DπE) is independent of the complexity of the
expert policy πE, which can be even history-dependent.

In the general case of a suboptimal expert, we have the
following necessary conditions for dual optimality.
Proposition 3 (Suboptimal expert). If µA is optimal for
(PπE) and (uA,wA) is optimal for (DπE), then any appren-
tice policy πA is optimal for (RLcwA

) and uA = V?
wA

.

Proposition 3 states that, in general, the apprentice policy πA
is an optimal solution to the forward RL problem with cost
cwA , where wA is an optimal dual variable. In addition, uA
coincides with the corresponding optimal value function.

A similar result to Proposition 3 has been obtained in (Ho

1To be precise, this is the case if ν0 ∈ R
|X|
++, otherwise they

coincide ν0-almost surely.
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& Ermon, 2016) for the convex-concave formulation of
maximum causal entropy IRL, by using the Sion minimax
theorem (Sion, 1958).

3.2. Saddle-Point Formulation

A serious limitation of the primal and dual LP formulations
in Section 3.1 is that they have an intractable number of con-
straints, which in addition may be not satisfied when work-
ing with function approximators. To mitigate this difficulty,
we propose a more tractable unconstrained formulation by
using the Lagrangian

L(µ,u,w) =
〈
µ− µπE

, cw −T∗γu
〉
.

We can then frame the problem as a bilinear saddle-point
problem

α? = min
µ∈∆X×A

max
u∈U

w∈∆[nc]

L(µ,u,w), (1)

where U , {u ∈ R|X | | ‖u‖∞ ≤ 1}. Note that we have
added extra constraints µ ∈ ∆X×A and u ∈ U for the sake
of analysis. These constraints do not change the problem
optimality, but will considerably accelerate the convergence
of the algorithm by considering smaller domains.

Indeed, note that the constraint µ ∈ ∆X×A is redundant
since it is satisfied for all primal feasible solutions. More-
over, by Proposition 3, for all dual optimizers (uA,wA)
it holds that uA = V?

wA
. Thus, we obtain the bound

‖uA‖∞ ≤ 1.

The next Corollary follows from Propositions 2–3.

Corollary 1. Suppose that the expert is optimal for ctrue.
Then, (µπE

,V?
ctrue
,wtrue) is a saddle-point to the mini-

max problem (1). In the general case, for a saddle-point
(µA,uA,wA) it holds that: (i) πµA

is optimal for (LfDπE),
and (ii) πµA

is optimal for cwA and uA = V?
wA

.

4. A Linearly-Relaxed Saddle-Point Problem
Optimizing directly over µ and u is impractical since their
dimensions scale linearly with the size of the state space. We
reduce the order of complexity by limiting our search to lin-
ear subspaces defined by a small number of features. In par-
ticular, we consider the feature matrices Φ ∈ R|X ||A|×nµ

and Ψ ∈ R|X |×nu . We then assume that the decision
variables are parameterized in the form µθ = Φθ and
uλ = Ψλ, where θ ∈ Θ and λ ∈ Λ are the parame-
ters to learn. Moreover, Θ and Λ are appropriately chosen
parameter sets. We denoteW , ∆[nc] for brevity.

The corresponding linearly-relaxed saddle-point formula-
tion is

min
θ∈Θ

max
λ∈Λ
w∈W

Lr(θ,λ,w), (2)

where Lr : Θ × Λ × W → R it the reduced bilinear La-
grangian Lr(θ,λ,w) ,

〈
µθ − µπE

, cw −T∗γuλ
〉
.

We measure the quality of an approximate saddle-point
(θ,λ,w) by its saddle-point residual (SPR) defined as

εsad(θ,λ,w) = max
λ′∈Λ
w′∈W

Lr(θ,λ′,w′)− min
θ′∈Θ

Lr(θ′,λ,w).

(3)

We assume that every column of Φ belongs to ∆X×A, and
every column of Ψ belongs to U . These conditions ensure
that if we choose

Θ , ∆[nµ], Λ , {λ ∈ Rnu | ‖λ‖2 ≤
β
√
nu
}, β ≥ 2,

then µθ ∈ ∆X×A and ‖uλ‖∞ ≤ β, for all θ ∈ Θ and
λ ∈ Λ. Note that we have enlarged the original optimization
domain for the u variable. In addition, by the definition of
Cconv, we get ‖cw‖∞ ≤ 1, for all w ∈ W . These bounds
will be used in the sequel in the algorithm design and its
theoretical analysis.

4.1. From Approximate Saddle Points to Optimal
Policies

A crucial part in our setting is to connect the saddle-point
residual εsad(θ,λ,w) of a feasible solution (θ,λ,w) for
the linearly-relaxed saddle-point problem (2) to the subopti-
mality gap δC(πµθ

, πE)− δC(πA, πE) of the induced policy
πµθ

. If small SPR implies small suboptimality gap, then
we can first run any stochastic primal-dual algorithm with
sublinear convergence rate to the objective in (2), and then
convert the obtained approximate saddle-point to a nearly
optimal policy for the original (LfDπE) problem.

For the following results, let πA be an apprentice policy,
i.e., πA is optimal for (LfDπE). The proofs can be found in
Appendix B. Our first result makes no assumptions on the
choice of features.

Proposition 4. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible
solution to (2). Set πθ = πµθ

. It then holds that

δC(πθ, πE)− δC(πA, πE) ≤ εsad(θ,λ,w) + εapprox,θ,

where the approximation error εapprox,θ is no larger than
2

1−γ
(
βminθ′∈Θ‖µθ′−µπA

‖1+minλ′∈Λ‖uλ′−Vπθ
ciθ
‖∞
)
,

and iθ , arg maxi∈[nc]

(
ρci(πθ)− ρci(πE)

)
. In particular,

ρctrue(πθ)− ρctrue(πE) ≤ εsad(θ,λ,w) + εapprox,θ + α?.

By Proposition 4, if (θ,λ,w) is an (ε, δ)-optimal sad-
dle point to (2), i.e., εsad(θ,λ,w) ≤ ε with probability
at least 1 − δ, then the associated induced policy πθ is
(ε+ εapprox,θ + α?)-optimal for the original (LfDπE) prob-
lem with high probability. Recall, that α? is always zero or
negative. The term εapprox,θ is a measure of expressiveness
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of the linear function approximators. The approximation
error εapprox,θ depends on how well {µθ : θ ∈ Θ} approxi-
mates the apprentice occupany measure µπA

and how well
{uλ : λ ∈ Λ} approximates the value function Vπθ

ciθ
of the

extracted policy πθ under the cost ciθ . Note, however, that
Vπθ

ciθ
is not fixed before the learning process. Therefore,

in order to guarantee a priori low approximation error, we
need the optimal occupancy measure to be accurately repre-
sentable by {µθ : θ ∈ Θ}, while {uλ : λ ∈ Λ} is required
to accurately represent the value functions of non-optimal
policies as well, under costs in {ci : i ∈ [nc]}. Borrowing
the terminology from (Shariff & Szepesvári, 2020), we re-
quire the occupancy measure features to be weak, while the
value function features to be strong.

An open question is whether we can relax the previously
described notion of good features for the value function
approximation (Shariff & Szepesvári, 2020). We provide
the following result in this direction. However, the analy-
sis requires stronger conditions on the choice of features.
In particular, we introduce the following assumption first
studied in (Bas-Serrano & Neu, 2020).

Assumption 1 (Coherence Assumption). The columns of
Ψ are well-conditioned in the following sense: for every
θ ∈ Θ and u ∈ R|X | with ‖u‖∞ ≤ 2, there exists λ ∈ Λ
such that 〈ν0 −Tγµθ,u− uλ〉 = 0.

Proposition 5. Let Assumption 1 hold. Let (θ,λ,w) ∈
Θ× Λ×W be a feasible solution to (2). Set πθ = πµθ

. It
then holds that

ρctrue(πθ)− ρctrue(πE) ≤ 3εsad(θ,λ,w) + εapprox,w + α?,

where the weak approximation error εapprox,w is no larger

than 2
1−γ

(
βminθ′∈Θ‖µθ′−µπA

‖1 +2‖V?
wA
−Ψλ?‖∞

)
,

where (V?
wA
,wA) is dual optimal for (DπE) and λ? is a

dual optimizer of (2).

Assumption 1 is satisfied when the rows of Ψ are orthonor-
mal. As it is apparent from the proof of Proposition 5,
Assumption 1 controls the distribution mismatch between
µθ and µπθ . In general µθ is not necessarily an occupancy
measure generated by a policy. The term ‖Tγµθ − ν0‖1,
i.e., the violation degree of the Bellman flow constraints is
related to the quality of the extracted policy πθ. Assump-
tion 1 ensures that an approximate saddle point with small
violation degree of the aggregated Bellman flow constraints
Ψᵀ(Tγµθ − ν0) = 0, has also small violation degree for
the original Bellman flow constraints and thus produces a
good policy.

The approximation error term ‖V?
wA
− Ψλ?‖∞ can be

bounded by approximate dynamic programming tech-
niques (De Farias & Van Roy, 2003; 2004; Shariff &
Szepesvári, 2020). For example, under the realizability
assumption (Chen et al., 2018; Bas-Serrano et al., 2020), we

get that εapprox,w = 0. This is formally stated in Lemma 6
in Appendix B.

Moreover, assuming that there exists a set of core states
whose features span those of other states, the weak
value function features ensure a low approximation error
‖V?

wA
−Ψλ?‖ (Lakshminarayanan et al., 2018; Shariff &

Szepesvári, 2020).

5. Algorithm and Finite-Sample Analysis
After the analysis of our saddle-point setup, the aim of
this section is (i) to provide a computationally efficient
stochastic primal-dual algorithm whose iteration and sample
complexities do not grow with the size of state and action
spaces, and (ii) to obtain explicit probabilistic performance
bounds on the quality of the extracted policy with respect to
the unknown true cost function.

5.1. Stochastic Primal-Dual LfD Algorithm

Having formulated the linearly-relaxed saddle-point prob-
lem (2) with a few variables and constraints, we will now
propose an iterative stochastic approximation algorithm for
the batch LfD problem. Assuming access to a generative-
model oracle and a finite set of expert demonstrations, we
propose a stochastic mirror descent primal-dual algorithm
which keeps the advantages of simplicity of implementation,
low memory requirements, and low computational complex-
ity.

We will consider the slightly modified Lagrangian

L̄r(θ,λ,w) ,
〈
µθ − µπE

, cw −T∗γuλ
〉

+ Cβ,γ 〈µθ,1〉 − 2 〈w,1〉 ,

where Cβ,γ , 2β/(1 − γ). Note that L̄r differs from
Lr up to a constant, since 〈µθ,1〉 = 〈w,1〉 = 1, for all
θ ∈ Θ and w ∈ W . Thus, using L̄r instead of Lr does
not change the saddle-point residuals. In addition, we have
that ∇θL̄r(θ,λ,w) ≥ 0 and ∇wL̄r(θ,λ,w) ≤ 0, for
all θ ∈ Θ, λ ∈ Λ and w ∈ W . The same is true for
their stochastic gradients. We refer to Sec. 2.8 in (Shalev-
Shwartz, 2012) for the theory behind this technique. We will
need this property in order to derive finer error bounds by
using local norm arguments. For a more detailed discussion,
see Section 5.2.

