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Notations and conventions. We denote by B(Rd) the Borel σ-field of Rd, M(Rd) the set of all Borel measurable functions
f on Rd,‖f‖∞ = supx∈Rd |f(x)| and‖·‖ the Euclidean norm on Rd. For µ a probability measure on (Rd,B(Rd)) and
f ∈ M(Rd) a µ-integrable function, denote by µ(f) the integral of f with respect to (w.r.t.) µ. Let µ and ν be two
sigma-finite measures on (Rd,B(Rd)). Denote by µ� ν if µ is absolutely continuous w.r.t. ν and dµ/dν the associated
density. Let µ, ν be two probability measures on (Rd,B(Rd)). Define the Kullback-Leibler (KL) divergence of µ from ν by

KL(µ|ν) =


∫
Rd

dµ
dν (x) log

(
dµ
dν (x)

)
dν(x) , if µ� ν

+∞ otherwise.

In addition, define the Pearson χ2-divergence of µ from ν by

χ2(µ|ν) =


∫
Rd

(
dµ
dν (x)− 1

)2

dν(x) , if µ� ν

+∞ otherwise.

We say that ζ is a transference plan of µ and ν if it is a probability measure on (Rd × Rd,B(Rd × Rd)) such that for all
measurable set A of Rd, ζ(A× Rd) = µ(A) and ζ(Rd × A) = ν(A). We denote by T (µ, ν) the set of transference plans of
µ and ν. In addition, we say that a couple of Rd-random variables (X,Y ) is a coupling of µ and ν if there exists ζ ∈ T (µ, ν)
such that (X,Y ) are distributed according to ζ . Let M be a d×d symmetric positive definite matrix. Denote 〈, 〉M the scalar
product corresponding to M, defined for any x,y ∈ Rd by 〈x,y〉M = x>My. Denote ‖ · ‖M the corresponding norm. We
denote by P2(Rd) the set of probability measures with finite 2-moment: for all µ ∈ P2(Rd),

∫
Rd ‖x‖

2 dµ(x) < ∞. We
define the Wasserstein distance of order 2 associated with ‖ · ‖M for any probability measures µ, ν ∈ P2(Rd) by

W 2
M(µ, ν) = inf

ζ∈T (µ,ν)

∫
Rd×Rd

‖x− y‖2M dζ(x,y) .

In the case when M = Id, we will denote the Wasserstein distance of order 2 by W2. By Villani (2008, Theorem 4.1), for all
µ, ν probability measures on Rd, there exists a transference plan ζ? ∈ T (µ, ν) such that for any coupling (X,Y ) distributed
according to ζ?, WM(µ, ν) = E[‖x− y‖2M]1/2. This kind of transference plan (respectively coupling) will be called an
optimal transference plan (respectively optimal coupling) associated with WM. By Villani (2008, Theorem 6.16), P2(Rd)
equipped with the Wasserstein distance WM is a complete separable metric space. The total variation norm between two
probability measures µ and ν on (Rd,B(Rd)) is defined by

‖µ− ν‖TV = sup
f∈M(Rd),‖f‖∞≤1

∣∣∣∣∫
Rd
f(x) dµ(x)−

∫
Rd
f(x) dν(x)

∣∣∣∣ .
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For the sake of simplicity, with little abuse, we shall use the same notations for a probability distribution and its associated
probability density function. For a Markov chain with transition kernel P on Rd and invariant distribution π, we define the
ε-mixing time associated to a statistical distance D, precision ε > 0 and initial distribution ν, by

tmix(ε; ν) = min
{
t ≥ 0

∣∣ D(νP t, π) ≤ ε
}
,

which stands for the minimum number of steps of the Markov chain such that its distribution is at most at an ε D-distance
from the invariant distribution π. For n ≥ 1, we refer to the set of integers between 1 and n with the notation [n].
The d-multidimensional Gaussian probability distribution with mean µ and covariance matrix Σ is denoted by N(µ,Σ).
When µ = 0d and Σ = Id, the associated probability density function is denoted by by φd. Let F : Rd → R be a
twice continuously differentiable function, denote ~∆ the vector Laplacian of F defined, for all x ∈ Rd, by ~∆F (x) =

{
∑d
l=1(∂2Fk)(x)/∂x2

l }dk=1. For 0 ≤ i < j, we use the notation ui:j to refer to the vector [u>i , · · · ,u>j ]> built by
stacking j − i + 1 vectors (uk; k ∈ {i, · · · , j}). For a given matrix M ∈ Rd×d, we denote its smallest and largest
eigenvalues by λmin(M) and λmax(M), respectively. Fix b ∈ N∗ and let M1, . . . ,Mb be d-dimensional matrices. We
denote

∏j
`=i M` = Mj . . .Mi if i ≤ j and with the convention

∏j
`=i M` = Id if i > j. For any b ∈ N∗, (di)i∈[b] ∈ (N∗)b

and (Mi)i∈[b] ∈ ⊗i∈[b]Rdi×di , we denote diag(M1, . . . ,Mb) the unique matrix M ∈ R(
∑
i di)×(

∑
i di) satisfying for any

u = (u1, . . . ,ub) ∈ Rd1 × · · · × Rdb , Mu =
∑b
i=1 Miui which corresponds to

M =



M1 0d1,d2 · · · 0db,db

0d2,d1
. . . . . .

