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Abstract
Counterfactual explanations are usually generated
through heuristics that are sensitive to the search’s
initial conditions. The absence of guarantees of
performance and robustness hinders trustworthiness. In this paper, we take a disciplined approach
towards counterfactual explanations for tree ensembles. We advocate for a model-based search
aiming at “optimal” explanations and propose efficient mixed-integer programming approaches.
We show that isolation forests can be modeled
within our framework to focus the search on plausible explanations with a low outlier score. We
provide comprehensive coverage of additional
constraints that model important objectives, heterogeneous data types, structural constraints on
the feature space, along with resource and actionability restrictions. Our experimental analyses
demonstrate that the proposed search approach
requires a computational effort that is orders of
magnitude smaller than previous mathematical
programming algorithms. It scales up to large
data sets and tree ensembles, where it provides,
within seconds, systematic explanations grounded
on well-defined models solved to optimality.

1. Introduction
Accountability in machine learning is quickly rising as a major concern as learning algorithms take over tasks that have
a major impact on human lives. With the increasing use of
profiling and automated decision-making systems, new legal
provisions are being set up to protect rights to transparency.
The recent interpretation of the EU General Data Protection
Regulation (GDPR) by Article 29 Data Protection Working Party (2017) refers to a “right to explanations” and has
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triggered extensive research on algorithmic recourse and
counterfactual explanations (see, e.g., Wachter et al., 2018;
Karimi et al., 2020b; Verma et al., 2020).
Counterfactual explanations are contrastive arguments of
the type: “To obtain this loan, you need $40,000 of annual
revenue instead of the current $30,000”. They correspond to
small perturbations of an example that permit to modify the
classification outcome, in a similar fashion as adversarial examples, though typically restricted by additional constraints
ensuring actionability and plausibility (Barocas et al., 2020;
Venkatasubramanian & Alfano, 2020).
Despite their conceptual simplicity, counterfactual explanations pose significant challenges related to data protection,
intellectual property, ethics, along with fundamental computational tractability issues. Indeed, the scale of machine
learning models has tremendously increased over a few
decades. Even when restricted to the vicinity of an example, a systematic inspection of all possible explanations is
intractable, and therefore most studies on counterfactual
explanations rely on ad-hoc algorithms or heuristics (e.g.,
gradient descent in a non-convex space in Wachter et al.
2018). This poses at least three main issues:
(a) Heuristics can fail to identify the most natural and
insightful explanation, and therefore do not necessarily
give a trustworthy cause (Karimi et al., 2020a). This is
especially true when the search involves combinatorial
spaces (e.g., tree ensembles) with binary or integer
features bound together by plausibility constraints.
(b) They can be sensitive to the initial conditions of the
search, leading to unstable results —even for the same
subject.
(c) Finally, these methods are not readily extensible to include additional constraints and domain knowledge regarding actionability and plausibility. A small change
of problem formulation due to a specific application domain can very well require significant methodological
adaptations.
To circumvent these issues, we advocate for a disciplined
analysis of counterfactual explanations through mathematical programming lenses. We focus on tree ensembles (including random forests and gradient boosting), a popular
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family of models with good empirical performance which
is often sought as a more transparent replacement to neural
networks (Rudin, 2019). We opt for a solution approach
grounded on mixed integer linear and quadratic programming (MILP and MIQP) since we believe that it solves the
three aforementioned issues. Firstly, the search for an optimal solution of a well-defined model permits to control
the quality of the solution and ensures the stability of the
results, solving key issues (a) and (b). Moreover, as seen
later in this paper, the modeling capacities of MILP permit
to seamlessly integrate domain information as well as many
forms of plausibility and actionability constraints, therefore making meaningful progress on issue (c). Finally, the
tremendous progress of MILP solution approaches over the
years (estimated to a 1011 reduction of computational effort
on the same problems – Bixby 2012) now permits to use
such a modeling and search approach to its full potential.
We make the following contributions:
1. We propose the first efficient mathematical models to
search for counterfactual explanations in tree ensembles with a number of binary variables that is logarithmic in the number of vertices, and therefore scales
to large trees while retaining its ability to find an optimal solution. This is exponentially fewer variables
than the previous models used in Cui et al. (2015) and
Kanamori et al. (2020). Our approach is applicable to
heterogeneous datasets with numerical, ordinal, binary,
and categorical features, with possible oblique splits on
numerical features, and considering single or multiple
classes. In contrast with previous works, it does not
require binary variables to model the numerical feature
levels and has a sparse constraint matrix. Consequently,
solution performance remains stable as the number of
features increases.
2. We demonstrate how to integrate plausibility in our
mathematical framework from an isolation forest viewpoint. Isolation forests are an effective and distributionagnostic way to associate a plausibility score for the
different regions of the feature space. This is, to our
knowledge, the first time that this framework is used
for counterfactual explanations, through an integration
which is only possible due to our significant modeltractability improvements.
3. We discuss extensions of the model capturing important constraints regarding plausibility and actionability.
We therefore provide a flexible and modular toolset
that can be adapted to each specific situation.
4. Finally, we conduct an extensive and reproducible experimental campaign, which can be executed from a
single self-contained Python script. Our source code
is openly accessible at https://github.com/