In the forthcoming material we use the following notation.
The cost matrix is denoted by C ,

[
c1 . . . cnc

]
and

the feature matrices by Φ ,
[
φ1 . . . φnµ

]
and Ψ ,[

ψ1 . . . ψnu
]
. The (x, a)-th row of C is denoted by

c(x,a) and and the x-th row of Ψ by ψx.

Note that both the expert policy πE and the transition law P
are unknown and they do appear in the reduced Lagrangians
Lr and L̄r. We will now explain how to tackle this difficulty.
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Algorithm 1 Stochastic Primal-Dual LfD
1: Input: cost matrix C, feature matrices Φ and Ψ
2: Input: number of iterations N , step-size η, radius β
3: Input: expert demonstrations Dm,HE , generative-model
4: Compute ρC(π̂E) using expert demonstrations.
5: Set θ1,i = 1

nµ
, i ∈ [nµ], w1,i = 1

nc
, i ∈ [nc], λ = 0

6: for n = 1, . . . N − 1 do
7: // θ gradient estimation
8: Sample i ∼ Unif([nµ]), (x, a) ∼ φi, y ∼ P (·|x, a)
9: Set

gn,θ,j =

nµ
(

(1−γ)cᵀ
(x,a)

wn−(ψx−γψy)ᵀλn+2β
)

1−γ , j = i

0, otherwise
10: // λ gradient estimation
11: Sample x′ ∼ ν0, i ∼ θn, (x, a) ∼ φi, y ∼ P (·|x, a)

12: Set gn,λ = ψx′ −
ψx−γψy

1−γ
13: // w gradient estimation
14: Sample i ∼ θn, (x, a) ∼ φi
15: Set gn,w = c(x,a) − ρC(π̂E)− 2 · 1
16: // Stochastic mirror descent steps
17: Update θn+1,j ∝ θn,je(−ηgn,θ,j), j ∈ [nµ]

18: Update λn+1 = ΠΛ(λn + ηβ2

nu
gn,λ)

19: Update wn+1,j ∝ wn,je(ηgn,w,j), j ∈ [nc]
20: end for
21: Set θ̂N = 1

N

∑N
n=1 θn

22: Output: π̂N = πΦθ̂N

We define the feature expectation vector
ρC(πE) ∈ Rnc of the expert policy πE by
ρC(πE) , (ρc1(πE), . . . , ρcnc (πE))ᵀ. Since in prac-
tice we do not have access to the whole policy πE, but
instead can observe a finite set of i.i.d. sample trajectories
Dm,HπE

, {(xk0 , ak0 , xk1 , ak1 , . . . , xkH , akH)}mk=1 ∼ πE, we
consider the empirical feature expectation vector ρC(π̂E)
by taking sample averages, i.e., for each i = 1, . . . , nc,
ρci(π̂E) , (1−γ) 1

m

∑H
t=0

∑m
j=1 γ

tci(x
j
t , a

j
t ). So the final

empirical Lagrangian that our algorithm optimizes is given
by

L̂r(θ,λ,w) ,
〈
µθ, cw −T∗γuλ + Cβ,γ · 1

〉
+ 〈ν0,uλ〉 − 〈w,ρC(π̂E) + 2 · 1〉 .

Our optimization variable is z = (θ,λ,w) ∈ Z, where
Z , Θ×Λ×W is the decision space. The monotone oper-

ator G(z) ,
[
∇θL̂r(z)ᵀ −∇λL̂r(z)ᵀ −∇wL̂r(z)ᵀ

]ᵀ
is given by

G(z) =

Φᵀ (cw −T∗γuλ + Cβ,γ · 1
)

Ψᵀ(Tγµθ − ν0)
ρC(π̂E)−Cᵀµθ + 2 · 1

 .

Note that when uλ is the value function of a policy, then the
term cw −T∗γuλ is the corresponding advantage function.

Moreover, in general µθ is not necessarily an occupancy
generated by a policy. The term ‖Ψᵀ(Tγµθ − ν0)‖1 is the
violation degree of the aggregated Bellman flow constraints.

Although the dynamics are unknown, by having at our dis-
posal the generative-model oracle we can compute cheap
unbiased gradient estimates. Even in the case of known
dynamics, we have expensive matrix computations and one
can accelerate learning by randomization. The rationale
behind the sampling procedure and the computation of the
gradient estimates is similar to (Chen et al., 2018). Indeed,
note that we can equivalently consider a stochastic saddle-
point formulation, by writing the empirical Lagrangian L̂r
in the following sample-friendly form

L̂r(z)

=
∑nµ
j=1 θj E (x,a)∼φj

y∼P (·|x,a)

[
(1−γ)cᵀ

(x,a)
w−(ψx−γψy)ᵀλ+2β

1−γ

]
+ Ex∼ν0 [ψᵀ

xλ]− 〈w,ρC(π̂E) + 2 · 1〉 .

In particular, in round n we make three independent calls of
the generative oracle and compute the unbiased stochastic
gradient gn =

[
gᵀ
n,θ −gᵀ

n,λ −gᵀ
n,w

]ᵀ
of G(zn), as de-

scribed in Algorithm 1. We defer the details to Appendix C.

Note that each iteration costs O(1) sample generation.
Therefore the iteration and the sample complexity of the
algorithm coincide. Moreover, the computation of gradient
with respect to λ and w is O(nu) and O(nc), respectively.
On the other hand the computation of gradient with respect
to µ is O(1) since only one coordinate is updated per itera-
tion.

The update rule of primal-dual mirror descent is given by

zn+1 = arg min
z∈Z

(
〈gn, z〉+ 1

ηBR(z||zn)
)
,

where R is the following distance-generating function

R(z) =

nµ∑
i=1

θi log θi +
nu
2β2
‖λ‖22 +

nc∑
i=1

wi logwi.

The choice of Shannon entropy for the variables µ and w
which live in the probability simplex mitigates the effects of
dimension. Moreover, the factor nu

2β2 is chosen to make the
size of Bregman divergence dimension-free (Cheng et al.,
2020).

The analytical form of the updates can be seen in Algo-
rithm 1. Note once more that the offsets considered in the
modified Lagrangian have no effect since the gradients are
exp-transformed and the resulting distribution normalized.
We denote by ẑN , 1

N

∑N
n=1 zn the iterate average after

N iterations. Then, the output of the algorithm is the policy
π̂N , πµ

θ̂N
.
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5.2. Sample Complexity

The following theorem gives the sample complexity of Algo-
rithm 1. The proof can be found in Appendix D and is based
on high-confidence regret bounds of mirror descent with
local norm arguments (Carmon et al., 2019; Jin & Sidford,
2020).

In particular, by combining the mirror descent bounds with
Propositions 4–5 we get the following theorem.

Theorem 1. Let π̂N be the output of running Algorithm 1

for N = max

{
O
(
β2nµ log( 1

δ )
(1−γ)2ε2

)
,O

(
β
√
n3
µ log( 1

δ )
(1−γ)ε

)}
it-

erations, with m =
8 log( 4nc

δ )

ε2 expert trajectories of length
H = 1

1−γ log( 2
ε ), and learning rate η = 1−γ

β
√
Nnµ

. Then,

with probability 1− δ it holds that ρctrue(π̂N )− ρctrue(πE) ≤
ε + εapprox,θ̂N

+ α?. If in addition Assumption 1 is satis-
fied, then with probability 1− δ, it holds that ρctrue(π̂N )−
ρctrue(πE) ≤ ε+ εapprox,w + α?.

Note that we do not have full access to the true dynamics and
the expert policy but instead we can query the generative
oracle and observe a batch finite set of truncated expert
demonstrations. In our stochastic algorithm this is depicted
to the fact that we replace the expert feature expectation
vector ρC(πE) by its empirical counterpart ρC(π̂E), and
we do not consider the full gradient vector but instead we
use unbiased gradient estimates. The estimation error is
quantified in terms of concentration inequalities. Indeed
for the sample average of the expert feature expectation
vector we use a variant of the Hoeffding’s inequality (Syed
& Schapire, 2007), and for the error due to the stochastic
gradient we choose appropriate martingale concentration
inequalities (McDiarmid, 1998).

By using the modified Lagrangian L̄r and making the un-
biased gradient estimates of θ ∈ ∆[nµ] and w ∈ ∆[nc]

nonnegative/nonpositive, our final bounds have a better
dimension dependency. This trick, also used in (Jin &
Sidford, 2020; Cheng et al., 2020), allows us to attain
more refined convergence guarantees by exploiting the
low variance bounds under the corresponding local norms
(as opposed to the ‖·‖∞-norm). We refer to Sec. 2.8
in (Shalev-Shwartz, 2012) for the theory behind this tech-
nique. In our case, by replacing ‖gn,θ‖2∞ with the local
norm ‖gn,θ‖2θn ,

∑nµ
i=1 θn,ig

2
n,θ,i, we improve the regret

bounds by a nµ-factor.

The parameter β acts as a regularization in learning. If it is
too small, the projection residuals minλ∈Λ‖uλ −Vπθ

ciθ
‖∞

and ‖V?
wA
− Ψλ?‖∞ in the approximation error terms

εapprox,θ and εapprox,w, respectively, are bigger. If it is too
large, the learning becomes slower.

In Appendix E we provide preliminary empirical results on

a simple tabular MDP in order to illustrate our formulations
and theoretical results.

5.3. A No-Regret Online Learning View

In Appendix F, we argue that solving the online learning
problem with Z = Θ×Λ×W and per-round loss function

`n(z) , Lr(θ,λn,wn)− Lr(θn,λ,w)

is equivalent to solving the linearly-relaxed saddle-point
problem (2).

It is worth noting that this online learning approach differs
from the one in (Ross et al., 2011) where interaction with
the expert is required. It is also different from the game-
theoretic approach in (Syed & Schapire, 2007) where the
forward RL problem has to be solved repeatedly.

