Supplementary File for “Randomized Dimensionality Reduction for Facility
Location and Single-Linkage Clustering”

Shyam Narayanan“' Sandeep Silwal “' Piotr Indyk' Or Zamir >

A. Omitted Preliminaries

In this section, we state all of the preliminary results needed
relating to random projections that were omitted in Section
2 of the main paper. In all of the following results, we treat
G as a random projection from R™ to R,

First, if z € S™~! then the following statements hold about
the distribution of ||Gz|| (Indyk & Naor, 2007):

Pr(|Gz]| = 1| > 1) < exp(—dt*/8), (M
d
Pr(Gal < 1/ < (3) @

The following serves as a converse to Equation (2).

Proposition A.1. Ifx € S™ L andt > 1 then the following
is true about the distribution of ||Gx||:

d
Pe(| Gl < 1/1) > (t) | 3

Proof. Since x € S™~1, d-||Gz]|? is a chi-squared random
variable with d degrees of freedom so it has density

1

W(d/Q)xd/Q_l eXp(—a:/Z)

Thus, for all ¢ < 1, the probability that ||Gal|? is less than
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where we used the well-known fact that I'(z) - z < z* for
allx > 1. ]

We will need the following lemma to prove some of our
lower bound results from Section 6 of the main paper.

Lemma A.2. Let C' > 1 and fix some point v of norm at
most C inRY. Then, if x ~ ﬁ -N(0, 1) is a d-dimensional
scaled multivariate Normal, then Pr(||lz — v|| < &) >
=110 ifd < logn/(10C?) and n is sufficiently large.

Proof. By the rotational symmetry of the multivariate nor-
mal, assume v = (r,0,...,0), where 0 < r < C.
Then, if z = (x1,y) for z; € R,y € RYL, then if
r— 55 <o < rand |y < 55, then we indeed have
|z —v|| < &. Since Vdzy ~ N(0,1) and r < C, the
probability that r — % < z; < 7 equals the probabil-

ity that N'(0,1) € [(r — 1/2C)V/d,r+/d], which is at least

2—@-\/%-6_02”[/ 2. Moreover, the probability that ||y[| < 5
is at least (%)d by Proposition A.1. Therefore,
1\ _Vd 1 2 1\*
P ol ) > Y2 o 02 [
r(”‘” ol < C’> =20 Var ¢ 2¢C
> pp—1/10

where the last inequality is true because d < logn/(10C?)
and that n is sufficiently large. O
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The following lemma due to Indyk and Naor (2007) was
Lemma 2.2 in the main paper, but we restate it here for
convenience.

Lemma A.3 (Lemma 4.2 in (Indyk & Naor, 2007)). Let
X C B(0,1) be a subset of the m-dimensional Euclidean
unit ball. Then there exist universal constants ¢, C > 0 such
that ford > C -dx +1andt > 2, Pr(3z € X, ||Gz| >
t) < exp(—cdt?).

Indyk and Naor also prove the following result about the
distance to the nearest neighbor after a random projection.

Theorem A.4 (Theorem 4.1 in (Indyk & Naor, 2007)).

Let G be a random projection from R™ to R? for d =
O(dx -log(1/€)/€*log(1/6)). Then for every x € X, with
probability at least 1 — 0, the following statements hold:

1. D(Ga,G(X\ {})) < (1 + ) D(z, X \ {z})

2. Everyy € X with ||z —y|| > (1 +2€)D(z, X \ {z})
satisfies |Gz — Gy|| > (1 + €)D(x, X \ {z}) where
D(z, X) = minyex [lz -y

B. The Mettu-Plaxton (MP) Algorithm and
Local Optimality
First, we give the pseudocode for the Mettu-Plaxton (MP)

algorithm for facility location, described in Section 3 of the
main paper.

Algorithm 1 MP ALGORITHM

Input :Dataset X = {p1,--- ,pn} C RY
Output : Set F of facilities
F+ 0 fori=1tondo

L Compute r; satisfying: 3 g, ) (ri—[lpi—aqll) =1

Sort such thatry < ... <r, fori =11 ndo
if B(p;,2r;) N F = () then
L F+— FU {pi}
Output F

Next, we prove Lemma 3.3 in the main paper, which roughly
stated that a globally optimal solution for facility location is
always locally optimal.

Proof of Lemma 3.3 in the main paper. Consider an arbi-
trary point p € X. We first establish a lower bound on
the number of points in B(p,r,) N X. Note that by defini-
tion of r,,, we have

[B(p,p) N X][rp >

Yo (p—llp—dh=1

q€B(p,rp)

so it follows that

|B(p,mp) N X| > 1/7p. )

Now suppose that B(p,3r,) N F = () and let m be the
number of points in | B(p, r,) N X| excluding p. The total
connection cost of all these points to their nearest facility
must be at least 2mr,. Accounting for point p, the total
connection costs of points in B(p, r,) N X is at least 2mr, +
3r,. Now if we open a new facility at point p, then the
connection costs of these points is at most mr,;, but we also
incur an additional cost for opening a facility at p. Therefore,
the total cost of the solution decreases by at least

(2mry + 3rp) — (1 +mrp) = (m+3)r, — 1.

Now from Eq. (4), we have that (m + 3)r, > 1, which
means that the total cost decreases if we open a new facility
at p. O]

C. Dimension Reduction for Facility Location:
Omitted Proofs

C.1. Approximating the Optimal Facility Location Cost

In this subsection, we prove Theorem 4.1 in the main paper.
As stated in Subsection 4.1 in the main paper, our proof
involves computing an upper bound and a lower bound for
E[7,]. We first proceed with an upper bound in Lemma C.1.
Lemma C.1. Let X C R™ and let p € X. Let G be
a random projection from R™ to R? for d = O(log \x -
log(1/€)/€?). Let r, and T, be the radius of p and Gp in
R™ and R¢ respectively, computed according to Eq. (3) in
the main paper. Then

E[rp] < (24 O(e))rp.

Proof. Let d > 0 be fixed and let & be the event that
1G(z —p)l| € [(k=1)(1 4 8)rp, k(1 +6)ry)

max
z€B(p,rp)NX
Note that &, implies that there exists an z € B(p,r,) N X
such that ||G(z — p)|| > (k — 1)(1 + d)rp, so by Lemma
A.3 we have

Pr(€y) < Pr(3z € B(p,rp) N X, [|G(z = p)|| = k(1 + d)ry)

< exp(—c(k — 1)2(1 +8)%d) 5)

for some constant ¢. We now show that conditioned on &,
we have 7, < (k+1)r,(149). This is because conditioning
on &, gives us

>

GqeB(Gp,(k+1)(1+8)rp)

((k+1D)ryp(1496) — |Gp — Gql|)

2 Z (1 + 6)7.?7

g€B(p,rp)
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where G¢ € B(Gp, (k + 1)(1 + 6)rp) is interpreted as
summing over the points in the set

GX N B(Gp, (k+1)(1 +0)r,).

Furthermore,
Y. o+ > n
qE€EB(p,Tp) q€B(p,rp)
> > (p—lp—dh=1
q€B(p,rp)

Therefore, by the observation that the function f(r) =
> gen(p.r (T — P —ql)) is increasing in r, it follows that
(k+1)(1 +9)r, > 7. Therefore, we have

E[rp | ] < (k+1)(1 + )rp. (6)
Now using Eq. (5)

Elrp] = iE[fp | €k Pr(Er)
<1 o,
+7p i(k + 1) exp(—c(k — 1)%(1 + 6)2d)
<2+ 5)rpk=2

+ (14 9)r, /Ooo(ac + 2) exp(—C'2?) dx

where C’ = ¢(1 + §)?d. We can explicitly evaluate that

/Ooo(x + 2) exp(—C'2?) dx = % + 22/.
Noting that d = Q(1/€2), we have that
B[] < (24 0(e)rp
by picking 6 = O(e). O

We now show the corresponding lower bound.