vidalt/OCEAN under a MIT license. We demonstrate that the approaches proposed in this work are
efficient and scalable, producing optimal counterfactual explanations in a matter of a few seconds on data
sets with over fifty features, using tree ensembles with
hundreds of trees. We evaluate the impact of our plausibility constraints via isolation forests, demonstrating
the flexibility of the approach and showing that these
extra constraints do not significantly impact the performance of the solution process while significantly
boosting the usefulness of the explanations.

2. Background
2.1. Mixed Integer Programming
MIQPs can be cast into the following standard form:
min f (x)

(1)

s.t. Ax ≤ b
x| Qi x + ci x ≤ bi
a

i ∈ {1, . . . , m}

b

x∈Z ×R ,

(2)
(3)
(4)

where a represents the number of variables taking integer
values and b is the number of continuous variables. The feasibility region of the problem is defined as the intersection
of a polytope (Constraint 2) along with a set of quadratic
restrictions (Constraint 3). State-of-the-art solvers (e.g.,
CPLEX and Gurobi) can handle separable quadratic objectives of the form f (x) = x| Qx + cx and therefore model a
wide range of objectives (regularization terms through l0 , l1
and squared l2 norms, squared Euclidean and Mahalanobis
distances, and variations thereof). MILP and MIQP are
NP-hard in general, though astonishing progress in solution
methods has permitted to handle increasingly large problems. Solver performance is, however, dependent on the
quality of the problem formulation (i.e., the model). Ideally,
a good model should have few binary variables, limited symmetry, and a strong continuous relaxation, i.e., a small gap
between its optimal solution value and that of the same problem in which variables x are relaxed to the domain Ra+b ,
as this permits to quickly prune regions of the search space
during the branch-and-bound process (Wolsey, 2020).
2.2. Counterfactual Explanations in Tree Ensembles
Let {xk , ck }nk=1 be a training set in which each xk ∈ Rp
corresponds to a sample characterized by a p-dimensional
feature vector and a class ck ∈ C. In the most general form,
a tree ensemble T learns a set of trees t ∈ T returning class
probabilities Ftc : X → [0, 1]. For any sample x, the tree
ensemble returns the class c that maximizes the
P weighted
sum of the probabilities: FT (x) = arg maxc wt Ftc (x).
Given an origin point x̂ and a desired prediction class c∗ ,
searching for a plausible and actionable counterfactual ex-
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planation consists in locating a new data point x ∈ X that
solves the following problem:
min fx̂ (x)

(5)

s.t. FT (x) = c∗
P

(6)
A

x∈X ∩X .

(7)

In this problem, fx̂ is a separable convex cost that represents
how difficult it is to move from x̂ to x. This generic cost
function includes distance metrics (e.g., squared Euclidean
or Mahalanobis distance) as a special case. Moreover, it
allows possible cost asymmetry (Ustun et al., 2019; Karimi
et al., 2020b) and can include additional penalization terms
if needed. Polytopes X P and X A represent the space of
plausible and actionable counterfactual explanations, and
will be discussed in the next paragraphs in connection with
recent works.
Related studies As reviewed in Guidotti et al. (2018),
Karimi et al. (2020b) and Verma et al. (2020), early studies
on counterfactual explanations were conducted in majority
in a model-agnostic context through enumeration and heuristic search approaches (Wachter et al., 2018). Dedicated work
has been later conducted on specific models, such as tree
ensembles, which presented additional challenges due to
their combinatorial and non-differentiable nature. To handle
this case, Lucic et al. (2019) proposed a gradient algorithm
that approximates the splits of the decision trees through
sigmoid functions. Tolomei et al. (2017) designed a feature
tweaking algorithm that enumerates alternative paths in each
tree to change the decision of the ensemble. The method
is shown to provide useful counterfactual explanations on
several application cases, though it does not always deliver
an optimal (or even a feasible) counterfactual explanation
for tree ensembles. To circumvent these issues, Karimi et al.
(2020a) reformulated the search for counterfactual explanations in heterogeneous domains (with binary, numerical
and categorical features) as a satisfiability problem and employed specialized solvers. The authors reported promising
results on three data sets involving up to 14 features.
Cui et al. (2015) and Kanamori et al. (2020) proposed mixedinteger linear programming approaches for optimal explanations in tree ensembles. The former work considers Mahalanobis distance and introduced decision logic constraints
to ensure the consistency of the split decisions through the
forest (ensuring that there is exists a counterfactual example
satisfying them). The later work demonstrated how to expand the formulation to consider an l1 -norm distance and
plausibility constraints grounded on the Local Outlier Factor
(LOF) score. Both models use a discretization of the feature
space, and therefore need a large number of binary variables to express continuous features (one for each possible
feature level, and one for each leaf of each decision tree).
Good results were still achieved on a variety of data sets.