5.4. Linear Function Approximators

We are motivated to work with occupancy measures (OMs)
µ instead of policies π because of linearity and flexibility
of (PπE) and (DπE). We highlight that Propositions 4–5
hold even for nonlinear parameterizations {µθ | θ ∈ Θ}
and {uλ | λ ∈ Λ}, as long as µθ ∈ M and ‖uλ‖∞ ≤ β
hold. Thus, the LfD problem is decoupled in two parts: min-
imization of SPR and function approximation. For the first
part, we employ modern large-scale stochastic optimization
methods while the second part can be quantified indepen-
dently of the learning process. We choose LFA to preserve
the convexity-concavity of the Lagrangian and design a
scalable algorithm with theoretical guarantees (sublinear
convergence rate), though at a cost of a potential approxima-
tion bias. Indeed, LFA require a careful choice of features.
One can use prior knowledge of the MDP to choose ap-
propriate basis functions for the value functions, e.g., in
our case the value function basis {ψi = V?

ci | i ∈ [nc]})
satisfies the realizability assumption. On the other hand
the choice of OM features is trickier since only a restric-
tive class of policies can be represented (Banijamali et al.,
2019). One can use OMs of policies extracted from “heuris-
tic” methods or policies provided from multiple “cheaper”
suboptimal experts (where one can sample a lot of rollouts)
and use Algorithm 1 to improve upon them. We hope that
our techniques will be useful for future algorithm designers
and will lay foundations for more exhaustive research in
this direction. In Appendix G we point out a few interesting
directions.
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A. Derivations and Proofs of Section 3
For the following results, we will assume that ν0 ∈ R

|X |
++. We also setW , ∆[nc].

A.1. Primal LP formulation (PπE)

We have

α? = min
π

max
c∈C

ρc(π)− ρc(πE) (definition of (LfDπE))

= min
π

max
i∈[nc]

ρci(π)− ρci(πE) (since C = Cconv)

= min
π

max
i∈[nc]

〈
µπ − µπE

, ci
〉

= min
µ∈F

max
i∈[nc]

〈
µ− µπE

, ci
〉

(by Proposition 1)

= min
µ,ε
{ε |

〈
µ− µπE

, ci
〉
≤ ε, i ∈ [nc], µ ∈ F}. (by an epigraphic transformation)

A.2. Dual LP formulation (DπE)

We have

α? = min
µ,ε
{ε |

〈
µ− µπE

, ci
〉
≤ ε, i ∈ [nc], µ ∈ F} (definition of (PπE))

= min
µ≥0,ε

max
w≥0,u

ε+

nc∑
i=1

wi
(〈
µ− µπE

, ci
〉
− ε
)

+ 〈ν0 −Tγµ,u〉 (introduce Lagrange multipliers w and u)

= min
µ≥0,ε

max
w≥0,u

ε

(
1−

nc∑
i=1

wi

)
+
〈
µ− µπE

, cw −T∗γu
〉

(since TγµπE
= ν0)

= max
w≥0,u

min
µ≥0,ε

ε

(
1−

nc∑
i=1

wi

)
+
〈
µ− µπE

, cw −T∗γu
〉

(linear duality)

= max
w≥0,u

{〈
µπE

,T∗γu− cw

〉
| cw −T∗γu ≥ 0,

nc∑
i=1

wi = 1

}
.

A.3. Proof of Proposition 2

Proposition 2 (Optimal expert). Assume that πE is optimal for (RLctrue). A pair (uA,wA) is optimal for (DπE) if and only if
wA ∈ ∆[nc], πE is optimal for (RLcwA

) and uA = V?
wA

. In particular, (V?
wtrue

,wtrue) is an optimal solution to (DπE).

Lemma 1. Assume that πE is optimal for (RLctrue). Then πE is optimal for (LfDπE) with optimal value α? = 0. Equivalently,
(µπE

, 0) is optimal for (PπE).

Proof. It holds that α? ≤ δC(πE, πE) = 0. Assume for the sake of contradiction that α? < 0. Then ρctrue(πA)− ρctrue(πE) ≤
δC(πA, πE) = α? < 0, which contradicts the assumption of optimality of πE with respect to ctrue. Thus, α? = 0 and in
particular πE is optimal for (LfDπE).

We recall the LP approach to MDPs (Puterman, 1994; Bertsekas, 2012). Let c ∈ R|X ||A| be a cost function. The forward
RL problem (RLc) is equivalent to the following linear programs2

ρ?c = min
µ∈R|X|A||

{〈µ, c〉 | Tγµ = ν0, µ ≥ 0} (MDP-Pc)

= max
u∈R|X|

{〈ν0,u〉 | c−T∗γu ≥ 0} (MDP-Dc)

2Note that usually in the literature the primal LP is (MDP-Dc).
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We have that if π? is an optimal policy for (RLc), then µπ? is optimal for (MDP-Pc) and converselly if µ? is optimal
for (MDP-Pc), then πµ? is an optimal policy for (RLc). Moreover, the optimal value function V?

c is an optimal solution
to (MDP-Dc) and it is the unique optimizer when ν0 ∈ R

|X |
++.

Proof of Proposition 2. The proof is based on linear duality and complementary slackness conditions of optimality. Assume
first that (uA,wA) is optimal for (DπE). Then,

cwA −T∗γuA ≥ 0, wA ∈W, (4)〈
µπE

,T∗γuA − cwA

〉
= α? =0, (5)

where (4) holds because (uA,wA) is feasible to (DπE), and (5) holds by optimality and Lemma 1. Equation (4) states that
uA is feasbile for (MDP-Dc) with cost c = cwA . Moreover, µπE

is feasible for (MDP-Pc) with cost c = cwA . Therefore,

〈ν0,uA〉 ≤ ρ?wA
≤
〈
µπE

, cwA

〉
. (6)

However, by (5) we get that 〈ν0,uA〉 =
〈
TγµπE

,uA
〉

=
〈
µπE

,T∗γuA
〉

=
〈
µπE

, cwA

〉
. Thus, by (6) we conclude that µπE

is optimal for (MDP-Pc) with cost c = cwA and uA is optimal for (MDP-Dc) with cost c = cwA . Thus πE is optimal for
(RLcwA

) and uA = V?
cwA

.

Converselly, assume that wA ∈ W , πE is optimal for (RLcwA
), and uA = V?

wA
. Then, we have that µπE

is optimal
for (MDP-Pc) with cost c = cwA , and uA is optimal for (MDP-Dc) with c = cwA . Therefore,

cwA −T∗γuA ≥0, (7)

〈ν0,uA〉 =
〈
µπE

, cwA

〉
, , (8)

where (7) holds because uA is feasible for (MDP-Dc) with cost c = cwA , and (8) holds by primal-dual optimality of
(µπE

,uA). From (7), we get that (uA,wA) is feasible to (DπE) and from (8), we get that
〈
µπE

,T∗γuA − cwA

〉
= 0. Since

by Lemma 1, α? = 0 we conclude that (uA,wA) is optimal for (DπE).

A.4. Proof of Proposition 3

Proposition 3 (Suboptimal expert). If µA is optimal for (PπE) and (uA,wA) is optimal for (DπE), then any apprentice
policy πA is optimal for (RLcwA

) and uA = V?
wA

.

Proof. Similarly to the reasoning of the proof of Proposition 2, we need to show that

cwA −T∗γuA ≥0, (dual feasibility to (MDP-Dc) with c = cwA )〈
µπA

, cwA −T∗γuA
〉

=0, (complementarity)

The dual feasibility follows from the fact that (uA,wA) is feasible to (DπE). Moreover, we have

0 ≤
〈
µπA

, cwA −T∗γuA
〉

(since cwA −T∗γuA ≥ 0)

=
〈
µπA

, cwA

〉
−
〈
µπE

,T∗γuA
〉

(since TγµπA
= TγµπE

= ν0)

≤
〈
µπE

, cwA

〉
+ α? −

〈
µπE

,T∗γuA
〉

(since πA is optimal for (LfDπE))

=α? − α? = 0. (since (uA,wA) is optimal for (DπE))

So complementarity is satisfied.

A.5. Proof of Corollary 1

Corollary 1. Suppose that the expert is optimal for ctrue. Then, (µπE
,V?

ctrue
,wtrue) is a saddle-point to the minimax

problem (1). In the general case, for a saddle-point (µA,uA,wA) it holds that: (i) πµA
is optimal for (LfDπE), and (ii) πµA

is optimal for cwA and uA = V?
wA

.

Proof. The result follows from Propositions 2–3 by noting that (µA,uA,wA) is a saddle point of the full minimax
problem (1) if and only if (µA, α

?) is optimal for the primal linear program (PπE) and (uA,wA) is optimal for the dual
linear program (DπE).
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B. Proofs of Section 4.1 and Related Results
For the following results, let πA be an apprentice policy, i.e., πA is optimal for (LfDπE).

B.1. Proof of Proposition 4

Proposition 4. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible solution to (2). Set πθ = πµθ
. It then holds that

δC(πθ, πE)− δC(πA, πE) ≤ εsad(θ,λ,w) + εapprox,θ,

where the approximation error εapprox,θ is no larger than 2
1−γ

(
βminθ′∈Θ‖µθ′ − µπA

‖1 + minλ′∈Λ‖uλ′ −Vπθ
ciθ
‖∞
)
, and

iθ , arg maxi∈[nc]

(
ρci(πθ)− ρci(πE)

)
. In particular, ρctrue(πθ)− ρctrue(πE) ≤ εsad(θ,λ,w) + εapprox,θ + α?.

In the remainder of the paper, for any policy π ∈ Π0, we define the matrix Mπ ∈ R|X |×|X||A| that encodes π by
Mπ,x′,(x,a) , π(a|x), if x = x′ and Mπ,x′,(x,a) , 0, otherwise. Moreover, for any cost function c, we denote by
cπ ∈ R|X | the average cost under policy π, i.e., cπ(x) ,

∑
a π(a|x)c(x, a). Finally, let Pπ ∈ R|X |×|X| be the state-

transition of running policy π, i.e., Pπ,x,x′ ,
∑
a π(a|x)P (x′|x, a).

We will need the following Lemma.

Lemma 2. Let µ ∈ ∆X×A (not necessarily an occupany measure) and let πµ ∈ Π0 be the induced policy given by
πµ(a|x) , µ(x,a)∑

a′ µ(x,a′) . For any cost vector c ∈ R|X ||A| it holds that
〈
µ, c−T∗γV

πµ
c

〉
= 0.

Proof. We have that V
πµ
c is the unique fixed point of the following Bellman equation (Puterman, 1994),

V
πµ
c (x) =

∑
a

πµ(a|x)

(
(1− γ)c(x, a) + γ

∑
x′
P (x′|x, a)V

πµ
c (x′)

)
. (9)

Note that (9) can be written equivalently in vector form as cπµ − 1
1−γ (I − γPπµ)V

πµ
c = 0. We then get〈

Bᵀµ,Mπµ(c−T∗γV
πµ
c )
〉

= 0, since Pπµ = MπµP, I = MπµB and cπµ = Mπµc. Finally the result follows
by using that Mᵀ

πµ
Bᵀµ = µ.

We are now ready to prove Proposition 4.

