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Abstract
Game optimization has been extensively studied
when decision variables lie in a finite-dimensional
space, of which solutions correspond to pure
strategies at the Nash equilibrium (NE), and the
gradient descent-ascent (GDA) method works
widely in practice. In this paper, we consider
infinite-dimensional zero-sum games by a minmax distributional optimization problem over a
space of probability measures defined on a continuous variable set, which is inspired by finding a
mixed NE for finite-dimensional zero-sum games.
We then aim to answer the following question:
Will GDA-type algorithms still be provably efficient when extended to infinite-dimensional zerosum games?
To answer this question, we propose a particlebased variational transport algorithm based on
GDA in the functional spaces. Specifically, the
algorithm performs multi-step functional gradient
descent-ascent in the Wasserstein space via pushing two sets of particles in the variable space. By
characterizing the gradient estimation error from
variational form maximization and the convergence behavior of each player with different objective landscapes, we prove that a theoretical version of the generalized GDA algorithm converges
to the NE or the value of the game efficiently for a
class of games under the Polyak-Łojasiewicz (PL)
condition. To conclude, we provide complete statistical and convergence guarantees for solving an
infinite-dimensional zero-sum game via a provably efficient particle-based method. Additionally,
our work provides the first thorough statistical
analysis for the particle-based algorithm to learn
an objective functional with a variational form using universal approximators (i.e., neural networks
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(NNs)), which is of independent interest.

1. Introduction
Recent years have witnessed a resurgence in zero-sum
games for machine learning applications, where two players’ strategies are usually parameterized with two finitedimensional decision variables. The optimal strategies define the pure NE in the sense that they identify two deterministic strategies. Motivating examples include generative
adversarial networks (GANs) (Nowozin et al., 2016; Sanjabi
et al., 2018a; Gidel et al., 2018a; Sinha et al., 2017), reinforcement learning (Dai et al., 2017; Ho & Ermon, 2016),
distributionally robust optimization (DRO) (Van Parys et al.,
2017; Ghosh et al., 2018), and learning exponential families (Dai et al., 2018), among others. Such zero-sum games
have been extensively analyzed in convex-concave settings,
where a global Nash equilibrium (NE) can be computed by
gradient descent-ascent (GDA) type algorithms (Facchinei
& Pang, 2007; Hamedani et al., 2018; Monteiro & Svaiter,
2010; Nemirovski, 2004). Nonetheless, in the nonconvexnonconcave setting, these methods stagger, and a crucial
issue arises: What if the pure NE does not exist (Arora et al.,
2017; Jin et al., 2019)? The finite-dimensional formulation naturally excludes a potentially better or even the only
existential mixed NE, and meanwhile is restricted to local
convergence in the absence of convexity.
To alleviate the concern above and to further understand the
difficulty at the boundary of contemporary game optimization, we consider a class of zero-sum infinite-dimensional
games where each decision variable is a probability measure representing the mixed strategies over the spaces of
pure strategies. In addition, we assume this distributional
games to satisfy Riemannian Polyak-Łojasiewicz (PL) and
smoothness conditions, which cover a range of nonconvexnonconcave landscapes and the practical training objectives
such as GANs with regularization (Arora et al., 2017). A
natural approach to distributional optimization problems is
the particle-based method (Raginsky et al., 2017; Wibisono,
2018; Zou et al., 2018), where stochastic gradient Langevin
dynamics (SGLD) is adopted to draw a sample from the desired distribution via discretization of stochastic differential
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equations (Hsieh et al., 2018). However, SGLD sampling is
quite inefficient for reaching a stationary distribution at each
step. Meanwhile, from the view of games, GDA-type algorithms have not been studied in full generality for infinitedimensional settings. Motivated by the two facts above,
we adapt the multi-step GDA-type algorithm to infinitedimensional games through particle-based approximation
and provide the first set of theoretical guarantees by analyzing its behavior under infinite-dimensional settings.
We conclude our contributions as follows. (1) To model
the mixed NE of finite-dimensional games, we introduce
the generic infinite-dimensional zero-sum games. We establish the GDA-type algorithm in the Wasserstein space, also
named variational transport for infinite-dimensional games
(VTIG), for such games via Riemannian gradient propositions (Proposition 3.1 and 3.2). (2) We provide the first
thorough analysis of both statistical and optimization errors
for the theoretical version of VTIG in two scenarios. One is
the convergence to the first-order NE under a Riemannian
PL condition (Theorem 4.2), and the other is the convergence to the minimax value under a stronger two-sided PL
condition (Theorem 4.4). (3) As a technical component,
we provide statistical analysis for particle-based gradient
estimation by upper bounding the `p -norm of the gradient
by the `p -norm of the function for p ≥ 1.
Related work. Finite-dimensional games under convexconcave settings (Nemirovski, 2004; Juditsky & Nemirovski,
2016; Hamedani et al., 2018; Monteiro & Svaiter, 2010) are
adequately studied with corresponding monotonic variational inequalities (Dang & Lan, 2015; Gidel et al., 2018a)
and solved by GDA (Thekumparampil et al., 2019). Meanwhile, primal-dual schemes and negative momentum (Chambolle & Pock, 2016; Daskalakis & Panageas, 2018b; Gidel
et al., 2018b) are proposed to help GDA on convergence, which bypasses cyclic dynamics (Mai et al., 2018;
Mescheder et al., 2018; Daskalakis & Panageas, 2018a). To
tame nonconvexity, (Jin et al., 2019) proves the O(θ−4 ) rate
in gradient evaluations is required in the convergence to
an θ-first order NE with Max-oracle; (Lu et al., 2019a;b)
reached the same rate when the objective is concave w.r.t.
the max-player strategy; improved rates of O(θ−3.5 ) and
O(θ−2 ) are shown in (Sanjabi et al., 2018b) under PL-game
conditions, which is similar to our setting. However, our results are derived for infinite dimensions as a mixed-strategy
extension.
In machine learning literature, the notion of mixed NE for
GANs is originally presented in (Goodfellow et al., 2014)
without an algorithm to find it. A line of work (Grnarova
et al., 2017; Arora et al., 2017; Oliehoek et al., 2018; Hsieh
et al., 2018) seeks to further understand and find mixed NEs
of GANs. Nonetheless, the existing algorithm in (Hsieh
et al., 2018) using SGLD is computationally demanding