Lemma C.2. Let X C R™ and let p € X. Let G be
a random projection from R™ to R? for d = O(log \x -
log(1/€)/€?). Let r, and T, be the radius of p and Gp in
R™ and R? respectively, computed according to Eq. (3)
from the main paper. Then

Proof. Let k be the size of the set |B(p,r,/2) N X|. By
definition of 7, the following inequality holds:

1= Y (p=Illp—al)

a€B(p,rp)

kr
> D (p—lp—d) = (7)
qu(p-,Tp/Q)

Now let £ be the event that the ball B(Gp, (1 — €)r,/2)
contains at most k points. By invoking Theorem A.4, we
will show that Pr(€) > 1/2. Consider the set X without the
k — 1 points in B(p,r,/2) — {p}, and with an extra point ¢
at distance (1—e¢)r,/2 from p. The added point ¢ becomes a
nearest neighbor of p € X. By Theorem A.4 part (2) applied
to an appropriately chosen ¢/ = O(¢), with probability at
least 1,/2, no point outside of B(p,r,/2) is mapped within
(1 — €)rp/2 of p. After removing ¢, only the originally
removed k — 1 points (and p) can lie in B(p, r,(1 — €)/2).

Conditioning on &, it follows that

> (552 ~ 16 - cal

GqeB(Gp,(1—e)ry /2
< (1- e)k:rp‘
- 2
Combining Eq. (8) with (7), we have that

> (W—Ilp—qll)él—ml.

GqeB(Gp,(1—¢€)rp/2)

®)

Therefore, conditional on &, it follows that 7, > (1—¢)r, /2.
Hence,

~ E[Fp | 5] (1— G)Tp
Elrp) > 5 > 1 . O

Combining Lemma C.1 and C.2 gives us the complete proof
of Theorem 4.1 in the main paper.

Proof of Theorem 4.1 in the main paper. The theorem fol-
lows from combining the result given in Lemma 3.1 from
the main paper, that the sum of the radii 7, is a constant
factor approximation to the global optimal solution, and
Lemmas C.1 and C.2 that state that E[7,] is a constant factor
approximation to 7. O

C.2. Obtaining a Solution to Facility Location in
Larger Dimension

Recall that the main technical challenge is to show that if
a facility is within distance O(7,) of a fixed point p in R?
(note that 7, is calculated according to Eq. (3) from the main
paper, in R?), then the facility must also be within distance
O(rp) in R™, the larger dimension. We prove this claim
formally in Theorem C.4.

Before presenting Theorem C.4, we need the following
technical result later on for our probability calculations.

Lemma C.3. Denote erf(x) to be the error function defined
as

erf(x) = % /Oz exp(—t?) dt.

Then,
1 —erf(z) < exp(—2?)
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forallx > 1.
Proof. Note that f(x) exp(—t?)/+/7 is a valid probability
density function over R so that

erf(z) =1 —Pr(|Z] > )

where Z is distributed according to the density f. Now

Pr(Z >z) = % /°° exp(—t?) dt

< %/m %exp(—tg) dt
exp(—2?)

2x+\/T
where the inequality follows from the fact that £ > x. By
symmetry, we have

forx > 1. O]

erf(x) + exp(—z?) — 1 > exp(—2?) (1

The proof of Theorem C.4 relies on the careful balancing
of the following two events. First, we control the value
of the radius 7, and show that 7, ~ r,. In particular, we
show that the probability of 7, > kr,, for any constant & is
exponentially decreasing in k. The argument for this part
follows similarly to the argument in Lemma C.1.

Next, we need to bound the probability that a ‘far’ point
comes ‘close’ to p after the dimensionality reduction. While
Theorem A.4 roughly states that ‘far’ points do not come
too ‘close’, we need a more detailed result to quantify how
close far points can come after the dimension reduction.

To study this in a more refined manner, we bucket the points
in X \ {p} according to their distance from p. The distance
spacing between buckets will be a linear scale. We show
that points in X \ {p} that are in ‘level’ ¢ do not shrink to a
‘level” smaller than O(+/7). Note that we need to control this
even across all levels. To do this requires a chaining type ar-
gument which crucially depends on the doubling dimension
of X. Finally, a careful combination of probabilities gives
us our result.

Theorem C.4. Let X C R™ and let G be a random projec-
tion from R™ to R for d = O(log \x - log(1/€)/€?). Fix
p € X and let x € X be the point that maximizes ||p — z||
subject to the condition Gz € B(Gp, Ct,) where C is a
fixed constant. Then

Ellp —z| < 2C(1 + O(e))rp.
Proof. For simplicity, let r = r,, 7 = 7, and define t_; =
0,t0 =1, and

1
t— 1420 D

for all i > 1. Define &; to be the event that 2Crt; <
lp — z|| < 2Crt;41 (the range 2Crt; to 2Crt;41 are our
‘buckets’ from the discussion preceding the proof). Then

Elp—z| =Y Ellp—z||&]Pr(E). O

i>—1

We first bound Pr(&;) in two different ways. By condition-
ing on the value of 7, we can write this probability as

Pr(&) = Z Pr(& and 2rt; <7 < 2rtjyy)  (10)
j>-1
= Z [PI‘(EL | 2th S T S 2th+1)
j>—1
‘Pr(2rt; <7 < 2rtjq)]. (1)

In the first of our two bounds for Pr(&;), we proceed by
bounding Pr(2rt; < 7 < 2rt;41). Heuristically, the event
2rt; <7 < 2rtj41 would mean that some point in B(p, )
will be very far away from p after the random projection
and the probability of this event can be controlled very well.

More formally, we first claim that the event 2rt; < 7 <
2rt; 41 implies that there exists a point z in B(p, ) such
that ||G(z — p)|| > rt;. This is because otherwise, we have
IGp — Gg|| < rt; for all ¢ € B(p, r). This means that

> @ty —|Gp—Gql)> > (2rt;—rt))

qeB(Gp,2rt;) q€B(p,rt;)

2 [B(p,r) N X]-rt;

2 [B(p,r) N X] .
We also know that | B(p,r)NX|-r > 1 from (4). Altogether,
wehavethat }° c gy a0, (2rt; — |Gp—Gal|) > 1 which
cannot happen by definition of 7 and our assumption that

2rt; < 7 (see Figure 2 in the main paper). Therefore by
Lemma A.3, we have

Pr(2rt; <7 < 2rtj4q) < eXp(—Cldt?) (12)

for some constant C;. Summing over the variable j in
inequality (12) gives us a bound on Pr(&;). We will only
end up using this bound for j > Q(\ﬁ), and will use the
second bound for small j.

We now give a second bound on Pr(&;) by controlling
Pr(& and 2rt; < 7 < 2rtj41). Note that the event
Eiand 2rt; < 7 < 2rtj4q together imply that there ex-
ists some x that satisfies

2Crt; < |lp—z| <2Crti41 and |G(z —p)|| < 2Crtj1q
due to the fact that Gz is a point in B(Gp, C7,). Therefore,

PI‘(57 and 2th S T S 2T’tj+1)
<Pr(3z, 2Crt; < ||p — z| < 2Crt;14
and [|G(z — p)|| <2C7t;j41).
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We bound the right hand side of the above probability for
the range j = O(V/i). Let

X;={zxeX|20rt; < ||z —p| < 2Crtis1}.

By the definition of doubling dimension, we can find a
covering of X; with at most \©U°&(t:/€) balls of radius
2C're/4 centered at points in some set S C X. Then by
Lemma A.3, we have

Pr <35 € S3z € B(s,2Cre/4) N X

20reVi
8

1Gs — G| > ) < exp(—O(di)) (13)

if d > Q(log()\)log(1/€)/€?). Now fix s € S. If ||G(s —
p)|| < 2Cr(1 + € + e\/i/4) then

1G(s = D)l
lls = pll

L+ e+ eVi/4
= 142 +eif4

14 foro<i<iye
~ o)/ Vi,

fori > 1/
Hence by applying the two inequalities (1) and (2) to the
unit vector (s — p)/||s — p

Pr (33 €S, ||G(s—p)|| <£2Cr <1+6+ ﬁf))

< {exp(c”dEQ),

for0 <i < 1/€

j—c d fori > 1/¢€?

