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Abstract

Recently, local SGD has got much attention and
been extensively studied in the distributed learn-
ing community to overcome the communication
bottleneck problem. However, the superiority
of local SGD to minibatch SGD only holds in
quite limited situations. In this paper, we study
a new local algorithm called Bias-Variance Re-
duced Local SGD (BVR-L-SGD) for nonconvex
distributed optimization. Algorithmically, our pro-
posed bias and variance reduced local gradient
estimator fully utilizes small second-order hetero-
geneity of local objectives and suggests randomly
picking up one of the local models instead of
taking the average of them when workers are syn-
chronized. Theoretically, under small heterogene-
ity of local objectives, we show that BVR-L-SGD
achieves better communication complexity than
both the previous non-local and local methods
under mild conditions, and particularly BVR-L-
SGD is the first method that breaks the barrier of
communication complexity ©(1/¢) for general
nonconvex smooth objectives when the hetero-
geneity is small and the local computation budget
is large. Numerical results are given to verify the
theoretical findings and give empirical evidence
of the superiority of our method.

1. Introduction

Nowadays, optimization problems arising in machine learn-
ing are often large and require huge computational time.
Distributed learning is one of the attractive approaches to
reduce the computational time by utilizing parallel com-
puting. In classical distributed learning, each worker has
the whole dataset used in optimization or a random sub-
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set of the whole dataset which is not explicitly exchanged.
In recent federated learning, introduced by Konec¢ny et al.
(2015); Shokri & Shmatikov (2015); McMahan et al. (2017),
we build a global model across multiple devices or servers
without explicitly exchanging their own local datasets, and
local datasets can be heterogeneous, i.e., each local dataset
may be generated from a different distribution. There are
various federated learning scenarios (e.g., personalization,
preservation of the privacy of local information, robustness
to attacks and failures, guarantees of fairness) and refer to
the extensive survey (Kairouz et al., 2019) for these topics.

One of the most naive and widely used approaches to dis-
tributed learning is minibatch Stochastic Gradient Descent
(SGD) (Dekel et al., 2012), which is also called as Feder-
ated Averaging (FedAvg) (McMahan et al., 2017). Each
worker computes minibatch stochastic gradient of the own
local objective and then their average is used to update
the global model. Also, more computationally efficient
methods including minibatch Stochastic Variance Reduced
Gradient (SVRG) (Johnson & Zhang, 2013; Allen-Zhu &
Hazan, 2016; Reddi et al., 2016a) and its variant (Lei et al.,
2017), minibatch StochAstic Recursive grAdient algoritHm
(SARAH) (Nguyen et al., 2017; 2019) and its variants (Fang
et al., 2018; Zhou et al., 2018) are applicable to the problem.
Particularly, SARAH achieves the optimal total computa-
tional complexity in nonconvex optimization.

Unfortunately, minibatch methods suffer from their com-
munication cost because of the necessity to communicate
local gradients for every single global update. One of the
possible solutions is using a large batch to compute local
gradients (Goyal et al., 2017), but the communication com-
plexity, that is the necessary number of communication
rounds to optimize, is theoretically never smaller than the
one of deterministic GD and thus communication cost is
still problematic.

To overcome the communication bottleneck problem, lo-
cal methods have got much attention due to its empirical
effectiveness (Konecny et al., 2015; Lin et al., 2018). In
local SGD (also called Parallel Restart SGD), each worker
independently updates the local model based on his own
local dataset, and periodically communicates and averages
the local models. Many papers (Stich, 2018; Yu et al., 2019;
Haddadpour & Mahdavi, 2019; Haddadpour et al., 2019;



Bias-Variance Reduced Local SGD for Less Heterogeneous Federated Learning

Koloskova et al., 2020; Khaled et al., 2020) have stated the
superiority of local SGD to minibatch SGD, but these results
are based on unfair comparisons and hence not satisfactory.
Concretely, they have compared the two algorithms with the
same local minibatch size b, which means that local SGD
with K local updates requires K times larger number of lo-
cal computations per communication round than minibatch
SGD.! If we fix the number of single stochastic gradient
computations per communication round to B := Kb for
each worker; their results indicates that the communication
complexity of local SGD with K local updates and b local
minibatch size are never better than the one of minibatch
SGD with B local minibatch size for any B. This point is
quite important, but many papers have overlooked it.