As demonstrated in our work, better formulations relying on
exponentially fewer variables can be designed, leading to reductions of CPU time by some orders of magnitude. Finally,
a few other works related to mathematical programming
do not necessarily consider tree ensembles explanations but
provide useful additional modeling strategies. In particular,
Russell (2019) modeled the choice of a feature level among
multiple intervals (a special case of disjunctive constraint
discussed in Jeroslow & Lowe 1984) and suggest strategies
to find multiple explanations. Moreover, Ustun et al. (2019)
propose to improve actionability through the definition of
extra constraints representing a partial causal model.
Plausibility and actionability. Constraint (7) aims at ensuring plausibility and actionability of the counterfactual
explanations. These important requirements constitute one
of the cruces of recent research on counterfactual explanations (Barocas et al., 2020). Plausibility constraints (polytope X P ) should ensure that the explanation x respects the
structure of the data and that it is located in a region that has
a sufficiently large density of samples. To capture this notion, we will rely on the information of isolation forests (Liu
et al., 2008) within our framework to restrict the search to
plausible regions. In contrast, actionability constraints (polytope X A ) concern the trajectory between x̂ and x. At the
very least, they ensure that immutable features remain fixed
and that features that are bound to evolve unilaterally are
constrained to remain within a half-space. A finer-grained
knowledge of correlations (or even a partial causal model as
discussed in Mahajan et al. 2019, Ustun et al. 2019, Mothilal
et al. 2020 and Karimi et al. 2020c) can also be integrated
into the formulation through additional linear and logical
constraints, as discussed in Section 3.4.

3. Methodology
Our mathematical model is presented in two main stages.
First, we describe the variables and constraints that characterize the branches taken by the counterfactual example.
Next, we include additional variables and constraints modeling the counterfactual example’s feature values and ensuring
compatibility with all the branch choices.
Our formulation relies on two main pillars. First, it uses the
natural disjunctive structure of the trees to model branch
choices using exponentially fewer binary variables than previous models by Cui et al. (2015) and Kanamori et al. (2020).
Second, it includes continuous variables organized as order
simplices (Grotzinger & Witzgall, 1984) to represent the
values of numerical or ordinal features of the counterfactual example and to connect them with the branch choices.
This effectively leads to a formulation requiring only O(Nv )
non-zero terms in the constraint matrix instead of O(Nv2 ),
where Nv stands for the overall number of internal nodes
in the tree ensemble. Notably, this formulation complexity
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does not depend on the number of features of the data set.
Our model is especially suitable for large data sets with
many numerical features, and permits us to rely on isolation
forests to model plausibility without sacrificing numerical
tractability.
3.1. Branch Choices
For each tree t ∈ T , let VtI be the set of internal vertices
associated with the splits, and let VtL be the set of terminal
vertices (leaves). Let Dt represent the possible depths values
I
and define Vtd
as the set of internal nodes at depth d. Let l(v)
and r(v) be the left and right children of each internal vertex
v ∈ VtI . Finally, let ptvc be the class probability of c ∈ C
in each leaf v ∈ VtL . Class probabilities can be defined
in {0, 1} in the hard voting model (as in the random forest
algorithm initially proposed by Breiman 2001), or in [0, 1]
in the general soft voting model (e.g., as in scikit-learn).
For each tree t and depth d in Dt , we use a binary decision
variable λtd which will take value 1 if the counterfactual
example descends towards the left branch, and 0 otherwise.
This value is free if the path does not attain this depth. We
also use continuous variables yv ∈ [0, 1] for each v ∈ VtI ∪
VtL to represent the flow of the counterfactual example in the
decision tree. These variables are not explicitly defined as
binary but will effectively take value 1 if the counterfactual
example passes through vertex v, and 0 otherwise. This
behavior is ensured with the following set of constraints:
t∈T