? )

Note that we used the inequality (1) for the bound i < 1/¢2
and the inequality (2) for i > 1/e2. Combining the above
bound with the inequality in (13) gives us

Pr (3:10 € X, |IG( — p)|| < 207 (1 fen 6\/>>

2 7//d2
S{ exp(—c de”),

for0 <i < 1/€
2i—¢ @, fori > 1/¢?
Thus for j < Cg\ﬁ, we have
Pr(3z,2Crtj11 > |G(z — p)||
and 2Crt; < ||z — p|| < 2Crtiy1)

< 2 exp(—Csde?),
T 209,

for0 <i < 1/e
fori > 1/€2
where C, C'5 are fixed constants. Using the representation

given in (11) for Pr(&;) along with (12), we see that for
0 <i < 1/€2, we can bound

Pr(&;) < dexp(—Cade®) + Y exp(—Cidj*e®)  (14)

Jj=1

while for i > 1/¢?
bound

Pr(&) < 205V - i C3d 4 Z e)<p(—C'1dj'262
j>C2Vi
which comes from using (10) for 7 < C5+/i and (11) for
larger j. Combing these bounds with (9), we have

)+ 20Tt Pr(E;). (16)
>0

, we instead use the following stronger

) (15)

Ellp — || <2C(1+ O(e

Our task is to now bound the sum .- t;1 Pr(&;). In the
rest of the proof, we will show that this sum is O(€). We
split the sum into two terms depending on if i < 1/€? or if
7> 1/62. Using the bounds (14) and (15) gives us

Zti_H PI‘((S

i>0
<Oy Z i(exp(—C’gdeQ)+Zexp(—C’1dj262))
i<1/€2 J>1
(17)
+ 0, Z €i<iC2d+1/2+ Z exp(Cldj262)>
i>1/e2 j>CaVi
(18)

for some constant Cy. In (17), we are using the fact that
t;+1 = O(i) and for (18), we are instead using ;11 =
O(ei). We can bound (17)
exp(—Cade? 1 .
% + 672 Z eXp(—Cldj2e2

=1

by using the fact that d = Q(log(1/€)/€?).

) <O0(e) (19)

€

We now focus on bounding (18). As a first step, we have

the estimate
€ Z i702d+3/2:

1>1/€?

O(e)

which holds for large enough constant d. Finally, bounding
the remaining sum of (18) by an integral gives us

€ Z ; Z exp(—Cdj*e?)

i>1/€? j>CyV4

<e/ / exp(—Csdt?e?) dt dx

for some constant C5. Now using the definition of the
complementary error function, we can compute that

o0 o0
e/ x/ exp(—Csdt?e®) dt dx
v Jum

< O(d_l/g)/ x - erfc(ey/Csd - ) dx

1

< O(e) /10055 -erfc(ey/Csd - ) dz
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From Lemma C.3, we have

/ x-erfe(ey/Csd - x) do < / z-exp(—C2e?d-x) dx
1 1
=0(e) (20)

using the fact that d = Q(log(1/€)/e?). Altogether,
the bounds (19) and (20) allow us to bound the right
hand side of (17) and (18) and therefore, bound the sum
> iso ti+1 Pr(&;) as O(e). Finally, using (16), we end up
with

E|lp— x| <2C(1+ O(e))r. O

As a corollary, we can prove Theorem 4.2 in the main paper.

Proof of Theorem 4.2 in the main paper. Let F; be a lo-
cally optimal solution in GX. When we evaluate the cost
of Fy in the larger dimension R™, the number of facilities
stays the same. Now since Fy is a locally optimal solution
in R%, each point p has a facility that is within distance Crp
in R%. Then by Theorem C.4, the connection cost of p in the
larger dimension is bounded by C’ rp, for some constant c’,
in expected value. Summing over all points p € X gives us

E[cost,, (Fa)] < |Fal + 0( > rp) :

peX

Finally, since |F4| < costq(Fq) by definition, and since
> pex Tp = O(F) by Lemma 3.1 in the main paper, we
have that

7+ 0 X r,) < costatF) + O

peX

Together, these prove the main theorem of this section. [

D. Dimension Reduction for MST: Omitted
Proofs

In this section, we prove Lemma 5.2 and Theorem 5.1 from
the main paper.

D.1. Proof of Theorem 5.1 (from the main paper)

In this subsection, we prove that Lemma 5.2 (from the
main paper) implies Theorem 5.1 (from the main paper).
To see why, first note that costx (M) > costx (M) and
costax (M) > costgx (M), since M is the minimum
spanning tree on X and M is the minimum spanning tree on
GX. Moreover, for eachedge e = (z,y) € M, |Gz —Gy||
has distribution x4/v/d - ||z — y||, where yq is the square
root of a chi-square with d degrees of freedom. This has
mean

= el S = ek (10 (3))

and variance ||z —y||* — p* = ||z — y||*- O(1/d) (Wolfram
Research). Therefore, the standard deviation of ||G(x —y)||
is at most € - ||x — y| since d = Q(e~2). Therefore, the
expectation of costx (M) is 30—, e Iz =yl - (1 =
O(1/d)) = M - (1 — O(1/d)). Also, using the well known
fact that for any (possibly correlated) random variables

X1,y Xy VVar(Xa +- + X,) < 3V Var(Xy),

we have that the standard deviation of costgx (M) is at
most Ze:(m,y)e/\/l € - ||x - y” =ec- M.

To finish, define random variables Z; = cost X(MV) -
costx (M), Zo = costx (M) — costgx (M), and Z3 =
costax (M) — costax (M). Our observations from the
previous paragraph tell us that Z; and Z3 are nonnegative,
and 7> has nonnegative expectation and standard deviation
bounded by O(e) - M. Finally, Lemma 5.2 (from the main
paper) tells us that E[Z; + Z5 + Z3] < O(e) - M. However,
this means that E[Z;] < O(e) - M,s00 < Z; < O(e)- M
with high probability by Markov’s inequality. Therefore,
cost x (M) < (1 + O(e)) - M with high probability, so the
pullback is a 1 + O(e) approximation with high probability.
Likewise, we also have that 0 < Z5 = O(e) with high
probability, and since E[Zs], /Var(Z3) < O(e) - M, we
also have that |Z3| = O(e) with high probability. Thus,
|Z2 + Zs| = Of(e) with high probability, which means
costax (M) € [1 = O(e),1+ O(e)] - M. As a result, the
MST cost is preserved under dimensionality reduction with
high probability as well.

D.2. Proof of Lemma 5.2 (from the main paper)

In this subsection, we prove prove Lemma 5.2 (from the
main paper). In fact, we show the following stronger state-
ment.

EGZ

e=(z,y)EM

max(0, |z —y|| — (1 4 5¢)[|Gz — Gyl)

<e-M. (21)
To see why this implies Lemma 5.2 (from the main paper),
by removing the maximum with 0, Equation (21) implies
that E¢[costx (M) — (1 + 5¢) - costax (M)] < - M.
But E¢[costax (M)] < Eglcostax (M)] < (1+€) - M,
which means that E;[cost x (M) — costgx (M)] < e- M +
S5e-(14+¢€)-M=0(e) - M.

Proof of Equation (21). Consider some range A; =
[(14 €)% (1+€)"™) . We will bound the expectation of

K, = Z

e=(z,y)eM
|Gz—GylleA;

max (0, [lz—y|| — (1+5¢)|| Gz —Gyl|)
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and sum our upper bounds for E;[K;] over a range of i.
For K; to be nonzero, we need there to exist (x,y) such
that ||z — y|| > |Gz — Gyl and |Gz — Gy|| € Ai, so
|z — y|| > (1 + €)*. Therefore, we only need to sum E[K]
over integers 4 such that (1 + €)* < diam(X).

To do this, first consider some fixed 7 and some sufficiently
large constant C'y, and define ¢ :=¢; := & - (1 + €)’. Con-
sider the following greedy procedure of selecting a partition
of X. First, pick some point x; arbitrarily, then pick some
point x2 of distance more than ¢ from x; (in the original
space), then some point x3 of distance more than ¢ from xz;
and x5, and so on until we have some 1, ..., z, and can
no longer pick any more points. Finally, we partition X into
subsets X1, ..., X, sothateach x € X isin X, if z, is the
closest point to x (breaking ties arbitrarily). Note that the
partitioning is deterministic (independent of ). We show
the following proposition:

Proposition D.1. The MST cost M of the dataset X (in the
original space R™) is at least %t

Proof. By a known result on Steiner Trees (Kou et al.,
1981), M is at least ﬁ times the MST cost of the set
{z1,...,2.} C X, assuming r > 2. As the distance be-
tween any x,, , is at least r, the MST cost of {x1, ..., 2z, }
isatleast (r —1)-t,s0 M > 505+ (r—1) -t = &k,
Finally, as (14¢)® < diam(X), we have t < diam(X)/C1,
so if C'1 > 2, then the greedy procedure of partitioning X
cannot end with just z1, so indeed r > 2. O

Now, we consider partitioning each X, into subsets
Xp1,...,Xp s as follows. Since the radius of X, is at
most ¢, by definition of the doubling dimension, for each
k > 1 we can split X,, into at most A% balls of radius at
most /2%, We choose the smallest integer k so that all of
these balls have diameter at most 2¢ when projected by G,
and let s, = s be the number of subsets X, , formed for
each p. (Note: this partitioning X, , is now dependent on
G.) We claim the following:

Proposition D.2. For any fixed p and all integers k > 1,
Pr(s, > A%) < exp (—cd2").

