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Appendix
A. Preliminaries

We state some useful definitions and lemmas in this section.

Lemma A.1. Let X; and X5 be a pair of distribution vectors. Let H be the transition matrix of an ergodic Markov chain
with a stationary distribution v, and ergodicity coefficient (defined in Assumption 2.1) upper-bounded by v < 1. Then

I(H™)T (X1 = Xo)ll < 4™ X1 = Xa]l1 -
Proof. Let {vy, ..., v, } be the normalized left eigenvectors of H corresponding to ordered eigenvalues {1, ..., A, }. Then

v1 = v, A1 = 1, and for all 7 > 2, we have that A\; < 1 (since the chain is ergodic) and viTl = 0. Write X in terms of the
eigenvector basis as:

Xlzaly—l—Zaivi and Xg:/é’ly—i—z&vi.

=2 =2

Since XlTl =1and X;l = 1, it is easy to see that «; = 51 = 1. Thus we have
n
IHT (X1 = Xo) s = [H" > (i = B; Uz||1<7\|z = Bivilly = (| X1 = Xallx
i=2

where the inequality follows from the definition of the ergodicity coefficient and the fact that 1 "v; = 0 for all i > 2. Since

1"THT Z =17 Z Ai( =0,
the inequality also holds for powers of H. O

Lemma A.2 (Doob martingale). Let Assumption 2.1 hold, and let {(z¢, a¢)}7_, be the state-action sequence obtained when
following policies 71, ..., 7 for 7 steps each from an initial distribution v. For ¢ € [T, let X; be a binary indicator vector
with a non-zero element at the linear index of the state-action pair (z;, a;). Define for ¢ € [T7,

T T
ZXtXh...,Xi] ., and By=F lZth .
t=1 t=1

Then, {B;}L_, is a vector-valued martingale: E[B; — B;_1|By,...,B;_1] = 0fori =1,...,T,and |B; — B;_1||1 <
2(1 — )~ holds for i € [T.

B, =E

The constructed martingale is known as the Doob martingale underlying the sum Zle X

Proof. That {B;}L is a martingale follows from the definition. We now bound its difference sequence. Let H; be
the state-action transition matrix at time ¢, and let H;.; = Ht ! Hj, and define H;.; = I. Then, fort = 0,...,T -1,
E[X;41]X¢] = H," X; and by the Markov property, for any i € [T}

% T
Bl:ZXt+ Z Xt‘X ZXt+ Z Htiu and BO*ZHOtXO
t=1

t=i+1 t=i+1

For any i € [T1,

B; — B“_ZXt ZXt—i—ZHthX ZHzHXl1

t=i+1

Z HY (X, — H Xiy). (A1)
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Since X; and H; 1X;—1 are distribution vectors, under Assumption 2.1 and using Lemma A.1,

|B; — Bi_ 1||1<ZHH;X H' X;_ 1||1<2273<21— )7L,

t=1
O
Let (F)x be a filtration and define E[-] := E[-|F;]. We will make use of the following concentration results for the sum of

random matrices and vectors.

Theorem A.3 (Matrix Azuma, Tropp (2012) Thm 7.1). Consider a finite (F)j-adapted sequence {X}} of Hermitian
matrices of dimension m, and a fixed sequence { Ay} of Hermitian matrices that satisfy E;_1 Xy = 0 and X ,f = Aﬁ almost
surely. Let v = || >~ AZ||. Then with probability at least 1 — 6, || >°, Xi|l2 < 24/2vIn(m/0).

A version of Theorem A.3 for non-Hermitian matrices of dimension my X ms can be obtained by applying the theorem to a
Hermitian dilation of X, D(X) = [ . ¥ |, which satisfies Amax(D(X)) = [|X| and D(X)? = [ XX 0, ]. In this case,
we have that v = max (|| >, Xe X, || 2o, X5 Xkl)-

Lemma A.4 (Hoeffding-type inequality for norm-subGaussian random vectors, Jin et al. (2019)). Consider random
vectors X1,..., X,, € R? and corresponding filtrations F; = o(X1,...,X;) i € [n], such that X;|F;_; is zero-mean
norm-subGaussian with o; € F;_1. That is:

E[X;|Fi] =0, P(|X]| > t|Fi_1) < 2exp(—t?/207) Vt€R,Vi€ [n].