Recently, Woodworth et al. (2020b;a) have shown that, for
the first time, theoretical superiority of local SGD to mini-
batch SGD under fair comparison for convex optimization
when the heterogeneity of local objectives is small. On the
other hand, their derived lower bound of local SGD also
suggests the limitation of local SGD. Specifically, they have
shown that if the ﬁr'g—order heterogeneity of local objec-
tives? is greater than = &, where ¢ is the desired optimization
accuracy, the communication complexity of local SGD is
even worse than the one of minibatch SGD. In other words,
the quite small heterogeneity of local objectives is essential
for the superiority of local SGD to minibatch SGD, which is
a clear limitation of local SGD. SCAFFOLD (Karimireddy
et al., 2020b) is a new local algorithm based on the idea
of reducing their called client-drift, which uses a similar
formulation to the variance reduction technique. However,
the communication complexity is the same as minibatch
SGD for general nonconvex objectives and it requires small
heterogeneity and quadraticity of local objectives to surpass
minibatch SGD, which is also quite limited. Inexact DANE
(Reddi et al., 2016b) is another variant of local methods that
uses a general local subsolver that returns an approximate
minimizer of the regularized local objective. Again, the
superiority to non-local methods has been only shown for
quadratic convex objectives.

In summary, both in classical distributed learning and recent
federated learning, naive minibatch (i.e., non-local) meth-
ods often suffer from their communication cost. Several
local methods surpass non-local ones in terms of communi-
cation complexity. However, the necessary conditions for
the superiority of the previous local algorithms to non-local
ones are quite limited (i.e., extremely small heterogeneity

"Practically, it is said that a larger minibatch size sometimes
causes bad generalization ability in deep learning and thus compar-
ing minibatch SGD and local SGD with a common local minibatch
size is meaningful in some sense. But at least from a theoretical
point of view, this comparison is questionable.

“First-order heterogeneity 1 is defined as follows: ki, (x)
rfo(x)k 1;8x2R%8p;p°2[P].

or quadraticity of local objectives). A natural question is
that: is there a local algorithm which surpasses non-local
(and existing local) ones in terms of communication com-
plexity with a fixed local computation budget under more
relaxed conditions?

Main Contributions

We propose a new local algorithm called Bias-Variance Re-
duced Local SGD (BVR-L-SGD) for nonconvex distributed
learning. The main features of our method are as below.

Algorithmic Features. The algorithm is based on our bias
and variance reduced gradient estimatdiat simultane-
ously reduces the bias caused by local updates and the vari-
ance caused by stochastization based on the idea of SARAH
like variance reduction technique. Importantly, fo fully uti-
lize the second-order heterogeneity of local objectives, a
randomly picked local models used as a synchronized
global model instead of taking the average of them, which
is typical in the previous local methods.

Theoretical Features. We analyse BVR-L-SGD for gen-
eral nonconvex smooth objectives under second-order het-
erogeneity assumptiarwhich interpolates the heterogene-
ity of local objectives between the identical case and the
extremely non-IID case, and plays a critical role in our
nonconvex analysis. The comparison of the communica-
tion complexities of our method with the most relevant
existing results is given in Table 1. The communication
complexity of BVR-L-SGD has a better dependencesn
than minibatch SGD, local SGD and SCAFFOLDWhen
BP n ™ 1/e and the second-order heterogeneity ¢ of
local objectives is small relative to the smoothness L, BVR-
L-SGD strictly surpasses minibatch SARAHurthermore,
BVR-L-SGD is the first method that breaks the barrier of
communication complexityl /e when local computation
budget B ¥ 1, for general smooth nonconvex objectives
with small heterogeneity (. Importantly, even when the
heterogeneity is highthe communication complexity of
our method is never worse than the ones of the existing
methodssince the second-order heterogeneity ( is bounded
by two times the smoothness L of local objectives®.

As aresult, BVR-L-SGD is a novel and promising commu-
nication efficient method for nonconvex optimization both
in classical distributed learning (i.e., local data distributions
are nearly identical) and recent federated learning (i.e., local
data distributions can be highly heterogeneous).

3Note that from the extra assumption, the communication
complexity is always lower bounded by % + ﬁ for any B even
if 4i = 0 (i.e., we are in overparamterized regimes). Thus,
the communication complexity is never better than the one of
minibatch SGD.