Proof. For any fixed k, we split X, into at most A% balls
of radius at most ¢/2¥: this process is independent of G.
Now, fix a small ball: when we apply the random pro-
jection G, the probability that it has radius more than ¢
when projected is at most exp (—cd2?*), by Lemma A.3.
But there are A% < exp (cdk) such balls if d is at least
¢ !log A x, so the probability that even one of GX,, , has
radius more than ¢ is at most exp (—cd2?") - exp (cdk) =
exp (—cd(2%* — k)) < exp (—cd2¥). O

We also make the following observations:

1. Ifx € X, then ||z — z, || <t, so the diameter of each
X, is at most 2¢. Likewise, the diameter of each X, ,
is at most 2¢ in both the original space and the reduced
space.

2. By properties of the doubling dimension, for any x,,
Crk -

and all k > 1, there are at most \* ™ points {z,}7,_,

within 2% - ¢ of x,, for some Cs, since x4, ..., x, are

all at least ¢ apart.

Recall that D(X,,, X,) is the maximum distance between
points in X, and X, (in the original space), as opposed to
d(X,, X,s) which is the minimum distance. Now, for any
fixed ¢, we bound the expectation of

Li = E
’
D,p )
d(GXp,GX,)<(1+e)
D(Xp,X )2 (145¢€)-(1+¢)’

D(Xp, Xpr) - spsypr

where the sum is over all pairs p, p’ € [r].
First, we make the following claim.

Lemma D.3. For all i and any fixed G, L; > K.

Proof. For any edge e € M , if e has length in range A;
(in the projected space), then this length is greater than
2C1 -t (assuming € < 1/2). Then, e is some edge (Gz, Gy)
where 2 € X, .,y € X, o, where (p,q) # (p',¢') by
Observation 1. So, if edge e contributes toward the sum in
Ky, then D(X,, X) > [[e—yl| > (1+5¢)- | Go— Gyl >
(1 + 5€) - (1 + €)’. At the same time, d(GX,, GX,/) <
|Gz — Gyl|| < (1+€)*"L. Thus, this pair (p, p’) contributes
toward the sum in L;. Moreover, D (X, X,/) > |z —y|| >
max(0, ||z —y|| — (1+5¢€)||Gz — Gy||). This will be useful
since L; is a sum over D(X,, X,/) (multiplied by s,s,/)
and K; is a sum over max (0, ||z —y|| — (1+5¢) |Gz — Gy||)-

Finally, it is impossible for two pairs (Gz,Gy) and
(Gz',Gy') to both be edges in M that contribute to the
sum K, if z,2" € X, 4, and y,y’ € X,/ o. If there were
such pairs (Gz, Gy), (Gz', Gy'), this means that the edges
(Gz,Gy) and (G2', Gy') have length in A;, and therefore
have length at least 2C; - t. However, the diameters of
GXp,q and GX,y o+ are at most 2¢, so it would be better
to replace edge (Gz', Gy') with either edge (Gz, Gz') or
edge (Gy,Gy'): exactly one of these replacements will
preserve the spanning tree property, and either replace-
ment reduces the total cost. Thus, for each pair (p,p’)
contributing to the sum in L;, at most s,, - s, correspond-
ing pairs (z, y) can contribute to the sum in K;, and since
D(X,, X,r) > max(0, [z — ]| — (1+ 5¢)[|Gz — Gyl])
whenever v € X, 4,y € X,/ o, this finishes the proof. [J

We will now bound the expectation of L;.
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Lemma D.4. For any fived i, E[L;] < 15— - M.

Proof. For each j > 1, define B; ; to be the interval [(1 +
5¢)- (1+€)=1 (1+5¢)-(1+4€)"7). Fix some p, p’ such
that D(X,, X,/) € B;; (note: this is independent of G).
Since all points in X, are at most ¢ from x,, (and similar for
X,), we have that ||z, — 2, || > (1 +5¢) - (1 +¢)"H~1 —
2t > (1 + 3¢) - (1 + €)**. Now, if d(GX,,GX,) <
(1 + €)**1, then one of the following three events must be
true:

L |2y — 2| < (14 €)0/2 . (1 + 3¢)
e (1+e€)itE/2
(14 €)t0/2),

2. diam(GX,) >
3. diam(GX,) > €

Indeed, if all three were false, then d(GX,,, GXp/) > ||z, —
a2y || — diam(GX,) — diam(GX,) > (1+¢)T0/2) . (14
€) > (1+¢) Tt

Now, the probability of the first event (over the random-
ness of () is at most the probability that a random projec-
tion shrinks x, — x,, by a factor of at least (1 + €)7/2.
By Equation (1), if j < e~!, then this happens with
probability at most exp (—d(je)?/100), and by Equation
(2), if 7 > €', then this happens with probability at
most (1 4 €)~0/2)4/20 < exp (—d(je)/100) . The prob-
ability of each of the second and third events occurring,
since diam (X)), diam(X,/) < e (14 €)?/C1, is at most
exp (—cd - C(1+4€)7) < exp(—d(je)/100) by Lemma
A.3. Next, note that by Proposition D.2, for some constant
C3, Pr(s, > \EF) < exp(—d-2%/100) for all real k > 1,
and the same is true for s,,.

Again consider some fixed j and some p,p’ with
D(X,, X,/) € B; ;. Define the random variable Z,, ,; :=
spsp - 1(d(GXp, GXp) < (1+€)"1), where I repre-
sents an indicator random variable. Then, if j < e L,
d(GX,,GXp) < (1 + €)™ occurs with probability at
most 3 - exp (—d(je)?/100) < 3 - exp (—d - €2/100), so
Pr(Z,, >0) <3-exp (—d . 62/100). Next, for any k >
LiftZ, > )\ik'c“”, then either s, or s, is at least )\];('C3,
which occurs with probability at most 2 exp (fd 2k 100)
by Proposition D.2. Hence,

d€2 2.C3
E[Zp)pl] S 3- exp _ﬁ . )\X h
d-2F 2(k+1)-C.
2. A 3
+ Z exp < 100 ) X

d 2
< 10-exp <—280>

by our choice of the dimension d. However, if
j > €', then d(GX,,GX, ) occurs with probability

at most 3 - exp (—d(je)/100), so Pr(Z,, > 0) <
3 - exp(—d-(je)/100). But for any k& > 1, if
Zyy > A0S0 Cs Sihen cither s, or s, is at least

)\g?“og(j 6))'C3, which occurs with probability at most
2exp (—d - 2% - (je)/100) . Hence,

E[Z, ] <3-exp (—

ok 08(je))-
+Zz exp< (igz) ) A2(k+1-log(36))-Ca

)

by our choice of the dimension d.

d(je)\ . \2(1+log(je)) C
100

<10 -exp (—

Next, note that for each p, the number of
p with D(X,,X,) < (1 + 5e) (1 +
et < [Cr-et-(1+€)T] -t is at most

. e 1 . ; .
)\% (log Catlog e +e(5+7)) by Observation 2. Hence,

the total number of pairs (p, p’) with D(X,,, X,/) € B, ; is
Co- (logCl+logefl+e (5+3)) < r )\04 (log e~ +]e)

atmost - Ay
for some constant Cy.
Combining everything together, we have that

=2 2>

3>1p,p':D(Xp,X,)EB:

D(Xp» X ) E[me/]

671
<> (r : Afgl'(logf“ﬂe) S(1+5€) - (1+e)td
=1
ae
200
+ Z <7" . )\?{4-(10g571+j6) . (1 + 56) . (1 + 6)i+j
j>e 1
d(je)
200

< Cs(loge™ 1) de?
< 20@%-(2 AS exp (—200> (22)

j=1

R d(je)
)\Co(IOEC L+je) _ 23
+ Z X exp 200 23)

j>e 1

-10-exp<—

-10-exp<—

for some constant C5. Above, the first equality follows
by definition of L;. The next inequality follows from our
bound on E[Z,, ], our bound the number of (p,p’) with
D(X,, X,/) € B; ;, and since D(X,,, X,) € B; ; implies
D(X,, Xp) < (1+ 5¢€) - (1 + €)*7. The final inequality
follows from simple factorization and the facts that C;¢ <
(1+¢€)"and 1+ 5e < 2.