(8)

VtI

(9)

t ∈ T , d ∈ Dt

(10)

yt1 = 1
ytv = ytl(v) + ytr(v)
X
ytl(v) ≤ λtd

t ∈ T ,v ∈

I
v∈Vtd

ytv ∈ [0, 1]
λtd ∈ {0, 1}

(11)

t ∈ T , d ∈ Dt .

(12)

∪

Theorem 1 Formulation (8–12) guarantees the integrality
of the y variables.
Proof of this theorem is provided in the supplementary material. From these variables, finding the desired counterfactual
class though majority vote can be expressed as:
X X
zc =
wt ptvc ytv
c∈C
(13)
t∈T v∈VtL

zc∗ > zc

c ∈ C, c 6= c∗ .

Numerical Features. We can assume, w.l.o.g., that continuous features have been scaled into the interval [0, 1]. For
each numerical (continuous or discrete) feature i ∈ IN , let ki
be the overall number of distinct split levels in the forest.
Moreover, let xji be the j th split level for j ∈ {1, . . . , ki },
and define x0i = 0 as well as xki i +1 = 1.
I
For each tree t, let Vtij
be the set of internal nodes involving
a split on feature i with level xji , such that samples with
feature values xi ≤ xji descend to the left branch, whereas
others values satisfying xi > xji descend to the right branch.
With these definitions, the consistency of a feature i through
the forest can be modeled with the help of auxiliary continuous variables µji for j ∈ {0, . . . , ki }, constrained in such
a way that µji = 0 implies xi ∈ [0, xji ] and µji = 1 implies
xi ∈ [xji + , 1], where  is a small constant. These conditions are ensured through the following set of constraints:

µj−1
≥ µji
i

j ∈ {1, . . . , ki } (15)

µji ≤ 1 − ytl(v)
µj−1
≥ ytr(v)
i
j
µi ≥ ytr(v)
µji ∈ [0, 1]

I
j ∈ {1, . . . , ki }, t ∈ T , v ∈ Vtij
(16)
I
j ∈ {1, . . . , ki }, t ∈ T , v ∈ Vtij
(17)
I
j ∈ {1, . . . , ki }, t ∈ T , v ∈ Vtij
(18)

j ∈ {0, . . . , ki }, (19)

and the feature level xi can be derived from these auxiliary
variables (if needed) as:
xi =

VtI

t ∈ T ,v ∈

VtI

that extent, we propose efficient formulations for each main
data type (numerical, binary, and categorical), which can be
combined in the case of heterogeneous data sets. We will
refer to IN , IB , and IC as the index sets of each feature type.

ki
X

(xj+1
− xji )µji .
i

(20)

j=0

Binary Features. We assume, w.l.o.g., that all splits on
binary features send values 0 to the left branch and values 1
I
to the right branch. Let Vti
be the set of all vertices splitting
on a binary feature i ∈ IB . The consistency of this feature
value can be ensured as follows:
xi ≤ 1 − ytl(v)

I
t ∈ T , v ∈ Vti

(21)

xi ≥ ytr(v)

I
t ∈ T , v ∈ Vti

(22)

xi ∈ {0, 1}.

(23)

(14)

3.2. Feature Consistency with the Splits
The previous variables and constraints define the counterfactual example’s paths through each tree. Additional constraints are needed to ensure that there exist feature values
that are consistent with all these branching decisions. To

Categorical Features. Let ki be the number of possible
categories for feature i ∈ IC . Let νij be a variable that
will take value 1 if xi belongs to category j ∈ {1, . . . , ki }
and 0 otherwise. Decision trees usually handle categorical
variables through one-vs-all splits, sending the samples of
a given category j to the right branch and the rest of the
I
samples to the left. Let v ∈ Vtij
be the set of vertices
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splitting category j of feature i. The consistency of this
feature through the forest is modeled as:
νij ≤ 1 − ytl(v)
νij
νij

≥ ytr(v)

I
j ∈ Ci , t ∈ T , v ∈ Vtij

(24)

I
Vtij

(25)

j ∈ Ci

(26)

j ∈ Ci , t ∈ T , v ∈

∈ {0, 1}
X j
νi = 1.

