A Distribution-Dependent Analysis of Meta Learning

A. Parameters of the Posterior Distribution
Recall that

Pn(05 | D) x p°(Yy, | X0, 0 1)p° (6, |, 2) .
We first give a handy proposition for the posterior distribution over the parameters 6,,.
Proposition A.1.

Inp,(6,) = —%(071 — )T (8, — p) + const(8,,)

where covariance is .
T = <2—1 + UIQXJXn>
and mean is
w="T (2—1a + ;X,IYn> )

Proof. The log-likelihood is the following chain of identities:

7'71" :E;Lr'an_yn'z 1
Inp,(0,) = —Ej*l( 23 5 ) - 5(9n —a)'2740, — a) + const(,,)
o
251 (0 @ i, 00 — 2Yn .y ;6,)
202

1
— _i(englan —2a"%710,,) + const(6,,)

T
1 1

=-3 (9;{7-1071 _9 <21a + 2XJYn> 9n> + const(6,,)
o

= 5 (60— )T (0, — ) + const(6,)

First note that the first consequence of Proposition A.1 is a MLE for 6,,,
N 1
N <§3—1a + 2X;Yn> .
o

The second consequence is the following corollary which is obtained by taking Y = 8, & + ¢ and simply observing that the
mean of a p,, (0, | D) is u, and so E[Y | D] = x " u while the variance is V[Y' | D] = E[(z0,, +¢)?|D] — E[(z"6,, +
)PP =x"Tx+ 0%

Proposition 4.6 (restated). LetY = 0,) z + ¢ for ¢ ~ N(0,02) and some x € R%. Then,
1
EY |D]=a"T (21a + 2X,TYH)
g

and VY |D]l=a Tx+o>.

B. Proof of the Lower Bounds

Our task reduces to establishing lower bounds on
E [(Jm*(a_a)ﬂ (10)

for any choice of estimator &, which in combination with Lemma 4.5 will prove Theorem 4.1. In the next section we first
prove a lower bound for any unbiased estimator relying on the Cramér-Rao inequality. In what follows, in Appendix B.2, we
will show a general bound in Lemma B.4 valid for any estimator (possibly biased) using a hypothesis testing technique
(see, e.g. (Lattimore & Szepesvari, 2018, Chap. 13)). Finally, in Lemma B.5 we prove a high-probability lower bound
on Eq. (10).
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B.1. Lower Bound for Unbiased Estimator &

Theorem B.1 (Cramér-Rao inequality). Suppose that o € R? is an unknown deterministic parameter with a probability
density function f(x | o) and that & is an unbiased estimator of o.. Moreover assume that for alli,j € [d], x : f(z|a) > 0,

760(?;% In f(x | &) exists and is finite, and 780‘?;% Jéaf(z|la)de=[a <8a672f(x \ a)) dz.

iaaj

Then, for the Fisher information matrix defined as
F=-E[Valnf(X|a)Valnf(X|a)"]
we have
E[(a ~ E[a]) (&~ Ela])T] = P
Lemma B.2. For any unbiased estimator & of o in Eq. (2) we have
E[(z" TS N (a—&)?)] > TS (¥ K®) 'S Ta. (11)

Proof. Recall that according to the equivalence (2) Y ~ N (¥ q, K) and the unknown parameter is c. To compute the
Fisher information matrix we first observe that

Valnp® (V;¥a, K) =¥ 'K (Y - ®a)
and so
F=E [va InpS (V; We, K) Ve Inp® (V; Tar, K)T}

=V 'K 'E[(Y - ¥a)Y —Ta) | KT

=0 K ',
Thus, by Theorem B.1 we have

Elfla-a&)(a—6)'] = (T K '¥)" .

Finally, left-multiplying by « " 77X~ and right-multiplying the above by X ~'7 x gives us the statement. O

B.2. Lower Bound for Any Estimator &

The proof of is based on the following lemma.

Lemma B.3 (Bretagnolle & Huber 1979). Let P and () be probability measures on the same measurable
space (Q, F), and let A € F be an arbitrary event. Then,

P(A) +Q(A) >  exp(~D (P, Q) (12

where Dk, (P, Q) = [, In (P(w)/Q(w)) dP(w) denotes Kullback-Leibler divergence between P and Q and A° = Q \ A
is the complement of A.