Now, if we choose d = Cg - (loglogn + loge ! log Ax) -
¢~ 2 for some sufficiently large constant Cs, we have that
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Ag’{s(log et -eXp(—d62/200) <

&2 . —1
< 10000, Togn forallj < e,

and A%OOgE_lﬂé) - exp (—d(je)/200) < exp (j-e ') -
exp (—d(je)/400) < % for all j > ¢~ !. Hence,

Equation (23) can be upper bounded by

3 - e—j
200, - 7t - <el~ ¢ Ljze )

1000C, logn ~ 1000C1 logn

62

< -rt. (24
~ 20logn rt. (24)
Proposition D.1 tells us that ¢ < 2M. Hence, Equation

(24) is at most m M, as desired. O

In sum, we have that E[K;] < ﬁ - M for all 7. More-
over, for small i, Equation (24) tells us that E[K;] <

ﬁ-rt ‘g ﬁ~n-(l+e)i,sincer < n and
t < (1 + €)*. Therefore, the LHS of Equation (21) is at
most

>, ElK]
i:(14€)*<diam(X)
62
< .
~ 20logn Z

i:(14¢€)?<diam(X)

min (2M,n - (1+¢€)").

Using the bound 1010%7, Mforiwith dh%‘(x) < (1+e)t <
diam(X) and the bound 2010gn n - (1 + ¢€)® for i with

(1+e)i < dl%(x), we can bound this by

€2 diam(X)

| 2M -logy  n+ —7—

20logn 1-— 1+6

SG-M diam(X) - € ¢ M,
) 10logn

since diam(X') < M. This concludes the proof. O

E. Lower Bounds: Omitted Proofs
E.1. Dependence on the Doubling Dimension

In this subsection, we prove Theorems 6.1, 6.2, and 6.3 from
the main paper.

We begin with Theorem 6.1 (from the main paper). To do
so, we construct a set X of m points in R™ such that if
we randomly project X to o(log m) dimensions, then with
high probability, the facility location cost is not preserved
up to a constant factor. Moreover, the optimal set of facility
centers in the projected space, with high probability, is not
a constant-factor approximation to facility location in the
original space. The point set X we choose will just be a
scaled set of identity vectors in R™: it is simple to see that

this point set has A x = m. These points have the convenient
property that each point’s projection is independent of each
other.

Proof of Theorem 6.1 from the main paper. As mentioned
previously, the points in X will just be Req, ..., Re,,, the
m identity unit vectors in R™ scaled by a factor R > 1.
Since these points each have distance RV2 > /2 from
each other, the optimum set of facilities is all of them, which
has cost m.

Now, consider a random projection G down to d = o(log m)

dimensions, and define C' = 4/ l‘fgg and R = v/C. Note
that R C = w(1). Our goal will be to show that with at
least 2 % probability, for all but 3 o pointsp € GX, 7, < 12%,

where we recall that 7, is the posmve real number such that

Y. (-

qE€B(p,7p)NGX

lp—aqll) =

We trivially have the bound , < 1 for all p € GX, which
means that if we show our goal, then ZPGG xTp<m- % +
dm.p< o = o(m). Howevef, ZpeGX fp isa constant-
factor approximation to the optimum facility location cost
by Lemma 3.1 in the main paper, which proves that the

facility location cost of GX is o(m).

Now, for each e;, by Equation (1), we have for any C' > 6,

Pr([|Ge|| < C) > 1— exp (—d(C — 1)*/8)

>1—exp(—(C—1)?/8)
1

>1——.
2C

Moreover, conditioned on ||Ge;|| < C, by Lemma A.2, we
have that for each j # i, Pr(||Ge; — Ge;|| < £) > n=1/10
if n is sufficiently large. Therefore, if Ge; : ||Ge;|| < C
is fixed, since the Ge;’s are independent vectors, we can
apply the Chernoff bound to say that with probability at least
1—n19 atleastlogn > R values of j # i satisfy ||Ge; —
Ge;|| < &, orequivalently, || G(Re;)—G(Re;)|| < & = +.
By removing our conditioning on Ge;, we have that with
probability at least 1 — 5 — n~ 10 2 1 — %, there are at
least R points in GX that are within & of G (Rez) in which
case we have that for p = G(Re;), rp S % . Therefore, 1n
expectation, at most ¢ of the points in GX have 7, > R

Thus, by Markov’s 1nequahty, with probab111ty at least ,at

3m

most =z* of the points in GX have 7, > &. This proves the
first part of the theorem.

To prove the second part of the theorem, note that the opti-
mal facility location cost over GX is o(m) with probability
at least 2/3, which implies that the number of open facil-
ities in any optimal solution Fy is o(m). But then, each
point in X which is not an open facility center is at least
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R+/2 away from the nearest open facility center in the orig-
inal space X, so the facility location cost in X is at least

(m —o(m)) - RV2 = w(m). O

Next, we prove Theorems 6.2 and 6.3 (from the main paper).
These results prove that the dependence on doubling dimen-
sion dx is required in the projected dimension d, both to
approximate the cost of the minimum spanning tree and to
produce a minimum spanning tree in the lower dimension
that is still an approximate MST in the original dimension.

Proof of Theorem 6.2 from the main paper. Let
{0,e1,...,em}, Wwhere m = n — 1, 0 is the
origin in R™ and e; is the ith identity vector for each
1 <7 < m. Clearly, the minimum spanning tree connects
0 to all of the e;’s and has cost M = m. Now, we show

that for C' = 1‘1)%; = w(1), the MST cost of GX is at
most 1% = o(m) for sufficiently large m with at least 2/3
probablhty

To do so, note that since G’s entries are independent,
Gei,...,Ge,, are all i.i.d. % - N(0,1;). Consider
some e;,e; and suppose that ||Ge;||, [|Ge;|| < C but
[G(ei — €;)|| = Z&. Then, if we let v = G(e; + €;)/2,
for each k # i,7, Pr(|Gex — v|| < &) > n~/10 by
Lemma A.2. By the independence of Gey, . .., Ge,,, with
probability at least 1 — n 10, there is some k # 4, j in [m)]
such that ||Gey, — v|| < &. In this case, the minimum span-
ning tree of GX would not have the edge (Ge;, Ge;), as
this edge could be replaced by either the edge (Ge;, Gey,)
or (Gey, Ge;), both of which are shorter.

Thus, with probability at least 1—n =8, if we just connect the
points Ge; over all ¢ with ||Ge;|| < C in an MST, every edge
has length at most %. We can create a possibly suboptimal
spanning tree by connecting all Ge; with norm at most C'
in an MST, connecting one of these vertices arbitrarily to
0 = G - 0, and finally connecting Ge; to 0 for all i with
|Ge;|| > C. The first part has total cost at most m -
with probability at least 1 — n~8. The second part has
total cost at most C' with probability at least 1 — n~% (as
long as some ||Ge;|| < C). Finally, the third part has total
expected cost m - E[||Ge;|| - I(||Ge;|| > C')], since each
edge e; contributes to the third part only if ||Ge;|| > C, and
there are m potential vertices Gey, ..., Ge,,. However, by
the Cauchy-Schwarz inequality, we know that

E[Geill - I(|Gei]| = ©)] < VE[GealP] - Pr([Geil] = C)
< V1 exp(—d-(C—1)7/3)
< exp (~(C~1)%/16) < .

with the final inequality true if C' > 7. Therefore, with
probability at least 3, the third part has cost at most 25

by Markov’s inequality. So, with probability at least
2n8 >3 2 the total cost of this spannmg tree in GX (whlch

may not even be minimal) is at most -m+C+ C -m <

19m assuming m is sufficiently large O

Proof of Theorem 6.3 from the main paper. As in our

proof of Theorem 6.2, let C' = lcl)gg = w(1). Consider
n =C-m+1andlet X = {0} U {e; - k/C} for

1 <i<m,1 <k < C. The minimum spanning tree
connects 0 to e;/C to 2¢;/C to so on, so each edge has
length 1/C and the total MST cost is M = m.