“For the details, see Assumption 1 in Section 2
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Algorithm Communication Complexity Extra Assumptions
Minibatch SGD F+ mpr None
Minibatch SARAH (Nguyen et al., 2019) iy BnPA..% None
Local SGD (Yu et al., 2019) 3+ gz t A% G gradient boundedness
convexit
Local SGD (Khaled et al., 2029) 1B+F,7..32 + i BP 1+ 2 y2
B =4 or § "
P _ dif
1 1 1 . convexity,
Local SGD (Woodworth et al., 2020a) 5=t gpez =T + 2 1st-order ; heterogeneity
Local SGD (Woodworth et al., 2020a) 1. 1, 1A convexity,
(Lower bound) "3 BP™? S 1st-order ; heterogeneity
SCAFFOLD (Karimireddy et al., 2020b) F+ zp None
o 1 1 quadraticity,
SCAFFOLD (Karimireddy et al., 2020b) s + TP,,Z + ; and-order heterogeneity
BVR-L-SGD (this paper) p% + %A..% + - 2nd-order heterogeneity

Table 1.Comparison of the order of the necessary number of communication rounds to Bafigheu k> " (orf (Xou) (X )

for convexf ). "Extra Assumptions” indicates the necessary assumptions to derive the results other than Assumptions 2, 3 and 4 in Section
2. " is the desired optimization accurady.is the local computation budget that is the allowed number of single stochastic gradient
computations per communication round for each worReis the number of workers is the total number of samples and is possibly

in online (i.e., expected risk minimization) settings. The smoothness of local objetivies variance of a single stochastic gradieft

and gradient boundedneGsare regarded a§l) for ease of presentation. Note that in this notatsetond-order heterogeneityalways

satis es (L)= (1) . 3 isthe squared local gradient norm at an optimum (for the precise de nition, see (Khaled et al., 2020)).

Other Related Work. Several recent papers have also studillustrated and theoretical assumptions are given.
ied local algorithms combined with variance reduction tech- . . ) _
nique (Sharma et al., 2019; Das et al., 2020; Karimiredd ﬁL“OQ' K k denotes the Euchde@nz normk ka: kxk =
) . x# for vectorx. For a matrixX , kX k denotes the

et al., 2020a). Sharma et al. (2019) have considered ParalIvlar%du(':e(']I norm by the Euclidedn, norm. For a natural
Restart SPIDER (PR-SPIDER), that is a local variant of y :
SPID_ER (Fang etal, 2018.) and shown that thg Propose A means the number of elements, which is possibly
algorithm achieves the optimal total computational com- ) i

X S . N For any numbea; b a_ banda” bdenotemaxf a; bg and
plexity and the communication complexity bf" for non-

covnex smooth objectives. However, these rates essential[man""’é:Jg {Jeg?e:tlvely. We denote the uniform distribution
match the ones of non-local SARAH and no advantage verA by Unif(A).

of localization has been shown. Also, Das et al. (2020)2
have considered a SPIDER like local algorithm called Fed*
GLOMO but the derived communication complexity is only We want to minimize nonconvex smooth objective
1="3%2 in general and the rate is even worse than mini-

batch SARAH. Karimireddy et al. (2020a) have proposed 1

MIME, which is essentially a combination of local SGD T (X):= 5 fp(x); wherefp(x) := E; p,[(x2)]

.1. Problem Setting

and SVRG-like variance reduction technique. They have p=1
shown that MIME achieves the communication complexity d . o .
of 1=(B") + 1=(P3#"32) + =" for second-order het- for x 2 RY, whereD, is the data distribution associated

erogeneous nonconvex smooth objectives. Importantly, th ith worker p. Although we consider both ofine (i.e.,

second term of the rate of BVR-L-SGD has better depe #supp(Dp) < 1 foreveryp 2 [P]) and online (i.e.,

n . o
dencies orP andB than the one of MIME. Particularly, #suppé Ipo) ; 1 fot;_ somtehp t2 [Pr]])lsettllndgst, I |tshas-
BVR-L-SGD achieves=" whenB | 1  but MIME does  >uMmed for ofine Setlings that each focal dataset has an

equal number of samples, i.&supp( Dp) = #supp( Do)

for everyp; p° 2 [P] just for simplicity. We assume that
. . each workep can only access the own data distributdp