Lemma B.4. For any estimator & of ac in Eq. (2) we have
x Mx

16y/e
Proof. Throughout the proof let ¢ = X =17 . Consider two meta-learning problems with target distributions P and Q
characterized by two means: ap = 0 and ag = A(P T K~1W)~!q where A > 0 is a free parameter to be tuned later
on. Thus, according to our established equivalence (2), in these two cases targets are generated by respective models
P=N(0,K)and Q = N(A¥ (T T K~ 'W¥)"!q K).
Recall our abbreviation M = TX (¥ T K~1W¥)~ 1S~ Markov’s inequality gives

E {(a:TTE_l(d - a))2] >

2
e (@7a - 0f0)?) =Br [(670)") > - (o Ma)" P (1aTal > Ga Ma) . whil
E [(qu - aTq)Q] > A—Z (.’BTM:I:)2 Qf|apg—a"q| > é:cTMw
Q Q =4 Q = 9
AQ

> - (mTM:c)ZQ <|qu| < ?.’BTMCI}> ,
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where the last inequality comes using the fact that |a — b| > |a| — |b| for a,b € R and observing that a&q =z ' Mz.
Summing both inequalities above and applying Lemma B.3 we get

Ep [(67q— i q)’] +Eg [(67q - adq)?] > = (¢ Ma)” - exp (~Dk1(P, Q)

(@)

A2
8
A% L 2 A% L

g(:c M:B) - exp (—2:3 Mac)7

where step (a) follows from KL-divergence between multivariate Gaussians with the same covariance matrix. Now, using a
basic fact that 2 max {a, b} > a + b, we get that for any measure IP given by parameter v we have

2 2
E [(o}Tq - aTq)Z} > % (scTM:c)2 - exp (—AQ:BTMCL') .

The statement then follows by choosing A? = (& Mx)~ . O

Now we prove a high-probability version of the just given inequality.

Lemma B.5. For any estimator & of o in Eq. (2) and any 6 € (0,1) we have

1 1

P <(wTT21(d ~a)’>In <4 : 1_5) wTMa:> >1-4.

Proof. The proof is very similar to the proof of Lemma B.4 except we will not apply Markov’s inequality and focus directly
on giving a lower bound the deviation probabilities rather than expectations. Thus, similarly as before introduce mean
parameters op = 0 and ag = A(¥ 'K 'W)~!q/ (2" M) and their associated probability measures P = N (0, K)

and@:_/\/’<w’[{)_

' Mz
Note that

R A R A
P(la7al>5) =7 (lafa-aTal > 5) .
. A . A
0(lafa-aTal>3) 2 (la7al < 3)

and so by using Lemma B.3 we obtain an exponential tail bound

T AT A T AT A 1 A
P(lapqg—c Q|Z§ +Q(|agg — & Q|Z§ ZGXP(—DKL(P||Q))=§GXP oMz )

Setting the r.h.s. in the above to 2(1 — &) where 0 is an error probability, and solving for A gives us tuning

1

2— _— —_—
A —2ln(4 -

) z Mz .
Thus, we get

1 1 1 1
and using the fact that 2 max(a, b) > a + b we get that for any probability measure P given by parameter o we have

P <(a];daq)2 > In <1~ L

-
1 1_5>a: M:c)_l )
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C. Proof of the Upper Bounds

Theorem 4.2 (restated).  For the estimator 8,,(&M"F) and for any & € R? we have
ElL(x)] =2 Mz +a Tx+ o>

Moreover for the same estimator, with probability at least 1 — 8,6 € (0, 1) we have

2
L(x) <2Iln (5) x Mz+x' Tx+ o’

Proof. Recall that
dMLE _ (\I’TK_qu)_l‘I’TK_ly )

The first result follows from Lemma 4.5 where we have to give an identity for
E|(27T5 " (a- &)’ (13)
and the missing piece is a covariance of the estimator GM"*
E [(a _ dMLE)(a _ dMLE)T]
= (KO TK 1 Cov(Y,Y)K ' (T K1) !
= (¢'K o). (14)

To prove the second result we have to give a high probability upper bound on Eq. (13).

Let ¢ = X7z and observe that ¢ " & is Gaussian (since Y is composed of Gaussian entries) with mean g "« by

equivalence (2), and covariance (¥ " K ~1W)~! by Eq. (14). Then, by Gaussian concentration for any error probability

§ € (0,1) we have
P <(q a—q'a"r)? > \/QQT(‘PTKI‘I’)lqln (?)) <4

which completes the proof. O

D. Derivation of EM Steps

Recall that our goal is to solve
g [ 1n (p(0, D|£) dp(9| D ).