(27)

j∈Ci

Theorem 2 Formulation (8–27)
(i) yields feature values that are consistent with all splits
in the forest;
(ii) involves only O(Nv ) non-zero terms in the constraint
matrix overall;
(iii) achieves an equal or tighter linear relaxation than the
decision logic constraints used in Cui et al. (2015).
Using a reduced number of integer variables is usually beneficial for computational performance. As discussed in the
supplementary material, as a consequence of the integrality
of the λ and y variables, the domain of the x, ν variables in
Formulation (8–27) can be relaxed to the continuous interval [0, 1] while retaining integrality of the linear-relaxation
solutions. We also show in the supplementary material how
to efficiently handle ordinal features (or, generally, any ordered feature in which the open intervals between successive
levels bear no meaning), multivariate splits on numerical
features (Brodley & Utgoff, 1995), and combinatorial splits
involving several categories for categorical features.
3.3. Objective Function
In a similar fashion as Gower’s distance (Gower, 1971), we
use a general objective f (x, µ, ν) = f N (µ)+f B (x)+f C (ν)
which contains different terms to model the objective contributions of the numerical, binary, and categorical features.
Moreover, as actionability depends on each feature and direction of action, we will use asymmetric extensions of
common distances metrics with feature-dependent weights.
The model presented in the previous sections gives a direct
access to the values of the binary and categorical features
through x and ν. We can therefore generally associate any
discrete cost value for each of these choices:
X
f B (x) =
(ciT RUE xi + ciFALSE (1 − xi ))
(28)
i∈IB
C

f (ν) =

X X

cji νij .

(29)

i∈IC j∈Ci

The cost coefficients corresponding to the origin state x̂
typically have zero cost, though negative values could be
used if needed to model possible feature states that appear
more desirable.

Numerical features can be directly accessed through the x
variables defined in Equation (20), or indirectly through
the µ variables. Most classical objectives used in counterfactual explanations can be directly expressed from x, but
modeling via µ can in some cases lead to a better linear relaxation (e.g., for l0 ). To that end, we add the origin level x̂i
(with index denoted as ĵi ) to the list of hyperplane levels
defining the µi variables. The l0 , l1 and l2 objectives with
+
asymmetric and feature-dependent weights {c−
i , ci } can
then be expressed as:
X
 N
−
+ +
f0 (µ) =
(c−

i zi + ci zi )



i∈IN
l0 :
(30)
−

zi ≥ 1 − µj−1
, zi+ ≥ µji
i ∈ IN , j = ĵi
i


 −
zi ∈ {0, 1}, zi+ ∈ {0, 1}
i ∈ IN

l1 :

l2 :


ki
X


N


f
(µ)
=
(φj+1
− φji )µji
i

 1
j=0

j


with parameter φji = c−

i max(x̂i − xi , 0)



j
+ c+
i max(xi − x̂i , 0)

X
 N


f2 (x) =
c−
(zi− )2 + c+
(zi+ )2
i
i



i∈IN
zi+ + zi− = xi − x̂i



 +
zi ∈ {0, 1}, zi− ∈ [0, 1]

i ∈ IN

(31)

(32)

i ∈ IN

Finally, observe that Equation (31) can be extended to model
any objective expressed as a piecewise-linear convex function by defining different φ parameters and introducing
extra µ variables for any additional breakpoint needed.
Overall, our model gives an extensible framework for efficiently modeling most existing data types, decision-tree
structures, and objectives. As it mathematically represents
the space of all feasible counterfactual explanations, solving
it to optimality using state-of-the-art MILP solvers for the
objective of choice permits to locate optimal explanations.
3.4. Domain Knowledge and Actionability
As seen in the previous sections, Formulation (8–27) accounts for different data types (e.g., numerical, binary and
categorical) without transformation. For categorical variables in particular, this effectively ensures that counterfactual explanations respect the structure of the data (select
exactly one category). Our model’s flexibility also permits
us to integrate, as needed, additional domain knowledge
and actionability requirements through linear and logical
constraints. Table 1 summarizes several of these constraints
based on recent proposals from the literature. In the next section, we will detail our proposal to exploit isolation forests
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Table 1. Domain knowledge and actionability constraints