Proof of Proposition 4. Let eiθ ∈ Rnc be the iθ-th basis vector. We then have,

L(µθ,V
πθ
ciθ
, eiθ )− L(µπA

,uλ,w) =
〈
µθ − µπE

, ciθ −T∗γV
πθ
ciθ

〉
−
〈
µπA
− µπE

, cw −T∗γuλ
〉

=
〈
ν0,V

πθ
ciθ

〉
−
〈
µπE

, ciθ
〉
−
〈
µπA
− µπE

, cw

〉
=
(
ρciθ

(πθ)− ρciθ
(πE)

)
︸ ︷︷ ︸

=δC(πθ,πE)

− (ρcw(πA)− ρcw(πE))︸ ︷︷ ︸
≤δC(πA,πE)

≥δC(πθ, πE)− δC(πA, πE),

where the second line follows because
〈
µθ, ciθ −T∗γV

πθ
ciθ

〉
= 0 by Lemma 2, and

〈
µπA
− µπE

,T∗γuλ
〉

= 0, since
TγµπA

= TγµπE
= ν0.

All in all, we have that
δC(πθ, πE)− δC(πA, πE) ≤ L(µθ,V

πθ
ciθ
, eiθ )− L(µπA

,uλ,w) (10)
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By using a simple rearrangement trick we get

δC(πθ, πE)− δC(πA, πE) ≤ L(µθ,V
πθ
ciθ
, eiθ )− L(µπA

,uλ,w)− εsad(θ,λ,w)︸ ︷︷ ︸
,εapprox,θ

+εsad(θ,λ,w) (11)

It remains to bound the term εapprox,θ. We set z′ = (θ′,λ′,w′) and Z = Θ× Λ×W for brevity. We then have

εapprox,θ = min
z′∈Z
L(µθ,V

πθ
ciθ
, eiθ )− L(µπA

,uλ,w)− L(µθ,uλ′ ,w
′) + L(µθ′ ,uλ,w)

= min
z′∈Z

〈
µθ − µπE

, ciθ − cw′
〉

+
〈
Tγµθ − ν0,uλ′ −Vπθ

ciθ

〉
+
〈
µθ′ − µπA

, ciθ −T∗γuλ
〉

≤min
z′∈Z
‖µθ − µπE

‖1︸ ︷︷ ︸
≤2

‖ciθ − cw′‖∞ + ‖Tγµθ − ν0‖1︸ ︷︷ ︸
≤ 2

1−γ

‖uλ′ −Vπθ
ciθ
‖∞ + ‖µθ′ − µπA

‖1 ‖ciθ −T∗γuλ‖∞︸ ︷︷ ︸
≤ 2β

1−γ

≤ 2β

1− γ
min
θ′∈Θ
‖µθ′ − µπA

‖1 +
2

1− γ
min
λ′∈Λ
‖uλ′ −Vπθ

ciθ
‖∞. (12)

The bounds on the norms involved in the first inequality have been obtained by using the triangle inequality and that
‖µ‖1 = 1, for all µ ∈ ∆X×A, µθ′ ∈ ∆X×A, for all θ′ ∈ Θ, ‖ν0‖1 = 1, ‖B‖∞ = ‖P‖∞ = 1, ‖uλ′‖∞ ≤ β, for all
λ′ ∈ Λ, and ‖cw′‖∞ ≤ 1, for all w′ ∈ W . The detailed computations can be found in Lemmas 7–8. For the last inequality,
note that obviously minw′∈W‖ciθ − cw′‖∞ = 0.

By combining (11) and (12) we conclude the proof.

B.2. Corollaries Related to Proposition 4

By modifying analogously the proof of Proposition 4, we get the following tighter bound.

Corollary 2. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible solution to (2). Set πθ = πµθ
. It then holds that

δC(πθ, πE)− δC(πA, πE) ≤ Lr(θ,λθ, eiθ )− Lr(θ?,λ,w) + εapprox,θ,

where the approximation error εapprox,θ is no larger than 2
1−γ

(
βminθ∈Θ‖µθ − µπA

‖1 + minλ∈Λ‖uλ −Vπθ
ciθ
‖∞
)
, and

θ? , arg min
θ′∈Θ
‖µθ′ − µπA

‖1, λθ , arg min
λ′∈Λ
‖uλ′ −Vπθ

ciθ
‖∞, iθ , arg max

i∈[nc]

(
ρci(πθ)− ρci(πE)

)
.

In particular, ρctrue(πθ)− ρctrue(πE) ≤ Lr(θ,λθ, eiθ )− Lr(θ?,λ,w) + εapprox,θ + α?.

When the occupancy measure features can accurately represent the expert occupancy measure µπE
instead of the apprentice

occupancy measure µπA
, we may use alternatively the following result.

Corollary 3. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible solution to (2). Set πθ = πµθ
. It then holds that

δC(πθ, πE) ≤ εsad(θ,λ,w) + εapprox,E,θ,

where the approximation error εapprox,E,θ is no larger than 2
1−γ

(
βminθ′∈Θ‖µθ′ − µπE

‖1 + minλ′∈Λ‖uλ′ −Vπθ
ciθ
‖∞
)
,

and iθ , arg maxi∈[nc]

(
ρci(πθ)− ρci(πE)

)
. In particular, ρctrue(πθ)− ρctrue(πE) ≤ εsad(θ,λ,w) + εapprox,E,θ.

Proof. The proof is the same as the proof of Proposition 4 by replacing πA with πE.

B.3. Proof of Proposition 5

Proposition 5. Let Assumption 1 hold. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible solution to (2). Set πθ = πµθ
. It then

holds that
ρctrue(πθ)− ρctrue(πE) ≤ 3εsad(θ,λ,w) + εapprox,w + α?,

where the weak approximation error εapprox,w is no larger than 2
1−γ

(
βminθ′∈Θ‖µθ′ − µπA

‖1 + 2‖V?
wA
− Ψλ?‖∞

)
,

where (V?
wA
,wA) is dual optimal for (DπE) and λ? is a dual optimizer of (2).



Efficient Performance Bounds for Primal-Dual Reinforcement Learning from Demonstrations

The proof of Proposition 5 is divided in several parts. We first note that even when a probability distribution µ ∈ ∆X×A
is not an occupancy measure, i.e., it does not satisfy the Bellman flow constraints, it can still generate a policy πµ. The
following lemma states that the distribution mismatch between µ and µπµ

depends on the violation degree of the Bellman
flow constraints.

Lemma 3. Let µ ∈ ∆X×A and let πµ be the induced policy. It holds that ‖µ− µπµ
‖1 ≤ ‖ν0 −Tγµ‖1.

Proof. We have that

µᵀ
πµ

=(1− γ)

∞∑
t=0

γtνᵀ
0Mπµ(PMπµ)t (13)

=(1− γ)

∞∑
t=0

γt(ν0 −Tγµ+ Tγµ)ᵀMπµ(PMπµ)t (14)

=(1− γ)

∞∑
t=0

γt(ν0 −Tγµ)ᵀMπµ(PMπµ)t +

∞∑
t=0

γtµᵀ(PMπµ)t −
∞∑
t=0

γt+1µᵀ(PMπµ)t+1 (15)

=(1− γ)

∞∑
t=0

γt(ν0 −Tγµ)ᵀMπµ(PMπµ)t + µᵀ, (16)

where in the third equality we used that Tγµ = 1
1−γ (B− γP)ᵀµ and that Mᵀ

πµ
Bᵀµ = µ. Therefore,

‖µ− µπµ
‖1 ≤‖(1− γ)

∞∑
t=0

γt(Mᵀ
πµ

Pᵀ)tMᵀ
πµ

(ν0 −Tγµ)‖1 (17)

≤‖Mπµ‖t∞‖P‖∞‖Mπµ‖∞‖ν0 −Tγµ‖1 (18)
=‖ν0 −Tγµ‖1, (19)

where we used that ‖P‖∞ = ‖Mπµ‖∞ = 1.

We will also need the following lemma.

Lemma 4. Let (θ,λ,w) ∈ Θ× Λ×W be a feasible solution to (2) and let πθ = πµθ
. It holds that

ρctrue(πθ)− ρctrue(πE) ≤ εsad(θ,λ,w) + 2‖Tγµθ − ν0‖1 +
2β

1− γ
min
θ′∈Θ
‖µθ′ − µπA

‖1 + α?.

Proof. We fix a λ0 ∈ Λ such that ‖λ0‖2 ≤ 1√
nu

. By assumption the columns of Ψ belong to U . Thus, ‖uλ0
‖∞ ≤ 1.

Moreover,

L(µθ,uλ0 ,wtrue)− L(µπA
,uλ,w) =

〈
µθ − µπE

, ctrue −T∗γuλ0

〉
−
〈
µπA
− µπE

, cw −T∗γuλ
〉

(20)

≥〈µθ, ctrue〉 − ρctrue(πE)− 〈Tγµθ − ν0,uλ0
〉 − α?, (21)

where in the last inequality we used that
〈
µπA
− µπE

, cw

〉
≤ δC(πA, πE) = α?, and that TγµπA

= TγµπE
= ν0. Now

since 〈Tγµθ − ν0,uλ0
〉 ≤ ‖Tγµθ − ν0‖1‖uλ0

‖∞ and ‖uλ0
‖∞ ≤ 1, we get by (21) that

〈µθ, ctrue〉 − ρctrue(πE) ≤ L(µθ,uλ0
,wtrue)− L(µπA

,uλ,w) + ‖Tγµθ − ν0‖1 + α?. (22)

Moreover, we have the bound

〈µθ, ctrue〉 − ρctrue(πθ) =
〈
µθ − µπθ

, ctrue
〉

(23)
≤‖µθ − µπθ

‖1‖ctrue‖∞ (24)
≤‖Tγµθ − ν0‖1, (25)

where the last inequality follows by Lemma 3 and the bound ‖ctrue‖∞ ≤ 1.
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So by (22) and (25) we get

ρctrue(πθ)− ρctrue(πE) ≤ L(µθ,uλ0 ,wtrue)− L(µπA
,uλ,w) + 2‖Tγµθ − ν0‖1 + α?. (26)

Next, we apply once more the following rearrangement trick

L(µθ,uλ0 ,wtrue)− L(µπA
,uλ,w) = L(µθ,uλ0 ,wtrue)− L(µπA

,uλ,w)− εsad(θ,λ,w)︸ ︷︷ ︸
,(i)

+εsad(θ,λ,w). (27)

It remains to bound the term (i). By similar calculations to the ones in the proof of Proposition 4, we get

(i) ≤ 2β

1− γ
min
θ′∈Θ
‖µθ′ − µπA

‖1 + 2 min
w′∈W

‖cw − ctrue‖∞︸ ︷︷ ︸
=0

+
1

1− γ
min
λ′∈Λ
‖uλ′ − uλ0

‖∞︸ ︷︷ ︸
=0

. (28)

By combining (26), (27) and (28), we conclude the proof.

Finally the following lemma bounds the term ‖Tγµθ − ν0‖1.
Lemma 5. Let Assumption 1 hold. It holds that ‖Tγµθ − ν0‖1 ≤ εsad(θ,λ,w) + 2

1−γ ‖V
?
wA
−Ψλ?‖∞, where λ? is a

dual optimizer for (2).

