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1. Summary of the Appendix

In this appendix, we provide the generalization analysis of
the proposed algorithm and give the detailed proof.

2. The Theoretical Results

Generalization error for k-means clustering has been studied
by fixing the centroids obtained in the training process and
computing their generalization to unseen data (Maurer &
Pontil, 2010; Liu et al., 2016). In this section, we study how
the centroids obtained by the proposed OP-LFMVC gener-
alizes onto test data by deriving its generalization bound.

We now define the error of OP-LFMVC. Let C =
[Cy,-- -, Cy| be the learned matrix composed of the k cen-
troids, ,8 the learned kernel weights and {Wp}p ; the trans-
formation matrices learned by the proposed OP-LFMVC. By
defining © = {eq, - - , ey}, effective OP-LFMVC should
make the following error small,

1—-E, [maxye(_) <Z;n:1 BAPVAVJhp(x), Cy>] , (D

where h,(x) denotes the p-th partition vector corresponding
to the p-th view of x with ||h,(x)|| = 1, and e, -+ , e,
form the orthogonal bases of R¥. Intuitively, it says that
the expected alignment between test points and their closest
centroid should be high. In the following, we show how the
proposed algorithm achieves this goal.

Let us define a function class first:
:{f : x+— 1 —maxyeco <Zp:1 ﬁpW;hp(x), Cy> ’
S B=1.6,20,CeRME CTO=T,,
p:
W, e R"* WIW, =1, Vp}-
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We have the following claim on the generalization error
bound for the proposed OP-LEMVC.

Theorem 1. For any § > 0, with probability at least 1 — 6,
the following inequality holds for all f € F,

< iif(xz) + Vj/;’“ o/l
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3. Proof of Theorem 1

In the following, we give the detailed proof of Theorem 1.
For i.i.d. given samples {x;}? ;, OP-LFMVC minimizes
the empirical error, i.e.,

1-— l max <Z ﬁpW;hp(Xi), CYi> , @

where © = {ey,- -
nal bases of R¥.

Let

,er} and ey, - , e form the orthogo-

)=1-1y

1 U T
o 2 Wax <; By W, hy(x;), CYi> :

i=1
(&)

R(Cv /67 {WP}ZL:I

Our proof idea is to upper the following bound

sip (B [R(C.8, {K, }y)| - R(C. B, {W, 1)),
C.BAW,}L
. (6)
and then upper bound the term R(C, 3, {W,}; ;) by the

proposed objective.

Let us define a function class F first:

:{f D x 1 — maxyco <Z::1 5pW;hp(X)7 CY> ‘

>
p=1

W, € RE WIW, =T, V.

65 =1, Bp > OaC € Rka, CTC = Ikv

)

Then, Eq. (6) can be rewritten as,

1 n
sup <E X)) -~ ; f(xi)> : (8)
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It is not difficult to check that

<Z Bpw;—zrhp<x), CY>
y'c’ <i 5pW;Thp(X)> )

p=1

T
= ‘C” > Zﬂ,,w h,(x;) (Zﬂpw;hp(x)>,
x;€C; p=1 p=1
= o 5D ] W W (),
x;€C; p,g=1
1
< m Z Z BpBq
x;€C; p,g=1
<Y LB =1
p,q=1

€))

By the same way, one can readily prove that —1 <
<Z;":1 BPW;hp(x),Cy> < 1. As a result, we have
fx) <2

By exploiting McDiarmid’s concentration inequality, we
have the following theorem.

Theorem 2. For any § > 0, with probability at least 1 — 6,

the following holds for all f € F:

1 & log1/6
— ) < 2R, (F) + 10
- g x;) (F) + 2y ==, (10)
where
R, (F) =~ [supy  5if(xi (11)
)= 12 ey 3 st
and 1, ...,7vn are i.i.d. Rademacher random variables

uniformly distributed from {—1,1}.

Now, we are going to upper bound R, (F). Since there
is a maximization function in f, it is not easy to directly
upper R, (F). Similar to the proof method in (Maurer &
Pontil, 2010), we upper bound it by introducing Gaussian
complexities:

Gn(F) =

[supfe}- Z

where 71, ..., v, are i.i.d. Gaussian random variables with
zero mean and unit standard deviation.

S|, a2)

The following two lemmas (Maurer & Pontil, 2010) will be
used in our proof.

Lemma 1.
F) < /)28, (F). (13)
Lemma 2. Let Gy = Y.! %G(x;,f) and Hy =

Yo viH(xi, f) be two zero mean, separable Gaussian
processes. If for all f1, fo € F,

E [(Gfl - Gf2)2] S ]E[(Hfl - Hf2)2]- (14)

Then,

E [supser Gy| <E [sup;cr Hy| . (15)

In our case, let

=Gg,c = Z% <1 — max hﬁ (XZ)C}Q) (16)

i=1

and

e

Hy=Hpc=> hs(x)d vuCe. (17

i=1 =1

where hg(x) = Y_0", B, W, hy(x).
we are going to prove that
E'Y I:(Gﬁl,Cl

- Gg,.c,)’] <E, [(Hp,.c, — Hp,.c,)°] .

(18)
Specifically, for any fi, fo € F, we have

{(1 —maxhj (x )C1y) — (1 — max h52 (X)C2y>} 2

y€o

2
= (maxhﬁ (x )Cly—ggghgg(x)C2y>

yEeo

(s

yEeo©

_ (max (hﬁ (x)C1 —hg2(x)02) y>2

A4S(S]

= ma (Z " (hﬁl x)C1 — hj, (x)c2) el>
S5 (e r30e) )’
(19)

where the last inequality holds because Zle y = 1.
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Thus, we have

E, |:(G,317CI - GﬁQ,Cz)Q]
(S (1o )

_ (1 — maxy,co h,(TaQ (Xi)c2yi)D1

2
(maxy,:ee hgl (xi)C1y; — maxy,co hgz (Xi)CZYi)

.

«
I
-

NgE
N

< (15, (x0C1 — 1, ()G ) )

l
E, [(Hg,.c, — Hp,.c.)?] -

I
A

A

(20)
Using Holder’s inequality and Jensen’s inequality, we have

E [supfef Hf E, lsupZZ%lhﬁ x;)Ce;

’zlll

>~ Ey lz ‘Zi=l Yil ]
=1
< kv/n.
(21)
Combining Lemmas 1 and 2, Eqgs. (12), (20), and (21), we

have 1
R (F) < —v/7/2E[sup G c]
n feF

IN

%\/77/21[3

%\/71‘/2/6\/7;
_ /T/2k
=

sup Hg7c
fer

IN

Putting the above inequality into Theorem 2, with proba-
bility at least 1 — §, the following holds for all f € F:

\/ /2k flog1/é
Zf 2 Og2n/'

(22)

This completes the proof.

References

Liu, T., Tao, D., and Xu, D. Dimensionality-dependent
generalization bounds for k-dimensional coding schemes.
Neural computation, 28(10):2213-2249, 2016.

Maurer, A. and Pontil, M. k-dimensional coding schemes
in Hilbert spaces. IEEE Transactions on Information
Theory, 56(11):5839-5846, 2010.