Domain Knowledge

Constraints
xi = x̂i , µi = µ̂i , νi = ν̂i
xi ≥ x̂i , µi ≥ µ̂i , νi ≥ ν̂i

Fixed features
Monotonic features
Known linear relations between features
(i.e., joint actionability – Venkatasubramanian & Alfano 2020)
Known logical implications between features,
Example for binary features (x1 = T RUE) ⇒ (x2 = T RUE)
Example for categorical features x1 ∈ {C AT 1, C AT 2} ⇒ x2 ∈ {C AT 3, C AT 4}
Resource constraints (e.g., time) as modeled by additional functions gi (x, ν, µ)

to ensure counterfactual explanations plausibility within our
mathematical framework.
3.5. Isolation Forests for Plausibility
We propose to rely on isolation forests (Liu et al., 2008)
for a fine-grained representation of explanation plausibility.
Isolation forests are trained to return an outlier score for
any sample, inversely proportional to its average path depth
within a set of randomized trees grown to full extent on
random sample subsets. Therefore, constraining this average depth controls the outlier score (and consequently the
plausibility) of the counterfactual explanation.
To include this constraint, we train the isolation forest TI
on the training samples from the target class. Then, we
mathematically express it through Formulation (8–12) and
collect the µ levels from the union of the two forests in
Equations (15–19). Lastly, we constrain the average depth
in TI as follows:
X X
dtv ytv ≥ δ|TI |,
(33)
t∈TI v∈VtL

A(xi − x̂i ) ≤ b
x2 ≥ x1
ν23 + ν24 ≥ ν11 + ν12
gi (x, ν, µ) ≤ bi

our counterfactual explanations relatively to previous
algorithms on a common objective (l1 distance).
• Assessing the impact of the plausibility constraints
obtained from isolation forests on the tractability of the
model and the quality of the counterfactuals.
Our algorithm, referred to as OCEAN (Optimal Counterfactual Explanations) in the remainder of this paper, has
been developed in Python 3.8 and can be readily executed
from a single script that builds the most suitable mathematical model for the data set at hand. The complete data
and source code needed to reproduce our experiments is
provided at https://github.com/vidalt/OCEAN.
The supplementary material of this paper also includes additional detailed results.
We use scikit-learn v0.23.0 for training random forests and
Gurobi 9.1 (via gurobipy) for solving the mathematical
models. All experiments have been run on four threads
of an Intel Core i9-9880H 2.30GHz CPU with 64GB of
available RAM, running Ubuntu 20.04.1 LTS.

where dtv represents the depth of a vertex v in tree t, and δ
is a fixed threshold defining the average depth under which
samples are declared as outliers. In our experiments, we will
set this threshold to capture 10% of the training data as an
outlier, and therefore we seek a counterfactual explanation
typical of the 90% most common cases of the target class.

We now discuss the preparation of the data and describe
each experiment. We limit the scope of our experiments to
the search of a single —optimal— explanation for each subject. If needed, diverse explanations could be generated by
iteratively applying our framework, collecting its solution,
and excluding it in subsequent iterations via an additional
linear constraint or penalty term.

4. Computational Experiments

4.1. Data Preparation

We conduct an extensive experimental campaign to fulfill
two main goals:

We conduct our experiments on eight data sets representative of diverse applications such as loan approval, socioeconomical studies, pretrial bail, news performance prediction, and malware detection. Table 2 reports their number of
samples (n), number of features (total = p, numerical = pN ,
binary = pB , and categorical = pC ), and source of origin.

• Evaluating the performance of our approach in terms
of CPU time and solution quality. We measure the time
needed to find optimal solutions on different data sets
and evaluate the impact of the number of trees in the ensemble and their depth. We also compare the quality of

All these data sets include heterogeneous feature types. For
data sets AD, CC and CP, we used the same preprocessing
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Data set

Table 2. Characteristics of the data sets
n p pN pB pC

as indicated in Karimi et al. (2020a). GC preprocessing was
done as suggested in German credit preprocessing (2017).
Finally, for ON we set “data channel” and “weekday” as
categorical. The three remaining data sets are used in their
original form. Each data set has been randomly split into
80% training and 20% test set.
To standardize the analyses between different data sets, we
opted to set actionability constraints on two columns wherever applicable: “age” is constrained to be non-decreasing,
and “sex” always stays fixed.
4.2. Performance and Scalability
In a first analysis, we evaluate the CPU time of OCEAN on
each data sets for the asymmetric and weighted l0 , l1 , and l2
objectives, without the plausibility restrictions. To simulate
differences of actionability among features, the marginal
+
weights c−
i and ci of each feature in the objective have been
independently drawn in the uniform distribution U (0.5, 2).
For each data set, we generated a single random forest with
100 trees limited at depth 5. We selected 20 different negative samples from the test set to serve as origin points for the
counterfactual explanations. Figure 1 reports the CPU time
needed to find an optimal counterfactual explanation in each
case. Each boxplot represents 20 CPU time measurements,
one for each counterfactual.
As visible in this experiment, OCEAN can locate optimal
counterfactual explanations in a matter of seconds, even for
data sets including over fifty numerical features with a large
number of levels. Finding counterfactual explanations with
variants of the l1 or l2 norms also appears slightly faster
than with l0 . For small data sets with a few dozen features,
CPU times of the order of a second are typically achieved,
making our framework applicable even in time-constrained
environments, e.g., for interactive tasks. Finally, as counterfactual search has a decomposable geometrical structure,
CPU time could be even further reduced by additional parallel computing if the need arises.
Next, we compare the performance of OCEAN with previous approaches: the heuristic feature tweaking (FT) algorithm of Tolomei et al. (2017), the exact model-agnostic