First, we will focus on the integral. The chain rule readily gives
Inp(©,D|E)=lnp(@®|D,E&)+Inp(O|E).

Using the same reasoning and notation as in the proof of Proposition A.1 we get

/mpww ) dp(d | D, &) = iz( ( >—%i2/(5/;,j—w”19) dp(9; | D, Et))—&—const(c‘,")

=1 j=1
n my 1 T !
=33 (I () - v et e i) comt)
=1 j=1
using the fact that [(Y;; — 19 2d4p(¥; | D, &) = — ;i) + x; Tix; j where we took 8; ~ N (p;, T
i ,J i, ,J 5J

according to Proposition A. 1
Now we compute the expected log-likelihood of the vector of task parameters:

R 1 — N
/lnp(ﬁ [E)dp(9| D, &) = %lndet )b 5 g /(191- —a)"'S7 (9 — a)dp(®;| D, &) + const(£') .
i=1
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M-step for 02.  Now, note that since the likelihood of the vector of task variables ® does not depend on the parameter o2

we can solve for o2 based on the first order condition of the problem above. Differentiating the above equation with respect
to o2 (and ignoring the constant) gives

n m;

D (0 = ((Vig —wl )’ + 2 Tiwe ) (15)
i=1 j=1
while setting the derivative to zero gives

n m;

.
— Y (Vig — 2l m) + el o). (16)

i=1 j=1

0'2:

S|

M-step for .  Differentiating the objective w.r.t. o (and ignoring the constant) gives >\, X~ !(E[6;] — ) from which

we get
a=Y) mi. (17)
i=1

M-step for 3. Differentiating the expected log-likelihood of the vector of task parameters with respect to A = X! gives

> tr(TdA) — tr / (9 — a)(W9; — ) "dA) dp(9; | D, &) (18)
1=1
from which we get
%= ;;E[(Oi—axei —a)T]. (19)

Finally, computing the expectation

n

> (E[6,60]] - 2pa” +aal) = Z (i — @) (i — )" +T3i) (20)

i=1 i=1

shows the update for X.

E. Selecting )\ in Biased Regression

The parameter A is selected via random search in the following way. For each of the 50 samples of A from log-uniform
distribution on interval [0; 100] we perform the following procedure to estimate the risk L. Firstly, we split the training tasks
into K = 10 groups Si, . .., Sk of (approximately) equal size and compute the estimates ¢, using the data S\* from all
of the groups excluding the group k: S\F := UizkS;. For each of the estimated values ¢, we perform adaptation to and
testing on the tasks in the group Sy, using the given value of A. We split the samples of each task data D; € Sy, randomly
into adaptation and test sets 10 times each time such that the size of adaptation set is close to the size of adaptation sets used
with the actual test data. For each of the splits we compute an estimate of the parameter vector BA;M-J where £k is the index of
the group which was not used to estimate &, ¢ is the index of a task data D; € S, [ is the index of a random split of the
samples in that task into adaptation and test sets. With this parameter vector and using the test set of the task D; € Sy we
can also estimate the loss i/k,i,l after which all the loss values are averaged:

K

1 1 1 X
== —N"ipir
K |S\k\ Z 102 kil
k=1 iD,eS\F T I=1

At the end we select the value of A which lead to the smallest value of L using this cross-validation procedure.

F. Supplementary Statements
Proposition F.1. For M (see Eq. (5)) we have

M=o" (XX, +0I) A7 (BX] X, +02I)"",
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where we denote
A=>"X"(x;2X +°1)7'X;.
i=1
Proof. Recall that
M=Ts" (¢ K'w) '\

and observe that

(X1 ZX, +02I)7 ! 0 0
0 (XoEX, +02)7 ... 0
K_l - . . . )
0 0 co (XEX) 40

which in turn implies

K=Y X[(X,2X +0°)7'X; .
i=1

On the other hand,

-1
1
T = (=14 2X,TX,L> »!
g
=02 (2 T+ XX, X,)
Combining the above gives the statement.

