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A. Theoretical Analysis

As described in the main manuscript, the theoretical analysis presented here provides a non-uniform recovery guarantee,
which applies to in-distribution objects that are in the range of the StyleGAN G, further constrained by styles from the prior
image. In contrast to the theoretical results presented in (Bora et al.,|2017) where the Lipschitz constant of the generator
network G is used to bound the number of measurements, the analysis presented here is in terms of the expected Frobenius
norm of its Jacobian. Due to this, the presented analysis applies to generative networks having Lipschitz constants that are
large as compared to the typical scaling of differences under the network, or generative networks that are not Lipschitz
stable, such as StyleGAN2. The price paid is in terms of the guarantee being non-uniform, and allowing for an additional
network-dependent term in the reconstruction error. Nevertheless, as we show, the proposed guarantees are useful in
analyzing the behaviour of generative model-constrained reconstruction in general, and the PICGM method in particular.

We begin by defining the notation used.
Notation A.1.

1. Let py denote the distribution of the extended latent space vector w = [u] uj ... u}]T € W, where u; =
Gmapping (Zi), Z; ~ N (0, I1,), z;’s are independently distributed, with I}, denoting the real k x k identity matrix.

2. Recall that as evidenced by (Wulff & Torralba, |2020), it can be assumed that if W ~ py,, v = LReL, (W) is distributed
as a multivariate Gaussian distribution. Let v and X be its mean and covariance matrix respectively. Recall that
LReL,, denotes the leaky-ReLU nonlinear activation, defined as

Ly z; Z 0)

)

The value of o is the reciprocal of the scaling value for negative numbers included in the last leakyReLU layer in the
mapping network gmapping.

3. Let p1, p2 be positive integer multiples of k, with 1 < p1 < pa < K. Let P = py—py. Let Wl‘fl po be the P-dimensional
subspace of W containing all w such that w.p, = 0, Wp,.;c = 0.

4. Let
BE(r) :={ws.t. |[LReLy(w) — ||y <7},
BE(r):={vst |v-v|s<r}.
Similarly, let

PI PI
BELP2 () = {w st.wE Bf(r),wlm = W§:p1),wp2;K = W;Q:IL},

PI PI
BPuPz () = {v st.v e B{f(r),Vl:m = ngpl),vmcK = vézzf)(},
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XHQZ =x"Y"'x Notethat« > 1and1 < p; < ps < K.

where for a vector x € RE,
5. Let J(w) denote the Jacobian of the synthesis network G evaluated at w. Let Jy,, .., (W) denote the Jacobian of G with

respect to Wp, .., , evaluated at w.

We first prove the following series of lemmas.

Lemma A.l. Let 0y > 05 > -+ > ok be the singular values of VX. Let = [0y 0a ... o] . Forr > 1, if NE1P2(¢)
is an optimal e-net of BE}P2(r), then

. 6r [
log [NE+P2| < Plog [ (e + 2.
€ VK

Proof. First, note thatif w ~ py, then the subsections of w corresponding to the different style inputs, i.e. Wi 1.(141)%, | =
0,...,L — 1 are distributed such that wyj, 1.(;4-1)% is independent to and identically distributed as wyoy, 1041y if § # 1.

This implies that the singular values of /X are degenerate to a certain degree. Specifically,
OjL+1 =0jr+2 =" =0GsnL, J=0,2,...,k—1 (2)
Let o} > ob > --- > o/, be the singular values of \/Cov(v,, ,,), andlet ' = [0} o} ... o] Therefore, by|Eq. (2),

L
JP VK ®)

Note that B2*P2(r) is an ellipsoid with center v, .,, and principal radii of lengths o}r, i = 1,2,..., P. Assume for a
moment, that there exists an integer p such that 0,7 > € > 0, ;7. Let Ny (¢) be an optimum e-net of BL*72(r).

Therefore, by Theorem 2 in (Dumer;, |2000),

P /
log [Ny (€)] < Y log (Tf) + Plog,
i=1
r\F L
<1 - ! i
< log (6) HUZ,H €| + Plog6, (since r > 1,)
=1 1=p+1
—67“ 1 &
< Plog | — <e +5 ; a;ﬂ , (by AM-GM inequality,)
< Plo Gl (e—i- H /|)} (by AM-RMS inequality,)
> g e JP ) y q Yy,
[6r | ||>]
<Plog|— e+ —= ]
“ e ( VE

Observe that this bound is valid even if € > o7 or e < opr. Since o > 1, LReL () is a bijective function with Lipschitz
constant 1. Therefore, for every vi = LReL,(w1), and vo = LReL, (w3),

[w1 — wal| < [lvi —vaf.