2. Problem De nition and Assumptions without communication. Aggregation (e.g., summation) of
In this section, we rst introduce the notations used in thisaII the worker'sd-dimensional parameters or broadcast of

paper. Then, the problem setting considered in this paper i8 d-dimensional pqrameter.from one wo.rker. to the ot_her
workers can be realized by single communication. In typical

not possess this property.
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situations, single communication is more time-consumingAlgorithm 1 Local GDgy, ,B,b K, T)
than single stochastic gradient computation. Cefenotes 1: fort=1toT do
the single communication cost adoes the single stochas- 2:  for p=1 to P in parallel do
tic gradient computation. Using these notations, we assumes. Setxgp) =R 1.
C G. Since we expect that a larger number of available 4. fork =1 toK do
stochastic gradients in a communication round leads to faster;. (P — (P (p)
optimization, we can increase the number of stochastic grag: eng?g?texk - Mk F ol
dient computations unless the total gradient computational7: end for
time exceed€. This motivates the concept tfcal com- . . () p
) o~ o 8: Communicatéx;" g,-; -
putation budgetB ( C =G): given a communication and 1Pr p )
computational environment, it is assumed thach worker ~ 9° Bt = 5 o1 Xg R Unif[K]).
can only compute at moBtsingle stochastic gradients per 10: end for
communication round on averag&hen, we compare the 11 Return: ¢ (£ Unif[T]).
communication complexity, that is the total number of com-
munication rounds of a distributed optimization algorithm
to achieve the desired optimization accuracy. From théssumption 2 (Smoothness)For anyp 2 [P] andz 2
de nition, given a communication and computational envi-supp(Dp), *( ; z) is L-smooth, i.e.,
ronment, the communication complexity with a xed local
computation budgeB := C=G captures the best achievable kr "(x;z) r (y;2)k  Lkx  yk;8xy 2 R%:
total execution time of an algorithm. Generally, for a larger
budget, we expect smaller communication complexity. e assumé -smoothness of lossrather than risk . This
assumption is a bit strong, but is typically necessary in the
2.2. Theoretical Assumptions analysis of variance reduced gradient estimators.

In this paper, we always assume the following four assumpAssumption 3 (Existence of global optimum)f has a
tions. Assumptions 2, 3 and 4 are fairly standard in rst-global minimizerx 2 RY.

order nonconvex optimization. Assumption 4 (Bounded gradient variance}For everyp 2
Assumption 1 (Heterogeneity) f f pggzl is second-order [P],

-heterogeneous, i.e., for apyp’ 2 [P], E, o,kr "(2) 1 fp(x)K? 2.
r2fp(x) r %fpo(x) : 8x 2 R%:
Assumption 4 says that the variance of stochastic gradient
Assumption 1 characterizes the heterogeneity of local otis bounded for every local objective.
jectivesffpgf,’:1 and has a critical role in our analysis. We

expect that relatively small heterogeneity to the smoothnesg, Approach and Proposed Algorithms
reduces the necessary nump,er of communication to optimize

global objectivef = (1=P) ’F)’:l fp. If the local objec- In this section, we introduce our approach and provide de-
tives are identical, i.eD, = Do for everyp;p® 2 [P], tails of the proposed algorithms.
becomes zero. When eabh, is the empirical distribu-
tion of n=P 1ID samples from common Fgata distribution 3.1. Core Concepts and Approach
D, we havekr 2fp(x) 1 2fp(x)k € = P=nL) with
high probability by matrix Hoeffding's inequality under As-
sumption 2 for xedx ®. Hence, in classical distributed
learning regimes, Assumption 1 naturally holds. An impor
tant remark is thafssumption 2 implies 2L, i.e., the
heterogeneity is bounded by the smoothne$his means
thatAssumption 1 gives an interpolation between the ide
tical data setting = 0 and the extremely non-FgI D setting
=2L. Even in federated learning regimes P=nL, Localization. One of the promising methods for reducing
we can expect 2L for some problems. communication cost is local methods. In local methods,
each worker independently optimizes the local objective
RY is generally dif cult, we can use the high probability bounds on and periodically pommunlcate the Cu_rrer?t solution. qu ex-
the discrete optimization path rather than the entire s%c@nd ample, the algorithm of local GD, which is a deterministic

then the same bound still holds. For only simplicity, we assume/ariant of local SGD, is given in Algorithm 1. In some
the heterogeneity condition on entire sp&%in this paper. sensethe local gradient f,(x) can be regard as a biased

Here, we describe four main building blocks of our algo-
rithm, that ardocalization bias reductionstochastization
andvariance reductionAlthough our algorithm relies on
"SARAH like variance reduction technique, in this subsec-
tion we will describe our approach using SVRG like vari-
ance reduction rather than SARAH like one to simply con-
r\'/ey the core ideas.