Lemma F.2. In the following assume that X;'— X; = "1 for alli. Let \j(X) be the jth eigenvalue of 3. Then,

(M :0’4. . mi /) i= ,
M) (maj () + do?)? n

& oM (X (0) +57)

where HM(z; ), denotes the harmonic mean of sequence (z;)"_,. Moreover,

__ doN(D)
M) = o2 maA; (X))

Finally, the eigenvectors of M and T coincide with the eigenvectors of 2.
Proof. We first characterize eigenvalues of matrix M. By Proposition F.1,
M=c¢* (2X] X, +0I) " A (XX, +02I) "
We start with A~!, and by the spectral theorem, ¥ = UAU " for some unitary U and diagonal A:

n -1 n -1
Al = (ZXZ-T(XiEXiT +a21)1xi> = (Z(EXJXZ- +021)1XZTX1->

=1
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Now,
— —1
(BX) X, +01) " = (5 20402
_ T Ma
S CZARE I)
:U(A~%+ 21)_ U’
Thus,

A (M) = 2 n 1
(nZin Aj(Z) + ‘72) 2in1 X (D)+42>
. HM (3 (%) + 27
. ¢/ i=1
= — 5
(% 0i(2) + 0?) "
where recall that HM(z;)?_; denotes the harmonic mean of sequence (z;)?_;.
Using the same arguments as above
1 -1
T = (2—1 + 2X,an)
o
m. N —1
= (uauT+ )
( + do?
and so
1 do?\; ()
MN(T) = — My~ do? + ]/\,(g)'
N T dot 0% T Mn A
Finally, in both cases of M and ‘T~ we observe that their eigenvectors are eigenvectors of X. [

Corollaries 4.3 and 4.4 (vestated). In the following assume that X; X; = I for all i. For 3 = 721, any x € RY,
and any ¢ > 0,
do?7?

72m,, + do?

H_- d?o?

2 2
R — lzlf? + o2,
no (Tm, + d02)2 Il

ce Mx+x'Te+o’=c- lel* +

my

. . 2 n
where H 2 is a harmonic mean of the sequence (7'2 + dL) .
i=1

Moreover, let X be a PSD matrix of rank s < d with eigenvalues A1 > ... > \g > 0. Then for any = € R% and any ¢ > 0,

H d?c* do?\
T T 2 As 2 s 2 2
cx Mx+x' ' Tx+o“>c- . e + Al +o
no (Aymy, + do?)? lelere. Asmy + do? lller p.
where P, = [u1,...,u,]" and (u;)5_, are eigenvectors of X.

Proof. Recalling that by Proposition F.1,

M=c" (SX]X, +0I) " A7 (SX] X, +02T)"

and using Lemma F.2 with 3 = 72T we get the first result.
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Now we turn to the low-rank case. We start by considering a PSD matrix 3. with s eigenvalues A\; > ... > A; > 0 and
remaining d — s are ¢ > 0. Denote also by M., T . matrices w.r.t. .. The idea is to lower bound & " M_.x and =" T .
and then analyze a limiting behavior as € — 0.

By Lemma F.2, M, T, and 3. share the same eigenvectors w1, .. ., us, and so

d
cx ' M.x+2"T.x= CZ (u;'—:c)2 Aj(M:) +
Jj=1 J

(u;—x)Q A (Te)

d
=1

e (u x)" +c-

s d
H). ot T \2 H. ot
5 (u) e, 7
n My 2 n
=1 (A% +0?)

> =y 2 o’e ¢ 2
Pz W) | X ()
1= J

Now,

lim (chMgw + wTTEw)

e—0
s H)\j o! T2 ’ T,.\2 T \2
=c- L — (u, ) +— w, x) + — _ (u]ex
jz:; ()\j%+02)2( J ) M j=s+1( f) ) ;AanJFJQ( J )

st Z (w]a)* + — 2 Z (u] )
et n ()\1% + 0_2)2 = i As% + 0—2 = i )

d s

where we note that the limit of term («) is handled as

. 1 ot do?
e S —r (e + 02)2 M

do?
e+
m;

G. Further Experimental Details and Results

In this section we provide extra figures for our experimental results. Fig. 1 is complemented with Fig. 7, adding a second
example in addition to the one shown in the previous figure.

For completeness, the pseudocode of MoM is given in Algorithm 2.

Algorithm 2 MoM Estimator for Learning Linear Features of (Tripuraneni et al., 2020)

Input: ((z1,,91,5))721 5 (@15 ymnfl,j));:;l — training examples from n — 1 past tasks, s — problem rank.
-1 n
UDVT  SVD (5 S0 S0 o2 i)
B + [Q1,1u17 EERE Ds,sus]

return B
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Figure 7. Two sets of examples of predictions on the synthetic, ‘Fourier’ meta-learning problem. Top and bottom rows correspond to
different (random) instances; the top row in fact replicates Fig. 1. Training data is shown in bold, small dots show test data. We also
show the predictions for two learners (at every input) and the target function. The column correspond to outputs obtained training on

n € {10,50, 100} tasks.