Proof. Let ũ = arg max‖u‖∞≤2 〈Tγµθ − ν0,−u〉. By the Coherence Assumption 1, there exists λ̃ ∈ Λ, such that〈
Tγµθ − ν0,uλ̃ − ũ

〉
= 0. We then have,

2‖Tγµθ − ν0‖1 = max
‖u‖∞≤2

〈Tγµθ − ν0,−u〉

= 〈Tγµθ − ν0,−ũ〉
=
〈
Tγµθ − ν0,−uλ̃

〉
=
〈
Tγµθ − ν0,V

?
wA
− uλ̃

〉
+
〈
Tγµθ − ν0,V

?
wA

〉
≤
〈
Tγµθ − ν0,V

?
wA
− uλ̃

〉
+ ‖Tγµθ − ν0‖1,

where in the last inequality we used that ‖V?
wA
‖∞ ≤ 1. Therefore,

‖Tγµθ − ν0‖1 ≤
〈
Tγµθ − ν0,V

?
wA
− uλ̃

〉
. (29)

Now let (λ?,w?) be a dual optimal solution to the linearly-relaxed saddle-point formulation (2). We can then write,〈
Tγµθ − ν0,V

?
wA
− uλ̃

〉
=Lr(θ, λ̃,w?)− L(µθ,V

?
wA
,w?) (30)

=Lr(θ, λ̃,w?)− Lr(θ,λ?,w?)︸ ︷︷ ︸
≤εsad(θ,λ,w)

+Lr(θ,λ?,w?)− L(µθ,V
?
wA
,w?)︸ ︷︷ ︸

≤ 2
1−γ ‖V?

wA
−Ψλ?‖∞

. (31)

We will now explain the bounds in (31). For the first term, we have

Lr(θ, λ̃,w?)− Lr(θ,λ?,w?) ≤ max
(λ′,w′)∈Λ×W

Lr(θ,λ′,w′)− min
θ′∈Θ

Lr(θ′,λ?,w?)

≤εsad(θ,λ,w).

For the second term we have

Lr(θ,λ?,w?)− L(µθ,V
?
wA
,w?) =

〈
Tγµθ − ν0,V

?
wA
−Ψλ?

〉
≤‖Tγµθ − ν0‖1︸ ︷︷ ︸

≤ 2
1−γ

‖V?
wA
−Ψλ?‖∞.

Putting together the bounds (29) and (31) concludes the proof.

Proof of Proposition 5. It follows by Lemma 4 and 5.
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B.4. Corollaries Related to Proposition 5

When the occupancy measure features can accurately represent the expert occupancy measure µπE
instead of the apprentice

occupancy measure µπA
, we may use alternatively the following result.

Corollary 4. Let Assumption 1 hold. Let (θ,λ,w) ∈ Θ×Λ×W be a feasible solution to (2). Set πθ = πµθ
. It then holds

that
ρctrue(πθ)− ρctrue(πE) ≤ 3εsad(θ,λ,w) + εapprox,E,w,

where the weak approximation error εapprox,E,w is no larger than 2
1−γ

(
βminθ′∈Θ‖µθ′ − µπE

‖1 + 2‖V?
wA
−Ψλ?‖∞

)
,

where (V?
wA
,wA) is dual optimal for (DπE) and λ? is a dual optimizer of (2).

Proof. In the proof of Lemma 4 replace πA with πE.

The following Lemma shows that the realizability assumption implies that the weak approximation error εapprox,w is zero.

Lemma 6 (Realizability). Let (uA,wA) be an optimizer for the dual linear program (DπE). Assume that the realizability
assumption holds, i.e., there exist θA ∈ Θ and λA ∈ Λ such that, µπA

= ΦθA and uA = ΨλA. Then, (θA,λA,wA) is a
saddle point of (2). In particular εapprox,w = 0.

Proof. We need to show that

max
λ∈Λ

max
w∈W

Lr(θA,λ,w) = Lr(θA,λA,wA) = min
θ∈Θ
Lr(θ,λA,wA). (32)

By the optimality of (µπA
,uA,wA) for the full minimax problem (1), we get that

Lr(θA,λA,wA) = L(µπA
,uA,wA) = α?. (33)

Moreover, for all θ ∈ Θ

Lr(θ,λA,wA) =
〈
µθ − µπE

, cwA −T∗γuA
〉

=
〈
µθ, cwA −T∗γuA

〉︸ ︷︷ ︸
≥0

+
〈
µπE

,T∗γuA − cwA

〉︸ ︷︷ ︸
=α?

≥ α?. (34)

Note that by Proposition 3, uA is feasible for (MDP-Dc) with cost function c = cwA . Therefore, cwA − T∗γuA ≥ 0.
Moreover,

〈
µπE

,T∗γuA − cwA

〉
= α?, since (uA,wA) is optimal for (DπE).

In addition, for all λ ∈ Λ and w ∈ W

Lr(θA,λ,w) =
〈
µπA
− µπE

, cw −T∗γuλ
〉

(35)

=
〈
µπA
− µπE

, cw

〉
(36)

≤ max
w′∈W

〈
µπA
− µπE

, cw′
〉

(37)

=δC(πA, πE) = α?, (38)

where (36) holds because TγµπA
= TγµπE

= ν0, and (38) holds because πA is optimal for (LfDπE).

Finally, by (33), (34) and (38) we conclude that (32) holds.

C. Gradient Estimators and their Properties
We will describe formally the unbiased gradient estimates used in Algorithm 1 and study their properties. Our optimization
variable is z = (θ,λ,w) ∈ Z, where Z , Θ × Λ × W is the decision space. The empirical Lagrangian that we will
optimize is L̂r(θ,λ,w) ,

〈
µθ, cw −T∗γuλ + Cβ,γ · 1

〉
+ 〈ν0,uλ〉 − 〈w,ρC(π̂E) + 2 · 1〉 .

Definition 1 (Gradient estimators). We define g ,
[
gᵀ
θ −gᵀ

λ −gᵀ
w

]ᵀ
as follows.
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1. Let ξ̂ , (ι̂, x̂, â, ŷ) ∈ Ξ̂ , [nµ]×X ×A×X such that ι̂ ∼ Unif([nµ]), (x̂, â) ∼ φι̂, ŷ ∼ P (·|x̂, â).

We define the θ-gradient estimator gθ : Z× Ξ̂→ Rnµ by

gθ,i(z, ξ̂) ,

nµ
(

(1−γ)cᵀ
(x̂,â)

w−(ψx̂−γψŷ)ᵀλ+2β
)

1−γ , i = ι̂,

0, otherwise.

2. Let ξ̃ , (ι̃, x̃, ã, ỹ, x̃′) ∈ Ξ̃ , [nµ] × X × A × X × X such that ι̃ ∼ θ, (x̃, ã) ∼ φι̃, ỹ ∼ P (·|x̃, ã), x̃′ ∼ ν0. We
define the λ-gradient estimator gλ : Z× Ξ̃→ Rnu by gλ(z, ξ̃) , ψx̃′ −

ψx̃−γψỹ
1−γ .

3. Let ξ̄ , (ῑ, x̄, ā) ∈ Ξ̄ , [nµ] × X × A such that ῑ ∼ θ, (x̄, ā) ∼ φῑ. We define the w-gradient estimator
gw : Z× Ξ̄→ Rnc by gw(z, ξ̄) , c(x̄,ā) − ρC(π̂E)− 2 · 1.

Lemma 7. For all (θ,λ,w) ∈ Θ× Λ×W it holds that µθ ∈ ∆X×A, ‖uλ‖∞ ≤ β and ‖cw‖∞ ≤ 1.

Proof. We will show the first inequality. By assumption ‖ψi‖∞ ≤ 1, for all i ∈ [nu]. Thus, ‖uλ‖∞ = ‖
∑nu
i=1 λiψi‖∞ ≤

‖λ‖1 maxi∈[nu]‖ψi‖∞ ≤ β, where we used that ‖λ‖1 ≤
√
nu‖λ‖2 ≤ β.

Lemma 8. For all (θ,λ,w) ∈ Θ× Λ×W it holds that ‖cw −T∗γuλ‖∞ ≤ Cβ,γ , 2β
1−γ and ‖Tγµθ − ν0‖1 ≤ 2

1−γ .

Proof. Indeed, for all λ ∈ Λ and w ∈ W , we have that

‖cw −T∗γuλ‖∞ = ‖cw −
1

1− γ
(B− γP) uλ‖∞ ≤ ‖cw‖∞ +

1

1− γ
(‖B‖∞ + γ‖P‖∞) ‖uλ‖∞ ≤ Cβ,γ ,

where we used the triangle inequality, Lemma 7 and that ‖B‖∞ = ‖P‖∞ = 1. Similarly, for all θ ∈ Θ, we have

‖Tγµθ − ν0‖1 = ‖ν0 −
1

1− γ
(B− γP)ᵀµθ‖1 ≤ ‖ν0‖1 +

1

1− γ
(‖B‖∞ + γ‖P‖∞)‖µθ‖1 ≤

2

1− γ
.

Lemma 9. It holds that ∇θL̂r(z) ≥ 0 and ∇wL̂r(z) ≤ 0, for all z ∈ Z. Moreover, gθ(z, ξ̂) ≥ 0 and gw(z, ξ̄) ≤ 0
pointwise.

Proof. By Lemma 8, we have that cw − T∗γuλ + Cβ,γ · 1 ≥ 0. Since in addition all the entries of Φ are nonnegative,
we conclude that ∇θL̂r(z) ≥ 0. Moreover, ∂

∂wi
L̂r(z) = 〈ci,µθ〉 − ρci(π̂E) − 2 ≤ ‖ci‖∞‖µθ‖1 + 1 − 2 ≤ 0, for each

i ∈ [nc], where we used Hölder’s inequality and Lemma 7. Similarly, we can show that gθ(z, ξ̂) ≥ 0 and gw(z, ξ̄) ≤ 0.

The following lemma shows that g =
[
gᵀ
θ −gᵀ

λ −gᵀ
w

]ᵀ
is an ubiased estimator of the monotone operator G(·) and

establishes useful bounds for the error analysis of Algorithm 1.

Lemma 10. Let Ξ , Ξ̂ × Ξ̃ × Ξ̄ and let g : Z × Ξ → Rnµ+nu+nc given by g(z, ξ) ,[
gθ(z, ξ̂)ᵀ −gλ(z, ξ̃)ᵀ −gw(z, ξ̄)ᵀ

]ᵀ
as in Definition 1. The following statements are true.

1. [unbiased gradient estimates] It holds that Eξ̂

[
gθ(z, ξ̂)

]
= ∇θL̂r(z), Eξ̃

[
gλ(z, ξ̃)

]
= ∇λL̂r(z), and

Eξ̄

[
gw(z, ξ̄)

]
= ∇wL̂r(z), for all z ∈ Z.

2. [‖·‖∞-norm bounds] It holds that ‖gθ(z, ξ̂)‖∞ ≤ 4βnµ
1−γ , ‖gλ(z, ξ̃)‖∞ ≤ 4β

1−γ , and ‖gw(z, ξ̄)‖∞ ≤ 4, for all z ∈ Z,
and for all ξ ∈ Ξ.