at each step and complicated in the idea of algorithm design without statistical analysis. Our analysis extends the
GDA-type algorithm to the Wasserstein space and shows the
existence of a provably efficient particle-based algorithm
that pushes a fix-sized set of particles instead of running
SGLD repeatedly.
Optimizing functionals of probability measures is studied
by Frank-Wolfe (Gaivoronski, 1986) and steepest descent
algorithms (Molchanov & Zuyev, 2001) in earlier times.
More recently, descent methods in the space of probability
measures (Richemond & Maginnis, 2017; Frogner & Poggio, 2018) are getting popular in machine learning, where
particle-based methods (Liu et al., 2018; Chen et al., 2018)
approximate probability measures for practical implementation. Similarly, two sets of particles in our algorithm also
provide the Dirac measure approximation for probability
measures.
In addition, with similar settings, (Chizat & Bach, 2018)
performs a continuous-time gradient descent on particles’
weights and positions. SVGD (Liu, 2017) guarantees to
optimally decrease the KL divergence within a function
space. For zero-sum games, (Domingo-Enrich et al.,
2020) parametrizes mixed strategies as mixtures of particles,
whose positions and weights are updated using gradient
descent-ascent. More generally, (Lin et al., 2020) aims to
solve stochastic mean field games.
Notations. We denote by [n] the set of integers {0, 1, ..., n}
and by N+ the set of positive integers. Let C(Rd ) be the set
of continuous functions over the d-dimensional real space
Rd . Let X be a convex compact set in Rd . Given a nonnegative measure µ on X , we define the `Rp -norm of the
function f ∈ C(Rd ) on X as kf kLpµ (X ) = ( X |f |p dµ)1/p .
Let P(X ) denote the collection of all Borel probability measures on the measurable space (X , B(X )), where B(X ) is
the Borel σ-algebra on X . We denote by P2 (X ) ⊆ P(X )
the set of Borel probability measures with finite second moments. We define the metric space (M, k · k) by a vector
space M and a metric induced by the norm k · k.

2. Problem Formulation and Optimization
over Wasserstein Spaces
Below we state the formulation and assumptions for infinitedimensional games in the Wasserstein space.
2.1. From Finite-Dimensional to Infinite-Dimensional
Games
Consider the classical formulation of a two-player zero-sum
game as folows,
min
max
f (xµ , xν ),
(2.1)
µ
ν
x ∈Xµ x ∈Xν
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where Xµ , Xν ⊆ Rd with d ∈ N+ are convex compact
sets of pure strategies with periodic or zero-flux boundary
conditions, and f is the objective function. In nonconvexnonconcave regimes, as finding local Nash equilibria is NPhard or even impossible (Jin et al., 2019), a weaker notion
of first-order NE (FNE) for a pair (xµ∗ , xν∗ ) ∈ Xµ × Xν is
defined as
h∇xµ f (xµ∗ , xν∗ ), xµ − xµ∗ i ≥ 0,
(2.2)
h∇xν f (xµ∗ , xν∗ ), xν − xν∗ i ≤ 0, ∀xµ ∈ Xµ , ∀xν ∈ Xν ,
which corresponds to first-order necessary optimality conditions. Observing that without a probability representation (2.1) only admits pure Nash strategies, we lift (2.1)
by considering distributions over Xµ and Xν to allow
mixed strategies. The infinite-dimensional distributional
two-player zero-sum game is defined as
min
max F (µ, ν).
(2.3)
µ∈M(Xµ ) ν∈M(Xν )

nian gradient of g at µ. The partial gradient gradµ F (µ, ν)
is defined similarly for a functional F : M × M → R when
fixing ν. The exponential map at µ, denoted by Expµ , sends
any u ∈ Tµ M to µ0 = γu (1)1 , where γu is a geodesic
such that γu (0) = µ and γu0 (0) = u. For any µ, ν ∈ M,
the parallel transport Γνµ : Tµ M → Tν M is the map such
that hu, viµ = hΓνµ u, Γνµ viν for any u, v ∈ Tµ M. Also,
as X is separable and complete, M is geodesically complete (Villani, 2003) in the sense that the exponential map
is defined on the whole tangent bundle. See §B for more
formal definitions.
We assume the objective functional F in (2.3) to admit the
following variational forms,
Z

F (µ, ν) = Fν (µ) = sup
f dµ − Fν∗ (f ) ,
f ∈F

X

Z
F (µ, ν) = Fµ (ν) = − sup



f dν −

Fµ∗ (f )

, (2.4)

Here F : M(Xµ )×M(Xν ) → R is the objective functional.
Without loss of generality, we set Xµ = Xν = X and
write M = M(X ). Also, M(X ) = (P2 (X ), W2 ) is the
Wasserstein (W2 -) space, an infinite-dimensional manifold
by (Villani, 2008), with the W2 -distance on P2 (X ) defined
as
o
n 
1
W2 (µ, ν) = inf E kX − Y k2 2 L(X) = µ, L(Y ) = ν ,

where F is the class of square-integrable functions over X ,
Fµ∗ , Fν∗ : F → R are strongly convex and smooth functionals w.r.t. the `2 -norm. In fact, (2.4) generalize the definition
of the conjugate function, and the example in §C.2 shows
that a wide class of f -divergences admits such forms.

where the infimum is taken over the random variables X and
Y in X . Here we denote by k · k the geodesic distance on
X and by L(X) the law of a random variable X. Without
specification, the domain of an integral is the set X . We refer
to the two players as player µ and player ν, respectively.
To further characterize the properties of M, we introduce
geodesics, tangent vectors and tangent spaces below.