If the condition is satisfied for fixed {o; }, there exists a constant ¢ such that for any § > 0, with probability at least 1 — 6,

IS Xl < e S o2 log(2d/5).
=1 =1

B. Bounding the Difference Between Empirical and Average Rewards

In this section, we bound the second term in Equation 5.1, corresponding to the difference between empirical and average
rewards.

Lemma B.1. Let Assumption 2.1 hold, and assume that 7 > ﬁlT/) and that r(z,a) € [0, 1] for all z,a. Then, by

choosing n = insbg\lﬁﬁ‘, we have with probability at least 1 — 9,

K kT
S>> (re—Jx) 21 —9) 12T log(2/8) + 2VT + (1 — 7)2\/8K log [ A

k=1t=(k—1)7+1

Proof. Let r denote the vector of rewards, and recall that J,, = V; r. Let X be the indicator vector for the state-action pair
at time ¢, as in Lemma A.2, and let v; = E[X}]. We have the following:

K kT
Vr ::Z Z (re — Jx Z Z T(thz/tJthfz/ﬂk)

k=1t=(k—1)7+1 k=1t=(k—1)7+1

We slightly abuse the notation above by letting v; denote the state-action distribution at time ¢, and v, the stationary
distribution of policy 7. Let {B;}~_, be the Doob martingale in Lemma A.2. Then By = 23:1 vy and By = Zle Xt,
and the first term can be expressed as

T
Vi o= r'(Xe—w) =r"(Br — Bo).
t=1



Improved Regret Bound and Experience Replay in Regularized Policy Iteration

By Lemma A.2, [(B; — B;_1,7)| < ||B; — Bi_1]]1]|7lso < 2(1 —~)~!. Hence by Azuma’s inequality, with probability at
least 1 — 6,

Vi < 2(1 — )~ '/2T log(2/6). (B.1)

For the second term we have

K kT
Vg = Z Z (v = vr,)

k=1t=(k—1)7+1

T

rt ( > (H) vy — Vm)

I
M=

k=1 i=1

K

ZHTHOOZH l/(k—l)T_I/ﬂ'k—l+V7Tk—1)_V7TkH1
k=1

= 1L

SZZHM e = Vmeoa 1) Tom oy = v b
k=1

=

. |
< SOSTIHL, ) e — vl £ s — vl
k=11i=1
K

.1
§2T'7 +tz||y‘ﬂ'k_yﬂ'k—1”1'
7k=1

For 7 > %, the first term is upper-bounded by 2v/7.

Using results on perturbations of Markov chains (Seneta, 1988; Cho & Meyer, 2001), we have that

1
i = vmalle < 3= 1 e = Halloo < 77— maxfmi(tl) = me—a ()]

Note that the policies 7 (|z) are generated by running mirror descent on reward functions @,,k (z,-). A well-known property
of mirror descent updates with entropy regularization (or equivalently, the exponentially-weighted-average algorithm) is that
the difference between consecutive policies is bounded as

k1 (1) = 7x (L)l < 0l @ (@, )loo -

See e.g. Neu et al. (2014) Section V.A for a proof, which involves applying Pinsker’s inequality and Hoeffding’s lemma
(Cesa-Bianchi & Lugosi (2006) Section A.2 and Lemma A.6). Since we assume that ||Qx, ||co < Qmax, We can obtain

Vg < 2VT + (1 — 4) 2 KnQmax-

. v/ 8log|A
By choosing n = %%'FK‘, we can bound the second term as

Vg < 2VT 4 (1 —~)72/8K log | Al. (B.2)
Putting Eq. (B.1) and (B.2) together, we obtain that with probability at least 1 — §,