5Although to show the high probability bound for every2
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estimator of the global gradiemtf (x). One of the limita-  Algorithm 2 BVR-L-SGD(go, ,b, 8 K, T,S)
tions of local GD is the existence of the potential bias of 155, s=1 10 S do
the local gradient f(x) to approximate the global one 5. ¢, p=1 toP in parallel do

r f (x) for heterogeneous local objectivébpg,ﬁ’:l. The 3: ifg L P #supp( D) then
biaskr f,(x) r f(x)k critically affect the convergence ,e(p)P— pf'l P
speed and can be boundedkasf,(x) r f(x)k 1un- =1 fp(es 1).

der the rst order ;-heterogeneity condition. This implies S else(p) Pg i
that the bias heavily depends on the heterogeneity paramete?i © 9 | (s 1,2) (21 Dp).
1 and does not converge to zeroxaé x . Hence, the ' ?‘fd if
end for

existing analysis of local methods requires extremely smaII 8:
1 that typically depends on the optimization accurcy —*
to surpass non-local methods including GD and m|n|batch'LO
SGD in terms of communication complexity, which is qune
limited in many situations. 1

Communicaté € (P gP_, , setey = & P Eﬂ JON
SetXg= X 1= Bs 1.
fort=11t0T do

for p=1 toP in parallel do

13: (p)(X )= & |Kb1 r(Xe 1,2),
Bias Reduction. To reduce the bias of local gradient, we (p) _ 1
introducebias reductiontechnique. Concretely, we con- (Xﬁi_d?) Kb | 1 r(xe 2;2)
struct the local estimatar f,(x) r fp(xg) + r f(xo) 15 forzz = Dyp.
to approximate f (x). Here,Xq is the previously com- 16: e” = g (x; 1) gP(x 2)+ &P,
municated solution. This construction evokes the famoug7: end for

variance reduction technique. Analogically to the analqg:
ysis of variance reduced gradient estimators, under theg.
second order-heterogeneity, the bias can be bounded as,,.
fo(Xxp)+ 1 f(xo) r f(x)k kX Xok.  51.
This means that the bias converges to zeroassdxo ! X . 5.
Hence the bias of the introduced estimator is reduced by23_

kr fp(x) r

utilizing the periodically computed global gradient (x).

This enables us to show faster convergence than vanillé®

; (p) =1 P
Communicaté & gp 1. 5ete = 5

forp=1 toP in parallel do
Xgp)’xgp);out —
Local-Routingp; x; 1; ; &;b;K).
end for
Communicaté x;” gb-; andf x; Op=1 -

Setx; = x{P andxut = x{(P° (p  Unif[P]).

(p) (p);out

25:  end for

26:  Setes = xt ande" = x (£ Unif[T]).
Stochastization.Generally,deterministic methods require 27- end for

huge computational cost for single updatelarge scale »2g: Return: g°Ut = R (8  Unif[S]).
optimization. The classical idea to handle this problem is
stochastization. For example, non-distributed SGD naively

usesr "(x;z) with single sample D, to approximate

rf(x) = E; plr "(x;z)]. Although stochastization re- anceE, pkr “(x;z) r
duces the computational cost per update, the variance dugan be bounded by2kx ~ xok2, whereL is the smooth-

to it generally slows down the convergence sp&ithilarto  ness parameter of If x andxg ! X , the variance con-
standard SGD, we can naively stochagiée our bias reducegbrges to zero. In this meathe estimator reduces the
estimator as(x;z)  "(x0;2) *+ (1=P) oy (X0iZp0),  variance caused by stochastization and also maintains com-
wherez Dpandzp Dpoforp? [P]. Heref zpogsoz1 putational ef ciency by using periodically computed global

is sampled only at communication time. As pointedfull gradients Analogous to this formulation, each worker
out before, the varianc&;;o p, K (X;2)  "(Xo;2) + p computes a variance reduced local gradient estimator
(1=P)  [ooy “(X0iZpo) (r fp(X) 1 Fp(xo)+r f(xo)k2 17 (62) 1 “(x0;2)+ 1 f(xo) withz Dy,

caused by stochastization may leads to slow convergence.

Concrete Algorithm

non-local and local GD even for not too small

“(Xo;zZ)+ r f(xg) r f(X)k?