Therefore,

log [NE+P2(e)| < Plog {6: <e + H/E)] . 4)
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Now, the following assumptions about StyleGAN are made.

1. Path length regularity:
2
Ewnpw ([[J (W)l —a)” <D, (AS1)

where b > 0 and a = Ey, ||J(W)||» are global constants. As described in the main manuscript, this assumption is
inspired by the path-length regularization used in (Karras et al.| 2020). Although during training a is implemented as
EwEy~n(0,1n) H J(w) Tyl|, as per the Hanson-Wright inequality, this concentrates to Ey, ||.J(W)]| -, when y is high-
dimensional (Vershynin,[2018). The value of a was estimated by empirically estimating Evw~p,, Ey~nr(0,1,0) H J (W)TyH
using 100 samples w drawn from py, and 100 samples y drawn from A/ (0, I,,) for each sample of w. b was empirically
estimated over the same dataset of samples using The values of a and v/b were estimated to be around 80.1
and 16.7 respectively for the specific StyleGAN?2 trained and used in the inverse-crime study.

2. Approximate local linearity:
Ewepw max  L(w,w) < 5%(e), (AS2)
] <c
where
2
LW, w) = [[G(W') = G(w) — J(w)(w' —w)]

This property essentially measures how close G is to its linear approximation in an e-neighborhood around a point w.
For ease of notation, we will write

b6 W)= max LW, w), )
D 0
[|w'—wl|<e
wofw€1/\7;r1;p2

with ¢, »,(6; w) > 0. Approximate estimates of 32(e) were obtained for several values of € by first computing
the Jacobian at a point w ~ py,, and then iteratively maximizing £(w’, w) using a projected gradient ascent-type
algorithm. Figure [1| shows the plot of 32(¢) versus e estimated over a dataset of 100 samples w from py, for the
StyleGAN?2 trained and used in the inverse-crime study.

Lemma 4.1. If w is a sample from py, then it satisfies the following three properties with probability at least 1 — O(1/K):

17wl < VKa, (P1)
o1x(6w) < VEB(e) (P2)
HZ‘*I”LReLa(w)H < VE(L + o(1)) (P3)
2
Proof. For w sampled from py,, H and [P2|are true with probability at least 1 — ‘i;@b and 1 — 1/K respectively, due to

Markov’s inequality (Vershyninl 2018). is true with probability at least 1 — £2(e~“K) due to concentration of norm

(Vershynin, [2018). Therefore, by union bound, w satisfies all the three with probability at least 1 — O(1/K). O
As a consequence of Lemma 4.1, for
PI PI
Ws = [ngpl)—r W;:pz Wiizif)fT]T’

the following properties also hold with probability at least 1 — O(1/K) if w, w(D ~ py,:
[ Tpype (W) | o < VKa, (TP1)
(Since Jp,.p, (W) is a sub-matrix of J(wy))
bpy pa (6 Ws) < VEB(€) (TP2)

If w satisfies properties and[P3] then G(w) will be referred to as an in-distribution image in the range of G, since
these are the properties of a typical sample from the StyleGAN.
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Figure 1: Plot of ( )? versus

Notation A.2.
LetBP1:P2(r) be the set of all points iBRP2(r) satisfying properties P1 and P2.
LemmaA.2. Let0< ?—:p% LetN: () be a discrete set i (BB P2(r)) such that for every 2 G(BR:P2(r)), there
exists arfg 2 N¢( ) such that
p_
ki fok, + K (=a): (6)

Then,

. . l4%ark k

Nt ()] Plog —p=—- (7

Proof. The outline of this proof is as follows. First, ama-covering oveBE:P2(r) will be constructed. Then, each of the
spherical balls covering b2 (r) is transformed into approximately an ellipsoid depending upon the Jacob@maithe
center of the spherical ball. Then, each of these ellipsoids will be approximately coveredrigt.arhe collection of all
such approximate-nets covering the individual ellipsoids will give an approximateet overG(BPf:P2(r)), which is the
result required.