Assumption 2.2. We assume that F is Lipschitz continuous
and smooth w.r.t. the Wasserstein distance in the sense that
F (µ1 , ν) − F (µ2 , ν) ≤ Lµ W2 (µ1 , µ2 ),

Definition 2.1. Let γ : [0, 1] → P2 (X ) be a smooth curve.
We call the curve γ a geodesic if there exists a constant
v ≥ 0 such that W2 γ(t1 ) − γ(t2 ) = v · |t1 − t2 | for any
t1 , t2 ∈ [0, 1]. A tangent vector at µ ∈ M is an equivalence
class of differentiable curves through µ with a prescribed
velocity vector at µ. The tangent space at µ, denoted by
Tµ M, consists of all tangent vectors at µ.
The manifold M is equipped with a weak Riemannian
structure in the following sense (Villani, 2008). Given
any tangent vectors u, v at µ ∈ M and the vector fields
u
e, ve of the gradient form satisfying continuity equations
u = − div(µe
u) and v = − div(µe
v ), respectively,
R we define the inner product of u and v as hu, viµ = he
u, vei dµ,
where he
u, vei is the inner product in Rd . Such a metric
1/2
induces a norm kukµ = hu, uiµ for any u ∈ Tµ M. Under such a structure, we define the directional derivative
w.r.t. u ∈ Tµ M of a differentiable functional g : M → R
d
as ∇v g(µ) = dt
g[γ(t)] t=0 , where γ(0) = µ ∈ M and
0
γ (0) = u. In addition, we say g is W2 -differentiable at µ if
there exists u0 ∈ Tµ M such that ∇u g(µ) = hu0 , uiµ for any
u ∈ Tµ M, and write grad g(µ) = u0 as the (weak) Rieman-

f ∈F

X

For theoretical analysis, we impose the following assumptions on the objective functional F .

F (µ, ν1 ) − F (µ, ν2 ) ≤ Lν W2 (ν1 , ν2 ),

d grad Fν (µ1 ), grad Fν (µ2 ) ≤ L1 · W2 (µ1 , µ2 ),

d grad Fµ (ν1 ), grad Fµ (ν2 ) ≤ L2 · W2 (ν1 , ν2 ),

d grad Fµ1 (ν), grad Fµ2 (ν) ≤ L0 · W2 (µ1 , µ2 ),

d grad Fν1 (µ), grad Fν2 (µ) ≤ L0 · W2 (ν1 , ν2 ) (2.5)
for any µ, µ1 , µ2 , ν, ν1 , ν2 ∈ M. Here Lµ , Lν , L1 , L2 , and
L0 are absolute constants and d2 (u, v) = u − Γµν v, u −
Γµν v µ for any µ, ν ∈ M, u ∈ Tµ M, and v ∈ Tν M.
Assumption 2.2 is a natural extension of Lipschitz continuity and smoothness for Euclidean space to the Wasserstein
space, where the Euclidean distance is replaced by W2 distance. The following assumption extends the notion of
PL condition, also known as gradient domination (Polyak,
1963; Nesterov & Polyak, 2006; Sanjabi et al., 2018b), to
infinite-dimensional spaces.
Assumption 2.3. (Riemannian PL condition). A W2 differentiable functional g : M → R with minimum value
g ∗ = inf µ∈M g(µ) is called ξ-PL (ξ-gradient dominated) if
1
Hence, for µ1 , µ2 ∈ M, Exp−1
µ1 (µ2 ) is an analogy to x2 − x1
for x1 , x2 ∈ X .
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for all µ ∈ M we have
hgrad g(µ), grad g(µ)iµ ≥ 2ξ (g(µ) − g ∗ ) .

(2.6)

We call (2.3) a ξ-PL game, or simply a PL game, if Hµ (ν) ,
−F (µ, ν) is ξ-PL w.r.t. ν. We assume (2.3) to be a ξ-PL
game.
In particular, Assumption 2.3 implies that if the norm of
the gradient is small at µ ∈ M, then the functional value
at µ will be close to the optimum. In addition, it is not
restrictive since a non-convex functional can still satisfy
the PL condition (Karimi et al., 2016). To justify all the
above assumptions, we provide the following example stemming from learning GANs, where the pure strategies in (2.3)
correspond to parameters xµ and xν of the GAN.
Example 2.4. Consider the mixed NE of WGANs (Arjovsky et al., 2017) with Kullback-Leibler (KL) divergence
regularization,
min max νE
E [hxν (ζ)] − νE µE
E [hxν (ζ)]
µ∈M ν∈M x ∼ν ζ∼Preal