Variance Reduction. To reduce the variance of the gradi-
ent estimator due to stochastization, we introduce varianck this paragraph, we illustrate the concrete procedure of
reduction technique. Variance reduction is also classicabur proposed algorithm based on the concepts described in
technique and has been extensively analysed both in cothe previous paragraph.

vex and nonconvex optimization. The essence of varianc . N .
reduction is the utilization of periodically computed full gra- ‘Fhe proposed algorithm for nonconvex objectives is pro-

dientr f (x). In non-distributed cases, a variance reducec}'ided in Algorithm 2. In line 2-9, workep computes the
. ’ <. NS ull gradient of local objectivé, (or a large batch stochas-
estimator is dened as "(x;z) r “(Xo;z) + r f(Xp)

with 7 D. This estimator is unbiased and the varl-t'c gradient off , if the Iearnlng problem is on-line, which
means thattsupp(Dy) = 1 for somep). Then, each
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Algorithm 3 Local-Routinep, Xo, , Vo, b, K) 4. Convergence Analysis
. P) — (P = . . . . .
1: Setxy” = x'"] = Xo. In this section, we provide theoretical convergence analysis
2: for kp): 1(pt)0 K dol Po « » ©) s (0) of our proposed algorithm. For the proofs, see the supple-
3 g (X)) = 5 m (XT12), 9O (X)) = mentary material (Section A and B).
b - ii:d:
L0 Pz @ D). _ _

4 V'((p) - 9|(<p) (Xﬁp)l) gl(<p)(xﬁp)2)Jr V|(<p)1- 4.1. Analysis of Local-Routine

5. Updatex” = xP v Here, we analyse Local-Routine (Algorithm 3).

6: end for .

7 Return: Xf(p)7x(ﬁp) R Unif[K]). Lemma 4.1(Descent Lemma)Suppose that Assumption 2

holds. There exists; = (1 =L) such that for any 1,
Local-Routineg, X0, , Vo, b, K) satis es fork 2 [K],

worker broadcasts it and the gradient of global objedtive Ekr f (X(kp)l)kZ 1 (Ef (X(kp)l Ef (X(kp) )
is executed by averaging the communicated local gradients

(line 9). Then, for each iteratidn)each worker computes + §Ekvf<p) rof (X(kp)l)k23
variance reduced local gradiera!fp that approximates the 2

full local gradient usingKb IID sampleg(line 13-16), that

is an important process for computational ef ciency. Then,]_he deviation o/® fromr f x® ) can be bounded by
(P) k k 1

fe 95:1 is communicated ane is obtained by averaging e following lemma.
them. Using previous solution ; ande; as inputs, each _
worker runs Local-Routine (Algorithm 3) (line 21). The Lemma 4.2. Suppose that Assumpgjons 1 and 2 hold. Then,

next solutionx; at iterationt is set to the randomly cho- there exists, = (1 =K )~ b<(" KL )) such that for

(p)

sen solutions from Local-Routine's outpdte;g5_; rather 2, Local-Routingg, Xo, , Vo, b, K) satis es
than averaging them. When we terminate the for loop from
line 11 to 22, the next solution at stagés set to the ran- 1 X

domly chosen solutions frofxgh; .-, (line 24) rather Ekvi? 1 f(x{P k2

than averaging them again. Although the model averaging k=1

process has a critical role in all the previous local algorithms, 2

the random picking process is essential in our analysisto  ( C) E rf xP)  + (1) kvo 1 f(xo)k?;
fully utilize the second-order heterogeneity and is one of the k=1

algorithmic novelties of our method

i i S whereC := 2L2=p+ 2 2K,
The local computation algorithm Local-Routine is illus-

trated .in Algorithm 3. Inlines 3-5, we again use VarianceCombining Lemma 4.1 and 4.2 results in the following
reduction withvg as a snapshot gradient. Henes adopt the proposition.

SARAH like variance reduction rather than the SVRG like
onebecauseSARAH achieves the optimal computational Proposition 4.3. Suppose that Assumptiogs 1 and 2 hold.
complexityfor non-distributed nonconvex optimization. ~ There existss = (1 =L~ 1=5(K )~ " b= KL)) such

Remark(Communication and computational complexity) that for 3, Local-Routineg, xo, , Vo, b, K satis es

The communication complexity i ST) and the averaged
number of single gradient computations per communication gkr f (Xép))k2 1
round for each worker ig( Kb + 8=T)). K

2.
Remark(Generalization of SARAH)WhenK =1, BVR- * (1) kvo 1 T (xo)k™
L-SGD exactly matches to minibatch SARAH. In this sense,
BVR-L-SGD is a generalization of minibatch SARAH. 4.2. Analysis of BVR-L-SGD

(Ef (xo) Ef (x)