Now, by Equations (1) and (2), for each e;, the probabil-
ity that ||Ge;|| € [1/10,100] is at least 1 — exp(—d/10) —
(3/100)¢ > 0.06 for all d > 1. Thus, with exponential fail-
ure probability in m, among ey, . . . , €y, /2, at least 0.02m of
the Ge;’s have norm between 1/10 and 100. Now, for some
i < m/2 with 1/10 < ||Ge;|| < 100, since d = o(log n)
by Lemma A.2, the probability that [|Ge; — Ge;|| < 1565
forany j > m/2is atleast n~ /19, Hence, with exponential
failure probability, for each ¢ with 1/10 < HGeZH < 100,

there is some j > m/2 with ||Ge; — Gez|| < o6

Let I be the set of ¢ such that |Ge;ill > 5 and there is some
j with ||Ge; — Ge;|| < 555 - For each z € I, the distance
between Ge; - k/C and Ge; - £/C for any £ # k is at least
el but the distance between Ge, - k/C and Ge; - k/C is at
most 100 1000 - This means that the closest point to Ge; - k/C in
GX is of the form Ge; - k' /C for some j # i and k" which
may or may not equal k. However, for every Gz € GX,
the minimum spanning tree of GX must contain the edge
connecting Gz to its closest neighbor, so for each ¢ € 1
and1 < k < C, M must connect Ge; - k/Cto Ge; - k'/C,
which has length at least k/C' in the original space R™.
Therefore, the pullback of the MST has length at least

Sy ks

i€l k=1

Q\?F
N\Q

which with exponential failure probability in m is at least
£ M = w(M). O

cm o=

100 100

E.2. Approximate Solutions Cannot be Pulled Back

In this subsection, we prove Lemmas 6.4 and 6.5 from the
main paper. In other words, we give a simple example
showing that our definition of locally optimal (for FL) and
that optimal (for MST) is necessary, if we want dependence
on dx = log Ax as opposed to logn. In particular, our
lemmas give examples showing that pulling back of any
approximately optimal solution found in the projected space
to the original space does not work.

Proof of Lemma 6.4 from the main paper. Consider the fol-
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lowing set of points Y:

Y ={b1,ba,...,bm} ={e1,€14€2,...,e14+€2+ - +en}

where ¢; is the ith standard basis vector. We refer to this
dataset as the ‘walk’ dataset. Using the definition of dou-
bling dimension (see Section 2 in the main paper), we can
compute that the doubling dimension of Y is some constant
independent of . Now construct the dataset X by scaling
all the points in Y by the factor m'*+1/2¢ This does not
affect the doubling dimension. Consider the projection of X
into R? where d = O(1). Before projection, the optimum
solution is to open all facilities, costing m.

Now consider applying a random projection G and note
that the projection of the differences G(b; — b;11) are inde-
pendent. Therefore, by Proposition A.1, there is a pair
of consecutive points b;,b;+1 such that ||G(b; — biy1)]|
shrinks by a factor of C;/ m!/¢ with probability at least
9/10. Furthermore, by Equation (2), we have that all the
differences |G (b; — b;+1)|| do not shrink by a factor worse
than Cy/m!/¢ with probability at least 9/10. Hence, with
some constant probability, both the following events occur:

* There exists some ¢* such that ||G (b« — bjy1)|| =

O(ml—l/Qd)
o [|G(b; — big1)|| = Q(m!—1/24) for all 4.

In this case, the optimal solution in the projected space is
to include all facilities, which has total cost m. However, a
solution that is within a 1 + O(m~'/2¢) multiplicative fac-
tor of the optimal solution is to include all facilities except
for Gb;. However, evaluating this solution in the original
dimension incurs a cost at least Q(m'+1/29), whereas the
optimal cost is still m. Hence, the approach has approxima-
tion ratio of at least m!/2¢, which is w(1), i.e., superconstant
unless d = Q(logm). O

Proof of Lemma 6.5 from the main paper. Assume WLOG
that n = 2k2 for some k, that X lies in R™ for m =
k + 1, and that d = € - logn for some € = o(1). Now, let
e1, €2, ..., e represent the identity vectors in R*. Now, we
will choose our n points as follows. First, we will choose
the k% points X’ = {(0,0), (£,0),..., (%,0)}, where
0 represents the last k£ coordinates all being 0. For the
remaining k2 points, for each 0 < i < k — 1 we add the
set X; = {(i,€:), (i + %,€) ..., (i + 5L e;)}. We let
X=X'UXgU---UXp_1.

First, we show that the doubling dimension of X, Ax, is
at most O(1). First, note that X’ and each X is trivially
embeddable into one dimension, because the points in X'
and in each X; only vary on one coordinate, so each of these
individually have doubling dimension O(1). Therefore,
for any ball B = B(r,p) of radius » < 10 around some

point p, B N X is contained in some union of O(1) of
X', Xo,...,X_1. Consequently, the points in B N X can
be decomposed into O(1) balls of radius r/2, since BN X’
and B N X; each have doubling dimension bounded by a
constant. Now, if we consider some ball B = B(r,p) of

radius r > 10, suppose that p = (ao,. ai,...,ay) € REHL
Now, consider the 5 points {(ag + % - r,0) ?:72, where

the 0 represents the last &£ coordinates all being 0. For
every point x in X N B, z’s first coordinate must be in the
range [ag — 7, ag + r] and z’s remaining coordinates have
total magnitude at most 1. With these two observations,
it is immediate that every point in X N B is within r/2
of some point {(ag + % -1,0)} for some integer —2 <
7 < 2. Therefore, if » > 10, B N X can be covered by 5
balls of radius r/2. Thus, Ax = O(1), so X has doubling
dimension log Ax = O(1).

Now, a straightforward verification tells us that for any
i # 7, the points in X; and the points in X; are at least V2
away from each other. Moreover, each point (i + %, €;)’s
closest point in X’ is the corresponding point (i + %, 0),
and this distance is 1. Therefore, the minimum spanning
trees of X are as follows. First, connect the points in X'
in a line and all of the points in each X in a line. Finally,
for each 0 < ¢ < k — 1, choose some arbitrary j and
connect (i + %, e;) and (1 + %, 0). The total MST cost M

. 2_ —
s P4k Bl 4k 1=3k—1— 1 =(3—0(1))k.

Now, when the random projection G : RFt1 — R? is
applied, we have that each vector (0, ¢;) is independently
mapped to some vector (a;1, ..., a;q), where each a;; for
1 <i<k1l<j<disaniid N(0,1/d). So for
any ¢ = o(1) and n sufficiently large, if we choose § =
e~ 1/(100) "\ve have that Pr(|a;1|,. .., |aiq| < 0/Vd) =
0(0)* < e~ 'o8n/4 < 1/\/2k, where we used the fact that
d = elogn. Hence, a simple Chernoff bound tells us that
with 1 — o(1) probability, at least v/k /2 of the (0, e;)’s get
mapped to some (a;1, . . ., a;q) with norm at most 4.

Now, consider the following w(1)-approximate MST for
X. Let A = ¢!, and choose some set I = {i1,...,ia}.
Our “approximate” MST will be as follows. For each ¢ € I,
remove the k — 1 edges connecting X; together, and for
each 1 < j < k, connect (i + £,0) with (i + £, ¢;). Each
time this is done, we remove k — 1 edges of length 1/k
and add k£ — 1 edges of length 1 (recall that one of these
edges of length 1 was already in the MST), so the MST cost
increases by e 1 ((k—1)1—(k—1)/k) = e 'k-(1—0(1)).
Hence, regardless of what set A we chose, the approximate
MST is a w(1)-approximation, as the true MST has cost
M = O(k).

However, we claim that with high probability, we can choose
A so that this becomes a (1 4 o(1))-approximation in the

projected space. Indeed, since ¢ > @, with 1 — o(1)
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probability, at least /% /2 > €1 values e; get mapped to
some point with norm at most §. So, we choose A to be
of size ¢! so that for all i € A, e; gets mapped to a point
with norm at most J. Recall that M denote the true MST
for X, and let M’ be this poor-approximation spanning tree.
Note that the only edges in M\ M connect (i + %, 0) to
(i + %,ei) fori € 1,0 < j < k— 1. Since therearee ' - k
such edges, and each edge has size at most & when projected,
we have that

costax (M) < costgx (M) +6-e71 -k
< costgx (M) +e 1. e=c /100
= costgx (M) + o(k).