Ve < 2(1 — )" 1/2T log(2/6) + 2VT + (1 — ) ~2/8K log | A] .
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C. Proof of Lemma 6.3

Proof. Recall that we split each phase into 2m blocks of size b and let #, and 7, denote the starting indices of odd and even
blocks, respectively. We let R; denote the empirical b-step returns from the state action pair (2, a;) in phase

t+b

Ry = Z(Tz - jm)a Ir; \T\ Z T

i=t teT;

We start by bounding the error in R;. Let X be a binary indicator vector for a state-action pair (x,a). Let H, be the
state-action transition kernel for policy 7, and let v be the corresponding stationary state-action distribution. We can write
the action-value function at (x, a) as
Qr(z,0) =7(x,a0) — Jr + X H,Q,
= (X —vx) ' r+ X"Hy(r — J; 1+ HeQy)

i .
= (X —v,)"Hir
=0

Let Q% (x,a) = Z?ZO(X — vz) T Hir be a version of @, truncated to b steps. Under uniform mixing, the difference to the

true O, is bounded as
b+1

Qx(z,a) — Q(z,a)| < Z| — ) THithy| < 17_77 (C.1)

Let b, = Qfm (x¢,at) — Qnr, (x4, ar) denote the truncation bias at time ¢, and let z; = Zf+f T — XTH7(T’z %) denote the
reward noise. We will write

Ry = Qnr, (ve,a¢) + b(Jr, — jﬂ,) + 2z + by

Note that m = |H;| and let

DI T

teM,;

We estimate the value function of each policy 7; using data from phase ¢ as

Wy, = J\/Zflm_l Z PRy

teEH,;

= M7 'm0 ST Gu(d wa, 4 b+ 2+ b, — Jr) + M (wn, — w,)
teH; m

= W, + Z\z_lm_l Z d1(ze + by +b(Jx, — jm)) — Z\z_lm_lawm

teEH,;

. o~ k .
Our estimate Wy, of wy, = % Zi:l w,, can thus be written as follows:

k k
R 1 —~ ~ o —
W — wy, = %Z > M iz + b+ b(Tr, = Jr)) = — > M g,

i=1tEMH,; i=1
We proceed to upper—bound the norm of the RHS.

Set o = \/m/k. Let C,, be an upper-bound on the norm of the true value-function weights ||wy, ||z fori =1, ..., K. In

Appendix C. 3 we show that with probability at least 1 — §, for m > 72C302(1 — )2 log(d/d), ||M 1H2 <20~
Thus with probability at least 1 — &, the last error term is upper-bounded as

< 20720, (km)~V/2, (C2)
2
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Similarly, for
log((1 — 7)~! Vim)
log(1/7) ’

b > (C.3)

the norm of the truncation bias term is upper-bounded as

— Z ST IM gl < kiz S |z < 2072C (km) V2, (C4)

i=1teH; i=1teH,;

To bound the error terms corresponding to reward noise z; and average-etror noise J, — jﬂ , we rely on the independent
blocks techniques of Yu (1994). We show in Sections C.1 and C.2 that with probability 1 — 24, for constants ¢; and ¢z, each
of these terms can be bounded as:

k
1 blog(2d/d)
e Z Z M ¢tzt < 2010@
km i=1teH; 2 kim
k
b 1 2d5
T |20 = ) D M6 Sl R §3d/0)
i=1 teH;

Thus, putting terms together, we have for an absolute constant ¢, with probability at least 1 — 6,

log(2
| @ — wi|l2 < co™?(Cy + Ca)b W.

Note that this result holds for every & € [K] and thus also holds for k = K. O

C.1. Bounding >, ]\/4\;1 D ien, ezt

Let || - ||ltv denote the total variation norm.