x ∼ν x ∼µ ζ∼Pxµ

− KL(νkµ0 ) + KL(µkµ0 ),
(2.7)
R
where KL(µkλ) = X log( dµ/ dλ) dµ with Lebesgue measures µ and λ, and µ0 is the probability measure of standard
Gaussian. Also, hv denotes the discriminator parameterized
by NNs, of which the input is ζ ∈ X . Without the expectations of xµ and xν , (2.7) is reduced to the original regularized WGAN objective that admits only finite-dimensional
pure Nash strategies. Further, we define the linear operator
D : M → F by (Dµ)(xν ) = Exµ ∼µ Eζ∼Pxµ [hxν (ζ)]
for any xν ∈ X and some continuous function
hxν ∈ F. We also define g(xν ) = Eζ∼Preal [hxν (ζ)].
Then the objective F in (2.7) can be rewritten as
F (µ, ν) = hν, gi − hν, Dµi − KL(νkµ0 ) + KL(µkµ0 ),
It follows from the logarithmic Sobolev inequality
(LSI) (Otto & Villani, 2000) in W2 -space that player
µ meets the PL condition. Since the KL divergence
is an f -divergence, the variantional
are guarann forms

R
teed as follows, Fν (µ) = supf ∈F − exp f (xµ ) +
o
R
Exν ∼ν Eζ∼Pxµ [hxν (ζ)] dµ0 (xµ ) +
f dµ + Fbν ,
nR

R
Fµ (ν)
=
− supf ∈F
f dν −
exp f (xν ) +
o
g(xν ) − (Dµ)(xν ) dµ0 (xν ) + Fbµ .
Here
Fbν = 1 − KL(νkµ0 ) + Exν ∼ν Eζ∼Preal [hxν (ζ)] and
Fbµ = 1 − KL(µkµ0 ) are constants when fixing ν
and µ, respectively. See §C.3 for details. We remark
that in practical GAN training, KL regularization
terms exist to prevent the mode collapse. More generally, the KL-regularized distributional bilinear game
minµ∈M maxν∈M hν, Aµi − KL(νkµ0 ) + KL(µkµ0 )
given a linear operator A : M → F is widely
studied in games.
Similarly, we write R its variational forms as Fν (µ)
=
supf ∈F { f dµ −

R
exp f (xν ) − A∗ ν(xν ) dµ0 (xν ) + 1 − KL(νkµ0 )}


R
R
and Fµ (ν) = − supf ∈F { f dν − exp f (xµ ) +
Aµ(xµ ) dµ0 (xµ ) + 1 − KL(µkµ0 )}, where A∗ is the
adjoint of A.
2.2. Measurement of Solutions
To quantify the accuracy of solutions to (2.3), we generalize the NE of finite-dimensional games to our infinitedimensional distributional games. Given the numerical accuracy of iterative algorithms in practice, we define the
notion of infinite-dimensional first-order NE (IFNE) as a
performance measure.
Definition 2.5 (IFNE). For any µ1 , ν1 ∈ M, we define
Jµ (µ1 , ν1 ) , − min
gradµ F (µ1 , ν1 ), Exp−1
µ1 (µ)
W2 (µ,µ1 )≤1

Jν (µ1 , ν1 ) ,

max

W2 (ν,ν1 )≤1

gradν F (µ1 , ν1 ), Exp−1
ν1 (ν)
∗

µ1

ν1

∗

as the first-order errors (FEs). Then a point (µ , ν ) ∈
M × M is called a θ-IFNE of (2.3) if
Jµ (µ∗ , ν ∗ ) ≤ θ and Jν (µ∗ , ν ∗ ) ≤ θ.
(2.8)
When θ = 0, we call (µ∗ , ν ∗ ) an IFNE. Definition 2.5
characterizes how far the solutions are from the FNE in the
W2 -space. Also, we characterize the upper bound θ in terms
of the problem parameters for convergence rates in §4.

3. Variational Transport Algorithm for
Infinite-Dimensional Games
In what follows, we introduce the variational transport algorithm to characterize GDA for the infinite-dimensional
game defined in (2.3). Our idea is based on the multi-step
GDA algorithm in (Sanjabi et al., 2018b) with nested loops,
where multiple gradient ascent steps are run for estimating
the gradient of the inner maximization functional defined
as G(µ) = maxν∈M F (µ, ν) w.r.t. µ, which provides a descent direction for the outer minimization problem. Without
specifying, statements below hold for both µ and ν although
they are presented by µ ∈ M.
3.1. Gradient Descent beyond the Euclidean Space
We first show the connection between functional gradient
descent in the Wasserstein Space M and transportation
maps in the variable space X . Specifically, we expect to
update the current iterate µ ∈ M of the gradient descent in
the direction of grad Fν (µ) along the geodesic. Therefore,
in the ideal case, the gradient update is given by


µ ← Expµ −η · grad Fν (µ) ,
(3.1)
where η > 0 is the stepsize. The proposition below bridges
the Riemannian gradient of a W2 -differentiable functional
on M and its functional gradient w.r.t. the `2 -norm. We
denote by fµ∗ ∈ F the optimal solution to (2.4) for Fν (µ).
Proposition 3.1 (Riemannian Gradients to Functional Gra-

,
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gradient descent update in the Wasserstein spaces with the
push-forward map of probability measures over the Euclidean space, which can be approximated by pushing a set
of particles. We illustrate such correspondence in Figure 1.