Remark(Practical Implementation)Practically, in line 19-
24 of Algorithm 2, we randomly choose workgiat rst
and execute Local-Routine only for workgr Note that
this procedure gives an equivalent algorithm to the original
one but reduces the computational and communication codtemma 4.4. Suppose that Assumptionﬁ 1, %@d 4 hold.
More speci ¢ procedures of the practical implementation'ﬁ@, ,5h% exists, = (1 =K )~ b KL) A~

are found in the supplementary material (Section C). Pby KTL)) such that for 4, BVR-L-SGD¢y,

Here, we analyse BVR-L-SGD (Algorithm 2). The fol-
lowing lemma bounds the variance &f which arises in
IF’roposition 4.3.
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,b,8 K, T,S) satis es

1 X
= Eke. r f(x; 1)k?
t=1
CO l X EXD E[GEE)]-‘- 19([\772:
T t0=1 P p=1 " P® Figure 1.An illustraion of our local datasets generation process.

whereC% ;= 2L2KT=(Pb)+ 2L%K=b+ 2 ?K?,n:=

p-1 #supp(Dy) and Gy = kr f (x(8 7" k2. were arti cially created. For each heterogeneity, we com-
Using the result of Local-Routine (Proposition 4.3) and pa'req the empirical performances of our method and several
Lemma 4.4, we obtain the following theorem. existing methods.

Theorem 4.5. Suppose that AssumptionsplLZ,p’ignd 4 holdData Preparation. We rst equalized the number of data
E@’ Weﬁexists = (1 =L™1K )~ b KL)* per cIa;s by randomly removing the excess data for both
Pb< KTL)) such that BVR-L-SGR§, , b, 8 K, T, the train and test datasets for only simplicity. Then, for

S) satis es xed gq 2 f0:1,0:350:6;0:853, g 100 % of the data
1 of classp was assigned to worker for p 2 [P]. Here,
Ekr f (°U)k? (Ef (&) f(x)) we set the number of workers to the number of classes.
KTS Then, for each clasg, we equally divided the remained
+ (@) 1 : (1 g 100%dataofclaspintoP 1setsand distributed
<t pg’ them to correspondence workgt 6 p. As a result, we

obtained several patterns of class imbalanced local datasets
with various heterogeneity (we expect smaller heterogeneity

Theorem 4.5 immediately implies the following corollary fOr smallerg and particularly O whengq = 0:1 since

which characterises the communication complexity of BVRF = 10). Aniillustration of this process fdP = 3 is given
L-SGD. in Figure 1. From this process, we xed the number of

. workersP to ten. Finally, we normalized each channel of

Corollary 4.6. Ssippose that Assumptions 1, 2, 3 and 4 hold .

We denota = Sl 521 #supp(D,). LetB= (( n=p) A the data to be mean and standard deviaién

132:(5")))_ Taen, tBere exists = (1 =L~ 15K )~ Models. We conducted our experiments using an one-
b KL)~ PbX KTL))) suchthatBVR-L-SGR¢, hidden layer fully connected neural network will®0
b8 K, T,S)withS = (1+1 =(KT")) satises hidden units and softplus activation. For loss function,

Ekr f (R )k? (") with communication complexity ~ We used the standard cross-entropy loss. We initialized

Pop
wheren = p=1 #supp(Dy).

r I paﬁameters by unifBrme sampling the parameters from
ST = - L N T L £ T - [ 6=(nin + nout); 6=(nin + Nyt )] (Glorot & Bengio,
B K" " P Kb" KbP " ' 2010), wherenj, andng,; are the number of units in the

o _ _ input and output layers respectively. Furthermore, we add
RemarkCommunication ef ciency) Given local computa- | ,-regularizer to the empirical risk with xed regularization
tion bu%geB,we sefl = (1+ ®=B)andKb = ( B)with  parameteb 10 3.

b ( B), whereBwas de ned in Corollary B.1. Then,

we have the averaged number of local computations Percoml 1 SGD. Local SGD SARAH. SCAFFOLD and our

munl_catlon rounc_Kb - B=T= ( B)andthe totabcg.r‘nmu- BVR-L-SGD. For each local computation buddget 2
Blwplexny \,’Y'th budges ?eltl:omes(( L=( ,,B )+ f256,512 1024, we setk = B=16 andb = 16 for lo-

n” ( 2=IL=(BP")+(n" ( *="))=(BP)+ ="). cal methods (Local SGD, SCAFFOLD and BVR-L-SGD),
andb = B for non-local ones (minibatch SGD and
5. Numerical Resutls SARAH). Note that each algorithm requires the same or-
. : . . der of stochastic gradient computations per communica-
In thls section, we prowf:ie several experimental results Qion. For each algorithm, we tuned learning ratéom
verify our theoretical ndings. f0:005, 0:01; 0:05; 0:1; 0:5; 1:0g. The details of the tuning
We conducted a ten-class classi cation on CIFAR10 procedure are found in the supplementary material (Section
dataset. Several heterogeneity patterns of local datase®.