Let = =a.LetNy () be an optimal-covering ofB*P2(r). Also, letN, ( ) denote an optimal-covering ofBf:P2(r).
Therefore, sinc®&R:P2(r)  BEP2(r), (Vershynin, 2018),

logjNw ()i logjNw (=2)j
12r k k

Plog — p=+

=t 3 (using Lemma A.1.)

Now, consider a pointvg 2 N, ( ). Therefore, for everyw®2 BPiP2(r) such thakw® wok , we have

KG(WY G(wo)k k J(wo)(w® wok+ 3 () 8

where& & & are the singular values 6§, .5, (Wo).
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LetN (wo) be a -covering ofE (wg). For a moment assume that there exists an intpgerch thaig <a &1 .
Therefore, from Theorem 2 in (Dumer, 2006), we have

&

X
logjN (wo)j log + P log6;
=1, 3

1 ¥ Y
=log4— & ad + Plog6

Plog12 %: (using Property TP1.)
Note that this bound holds even whan &,ora &.
Therefore, for every®such thakw® wok |, there exists a poirfi in N (wg) such that
KG(wo) + J(wo)(W® wo) fik
)k G(wo) + J(wo)(w® wo) GW9 + Gw?) fik
Yk G(wY  fik o+ pi (=a) 9)
(by triangle inequality)

This holds for allwg 2 NX (r). Therefore, a suitable candidate setfgr( ) is

Ni( )= fwysitwy 2N (wo); wo 2 NK (r)g (10)
Therefore,
r__
logiN7()j Ploglz N +plog 220 KX, ;
. P | K " 2a
p

bl 144 Kookk,
9 —P=— Ptgm

T

14%rk k
Plog —p——

Proof of Theorem 4.1

First, we note that the result of Lemma A.2 applies to a decreasing sequerise of= (=2'. Also, from Fig. 1, we note

that ( ) goes polynomially with with (0) = 0. Due to these, Lemma 8.2 in (Bora et al., 2017) can be reformulated as
following, with the proof proceeding similarly as (Bora et al., 2017).

Lemma A.3. LetH 2 R™ " be a matrix with iid Gaussian random elements having mean 0 and varibsoe Let

0< %‘p% Forall °< ,let ( %a) go polynomially as%a, with (0)=0. If

m = Plogark k ; (11)

then for anyf 2 G(Bf:P2(r)), if fO= argmin gy ) f f L kH(E 9% O( + p? ( =a)) with probability
1 e (M,
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The proof goes similarly as the proof of Lemma 8.2 in (Bora et al., 2017). Furthermore, similar to Lemma 4.1 in (Bora et al.,
2017), Lemma A.2 and Lemma A.3 give rise to the set-restricted eigenvalue conditibfs(BP:P2(r)) as follows:

Lemma A.4 (Set-restricted eigenvalue conditioret < 1. LetH be an matrix with iid Gaussian-distributed elements

with mean 0 and variancé=m. Let0 < %‘p% Forall °< ,let ( %a) go polynomially as®a, with (0)=0. If
m = Ez log ark k ; (12)
thenH satis es the S-REG3(BP P2(r)); 1 ; + p? (=a) with probabilityl e ¢ “m),

Lemma A.4, Lemma 4.3 in (Bora et al., 2017) and Lemma 4.1 imply Theorem 4.1 which is restated here for convenience.

Theorem 4.1.

LetH 2 R™ " satisfyS-REQG(BPP2(r)); ; + p? (=a)). Letn 2 R™. Letw;w®)  p,. Letf®) = Gw®))
be the known prior image. Let

PH > > P > ]> .

W=[wip ™ Woip, Wk

Letf = G(w) represent the object to-be-imaged. bet Hf + n be the imaging measurements. Let

f= argmin kg Hfk3: (13)
f2G(B (1)
Then,
1 p_
Ktk =@knk+ + K (=a)) (14)

with probabilityl O(1=K).
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B. Additional Figures

B.1. Inverse crime study:n=m =5

Figure 2: Ground truth, prior image and image estimated from Gaussian measurememsmith 5 using the proposed approach in
the inverse crime case.
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B.2. Inverse crime study:n=m = 10

Figure 3: Ground truth, prior image and image estimated from Gaussian measurememsmith 10 using the proposed approach in
the inverse crime case.
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