Figure 1. Equivalence between particle pushing in the Euclidean
space X and the exponential map in the Wasserstein space M.
The tangent vector v ∈ Tx M at x induces the exponential map
Exp
in X , the push-forward map T] =
 x and its correspondence

ExpX −t · ∇fµ∗ ) ] . Xkµ is the set of µ-particles at timestep k in
Algorithm 1.

dients). Let F : M → R be a W2 -differentiable functional,
with its functional gradient w.r.t. the `2 -norm written as
δF/δµ. Then, it follows that



δF
grad F (µ) = − div µ · ∇
,
(3.2)
δµ
where div is the divergence operator on X . Furthermore,
by the variational form of (2.3), we have δFν /δµ = fµ∗ and
grad Fν (µ) = − div(µ · ∇fµ∗ ).
Proof. See §C.1 for a detailed proof.
By Proposition 3.1, to obtain a descent direction in W2 space for Fν (µ), we first solve (2.4) for fµ∗ ∈ F and then,
compute the divergence in (3.2). Also, Expµ in (3.1) needs
to be specified. As in practice we only have access to samples, or particles, from µ, we establish the proposition below
to perform approximate gradient updates in (3.1) via particles.
Proposition 3.2 (Pushing particles as an exponential map).
For any µ ∈ M and any s ∈ Tµ M, suppose the elliptic equation − div(µ · ∇u) = s admits a unique solution
u : X → R such that ∇u : X → Rd is h-Lipschitz continuous. Then, for any t ∈ [0, 1/h), we have


ExpX (t · ∇u) ] µ = Expµ (t · s),
(3.3)
where we use ExpX (t·∇u) to denote the transportation map
on X that sends any x ∈ X to a point Expx (t · ∇u(x)) ∈ X ,
which is also the exponential map over X . We denote by
T] : P2 (X ) → P2 (X ) the push-forward map of a transportation map T : X → X such that for any µ ∈ M and any
measurable set A ∈ X , we have T] µ(A) = µ(T −1 (A)).
Proof. See §C.2 for a detailed proof.
Hence, if ∇fµ∗ is h-Lipschitz, by Proposition 3.1 and 3.2,
for any t ∈ [0, 1/h) we obtain Expµ [−t · grad F (µ)] =


ExpX −t · ∇fµ∗ ) ] µ. given µ ∈ M. This identifies the

Further, we are left with the variational form maximization
(VFM) problem in (2.4), where difficulties lie in the following aspects. (i) Firstly, our approach is expected to provide
the reasonable statistical error incurred by estimating fµ∗ by
feµ∗ from the empirical version of VFM,
nZ
o
feµ∗ = argmax
f db
µ − Fν∗ (f )
f ∈F

X

N
o
n1 X
f (xi ) − Fν∗ (f ) ,
= argmax
N i=1
f ∈F

(3.4)

where wePreplace µ in (2.4) by the empirical measure
N
µ
b = 1/N i=1 δxi , i.e., an average of Dirac measures over
samples xi ’s. (ii) Secondly, maximization over F is computationally intractable. To this end, we perform stochastic
gradient descent (SGD) to learn fµ∗ from the following class
Fe of neural networks (NNs) instead of F, which is a rich
class by the universal approximation theorem (Csáji et al.,
2001; Hofmann et al., 2008).
Neural Network Parametrization. We consider the following class of NNs,


w

1 X
>
e
e
e
bi · σ [β]i x ,
(3.5)
F = f f (x) = √
w i=1
where w is the width of the neural network, [β]i ∈ Rd , β =
> >
wd
([β]>
are input weights, σ(·) denotes
1 , · · · , [β]w ) ∈ R
a smooth activation function, and bi ∈ {−1, 1} (i ∈ [w])
are the output weights. As shown in Algorithm 3, only β
is updated during training while bi (i ∈ [w]) is fixed. In
addition, at each iteration we project the input weights β
to an `2 -ball centered at β(0) with radius rf defined as
B 0 (rf ) = {β : kβ − β(0)k2 ≤ rf }. See §D.1 for more
e
details of F.
3.2. Algorithm for Two-Player Infinite-Dimensional
Games
We now put together two nested loops of gradient descent/ascent updates approximated by particles as the variational transport algorithm for infinite-dimensional games
(VTIG) in Algorithm 1. In detail, we maintain two sets of
Nµ µ-particles and Nν ν-particles for player µ and player
ν. Also, VTIG output the corresponding probability measures approximated by these two sets as the solutions to
(2.3), respectively. At outer-loop timestep k, we denote
the set for player µ by Xkµ = {xµi,k }i∈[Nµ ] and the set for
player ν at inner-loop timestep l of outer-loop timestep k
by Xlν (e
µk ) = {xνi,l (e
µk )}i∈[Nν ] . Here we write Xlν (e
µk )
ν
and xi,l (e
µk ) to emphasize that we fix Xkµ (resp. µ
ek ) when
updating Xlν (resp. νel ) in Line 7 of Algorithm 1. Also,
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{e
µk }k≥0 and {e
νl (e
µk )}k,l≥0 are sequences of probability
measures of {Xkµ }k≥0 and {Xlν (e
µk )}k,l≥0 constructed implicitly by VTIG, which is specified later. Further, the set of
µ-particles Xkµ is updated as follows given X0µ for k ≥ 1.
At the outer-loop timestep k, VTIG computes the solution
to (3.4) following Line 10 in Algorithm 1

fe∗ ← VFM X µ , F ∗ , Nµ
(3.6)
k

ν
ek+1

k

based on the current µ-particle set Xkµ , the functional Fνe∗k+1
defined in the variational form (2.4), and the number of µparticles Nµ . As shown in Algorithm 3, the VFM problem
is solved by learning a neural network fek∗ belonging to the
class Fe defined in (3.5) via SGD. With the obtained ∇fek∗ ,
VTIG push µ-particles in this direction as follows (Line 11
of Algorithm 1),