3. [dual and local-norm bounds] It holds that ‖gθ(z, ξ̂)‖2θ′ ≤
16β2n2

µ

(1−γ)2 , ‖gλ(z, ξ̃)‖22 ≤ 4nu
(1−γ)2 , and ‖gw(z, ξ̄)‖2w′ ≤ 16,

for all z ∈ Z, for all ξ ∈ Ξ, for all θ′ ∈ Θ, and for all w′ ∈ W .



Efficient Performance Bounds for Primal-Dual Reinforcement Learning from Demonstrations

4. [dual and local-norm second-moment bounds] It holds that Eξ̂

[
‖gθ(z, ξ̂)‖2θ′

]
≤ 16β2nµ

(1−γ)2 , Eξ̃

[
‖gλ(z, ξ̃)‖22

]
≤

4nu
(1−γ)2 , and Eξ̄

[
‖gw(z, ξ̄)‖2w′

]
≤ 16, for all z ∈ Z, for all θ′ ∈ Θ, and for all w′ ∈ W .

Proof. 1. For all i ∈ [nµ], we have that

Eξ̂

[
gθ,i(z, ξ̂)

]
=

nµ∑
ι̂=1

∑
x̂,â,ŷ

1

nµ
φι̂(x̂, â)P (ŷ|x̂, â)gθ,ι̂(z, ξ̂)

=
∑
x̂,â,ŷ

1

nµ
φi(x̂, â)P (ŷ|x̂, â)

nµ

(
(1− γ)cᵀ(x̂,â)w − (ψx̂ − γψŷ)ᵀλ+ 2β

)
1− γ

=
〈
φi, cw −T∗γuλ + Cβ,γ · 1

〉
=

∂

∂θi
L̂r(z).

Moreover, we have that

Eξ̃

[
gλ(z, ξ̃)

]
=

nµ∑
i=1

∑
x,a,y,x′

θiφi(x, a)P (y|x, a)ν0(x′)

(
ψx′ −

ψx − γψy
1− γ

)
=
∑
x′

ν0(x′)ψx′︸ ︷︷ ︸
=Ψᵀν0

− 1

1− γ
(
∑
x,a

µθ(x, a)ψx︸ ︷︷ ︸
=ΨᵀBᵀµθ

−γ
∑
x,a

µθ(x, a)
∑
y

P (y|x, a)ψy︸ ︷︷ ︸
=ΨᵀPᵀµθ

)

=Ψᵀ (ν0 −Tγµθ) = ∇λL̂r(z).

Finally, we have that

Eξ̄

[
gw(z, ξ̄)

]
=

nµ∑
i=1

∑
x,a

θiφi(x, a)c(x,a) − ρC(π̂E)− 2 · 1 = Cᵀµθ − ρC(π̂E)− 2 · 1 = ∇wL̂r(z).

2. It holds that

‖gθ(z, ξ̂)‖∞ =

∣∣∣∣nµ(cw(x̂, â)− uλ(x̂)− γuλ(ŷ)− 2β

1− γ

)∣∣∣∣ ≤ 4βnµ
1− γ

,

where we used the triangle inequality and the bounds in Lemma 7. Moreover, it holds that

‖gλ(z, ξ̃)‖∞ = ‖ψx̃′ −
ψx̃ − γψỹ

1− γ
‖∞ ≤

2

1− γ
,

where we used the triangle inequality and that ‖ψx‖∞ ≤ 1, for all x ∈ X . Finally, it holds that

‖gw(z, ξ̄)‖∞ = ‖c(x̄,ā) − ρC(π̂E)− 2 · 1‖∞ ≤ 4,

where we used the triangle inequality, that ‖c(x̄,ā)‖∞ ≤ 1, and that ‖ρC(π̂E)‖∞ ≤ 1.

3. Since θ′ ∈ Θ = ∆[nµ], we have that

‖gθ(z, ξ̂)‖2θ′ ≤ ‖gθ(z, ξ̂)‖2∞ ≤
16β2n2

µ

(1− γ)2
.

Moreover,

‖gλ(z, ξ̃)‖22 = ‖ψx̃′ −
ψx̃ − γψỹ

1− γ
‖22 ≤

4nu
(1− γ)2

,

where we used the triangle inequality and that ‖ψx‖2 ≤
√
nu, for all x ∈ X . Finally, since w′ ∈ W = ∆[nc], we have

‖gw(z, ξ̄)‖2w′ ≤ ‖gw(z, ξ̄)‖2∞ ≤ 16.
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4. We need only to prove the first inequality. We have,

Eξ̂

[
‖gθ(z, ξ̂)‖2θ′

]
= Eξ̂

[
g2
θ,ι̂(z, ξ̂)θ

′
ι̂

]
=

nµ∑
ι̂=1

∑
x̂,â,ŷ

1

nµ
φι̂(x̂, â)P (ŷ|x̂, â)g2

θ,ι̂(z, ξ̂)θ
′
ι̂

≤ 1

nµ
‖gθ(z, ξ̂)‖2∞

n∑
ι̂=1

θ′ι̂ ≤
16β2nµ
(1− γ)2

.

D. Proof of Theorem 1
We are now going to prove Theorem 1. Our optimization variable is z = (θ,λ,w) ∈ Z, where Z , Θ × Λ ×W is the
decision space. The update rule of stochastic primal-dual mirror descent in Algorithm 1 is

zn+1 = arg min
z∈Z

(
〈g(zn, ξn), z〉+ 1

ηBR(z||zn)
)
, (39)

where g(z, ξ) ,
[
gθ(z, ξ̂)ᵀ −gλ(z, ξ̃)ᵀ −gw(z, ξ̄)ᵀ

]ᵀ
is given by Definition 1, and BR is the following Bregman

divergence

BR(z||z′) , KL(θ||θ′) +
nu
2β2
‖λ− λ′‖22 + KL(w||w′). (40)

Theorem 1. Let π̂N be the output of running Algorithm 1 for N = max

{
O
(
β2nµ log( 1

δ )
(1−γ)2ε2

)
,O

(
β
√
n3
µ log( 1

δ )
(1−γ)ε

)}
iter-

ations, with m =
8 log( 4nc

δ )

ε2 expert trajectories of length H = 1
1−γ log( 2

ε ), and learning rate η = 1−γ
β
√
Nnµ

. Then, with

probability 1− δ it holds that ρctrue(π̂N )− ρctrue(πE) ≤ ε+ εapprox,θ̂N
+ α?. If in addition Assumption 1 is satisfied, then

with probability 1− δ, it holds that ρctrue(π̂N )− ρctrue(πE) ≤ ε+ εapprox,w + α?.

Note that because the definition of the total expected cost is scaled by a factor (1− γ), we finally have sample complexity

max

{
O
(
β2nµ log( 1

δ )
(1−γ)4ε2

)
,O

(
β
√
n3
µ log( 1

δ )
(1−γ)2ε

)}
for the conventional discounted MDP setting. Similarly, the expert sample

complexity is m =
8 log( 4nc

δ )

(1−γ)2ε2 . The sample complexity scales linearly with the number of features and does not depend on
the number of state action spaces.

Proof of Theorem 1. By Proposition 4 applied to ẑN = (θ̂N , λ̂N , ŵN ) and π̂N , πµ
θ̂N

we get

ρctrue(π̂N )− ρctrue(πE) ≤ εsad(ẑN ) + εapprox,θ̂N
+ α?.

where the approximation error εapprox,θ̂N
is no larger than 2

1−γ
(
βminθ∈Θ‖µθ − µπA

‖1 + minλ∈Λ‖uλ −Vπ̂N
w?
N
‖∞
)
, and

w?
N , arg maxw∈W [ρw(π̂N )− ρw(πE)] .

Moreover, under Assumption 1, it holds that

ρctrue(πθ)− ρctrue(πE) ≤ 3εsad(θ,λ,w) + εapprox,w + α?.

So, in both cases we need to determine how many samples N and expert trajectories m are needed so that εsad(ẑN ) ≤ ε
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with probability at least 1− δ. We have,

εsad(ẑN ) = max
(λ,w)∈Λ×W

Lr(θ̂N ,λ,w)−min
θ∈Θ
Lr(θ, λ̂N , ŵN ) (41)

= max
(λ,w)∈Λ×W

L̄r(θ̂N ,λ,w)−min
θ∈Θ
L̄r(θ, λ̂N , ŵN ) (42)

= max
(θ,λ,w)∈Z

[
L̂r(θ̂N ,λ,w)− L̂r(θ, λ̂N , ŵN ) + 〈ρC(π̂E)− ρC(πE),w − ŵN 〉

]
(43)

≤ max
(θ,λ,w)∈Z

[
L̂r(θ̂N ,λ,w)− L̂r(θ, λ̂N , ŵN ) + ‖ρC(π̂E)− ρC(πE)‖∞‖w − ŵN‖1

]
(44)

≤ max
(θ,λ,w)∈Z

[
L̂r(θ̂N ,λ,w)− L̂r(θ, λ̂N , ŵN )

]
+ 2‖ρC(π̂E)− ρC(πE)‖∞, (45)

where we used Hölder’s inequality in (44) and the triangle inequality in (45).

By virtue of Lemma 1 in (Syed & Schapire, 2007) we have that for ‖ρC(π̂E)− ρC(πE)‖∞ ≤ ε
4 to hold with probability

at least 1 − δ
2 , it suffices that m ≥ 8 log( 4nc

δ )

ε2 and H ≥ 1
1−γ log( 2

ε ). Note that Lemma 1 in (Syed & Schapire, 2007) is a
variant of the Hoeffding’s inequality (Theorem 2.5 in (McDiarmid, 1998)), since we have to take into account that ρC(π̂E)
is a biased estimate of ρC(πE) because the trajectories are truncated. By combining this last bound with (45), we get that if

m ≥ 8 log( 4nc
δ )

ε2 and H ≥ 1
1−γ log( 2

ε ), then with probability at least 1− δ
2 it holds that

εsad(ẑN ) ≤ ε̂sad(ẑN ) +
ε

2
, (46)

where
ε̂sad(ẑN ) , max

(λ,w)∈Λ×W
L̂r(θ̂N ,λ,w)−min

θ∈Θ
L̂r(θ, λ̂N , ŵN )

is the empirical saddle-point residual for ẑN . All in all, we need ε̂sad(ẑN ) ≤ ε
2 with confidence 1− δ

2 .