Now, let’s suppose that d > w(loglogn). We saw in sub-
section D.1 that costgx (M) had expectation at most M =
costx (M) and standard deviation O(M/+/loglogn), re-
gardless of the dataset X. So, with 9/10 probability,
costax (M) < costgx (M)+o(k) = (1+0(1)) M. More-
over, by Theorem 5.1 from the main paper, with 9/10 prob-
ability, M , the cost of the MST in the reduced space G X,
is within a 1 & o(1) factor of M. Therefore, with at least
4/5 — o(1) probability, costex (M) < (1 + o(1)) - M,
so M’ is an w(1)-approximate MST in X buta 1 + o(1)-
approximate MST in GX. O

E.3. Lower Bounds for k-means and £-medians

In this subsection, we prove Theorem 6.6 from the
main paper, which shows the tightness of the bounds of
(Makarychev et al., 2019) for k-means and k-medians clus-
tering even in the case of constant doubling dimension.

We remark that (Makarychev et al., 2019) showed tightness
of their result if doubling dimension is ignored. Namely,
they showed the existence of such a point set X that may
have large doubling dimension. Hence, our contribution is
making such a set that also has doubling dimension O(1).

Proof of Theorem 6.6 from the main paper. We start with
the case where n = 2t and kK = 2¢ — 1 for some ¢t. As
in (Makarychev et al., 2019), we wish to consider ¢ pairs of
points where each pair is of distance 1 from each other, but
all other distances are larger.

Namely, we do the following. First, define D = ti/d /10,
and let R = +/D. We have that D, R = w(1), since d =
o(logn) = o(logt). Now, for 1 <i <t leta; = (2-1,0),
meaning that a;’s first coordinate is 2 - ¢ and the remaining
t = m — 1 coordinates are 0. Next, foreach 1 < ¢ <t —1,
define b; = a; + e;11, i.e., b; has first coordinate 2 - 4,
(¢ + 1)th coordinate 1, and all remaining coordinates 0.
However, define b; = a; + & - €;41. Our set X will be the
union of the a;’s and b;’s.

Now, since k = n — 1, the k-medians cost of X is just the
distance between the closest pair of points in X, which is %.
The k-means cost of X is just the squared distance between
the closest pair of points in X. However, by Proposition
A.1, for each 1,

10 10
Pr (HGbi — Ga;| < tl/d) =Pr (HG@H-IH < tl/d>

S (10 d>3
=\e-tl/d) = ¢

Moreover, since eo, . . . , e; are all distinct unit vectors, the
vectors Ges, ..., Ge; are independent, which means that
with probability at least 1 — (1 — 3/t)*"! > 0.9 (for ¢
sufficiently large), some 1 < i < ¢t — 1 will have |Gb; —
Ga;|| <10/t'/¢4 = 1/D. Thus, some pair of points (a;, b;)
satisfy ||Ga, — Gb;|| < 1/D, whereas the closest distance
between two points in X was only 1/R. Therefore, with
at least 9/10 probability, the k-medians cost has multiplied
by a R/D = o(1) factor after projection, and likewise, the
k-means cost has multiplied by a R?/D? = o(1) factor.

Now, let p,¢q € X be the pair of points minimizing
IGp — Gql|. With probability at least 4/5, ||Ga; — Gb|| >
1/(20R) > 1/D, which means that either p or ¢ is not in
{as,b;}: assume WLOG that p ¢ {a;,b;}. Thus, an opti-
mal choice of k centers (for either k-means or k-medians)
is choosing all points in X, except p. But then, in the orig-
inal space, these centers have k-medians cost equal to the
distance from p to its closest point in X, which is at least 1.
Likewise, the k-means cost is also at least 1. However, the
optimal k-medians and k-means costs are 1/R and 1/R?,
respectively, so the optimal choice in GX isan R = w(1) or
R? = w(1) approximation for k-medians and k-means, re-
spectively. This finishes the proof in the case that k = n —1.

For general values of k < n, we can simply consider having
n' = k 4 1 points in the configuration as above, but with
exactly one of the points replicated n — k times. In this
case, the cost of k-medians clustering is still the distance of
the closest pair of distinct points, and the cost of k-medians
clustering is still the square of the distance of the closest
pair of distinct points. So, the lower bound of §2(log k) still
holds. O

F. Facility Location with Squared Costs

Recall that the facility location with squared costs problem
is defined as follows. Given a dataset X C R™, our goal is
to find a subset & C X that minimizes the objective

cost(F) = | F| + Z ?éljg_nm - [ (25)
zeX

Similar to Equation (3) in the main paper, we give a geo-
metric expression that is a constant factor approximation to
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the cost of the objective presented in (25). For each p € X,
associate it with a radius r, > 0 that satisfies the relation

Yo -lp—al) =1

q€B(p,T)

(26)

We generalize the results in (Mettu & Plaxton, 2000) and
(Badoiu et al., 2005) to give an analogue of Lemma 3.1 in
the main paper for the squared objective (25).

Lemma F.1. Let Cppr denote the cost of the optimal solu-
tion to the objective given in (25). Then

1
3 Copr < Z ry <24 Copr.
peX

To prove Lemma F.1, we first given an algorithm for (25)
inspired by the MP algorithm. Our algorithm, which we
denote as the ‘Squared MP Algorithm,’ is the following.

Algorithm 2 SQUARED MP ALGORITHM
,pn} C RY

Input :Dataset X = {p;,---
Output : Set F of facilities
F+ 0 fori=1tondo
L Compute r; satisfying: ZqEB(pi,m)(riz —lps — ¢||?) =
1

Sort such thatry < ... <r, fori=1r ndo
if B(p;,2r;) N F = () then
| FeFuip}

Output F

We first claim that the set of facilities returned by Algorithm
2 is a constant factor approximation to the optimal set.

Theorem F.2. Let Copr denote the cost of the optimal
solution to the objective given in (25) and let F denote the
set of facilities returned by Algorithm 2. Then cost(F) <
6-Copr.

Proof. The proof follows similarly to Theorem 1 in (Mettu
& Plaxton, 2000) with some adaptations. Let ' denote any
set of facilities. For any point z € X, let

charge(z, F') = d(z, F')? + Z max(0,75 — [[p — z|%)
pEF’

where d(z, F') denotes the distance between z: and the clos-
est point to  in F' and 7, is defined as in (26). We first
show that ) charge(z, ') = cost(F”). Indeed, this

follows from swapping the order of summation:

Z charge(z, F)

reX

C S max(0,02 o o)+ Y da, P
zeX peF’ zeX

= Z Z max (0,7 — |lp — z|*) + Z d(z, F')?
pEF zEX zeX

= Z 1+ Z d(z, F')? = cost(F).
peEF’ zeX

Now denote F'* as the set of facilities for the optimal so-
lution. We first study the individual term charge(z, F*).
We first give a lower bound for charge(x, F*). Let ¢*
be the closest point to x € F*. If x ¢ B(q*,r4+) then
charge(z, F*) > ||z — ¢*[|* > rZ.. Otherwise,

charge(z, F*) 2 |lo — ¢*||* + 7. — [lz —¢"|®

=rge >z — ¢
so altogether,

charge(z, F*) > max(rg*, lz —q¢*|1*). 27

Now let F denote the set of solutions returned by Algorithm
2. We now upper bound charge(x, F) in terms of the quanti-
ties 7., [l — ¢*||*. Recall that ¢* € F* is the closest point
to x in F*. We note that there must be a point ¢ € F such
that 7, < ry- and |l¢ — ¢*|| < 274, due to how Algorithm 2
selects the set of facilities in step 6.

Now if « € B(q,ry) then d(z, F) < ||z — ¢|| and thus
charge(z, F) < rg since step 6 of Algorithm 2 insures that
x ¢ B(¢,ry) for any other ¢/ € F. Otherwise, x ¢
B(gq,r4) in which case we claim that charge(z, F) < ||z —
q||?. This claim is immediate unless there exists some ¢’ €
F such that € B(q’, ry ). However in this case, a similar
reasoning as above means charge(z, F) < 7"3/ but

|z —ql| > llg = = llz = q|| > 2ry —rg =71¢

where the second inequality again follows from step 6 of
Algorithm 2. Therefore,
charge(z, F) < [l — q||* < ([l — ¢"[| + [l¢" — ql})?
<2z —q¢"* +2[l¢" — q|?
<2z — gt P +4rk.  (28)
Comparing (27) to (28), we can compute that the ratio of

2| —q*||* +4r2- to max(rZ., ||z — ¢*[|?) is at most 6 from
which it follows that

charge(z, F) < 6 - charge(x, ).