AD

CC

CP

GC

ON

PH

SP

ST

Figure 1. CPU droplevels(interaction(Objective,
time to find an optimal counterfactual
Case))explanations,
considering different data sets and objectives

counterfactual explanations (MACE) algorithm from Karimi
et al. (2020a) and the optimal action extraction (OAE)
approach proposed in Cui et al. (2015) and extended in
Kanamori et al. (2020). We used the implementation of
FT and MACE (with precision 10−3 ) provided at https:
//github.com/amirhk/mace, and we provide a reimplementation of OAE within the same code base as
OCEAN. For this comparative analysis, we use the l1 objective with homogeneous weights, as this is a common
objective handled by all the considered methods. For a fair
comparison, all the random forests and origin points for the
counterfactual explanations have been saved in a serialized
format, and identically loaded for each method.
We start from a baseline size of 100 trees with a maximum
depth of 5 for the random forest and then extend our analysis
to a varying number of trees in {10, 20, 50, 100, 200, 500}
and depth limit in {3, 4, 5, 6, 7, 8}. Figures 2 and 3 report,
for each method, the mean CPU time with its 95% confidence interval as a function of these parameters for data sets
AD and CC. The same figures are provided in the supplementary material for the other data sets.
As seen in these experiments, OCEAN locates optimal counterfactual explanations in a CPU time orders of magnitude
smaller than MACE and OEA. Even in the most complex
configurations (e.g., ST with 500 trees), OCEAN completed
the optimization within two minutes, whereas MACE and
OEA ran for more than five hours without terminating.
Next, we evaluate the quality of the counterfactual explanations produced by these methods. We measure, for each
method and dataset, the average CPU time per explanation
and the ratio R = D/DOPT between the sum of the l1 distances of the 20 counterfactual explanations produced by
the method (D) and that of optimal explanations (DOPT ).
Table 3 provides these values for the baseline setting (100
trees in the random forest limited at depth 5), and similar
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Figure 2. Comparative analysis of CPU time as a function of the
maximum depth of the trees. Number of trees fixed to 100.
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4.3. Isolation Forests for Plausibility

Figure 3. Comparative analysis of CPU time as a function of the
number of trees in the ensemble. Maximum depth fixed to 5.

Table 3. Time and solution quality comparison

Data

FT
T(s) R

AD
CC
CP
GC
ON
PH
SP
ST

3.03
29.44
22.68
16.26
10.05
10.95
NA
NA

15.9
10.2
4.5
4.8
31.7
1.4
—
—

MACE
T(s) R
20.60
41.25
15.82
19.03
>900
>900
>900
>900

1.1
1.2
1.0
1.0
—
—
—
—

OAE
T(s) R
28.37
5.52
0.38
5.08
>900
0.94
>900
69.64

1.0
1.0
1.0
1.0
—
1.0
—
1.0

OCEAN
T(s) R
1.22
1.34
0.52
1.16
2.97
0.52
2.73
1.10

Finally, the computational efficiency of OCEAN’s can be
explained, in part, by the sparsity of its mathematical model.
For data set AD with baseline parameters, OEA’s formulation included 163,605 non-zero terms, whereas OCEAN
included only 18,330. This difference becomes even more
marked as the maximum depth increases. With a maximum tree depth of 8, the number of non-zero terms rises
to 3,223,586 for OEA compared to 127,755 for OCEAN.
This permits integrating additional linear constraints, logical constraints, and a wide range of actionability definitions
(Table 1). The next section will show how to profit from
this performance gain to model fine-grained plausibility
restrictions through isolation forests.