By linearity of L̂r(·,λ,w) we have that for all n ∈ N, and for all θ ∈ Θ,

L̂r(θn,λn,wn)− L̂r(θ,λn,wn) =
〈
∇θL̂r(θn,λn,wn),θn − θ

〉
. (47)

Similarly, by linearity of L̂r(θ, ·, ·) we have that for all n ∈ N, and for all (λ,w) ∈ Λ×W ,

L̂r(θn,λ,w)− L̂r(θn,λn,wn) =
〈
∇λL̂r(θn,λn.wn),λ− λn

〉
+
〈
∇wL̂r(θn,λn,wn),w −wn

〉
. (48)

Therefore,

ε̂sad(ẑN ) =
1

N

(
max

(λ,w)∈Λ×W

N∑
n=1

L̂r(θn,λ,w)−min
θ∈Θ

n∑
n=1

L̂r(θ,λn,wn)

)
=

1

N
max
z∈Z

N∑
n=1

〈G(zn), zn − z〉 ,

where the first equality follows once more by linearity of L̂r(·,λ,w) and L̂r(θ, ·, ·), and the second equality by (47)
and (48).

Consider now the sequence of ghost iterates (z̄n)Nn=1 in Z generated by taking gradient step with G(zn) − g(zn, ξn)
coupled with each iteration, i.e.,

z̄1 = z1, z̄n+1 = arg min
z̄∈Z

(
〈G(zn)− g(zn, ξn), z̄〉+ 1

ηBR(z̄||z̄n)
)
,

where BR is the same Bregman divergence as in (40).

We then have

max
z∈Z

N∑
n=1

〈G(zn), zn − z〉 ≤
N∑
n=1

〈∆n, zn − z̄n〉︸ ︷︷ ︸
,T1

+ max
z∈Z

N∑
n=1

〈gn, zn − z〉︸ ︷︷ ︸
,T2

+ max
z̄∈Z

N∑
n=1

〈∆n, z̄n − z̄〉︸ ︷︷ ︸
,T3

, (49)
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where

gn , g(zn, ξn) and ∆n , G(zn)− g(zn, ξn).

Moreover, we set for brevity gn,θ , gθ(zn, ξ̂n), gn,λ , gλ(zn, ξ̃n), gn,w , gw(zn, ξ̄n), ∆n,θ , ∇θL̂r(zn)−gθ(zn, ξ̂n),
∆n,λ , ∇λL̂r(zn)− gλ(zn, ξ̃n), and ∆n,w , ∇wL̂r(zn)− gw(zn, ξ̄n).

We are now going to bound each term in (49) separately.

Bounding the term T1. Let ξn = (ξ̂n, ξ̃n, ξ̄n) be the generated sample at round n and let Fn = σ(ξ1, . . . , ξn) be the
σ-algebra generated by the history process. The iterates zn = zn(ξ1, . . . , ξn−1) and z̄n = z̄n(ξ1, . . . , ξn−1) are functions of
ξ1, . . . , ξn−1 (and thus they are random). Since in addition, zn and z̄n are independent of the randomness of ξn (we sample
ξn after the definition of zn and z̄n), we get by Lemma 10 that the sequence of random variables Yn = 〈∆n, zn − z̄n〉 forms
a martingale difference, i.e., Yn is Fn-measurable and E [Yn | Fn−1] = 0. In order to bound the term T1 =

∑N
n=1 Yn, we

will use a Bernstein martingale concentration inequality (Theorem 3.15 in (McDiarmid, 1998)). In particular, for any ε ≥ 0,

P

[
N∑
n=1

Yn ≥ ε

]
≤ exp

(
−ε2

2Nσ2(1 + bε
3Nσ2 )

)
, (50)

where |Yn| ≤ b, for all n ∈ N and Var [Yn | Fn−1] ≤ σ2, for all n ∈ N. We think of the term bε
3Nσ2 as a negligible error

term. In order to use (50) we need to compute the constants b and σ2. We have

Yn = 〈∆n, zn − z̄n〉 =
〈
∆n,θ,θn − θ̄n

〉
−
〈
∆n,λ,λn − λ̄n

〉
− 〈∆n,w,wn − w̄n〉 .

For the term
〈
∆n,θ,θn − θ̄n

〉
we have

∣∣〈∆n,θ,θn − θ̄n
〉∣∣ ≤ ∣∣〈cwn

−T∗γuλn + Cβ,γ · 1,Φθn −Φθ̄n
〉∣∣+

∣∣〈gn,θ,θn − θ̄n〉∣∣ (By triangle inequality)

≤‖cwn −T∗γuλn + Cβ,γ · 1‖∞‖µθn − µθ̄n‖1 + ‖gn,θ‖∞‖θn − θ̄n‖1 (By Hölder’s inequality)

≤ 8β

1− γ
+

8βnµ
1− γ

=
8β(nµ + 1)

1− γ
. (By Lemmas 7, 8 and 10)

Moreover, for the term
〈
∆n,λ,λn − λ̄n

〉
, we have

∣∣〈−∆n,λ,λn − λ̄n
〉∣∣ ≤ ∣∣〈ν0 −Tγµθn ,Ψλn −Ψλ̄n

〉∣∣+
∣∣〈gn,λ,λn − λ̄n〉∣∣ (By triangle inequality)

≤‖ν0 −Tγµθn‖1‖uλn − uλ̄n‖∞ + ‖gn,λ‖∞‖λn − λ̄n‖1 (By Hölder’s inequality)

≤ 8β

1− γ
. (By Lemmas 7, 8 and 10)

Finally, for the term 〈∆n,w,wn − w̄n〉, we have

|〈−∆n,w,wn − w̄n〉| =
∣∣〈c(x̄,ā),wn − w̄n

〉
+
〈
µθn ,Cwn −Cw̄n

〉∣∣ (By Definition 1)
≤‖c(x̄,ā)‖∞‖wn − w̄n‖1 + ‖µθn‖1‖cwn

− cw̄n
‖∞ (By Hölder’s inequality)

≤4. (By Lemma 7)

All in all, |Yn| ≤ b , 8β(nµ+2)
1−γ + 4.
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We are now going to bound the conditional variance of Yn. We have

Var
[〈

∆n,θ,θn − θ̄n
〉
| Fn−1

]
= E

[〈
∆n,θ,θn − θ̄n

〉2 | Fn−1

]
(51)

= E
[〈

gn,θ,θn − θ̄n
〉2 | Fn−1

]
−
〈
∇θL̂r(zn),θn − θ̄n

〉2

(52)

≤E
[〈

gn,θ,θn − θ̄n
〉2 | Fn−1

]
(53)

= E
[
g2
n,θ,ι̂n(θn,ι̂n − θ̄n,ι̂n)2 | Fn−1

]
(54)

=

nµ∑
i=1

∑
x,a,y

1

nµ
φi(x, a)P (y|x, a)g2

n,θ,i(θn,i − θ̄n,i)2 (55)

≤ 1

nµ
‖gn,θ‖2∞‖θn − θ̄n‖22 (56)

≤ 1

nµ
‖gn,θ‖2∞‖θn − θ̄n‖21 (57)

≤ 64β2nµ
(1− γ)2

, (58)

where in (51) we used that E[
〈
∆n,θ,θn − θ̄n

〉
| Fn−1] = 0, in (52) we used that the random variables zn − z̄n and

θn − θ̄n are Fn−1-measurable and that E [gn,θ | Fn−1] = ∇θL̂r(zn), in (55) and (56) we used Definition 1, in (56) we
used that φi ∈ ∆X×A and P (·|x, a) ∈ ∆X , in (57) we used that ‖θ‖2 ≤ ‖θ‖1, and in (58) we used the triangle inequality
and Lemma 10.

By similar arguments, we have

Var[
〈
∆n,λ,λn − λ̄n

〉
| Fn−1] ≤ E

[〈
gn,λ,λn − λ̄n

〉2 | Fn−1

]
≤ ‖gn,λ‖2∞‖λn − λ̄n‖21 ≤

16β2

(1− γ2)
. (59)

Finally,

Var[〈∆n,w,wn − w̄n〉 | Fn−1] ≤ E
[
〈gn,w,wn − w̄〉2 | Fn−1

]
≤ ‖gn,w‖2∞‖wn − w̄n‖21 ≤ 64. (60)

Now, since ξ̂n, ξ̃n, ξ̄n are independent and both zn and z̄n are Fn−1-measurable, we get that
〈
∆n,θ,θn − θ̄n

〉
,〈

∆n,λ,λn − λ̄n
〉
, and 〈∆n,w,wn − w̄n〉 are independent given Fn−1. Therefore,

Var[Yn | Fn−1] = Var[
〈
∆n,θ,θn − θ̄n

〉
| Fn−1] + Var[

〈
∆n,λ,λn − λ̄n

〉
| Fn−1] + Var[〈∆n,w,wn − w̄n〉 | Fn−1]

≤ σ2 ,
16β2(4nµ + 1)

(1− γ)2
+ 64.

Therefore by the Bernstein martingale concentration inequality (50) we have with probability at least 1− δ

N∑
n=1

Yn ≤

√
2Nσ2(1 + o(1)) log

(
1

δ

)
= O

β
√
Nnµ log( 1

δ )

1− γ

 . (61)

Bounding the term T2. By Lemma 9, we know that gn,θ ≥ 0 and −gn,w ≤ 0, for all n ∈ N. Therefore, by Lemma 10
and Lemma 11 in (Jin & Sidford, 2020)3 for a fixed z ∈ Z, we have that

N∑
n=1

〈gn, zn − z〉 ≤1

η
BR(z||z1) +

N∑
n=1

[
〈gn, zn − zn+1〉 −

1

η
BR(zn+1||zn)

]
(62)

≤1

η
BR(z||z1) +

η

2

N∑
n=1

[
‖gn,θ‖2θn +

β2

nu
‖gn,λ‖22 + ‖gn,w‖2wn

]
. (63)

3Note that Lemma 11 in (Jin & Sidford, 2020) still holds for γt ≥ −1 since the inequality e−a ≤ 1− a+ a2 holds for all a > −1
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Now, we define

Zn =

[
‖gn,θ‖2θn +

β2

nu
‖gn,λ‖22 + ‖gn,w‖2wn

]
−E

[
‖gn,θ‖2θn +

β2

nu
‖gn,λ‖22 + ‖gn,w‖2wn

| Fn−1

]
.

Clearly Zn is an Fn-martingale difference. Therefore, by the Azuma-Hoeffding inequality (Theorem 3.14 in (McDiarmid,
1998)), with probability at least 1− δ, it holds that

N∑
n=1

Zn ≤

√
N log

(
1
δ

)
2

·M1, (64)

where |Zn| ≤M1, for all n ∈ N.

Putting them all together we get that with probability at least 1− δ

max
z∈Z

N∑
n=1

〈gn, zn − z〉 ≤ 1

η
max
z∈Z

BR(z||z1)︸ ︷︷ ︸
≤M2

+
η

2

N∑
n=1

E

[
‖gn,θ‖2θn +

β2

nu
‖gn,λ‖22 + ‖gn,w‖2wn

| Fn−1

]
︸ ︷︷ ︸

≤M3

+
ηM1

2

√
N log

(
1
δ

)
2

.

(65)
By using the gradient bounds in Lemma 10, we get

M3 , N

(
16β2nµ
(1− γ)2

+
β2

nu

4nu
(1− γ)2

+ 16

)
= O

(
β2nµN

(1− γ)2

)
and

M1 , 2

(
16β2n2

µ

(1− γ)2
+
β2

nu

4nu
(1− γ)2

+ 16

)
= O

(
β2n2

µ

(1− γ)2

)
.