Summing over x € X completes the proof. O
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Using Theorem F.2, we are now in position to prove Lemma
F.1. The proof of Lemma F.1 follows similarly to the proof
of Lemma 2 in (Badoiu et al., 2005) with some modifications
to suit our alternate objective function given in (25).

Proof of Lemma F.1. We first prove the lower bound. Note
that for every p; € X, Algorithm 2 will open a facility
within distance at most 2r,,. Hence, 4 Epe x rfj is an upper
bound on the cost to connect the points to their nearest facil-
ity. Now from similar reasoning as in the proof of Theorem
F.2, we note that each p is in at most one ball B(q, r,) for
some q € F, where F denotes the set of facilities returned
by Algorithm 2. Therefore,

)LD IEDY
peX q€F peB(q,rq)

Now if p € B(q,r,) for some ¢ € F then we must have
rq < 21, because otherwise, step 6 of Algorithm 2 would
not have chosen ¢ as a facility center. Thus,

LD VD SN ES S SLHLICAN
peX qu:peB(q,rq) qE]-'
Finally, we know that
L= > (g—lp—al®) <rj-|Bla,r)

pEB(q,7q)

from which it follows that 4> _ r2 > |F|. Altogether,
we see that 8 Zpe x r is an upper bound to the cost of
the solution returned by Algorithm 2 so the lower bound
follows.

For the upper bound, we will show that the sum of the radii
squared is not too large compared to cost(F) where F is the
set of facilities returned by Algorithm 2. Consider p ¢ F
and let q be the closest facility to p. First we must have rf) <
2(llp — qlI* + r2) because otherwise, 72 > (|lp — ql| +74)?
which implies that B(q,rq) C B(p, rp) Furthermore,

Soor=lp-7IP
p'€B(p,rp)
> Y (p—lp-pIP
p’'€B(q,7q)
> > @l+2p—qlf -
p'€B(q,7q)

> > @i+2p—alP+ Y —al® -
p'€B(q,7q)

> Y (Z-llg-pIP) =1

p’€B(q,7q)

Ip—2'|1%)

Ip— 2%

which contradicts (26). To summarize, if p ¢ F and q is the
closest facility in F to p, then

2 <2(|lp— gl + 7). (29)

Going back to the upper bound, recall the definition of
charge(p, F) used in the proof of Theorem F.2:

24 max(0,77 — |lg - pl*).
qeF

charge(p, F) = d(p, F)

We also showed there that ) . - charge(p, F) = cost(F).

Now
= Z charge(p, F)
peX

ZZT§+ Z maX(Tﬁ(p),Hp—CS(P)HQ)

qeF pEX\F

cost(F)

where 0(p) denotes the closest element in F to p. From (29),
we know that 5 < 2(|lp — q||* + 73) so max(r§,, [lp —

8(p)||?) = r2/4 which gives us

6-Copr > cost(F

Z Tp>

peX

as desired. O

We can prove the following statements about the expected
value of 7, defined as in (26), after a random projection to
a suitable dimension depending on the doubling dimension
of the set X. The following lemma is analogous to Lem-
mas C.2 and C.1 and omit its proof since the proof follows
identically from the proofs in Lemmas C.2 and C.1.

Lemma F3. Let X C R™ and let p € X. Let G be
a random projection from R™ to R for d = O(log \x).
Let v, and 7, be the radius of p and Gp in R™ and R¢
respectively, computed according to Eq. (26). Then there
exist constants ¢, C' > 0 such that

cr < E[F ]<C7"

Combining Lemma F.3, which states that Zp 7’% is a con-
stant factor approximation to thelb optimal solution of the
objective given in (25), with Lemma F.1, we obtain the
following theorem that is analogous to Theorem 4.1 in the
main paper.

Theorem F4. Let X C R™ and let p € X. Let G be
a random projection from R™ to R for d = O(log \x).
Let F,, be the optimal solution in R™ and let F; be the
optimal solution for the dataset GX C RY. Then there
exists constants ¢, C > 0 such that

¢ - cost(Fp,) < Elcost(Fq)] < C - cost(Fp,).

Note that the crucial ingredient in the proof of Theorem
C.4 that allowed us to connect properties of the doubling
dimension to facility location clustering was the relation
given in Equation (3) in the main paper. The analogous
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relation for our new objective function in (25) is given in
(26) and one can easily check that the steps in the proof of
Theorem C.4 transfer. Therefore, we have the following
theorem.

Theorem E.5. Let X C R™ and let G be a random projec-
tion from R™ to R? for d = O(log Ax - log(1/€)/€?). Fix
p € X and let Gz be any point in B(Gp, Ct,) in R? where
C'is a fixed constant and 7, is computed according to Eq.
(26) in R%. Then

Ellp — zf| <2C(1 + O(€))ry.

To derive a statement analogous to Theorem 4.2 from the
main paper for our alternate objective function, we need a
notion of a locally optimal solution. This task also follows
from using Section 3 of the main paper as a blue print. In
particular, we can define local optimality of a solution to
(25) as follows.

Definition F.6. A solution F to the objective given in (25) is
locally optimal if for all p € X, we have B(p, 3r,) NF # ()
where 1, is computed as in (26).

Then the following lemma follows similarly to Lemma 3.3
of the main paper.

Lemma F.7. Let F be an any collection of facilities. If
there exists a p € X such that B(p,3r,) N F = 0, then
cost(F U {p}) < cost(F), i.e., we can improve the solution.

Finally, as a corollary to Lemma F.7 and Theorem E.5, we
have the following corollary.

Corollary F.8. Let X C R™ and let G be a random pro-
jection from R™ to R? for d = O(log Ax - log(1/¢)/€?).
Let F4 be a locally optimal solution for the dataset GX for
the objective function given in (25). Then, the cost of Fy
evaluated in R™, denoted as cost,, (Fy), satisfies

Elcostyy (Fa)] < |Fal +C"- 3 7,
pEX

Sfor some constant C' > 0.

Remark F.9. We can compute that a constant smaller than
3 works for Definition F.6 and consequently Lemma F.7
but this choice is inconsequential since we already incur a
multiplicative constant factor in Theorem F.5.

Finally, we argue that the lower bound of Theorem 6.1 in the
main paper also carries over to our new objective function,
meaning that the dimension we project to must depend on
the doubling dimension. We define the connection cost of
the objective (25) as the second portion.

Theorem F.10. Let d = o(logn) and let G be be a random
projection from R™ to R%. There exists X C R™ where
| X | = n such that with at least 2 /3 probability, the optimal

cost multiplies by o(1) when projected. In addition, there
exists an optimal solution F in R? that is only an w(1)-
approximate solution in the original space R™.

Proof Sketch. The proof follows similarly as in the proof
of Theorem 6.1 in the main paper. We again define X =

{Re1,...,Ren}, where R = /C and C = /282 As

10d *

in the proof of Theorem 6.1, we again have for any fixed
p = Re,;, with probability at least 1 — %, there are at least
R points in GX within % distance of Gp. For any such
point p, letting 7, be the associated radius for GX around
Gp as computed by Equation (25), we have that 7, < %
So, with at least 2/3 probability, at most ‘%" of the points

have 7, > —2 = o(1). As in the proof of Theorem 6.1, this
P~ /R p

shows that the optimal cost multiplies by a o(1) factor, by
using Lemma F.1 this time.

In the original space X C R, the optimal squared facility
location cost is m, which is achievable by setting every point
in X as a facility. However, since the optimal facility cost
in GX is o(m), the optimal solution F in the reduced space
R? assigns at most o(m) points to be facilities. Therefore,
for the remaining m — o(m) points, the connection cost in
the original space is at least (Rv/2)? > R?, so the cost of F
in the original space X is at least R? - (m —o(m)) = w(1) -
m. Thus, any optimal solution F is an w(1)-approximate
solution in the original space R™. [
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