Implemented Algorithms. We implemented mini-

®https://www.cs.toronto.edu/~kriz/cifar. Evaluation. We compared the implemented algorithms us-
html . ing four criteria of train loss; train accuracy; test loss and test
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(a) Best Train Loss (b) Best Test Accuracy (a) Best Train Loss (b) Best Test Accuracy

Figure 2.Comparison of the best train loss and test accuracyrigure 3.Comparison of the best train loss and test accuracy
against heterogeneity parameter against local computation budd@t

accuracy against (i) heterogeneity(ii) local computation

budgetsB and (iii) the number of communication rounds. . .
S the train loss and test accuracy against the number of com-
The total number of communication rounds was xed to o . S
munication rounds (Figure 4). For the space limitation, we

3; OOO'for each algorithm. We independently repeated th(.aonly report the cas® = 1:024 From these results, it
experiment® times and report the mean and standard devi- .
: o L can be seen that our proposed BVR-L-SGD consistently
ation of the above criteria. Due to the space limitation, we L
) . ; . outperformed the other methods from beginning to end.
will only report train loss and test accuracy in the main pa-
per. The full results are found in the supplementary materialn summary, for small heterogeneity, local methods signif-
(Section D). icantly surpassed non-local methods. For relatively large
heterogeneity, the performances of the existing local meth-
ods were seriously degraded. In contrast, the degree of

Seterioration of BVR-L-SGD was small and BVR-L-SGD

Results 1: Effect of the heterogeneity. Here, we inves-
tigate the effect of the heterogeneity on the convergenc

speed of the algorithms. To clarify the pure effect of theconsistently out-performed both the existing non-local and

h‘eteroger_]eny, we xed the local cpmputatlon _budBetb ._local methods. These observations strongly verify the theo-
1; 024, which was the largest one in our experiments. Fig- . . S )
. . ; retical ndings and showed the empirical superiority of our
ure 2 shows the comparison of the best-achieved train loss
. L : method.
and test accuracy i8 000communication rounds against
heterogeneity parametgr From this, we can see that the

convergence speed of the local methods deteriorated as h&t- Conclusion and Future Work

erogeneity parameterincreased. Particularly, the degree In this paper, we studied our proposed BVR-L-SGD for

of the performance degradation of L-SGD and SCAFFOLD S . o .
) ) npnconvex distributed learning, which is based on the bias-
was serious. In contrast, this phenomenon was not observe

v?riance reduced gradient estimator to fully utilize the small
for non-local methods, because the convergence rates €Lcond-order heterogeneity of local objectives and suggests
non-local methods do not depend on heterogeneity in 9 y ) 99

Table 1. Importantly, even for the largestBVR-L-SGD ranldomly picking up one of the local models mstead_ of
N taking the average of them when workers are synchronized.
signi cantly outperformed the other methods.

Our theory implies the superiority of BVR-L-SGD to previ-
Results 2: Effect of the local computation budget size. ous non-local and local methods in terms of communication
Now, we examine the effect of the size of the local computacomplexity. The numerical results strongly encouraged our
tion budgeB to the convergence speed. For this purpose, weheoretical results and suggested the empirical superiority
xed heterogeneity parameterto the smallest one. Figure of the proposed method.

3 shows the comparison of the best-achieved train loss an8
test accuracy against local computation budgjeive can
see that the local methods improved their performances
local computation budgd increased, but non-local meth-
ods did not. This is because local methods can potentiall
achieve a smaller communication complexity tHati by
increasingB for small , but non-local methods can not
break the barrier oi=" for anyB as in Table 1.

ne promising and challenging future work is to extend our
aalgorithm and theory to the problem of nding second-order
s%ationary points. Although there are many papers for nd-
ing second-order stationary points for general nonconvex
%roblems (Ge et al., 2015; Allen-Zhu, 2017; Jin et al., 2017;
Li, 2019), it might be inherently dif cult for local algorithms

to ef ciently nd a local minima due to the nature of local
updates. An open question is that: can we construct a local
Results 3: Effect of the number of communication algorithm that guarantees to nd second-order stationary
rounds. Finally, to see the trends of train loss and testpoints and is more communication ef cient than non-local
accuracy during optimization, we give the comparison ofmethods for local objectives with small heterogeneity?