Moreover, by considering the Bregman divergence given in (40) and that z1 = ( 1
nµ

1,0, 1
nc

1), we get that

M2 ,
(
log nµ + log nc + 1

2

)
.

Therefore, by setting η , 1−γ
β
√
Nnµ

we get by (65) that with probability at least 1− δ

max
z∈Z

N∑
n=1

〈gn, zn − z〉 ≤ O

(
β
√
Nnµ

1− γ

)
+O

(
β
√
Nnµ

1− γ

)
+O

β
√
n3
µ log

(
1
δ

)
1− γ

 . (66)

Bounding the term T3. By the choice of η , 1−γ
β
√
Nnµ

and Lemma 10 we get that for all n, it holds that ‖η∆n,θ‖∞ ≤ 1 and

‖η∆n,w‖∞ ≤ 1. Indeed, note for example that by Jensen’s inequality for conditional expectations and Lemma 10, we have

‖η∆n,θ‖∞ ≤ 2η‖gn,θ‖∞ ≤ 8
√

nµ
N ≤ 1, for sufficiently large N . Therefore, once more we can combine regret bounds of

stochastic mirror descent with local norms (Lemma 10 and Lemma 11 in (Jin & Sidford, 2020)) and the Azuma-Hoeffding
inequality (Theorem 3.14 in (McDiarmid, 1998) ) to end up that with probability at least 1− δ

max
z̄∈Z

N∑
n=1

〈∆n, z̄n − z̄〉 ≤ 1

η
max
z̄∈Z

BR(z̄||z̄1)︸ ︷︷ ︸
≤m2

+
η

2

N∑
n=1

E

[
‖∆n,θ‖2θ̄n +

β2

nu
‖∆n,λ‖22 + ‖∆n,w‖2w̄n

| Fn−1

]
︸ ︷︷ ︸

≤m3

+
ηm1

2

√
N log

(
1
δ

)
2

,

(67)
where [

‖∆n,θ‖2θn +
β2

nu
‖∆n,λ‖22 + ‖∆n,w‖2wn

]
−E

[
‖∆n,θ‖2θn +

β2

nu
‖∆n,λ‖22 + ‖∆n,w‖2wn

| Fn−1

]
≤ m1.
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By using similar arguments as the ones regarding the term T2, we get that with probability at least 1− δ

max
z̄∈Z

N∑
n=1

〈∆n, z̄n − z̄〉 ≤ O

(
β
√
Nnµ

1− γ

)
+O

(
β
√
Nnµ

1− γ

)
+O

β
√
n3
µ log

(
1
δ

)
1− γ

 . (68)

Putting them all together. Combining the bounds for the three terms T1, T2 and T3 above and using a union bound, we get
that with probability at least 1− δ

ε̂sad(ẑN ) ≤ O

β
√
nµ log

(
1
δ

)
(1− γ)

√
N

+O

β
√
n3
µ log

(
1
δ

)
(1− γ)N

 . (69)

Thus the sample complexity of mirror descent is N = max

{
O
(
β2nµ log( 1

δ )
(1−γ)2ε2

)
,O

(
β
√
n3
µ log( 1

δ )
(1−γ)ε

)}
.

E. Numerical Experiments
In this section we analyze performance of the policy extracted from a saddle point of the Lagrangian

L(µ,u,w) =
〈
µ, cw −T∗γu

〉
− 〈w,ρC(π̂E)〉+ 〈ν0,u〉

as a function of the number of trajectories m used to compute the empirical feature expectation vector ρC(π̂E). The
length of each trajectory is set to H = 200. These preliminary results do not consider approximation of µ and u by linear
combinations of features.

Our environment is a 16-by-16 gridworld with state space X = {(i, j) | i ∈ [16], j ∈ [16]} and action space A =
{‘up’,‘down’,‘left’,‘right’}. The initial state distribution is uniform over X . When an action is played, the
executed direction will be the same as the intended with probability 0.7 and any of the remaining directions with probability
0.1. If the executed direction does not take the agent outside the grid, then the agent will move in the intended direction;
otherwise, it will remain at the same cell.

We generate 5 cost vectors as ci = c̄i ⊗ 1 with 1 ∈ R|A|, where ⊗ denotes the Kronecker product and elements of
c̄i ∈ R|X | are drawn from the set {0,−1, 1} with probabilities {0.8, 0.1, 0.1}, respectively. The expert policy is an optimal
one for cost vector ctrue = c1.

Figure E shows statistics for the performance of the learned policies depending on the number of sample trajectories m
used to compute ρC(π̂E). For each m we performed 20 runs. The figure shows that, even for a modest number of sample
trajectories, the performance of the extracted policy is close to that of the expert.

F. A No-Regret Online Learning View
An online learning problem (Shalev-Shwartz, 2012; Hazan, 2016) describes the iterative interactions between a learner and
an opponent. In round n, the learner chooses a decision zn in the decision set Z, the opponent chooses a per-round loss
function `n : Z→ R, and information about∇`n(zn) is revealed to the learner.

After N rounds, the goal is to minimize the regret

RegretN(Z) ,
N∑

n=1

`n(zn)−min
z∈Z

N∑
n=1

`n(z).

In Appendix, we argue that solving the online learning problem with Z = Θ× Λ×W and per-round loss function

`n(z) ,Lr(θ,λn,wn)− Lr(θn,λ,w)

=
〈
µθ − µπE

, cwn −T∗γuλn
〉
−
〈
µθn − µπE

, cw −T∗γuλ
〉
,
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Figure 2. Performance of learned policies for a 16-by-16 gridworld environment. The dashed line shows ρctrue
(πE). The error bars show

the mean and standard deviation over 20 runs and the shaded area provides bounds for the computed policies.

is equivalent to solving the linearly-relaxed saddle-point problem (2).

Note that the per-lound loss `n is linear in z = (θ,λ,w). Moreover, the corresponding online learning problem is continuous
and predictable. In other words, the per-round loss `n changes continuously with respect to the played decisions of the
learner, and the environment is not completely adversarial since the transition matrix P and the expert policy πE remain the
same across different rounds of online learning. A similar reduction of the forward RL problem to no-regret online learning
has been investigated in (Cheng et al., 2020).

To see why the two problems are equivalent, first of all note that ∇z`n(zn) = G(zn). Moreover, by the bilinearity of the
Lagrangian L we get that

εsad(θ̂N , λ̂N , ŵN )

= max
z∈Z

[
Lr(θ̂N ,λ,w)− Lr(θ, λ̂N , ŵN )

]
=

1

N
max
z∈Z

N∑
i=1

[Lr(θn,λ,w)− Lr(θ,λn,wn)]

=
1

N

(
N∑
n=1

`n(zn)−min
z∈Z

N∑
n=1

`n(z)

)
=

1

N
RegretN(Z).

Therefore, any stochastic first-order primal-dual algorithm for the bilinear Lagrangian L is equivalent to the corresponding
online learning algorithm with first-order noisy feedback for the linear losses `n. Moreover, the average ẑN is an (ε, δ)-
optimal saddle point to (2) if and only if the average regret 1

NRegretN(Z) < ε with probability 1 − δ. In particular,
Algorithm 1 can be seen as online mirror descent for the empirical per-round loss function ̂̀n.

It is worth noting that this online learning approach differs from the one in (Ross et al., 2011) where interaction with the
expert is required. It is also different from the game-theoretic approach in (Syed & Schapire, 2007) where the forward RL
problem has to be solved repeatedly.

G. Future Directions
There is an emerging body of literature (De Farias & Van Roy, 2003; Abbasi-Yadkori et al., 2014; Chen et al., 2018; Sutter
et al., 2017; Lakshminarayanan et al., 2018; Mohajerin Esfahani et al., 2018; Wang, 2020; Lee & He, 2019; Banjac &
Lygeros, 2019; Beuchat et al., 2020; Martinelli et al., 2020; Cheng et al., 2020; Jin & Sidford, 2020; Shariff & Szepesvári,
2020; Bas-Serrano et al., 2020; Bas-Serrano & Neu, 2020) that studies ALP for the forward RL. In this paper we analyzed
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applied ALP techniques for the design of a provably efficient IRL algorithm. We hope that our techniques will be useful
for future algorithm designers and will lay foundations for more exhaustive research in this direction. We discuss a few
interesting directions.

• Extension to continuous MDPs. In this case the primal-dual LPs are infinite-dimensional. Indeed, the occupancy
measures µ live in a measure space, the u variables live in a function space, and the constraints are uncountably infinite.
Also the vector norms are replaced by the total variation norm of measures and the sup-norm of functions. We have to
impose appropriate regularity assumptions on the MDP model, so that the linear operators Tγ and T∗γ are well-defined
and continuous. Moreover, we have to show that strong duality holds, since this is not anymore straightforward. We
expect, that these technical issues can be tackled by similar tools as for forward MDPs (Ch.6 in (Hernández-Lerma &
Lasserre, 1996)). A more crucial point is that while one can adopt our approach, there is no analytical expression for
the extracted policy πθ̂N as for finite MDPs. A remedy for this difficulty could be to add a sparse solution promoting
regularizer for the µ-variable as proposed e.g., in (Boyd et al., 2017).

• Extension more general and other IRL settings. Our methodology is naturally extensible to the more general case
of RL with convex cosnstraints (Miryoosefi et al., 2019). A less straightforward extension is IRL with risk-sensitive
objectives (Brown et al., 2020a). We consider this as an exciting future direction.

• Imitation learning as f -divergence minimization. In this work we utilize Lagrangian duality and propose a primal-dual
algorithm for the resulting bilinear minimax formulation of the LfD problem. On the other hand, (Nachum et al.,
2019a; Nachum & Dai, 2020) regularize the objective of the LP formulation for the policy evaluation problem with an
f -divergence, so that the Fenchel-Rockafellar dual is an unconstrained convex program over Q-functions. In this way,
one avoids possible complications due to the nested min-max optimization in the Lagrangian (e.g., in our case the need
of strong value function features), but is not able to use standard stochastic optimization techniques because the gradient
estimates become biased. Moreover, one can derive an actor-critic-type method (Nachum et al., 2019b), in which a
Q-value is learned to minimize the squared Bellman error and a policy π is learned to maximize the Q-values. The
same reasoning can be applied for imitation learning with f -divergences (Ghasemipour et al., 2020; Kostrikov et al.,
2020), which is a generalization of the maximum causal entropy IRL framework in (Ho & Ermon, 2016). While these
algorithms are theoretically justified up to a point, they come without convergence guarantees. Indeed, the squared
Bellman error is not convex and can lead to instabilities. A possible remedy is to use the convex and smooth logistic
Bellman error introduced in (Bas-Serrano et al., 2020) which arises from a different regularized Q-LP formulation.
This approach is quite intriguing, requires careful design and analysis, and will be the subject of future work.