xµ
← Exp µ − η µ · ∇fe∗ (xµ )
(3.7)
k

xi,k
µ

i,k+1

i,k

for all i ∈ [Nµ ]. Here η > 0 are the stepsize specified
in Theorem 4.2. This isP
equivalent to updating the empirical measure µ
b = Nµ−1 i∈[Nµ ] δxi,k by the pushforward
∗
measure [ExpX (−η µ · ∇fel,k
)]] µ
b, which approximates the
Riemannian gradient update in (3.1) with stepsize η µ . Also,
the exponential map in Euclidean space is reduced to a
gradient descent step on xµi,k ∈ Rd .
Similarly, to update the set of ν-particles Xlν (e
µk ), VTIG
computes the solution to (3.4) following Line 6 in Algorithm 1 at inner-loop timestep l of outer-loop timestep k.
Then, the ν-particles are pushed by
h
i
xν (e
µk ) ← Exp ν
η ν · ∇fe∗ xν (e
µk )
(3.8)
i,l+1

l,k

xi,l (e
µk )

i,l

for all i ∈ [Nν ] in Line 7 of Algorithm 1, with fixed µ
ek . In
particular, the sequences of probability measures {e
µk }k≥0
and {e
νl (e
µk )}k,l≥0 are constructed as below. We define
Kµ
sequences of transportation maps {Tkµ : X → X }k=0
with
K
K
µ
µ ν
ν
ν
T0 = id and {Tm : X → X }m=0 with T0 = id, by
T µ = Exp (−η µ · ∇fe∗ ) ◦ T µ and
X

k+1

k

k

∗
ν
= ExpX (−η · ∇fel,k
) ◦ Tkl
,
(3.9)
respectively for k ∈ [Kµ ], l ∈ [Kν ]. Here Kµ and Kν are
the numbers of timesteps of the inner and outer loops, respectively. Then for each k ≥ 1 we define µ
ek = (Tkµ )] µ
e0
ν
and νek = (Tk )] νe0 , where µ0 and ν0 are initial probability
i.i.d.
measures. Hence, we have νel (e
µk ) = νelk . Also, xµi,k ∼ µ
ek
ν
Tkl+1

i.i.d.

Algorithm 1 Multi-Step Variational Transport Algorithm
for Infinite-Dimensional Games (VTIG)
1: Input: Functional F : M × M → R; initial probability measures µ
e0 , νe0 ∈ M; numbers of particles Nµ , Nν ; numbers of

e ,
iterations Kµ , Kν ; and stepsizes η µ ∈ 0, min{1/h, 2/L}

η ν ∈ 0, min{1/(4L2 ), 1/h} .

ν
2: Initialize Nµ (Nν ) particles X0µ = {xµ
by
i,0 }i∈[Nµ ] X0
drawing Nµ (Nν ) i.i.d. samples from µ
e0 (e
ν0 ).
3: for k = 0, 1, 2, . . . , Kµ − 1 do
4:
Set X0ν (e
µk ) = Xkν
5: for l = 0, 1, 2, . . . , Kν − 1 do

∗
6:
fel,k
← VFM Xlν (e
µk ), Fµe∗k , Nν

7:
Push ν-particles: xνi,l+1 (e
µk ) ← Expxν (eµk ) −η ν ·
i,l

∗
∇fel,k
xνi,l (e
µk ) for all i ∈ [Nν ]
8:
end for
ν
ν
9: Set Xk+1
= XK
(e
µk )
ν

∗
10:
fek ← VFM Xkµ , Fνe∗k+1 , Nµ
11:
Push µ-particles: xµ
← Exp µ [−η µ · ∇fek∗ (xµ )] for
i,k+1

xi,k

all i ∈ [Nµ ]
µ
12: Set Xk+1
= {xµ
i,k+1 }i∈[Nµ ]
13: end for
P
14: Output:
µ
e∗
=
Nµ−1 i∈[Nµ ] δxi,Kµ ,
P
Nν−1 i∈[Nν ] δxi,Kν

i,k

νe∗

=

4. Main Results
To ensure the independence of the particles for statistical
analysis, we adopt Algorithm 2 for theoretical analysis. We
characterize the statistical error induced by estimating Riemannian gradients using finite particle samples in §4.1 for
both players. In §4.2 we establish the convergence rate of
VTIG to the IFNE under the PL condition for one player.
Furthermore, we present in §4.3 that under a stronger assumption on the objective F , i.e., the two-sided PL condition, a linear convergence rate to the minimax value of the
game is achieved.

ν

and xνi,l (e
µk ) ∼ νel (e
µk ) are independent samples. Such
implicit construction of transportation maps and probability measures also induces a theoretical version of VTIG
via resampling. See Algorithm 2 for details. Additionally,
we adopt the constructed measure νek+1 to compute Fνe∗k+1
in (3.6) since for most objectives F such as that in Example 2.4, we can always sample many enough particles to
approximate the expectation terms w.r.t. νek+1 for k ≥ 0.