Definition C.1 (5-mixing). Let {Z;};=1 2. be a stochastic process. Denote by Z;.; the collection (Z1, ..., Z;), where we
allow ¢t = co. Let 0(Z;.;) denote the sigma-algebra generated by Z;.; (¢ < 7). The Eth B-mixing coefficient of {Z;}, Bk, is
defined by

Br =supE  sup |P(B|Z1.1) — P(B)|
t>1 B€o(Zitkico)

= ig?EI|PZt+A::x|Z1;t("Zl?t) - PZt+k;oo(')||tV .

{Z;} is said to be S-mixing if S — 0 as k — oco. In particular, we say that a S-mixing process mixes at an exponential rate
with parameters 3, a, v > 0 if 3 < Bexp(—ak?) holds for all k > 0.

Let X, be the indicator vector for the state-action pair (x¢, a;) as in Lemma A.2. Note that the distribution of (z;+1, as+1)
given (zy, a;) can be written as E[X;1|X;]. Let H, be the state-action transition matrix at time ¢, let H;.; = [] j;i

and define H;;; = I. Then we have that E[X, 1| X1] = H,, ., X; and E[X, 4] = H;,_ ,v0. where 1y is the initial state
distribution. Thus, under the uniform mixing Assumption 2.1, the k*" 3-mixing coefficient is bounded as:

27’“

5k<SUPEZH tt+]Xt H1t+gV0||1<§upEZVHXt Hywolh <
Jj=

We bound the noise terms using the independent blocks technique of Yu (1994). Recall that we partition each phase into 2m
blocks of size b. Thus, after k phases we have a total of 2km blocks. Let P denote the joint distribution of state-action pairs
in odd blocks. Let Z; denote the set of indices in the 5" block, and let x7,,az, denote the corresponding states and actions.
We factorize the joint distribution according to blocks:

P(mll y ALy s ULy Qg5+« + 5 Xnppm 19 a/Zka,fl) =P (xL ) az1) x Ps (1'13’ azy |m11 ) az1) Xoeee

X ]P)2km*1(‘r12km—1 ) Ao pm —1 |x12km—3’ aIzkm,—3)'
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Let IF’Z be the marginal distribution over the variables in block ¢, and let P be the product of marginals of odd blocks.
Corollary 2.7 of Yu (1994) implies that for any Borel-measurable set F,
[P(E) — B(E)| < (km —1)5, (C5)

where 3, is the b*" B-mixing coefficient of the process. The result follows since the size of the “gap” between successive
blocks is b; see Appendix E for more details.

Recall that our estimates w,, are based only on data in odd blocks in each phase. Let E denote the expectation w.r.t.
the product-of-marginals distribution P. Then IE[JTJ[1 Zte% ¢+z:] = 0 because for t € H; and under IAEB, z; 18 zero-
mean given ¢, and is independent of other feature vectors outside of the block. Furthermore, by Hoeffding’s inequality
P(|z|/b > a) < 2exp(—2ba?). Since ||¢¢]|s < Co and || M; ||y < 202 for large enough m, we have that

P(|M; ez > 260~ 2Cpa) < 2 exp(—2ba?).
Since M flqbtzt are norm-subGaussian vectors, using Lemma A.4, there exists a constant ¢; such that for any § > 0

Y ¢t2t

teH;

> 2¢,Cg0 2\/bkmlog(2d/5) | < 4.

Thus, using (C.5),

> 2¢1Cpo2\/bkmlog(2d/8) | <&+ (km —1)B, .

i Z Przt

teEH;

Under Assumption 2.1, we have that 5, < 27”(1 — )7L Setting § = 2km~®(1 — )~ and solving for b we get
~ log(2kmdé— (1 —~)71)
log(1/7)

Notice that when b is chosen as in Eq. (C.6), the condition (C.3) is also satisfied. Plugging this into the previous display
gives that with probability at least 1 — 20,

(C.6)

Y qbtzt < 2¢,Copo2\/bkmlog(2d/6).

teH;

C.2. Bounding HZf:l J\/Zf1 Y ven, Pe(Jm — fm)