500

Nb Trees

Nb Trees

guarantee optimality and effectively reached, on average,
distance values that are 1.4 to 31.7 times greater than the
optima. It also regularly failed to find feasible counterfactual explanations (i.e., attaining the desired class) for SP
and ST. These observations confirm the fact that heuristic
techniques for counterfactual search can provide explanations that are considerably more complex than needed, and
sensitive to the subject or subject group. In contrast, optimal
counterfactual explanations are deterministic and fully specified through their mathematical definition —independently
of the search approach designed to find them— providing
us greater control and accountability. Arguably, “optimal”
counterfactual explanations should be gradually established
as a requirement for transparency and trustworthiness.

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

results are provided in the supplementary material for the
other settings. A value of “NA” means that no feasible
counterfactual explanation has been found, whereas “>900”
means that the CPU time limit of 900 seconds was exceeded.
As observed in this experiment, it is notable that the CPU
time of OCEAN is shorter or comparable to that of the
FT heuristic. Yet, despite its similar speed, FT does not

We finally evaluate how isolation forests can ensure better
plausibility in OCEAN’s counterfactual explanations. Figure 4 first provides an illustrative example of our method on
a small case. As observed in this example, random forests
tend to make arbitrary class choices in low-density regions.
Without any plausibility constraint, the counterfactual algorithm exploits the proximity to one such region to find
a nearby counterfactual explanation. However, this explanation is not plausible as it represents an outlier among the
samples of the desired class.
Introducing additional isolation forest constraints in our
mathematical model as suggested in Section 3.5 permits us
to circumvent this issue, as it successfully restricts the search
for counterfactual examples to the core of the distribution
of the desired class. Our restriction, therefore, builds on the
same logic as the convex density constraints based on Gaussian mixtures proposed in (Artelt & Hammer, 2020), though
it has the general advantage to be distribution-agnostic and
applicable to most data types.
To evaluate the impact of these plausibility constraints in
our model, we conduct a final experiment which consists of
measuring the prevalence of plausible explanations (P), the
cost of the explanations (C), and the computational effort (T)
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through careful integration of isolation forests and mathematical programming. By doing so, we have circumvented
a major trustworthiness and accountability issue faced by
heuristic approaches, and provided mathematical guarantees for tree ensembles interpretation. Our contribution also
includes a modeling toolkit that can be used as a building
block for a disciplined evaluation of counterfactual search
models, plausibility constraints, and actionability paradigms
in various applications.

Figure 4. Isolation forests in counterfactual explanations for the
Iris data set: x-axis = “sepal length”, y-axis = “sepal width”

of OCEAN with and without isolation-forest constraints.
The results of this analysis are reported in Table 4, with
additional details in the supplementary material.
Table 4. Impact of the plausibility constraints in OCEAN

Data set
AD
CC
CP
GC
ON
PH
SP
ST

OCEAN-noIF
P
C
T(s)
55%
0%
25%
25%
100%
35%
100%
40%

0.21
0.03
0.12
0.09
0.01
0.78
0.02
1.18

0.75
0.99
0.44
0.60
1.34
0.36
2.71
0.62

OCEAN-IF
P
C
T(s)
100%
100%
100%
100%
100%
100%
100%
100%

0.40
0.56
0.57
1.13
0.01
2.40
0.02
1.63

1.82
1.54
0.85
1.71
1.64
1.81
4.43
1.36

As seen in this experiment, plausibility comes with extra
costs that depend on the data set. Nevertheless, one cannot
refer to a trade-off between cost and plausibility since misleading targets do not necessarily help to fulfill any given
goal and may even trigger additional losses. Finding plausible and actionable explanations should therefore be the
over-arching goal in counterfactual search. Our experiments
also demonstrate that unconstrained solutions are rarely
plausible and that dedicated constraints (e.g., through isolation forests) should be set up. Finally, the computational
effort of OCEAN has roughly doubled due to the addition
of the isolation forests in the model. This appears to be a
reasonable increase given the current efficiency of OCEAN
and the high practical importance of fine-grained plausibility
constraints.

The research perspectives are numerous. From a methodology standpoint, one can always challenge tractability limits
and attempt to apply the OCEAN methodology to increasingly larger data sets and tree ensembles. To that end, we
suggest to investigate new formulations and valid inequalities, as well as model compression and geometrical decomposition strategies (see, e.g., Vidal & Schiffer, 2020)
which have the potential to speed up the solution process.
We also recommend pursuing a disciplined evaluation of
compression and explanation of white-box models through
mathematical programming lenses, as performance guarantees are critical for a fair access to algorithmic recourse.
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