4.1. Statistical Analysis
For each player, VTIG can be viewed as a Riemannian
gradient descent method with biased gradient estimates. We
characterize the bias in terms of the generalization error of
function approximators, where lie the essential difficulties
in theory. In this section, we present the analysis for player
µ. The analysis of player ν is similar.
Gradient estimation. Recall that by Proposition 3.1, the desired descent direction for timestep k ≥ 0 is grad F (e
µk ) =
− div(e
µk · ∇fk∗ ). However, with only finite samples, we
obtain an estimator fek∗ of fk∗ . Hence, the gradient estimate at µ
ek is − div(e
µk · ∇fek∗ ), and the difference between grad F (e
µk ) and its estimate is denoted by δk =
− div[e
µk · (∇fek∗ − ∇fk∗ )]. By observing that δk ∈ Tµek M
and that the randomness of δk comes from the intial samples
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X0µ , we define
ε̄k = EX0µ hδk , δk iµek
Z
µ
= EX0
∇fek∗ (x) − ∇fk∗ (x)
X

2
2

de
µk (x)

(4.1)

as the (expected) gradient error. In general, it is hard to
derive upper bounds of gradients for general functions. Nevertheless, we upper bounds function gradients by function
values for a specific function class, Fe defined in Section 3.1.
Below we provide a generic assumption on Fe to derive the
desired upper bounds of gradients.
e is closed,
Assumption 4.1. The set ∇Fe = {∇f : f ∈ F}
e ∇f is hbounded in (C(X ), `∞ ). For each ∇f ∈ ∇F,
Lipschitz for some h > 0.
Such an assumption can be achieved by function classes
with uniformly bounded and Lipschitz continuous gradients,
which includes the class of neural networks defined in (3.5)
with bounded parameters. See §D.1 for more details. Moreover, based on Assumption 4.1 we identify a new type of
reverse Poincaré inequality (Baudoin & Bonnefont, 2016)
in §D.1. Due to the use of fundamental topology and analye our analysis can also be extended
sis property of X and F,
to non-Euclidean space X .
Generalization error of VFM. By setting p = 2 and
f (x) = fek∗ (x) − fk∗ (x) in Lemma D.1, we are able to
upper bound the gradient errors by the generalization errors
of NNs, which is bounded in §D.3 with the orders of
ε̄µ = O(Nµ−1/2 ), ε̄ν = O(Nν−1/2 )
(4.2)
by wide enough NNs for player µ and player ν, respectively.
Here Nµ and Nν are the numbers of particles for player
µ and player ν, respectively. Such results are standard for
the stochastic gradient descent (SGD) over neural networks,
since the number of iterations t in Algorithm 3 is also the
sample size Nµ (resp. Nν ) in our algorithm.
4.2. Convergence to the IFNE for PL Games
Recall that G(µ) = maxν∈M F (µ, ν). We define LG =
maxµ∈M k grad G(µ)kµ , which is upper bounded since G
is Lipschitz (Lemma E.1) on a compact domain M (Proposition E.1). We assume that there exist constants MH > 0 and
MG > 0 such that MH = maxµ,ν0 ∈M [G(µ) − F (µ, ν0 )]
and MG = maxµ0 ∈M G(µ0 ) − G(µ∗ ), where µ∗ ∈
argminµ∈M G(µ). Under Assumption 2.3 for ξ-PL games,
we characterize the following sublinear rate to find an IFNE
defined in Definition 2.5 by VTIG with sample sizes Nµ , Nν
and numbers of iterations Kµ , Kν . Recall that L0 , L1 , and
L2 are Lipschitz constants defined in Assumption 2.2. The
constant ξ for the PL condition is defined in Assumption 2.3.
Also, σ = 1 − ξη ν /2 ∈ (0, 1) is a contraction factor from
Lemma E.5.
Theorem 4.2 (Convergence of Infinite-Dimensional PL
Games). Suppose that the objective F admits a variational

form under Assumption 2.2 and 2.3. Also, the function class
µ
e
F satisfies Assumption
 4.1. νWe set the stepsizes to be η ∈

e
0, min{1/h, 2/L} and η ∈ 0, min{1/(4Lν ), 1/h} ,
e = L1 + L2 /ξ. Then, for any θ > 0, if
where L
0

cH − η ν ε̄ν .
1
(1 − σ)M
Kν ≥ Kν (θ) = O log
log
,
θ
σ
o
n
ν
cH = max MH , η ε̄ν + 1 ,
(4.3)
where M
1−σ
there exists an iteration k ∈ [Kµ ] such that


EX0 Jµ2 (e
µk , νek+1 )


p 2 
p
MG 
= O ∆ + ε̄µ · (∆ + ε̄µ ) +
,
Kµ
L ∆


2
EX0 Jν (e
µk , νek+1 ) = O
.
(4.4)
L
0
r
ην ε̄ν + θ
Here ∆ = L0
, and the gradient error terms ε̄µ
2ξ(1 − σ)
and ε̄ν are characterized in (4.2).
Proof. See §E.3 for a detailed proof and more dependencies
on other constants.
The proof of Theorem 4.2 is based on Lemma E.5 and a
Danskin-type lemma in §E.1 which ensures an appropriate
estimate of grad G provided by inner loops and the smoothness of the objective defined in Assumption 2.2. Such properties imply that VTIG behaves as the gradient descent over
the inner maximization value functional G, which concludes
the proof. The bounds for the first-order errors Jµ and Jν
are composed of the optimization error θ of player ν, the
optimization error O(Kµ−1 ) of player µ, and the gradient
errors ε̄µ and ε̄ν characterized in (4.2) due to finite samples.
Specifically, the term ∆ encapsulates both the statistical error and the optimization error of player ν, which are added to
√
ε̄µ and O(Kµ−1 ) in the error bound for player µ. Considering Nµ , Nν , Kµ , and Kν as dominating terms in the bounds,
if we set Nµ = Nν = O(θ−4 ), Kµ ≥ Kµ (θ) = O(θ−2 ),
and Kν ≥ Kν (θ) = O(log(θ−1 )), by Definition 2.5 we
achieve a θ-IFNE. In this sense, VTIG converges at a sublinear rate to the IFNE defined in (2.8) under the PL game
condition.
4.3. Convergence to the Minimax Value under the
Two-Sided PL Condition
In this section, we aim to achieve a stronger convergence
result leading to the minimax value of the game by a stronger
assumption. We give the definition of two-sided Riemannian
PL games below.
Assumption 4.3 (Two-Sided Riemannian PL Game). We
define functionals Hµ (ν) = −F (µ, ν) and Fν (µ) =
F (µ, ν) for fixed µ and ν, respectively. We assume (2.3) to
be a two-sided Riemannian PL game, or simply a two-sided
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PL game, in the sense that Fν (µ) is ξ1 -PL and Hµ (ν) is
ξ2 -PL for some ξ1 , ξ2 > 0.
Note that the definition of two-sided PL games relaxes that
of the convex-concave games even in infinite-dimensional
spaces. In fact, Example 2.4 provides a two-sided PL game
by KL regularization for both players, which is ubiquitous in
training GANs. Assumption 4.3 also guarantees a PL condition on G(µ) = maxν∈M F (µ, ν) according to Lemma F.1.
By using such a landscape, we establish the linear convergence rate of finding the minimax value of the game as
below.
Theorem 4.4 (Convergence to the Minimax Value of
Two-Sided PL Games). Let the objective F satisfy (2.4),
Assumption 2.2 and 4.3. Suppose that Fe satisfies
µ
Assumption
4.1. With