‘ 2

Recall that the average-reward estimates jw are computed using time indices corresponding to the starts of even blocks,
T;. Thus this error term is only a function of the indices corresponding to block starts. Now let P denote the distribution
over state-action pairs (2, a;) for indices ¢ corresponding to block starts, i.e. t € {1,b+ 1,20+ 1,...,(2km — 1)b + 1}.
We again factorize the distribution over blocks as P = P; ® Py ® - -+ ® Pagp,. Let P= f"l ® I?Dg X ® ﬁgkm be a
product-of-marginals distribution defined as follows. For odd 7, let P; be the marginal of P over (2511, ajp+1). For even j

in phase ¢, let IF’j = v, correspond to the stationary distribution of the corresponding policy ;. Using arguments similar to
independent blocks, we show in Appendix E that
P — Py < 2(2km — 1)y~

Let E denote expectation w.r.t. the product-of-marginals distribution P. Then ]E[]\//ffl Y oieni Ot( T, — Jr)] = 0, since
under IAP", jm is the sum of rewards for state-action pairs distributed according to v,,, and these state-action pairs are
independent of other data. Using a similar argument as in the previous section, for b = 1+ %, there exists a constant
¢ such that with probability at least 1 — 26,

k

SH Y ol o)

i=1 teH;

< 2¢,Cp0 %/ kmlog(2d/5) .

2



Improved Regret Bound and Experience Replay in Regularized Policy Iteration

C.3. Bounding H]\Z_l Il2

In this subsection, we show that with probability at least 1 — 4, for m > 72C302(1 — v)~2log(d/s)), | M; |2 < 2072

Let ® be a | X||.A| x d matrix of all features. Let D; = diag(v;, ), and let D; = diag(d "¢, Xt), where X is a state-action
indicator as in Lemma A.2. Let M; = ® " D;® + am~11. We can write J\Z_l as

M =@ Di®+ar '+ (D; — D;)®)"
= (M; +®"(D; — D;)®)~*
= +M;'®"(D; — D;)®)"'M;!
By Assumption 6.2 and 6.1, || M, ||z < 2. In Appendix C.4, we show that w.p. at least 1 — 4,
187 (D; — Di)@ls < 6m~"/>C3 (1~ ) "' v/21og(d/d)
Thus
IV 2 < 0 2(1 = 0 26m /203 (1 — )" /21og(d/3)) !

For m > 72C3072(1 — v) =2 log(d/J)), the above norm is upper-bounded by ||J\/4\;1 o < 2072

C.4. Bounding ||® T (D; — D;)® ||,

For any matrix A,

> Aijdio)

ij

|87 A, = ]

<Y 1Ailllgid) N2 < C3 Y 1Ay = CEll Al - (€7
i,j %]
where ||A|1,1 denotes the sum of absolute entries of A. Using the same notation for X; as in Lemma A.2,

|®"(D; — D;)®||a

1
— Z CI)Tdiag(Xt — Vv —Ug,)®
m teEH;

02
- Z e = vr, 1 -

teH;

1
< — Z @leag(Xt — Vt

teEH,;

Under the fast-mixing assumption 2.1, the second term is bounded by 2C2m~=1(1 — )~ L.

For the first term, we can define a martingale (B;)!", similar to the Doob martingale in Lemma A.2, but defined only on the
m indices H;. Note that } J, ;. ® " diag(X; — v;)® = @ "diag(B,,, — Bo)®. Thus we can use matrix-Azuma to bound
the difference sequence. Given that

(@7 (Bi — Bi-1)®)?[|2 < 4C3 (1 — )72,
combining the two terms, we have that with probability at least 1 — ¢,

|®T(D; — Dy)®||5 < 4m~2C2(1 — )~ */2log(d/d) + 2m~1C3(1 — )"
§6m*1/20<%( fv)* 2log(d/d) -

D. Bounding ||V — ‘A/K|

Hox

‘We write the value function error as follows:

K
B [Vic () P IECEIME @) S milal) (@, — wr,)
a i=1

K
< %ZM*(J:)Z llo(z,a)l|2 Zm(au)(@m —wy)

2
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Note that for any set of scalars {p;}¥< | with p; € [0, 1], the term HZfil Di(Wr, — Wa,)

‘ has the same upper bound as
2

I Zfil (Wx, — W, )||2. The reason is as follows. One part of the error includes bias terms (C.2) and (C.4), whose upper
bounds are only smaller when reweighted by scalars in [0, 1]. Thus we can simply upper-bound the bias by setting all
{p:}E | to 1. Another part of the error, analyzed in Appendices C.1 and C.2 involves sums of norm-subGaussian vectors. In
this case, applying the weights only results in these vectors potentially having smaller norm bounds. We keep the same
bounds for simplicity, again corresponding to all {p;} X, equal to 1. Thus, reusing the results of the previous section, we
have

% log(2d/§
B [Vic () = Vic(2)] < Col Aleo™*(Cuy + Ca)b fﬁ%aéll~

E. Independent Blocks

Blocks. Recall that we partition each phase into 2m blocks of size b. Thus, after k phases we have a total of 2km blocks.
Let P denote the joint distribution of state-action pairs in odd blocks. Let Z; denote the set of indices in the i*" block, and let
x1,,az, denote the corresponding states and actions. We factorize the joint distribution according to blocks:
P('TII y ATy, XT3 ATg s - - -5 LLopm 1> aIkafl) =P ($I1 ) a11) X P3(x13’ azs |$II ) aI1) X
X Pogm—1 (xIQk‘,m—l » Ao 1 |$Ika—37 AZokm—s )

Let P; be the marginal distribution over the variables in block 4, and let P be the product of marginals. Then the difference
between the distributions [P and IP can be written as

P-P= Py ®P3®'~'®szm—1*P1®@3"'®@2km—1
=P ®P;—P3)@P5® - ® Popm1
+P@P; @ (Ps —P5) @Pr ® ... ® Pogm_1
e
+P; ®P; @ Ps ®"'®@2km—3®(]}b2km,—l *ﬁ’zkm—l)

Under 3-mixing, since the gap between the blocks is of size b, we have that

2’yb

11—~
Thus the difference between the joint distribution and the product of marginals is bounded as

[P — Py < (km —1)8,.

H]Pi(mfwaIi|xL‘727aI¢72) - Pi(xzwafi)”l < By =

Block starts. Now let P denote the distribution over state-action pairs (x4, a;) for indices ¢ corresponding to block starts,
ie.te{l,b+1,20+1,...,(2km — 1)b+ 1}. We again factorize the distribution over blocks:

2km

P21, a1, To41, @by 1s - - T(2km—1)b+15 A2km—1)p+1) = P1(21,a1) H Pi(Z 5611, Qjp411T(G—1)b41> AG—1)b+1)-
=2

Define a product-of-marginals distribution P= @1 ® H~”2 ®-® f”gkm over the block-start variables as follows. For odd j,
let P; be the marginal of P over (zp+1, @;p+1). For even j in phase 4, let P; = v, correspond to the stationary distribution
of the policy ;. Using the same notation as in Appendix A, let X, be the indicator vector for (z;, a;) and let H;.; be the
product of state-action transition matrices at times ¢ + 1, ..., j. For odd blocks j, we have

15 (12— 115 ag—1yp1) = Byl = IHG - 1ypg 156 (XG-1yp41 — Pi—1) 1 < 29771

Slightly abusing notation, let H, be the state-action transition matrix under policy ;. For even blocks j in phase ¢, since
they always follow an odd block in the same phase,

P52 —1yp+15 ag—1yo41) — POl = I(HEH T (X (o1 — va)ln < 20771

Thus, using a similar distribution decomposition as before, we have that |P — P||; < 2(2km — 1)y>~L.