 the outer-loop stepsize ην ∈
e
0, min{1/h, 1/(4L)}
 and inner-loop stepsize η ∈
0, min{1/(4Lν ), 1/h} , for k ≥ 1 it holds that
h
i
EX0 F µ
ek , ν ∗ (e
µk ) − F (µ∗ , ν ∗ )




≤σ
ek · EX0 F (e
µ0 , νe1 ) − F (µ∗ , ν ∗ )
|
{z
}
(i)

k

+


1−σ
e
e2 ,
· η µ ε̄µ + ∆
1−σ
e
|
{z
}

(4.5)

(ii)

where µ
ek and νek+1 are probability measure iterates defined
in Algorithm 2, gradient error terms ε̄µ and ε̄ν are given
in (4.2). The expectation is taken w.r.t. the initial sample X0 .
The contraction factor is σ
e = 1 − ξ1 η µ /2, and wedefine
e 2 = L2 /2ξ2 · σ Kν ·
the total error term for player ν as ∆
0

Kν
1−σ
ν
MH + η ε̄ν · 1−σ , where MH is the upper bound of
∗

F (µ, ν (µ))−F (µ, ν0 (µ)) defined in §4.2, and Kν denotes
the number of timesteps for player ν in Algorithm 2.
Proof. See §F.2 for a detailed proof.
The proof of Theorem 4.4 differs from that of Theorem 4.2
mainly by the lower bounds of gradient norms provided by
ξ1 -PL condition on functional G. Under the two-sided PL
condition in Assumption 4.3, Theorem 4.4 characterizes
a linear convergence rate for VTIG of the objective functional value to the minimax value F (µ∗ , ν ∗ ) of the game,
with an accumulated statistical error term (ii). In detail, the
optimization error (i) decays by a factor of σ
e linearly. Additionally, our statistical error is composed of the gradient
e 2 , which is further
error ¯µ of player µ and the error term ∆
decomposed into the linearly decaying optimization error
σ Kν MH and the gradient error ¯ν of player ν scaled by
(1 − σ Kν )/(1 − σ). Specifically, in the total bound (4.5) ¯µ
scales at a rate of (1−e
σ k )/(1−e
σ ) with the iteration k and ¯ν
scales at the rate of (1 − σ
ek )/(1 − σ
e) · (1 − σ Kν )/(1 − σ),

which implies the error accumulation from the the inner
loop of Algorithm 2. Also, we adopt the objective value
instead of IFNE in Theorem 4.2 to measure the error of convergence to the minimax value. Although we suffer from
the finite-sample error to approximate probability measures,
it is flexible to tune parameters Nµ , Nν , Kµ , and Kν according to their corresponding error terms in the bound to
optimize the algorithm in practice, especially when some
parameters are restricted.

5. Toy Experiments
In this section we report some results for a toy experiment
with a Gaussian mixture model with 8 Gaussian distributions. For simplicity, we drop the regularizer terms from
WGAN loss and consider a mixture of 8 generators and
discriminators corresponding to the particles for parameters of the generator and the discriminator of WGAN. Both
generators and discriminators are MLP with 3 layers. We
also don’t tune the learning rate and set it to be 10−4 . We
run the model for 20000 iterations which is small compared
to the typical number of iterations used in practice to train
a WGAN model. In our experiment we reused the code
provided by (Hsieh et al., 2018) with some simple modification. We present some samples generated from trained
generators in Figure 2. The blue dots are generated from
real mixture models and the red ones are generated from
generators. We observe that the distribution generated by
our generator matches the groundtruth after a short training period, and the sampling procedure is faster than the
SGLD-based methd.

6. Conclusion
In this paper, we lift finite-dimensional zero-sum games to
infinite-dimensional distributional zero-sum games over a
space of probability measures, in order to find mixed NEs
for finite-dimensional games. We then propose a particlebased variational transport algorithm in the functional space
to solve such games, by analogy with the gradient descentascent algorithm in finite-dimensional spaces. Furthermore,
we provide the first complete statistical and convergence
guarantees for such particle-based method. Our analysis
applies to problems with different assumptions on nonconvexity (PL games and two-sided PL games). Toy experiments show promising empirical results.
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