...

...
. . . . . . 0db−1,db

0db,d1 · · · 0db,db−1
Mb


.

For any v ∈ Rb, define the block diagonal matrix

Dv = diag
(
v1 · Id1 , . . . , vb · Idb

)
∈ Rp×p . (S1)

For any symmetric matrices S1,S2 ∈ Rp×p, we note S1 4 S2 if and only if, for any u ∈ Rp, we have u>(S2 − S1)u ≥ 0.
Let (X,X ) and (Y,Y) be two measurable spaces, we say that a transition probability kernel on (Y×X)×Y is a conditional
Markov kernel. One elementary step in most Gibbs samplers corresponds to a conditional Markov kernel.

S1. Proof of Proposition 1

Let b′ ∈ [b− 1], p′ =
∑b
i=b′+1 di and consider

B>b′ = [A>b′+1/ρ
1/2
b′+1 · · ·A

>
b /ρ

1/2
b ] ∈ Rd×p

′
, B̄b′ = B>b′Bb′ =

b∑
i=b′+1

{A>i Ai/ρi} ∈ Rd×d . (S2)

Note that under H1, B̄b′ is invertible. Indeed, it is a symmetric positive definite matrix since for any θ ∈ Rd,
〈
B̄b′θ,θ

〉
≥

[mini∈[b] ρ
−1
i ]〈

∑b
i=b′+1 A>i Aiθ,θ〉 > 0 using that

∑b
i=b′+1 A>i Ai is invertible. Define the orthogonal projection onto

the range of Bb′ and the diagonal matrix:

Pb′ = Bb′B̄
−1
b′ B>b′ , D̃b′ = diag(Idb′+1

/ρb′+1, . . . , Idb/ρb) . (S3)

S1.1. Technical lemma

Lemma S1. Assume H1. For any (θ, zb′+1:b) ∈ Rd × Rp′ , setting z = zb′+1:b, we have

b∑
i=b′+1

{
‖zi −Aiθ‖2/ρi

}
= (D̃

1/2
b′ z)>{Ip′ −Pb′}(D̃

1/2
b′ z)

+ (θ − B̄−1
b′ B>b′D̃

1/2
b′ z)>B̄b′(θ − B̄−1

b′ B>b′D̃
1/2
b′ z) .
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Proof. Setting b = B>b′D̃
1/2
b′ z and using the fact that B̄b′ is symmetric, we have

b∑
i=b′+1

{
‖zi −Aiθ‖2/ρi

}
= θ>B̄b′θ − 2θ>b +

b∑
i=b′+1

‖zi‖2 /ρi

=

b∑
i=b′+1

‖zi‖2 /ρi − b>B̄−1
b′ b + (θ − B̄−1

b′ b)>B̄b′(θ − B̄−1
b′ b) .

Using that b>B̄−1
b′ b = (D̃

1/2
b′ z)>Pb′(D̃

1/2
b′ z) and Pb′ is a projection, P2

b′ = Pb′ completes the proof.

S1.2. Proof of Proposition 1

Proposition S2. Assume H1. Then, the function ψ : (θ, z1:b) 7→
∏b
i=1 exp{−Ui(zi)− ‖zi −Aiθ‖2/(2ρi)} is integrable

on Rd × Rp, where p =
∑b
i=1 di.

Proof. Using H1 and the Fubini theorem, there exists C1 > 0 such that:

∫
Rd

 b′∏
i=1

∫
Rdi

e−Ui(zi)e
−‖zi−Aiθ‖2

2ρi dzi ·
b∏

j=b′+1

∫
Rdj

e−Uj(zj)e
−‖zj−Ajθ‖2

2ρj dzj

 dθ

≤ C1

∫
Rd

 b′∏
i=1

∫
Rdi

e
−‖zi−Aiθ‖2

2ρi dzi ·
b∏

j=b′+1

∫
Rdj

e−Uj(zj)e
−‖zj−Ajθ‖2

2ρj dzj

 dθ

≤ C1

b′∏
i=1

(2πρi)
di/2

∫
Rd

 b∏
j=b′+1

∫
Rdj

e−Uj(zj) exp
(
−
∥∥zj −Ajθ

∥∥2
/(2ρj)

)
dzj

 dθ

= C1

b′∏
i=1

(2πρi)
di/2

∫
Rdb′+1

· · ·
∫
Rdb

 b∏
j=b′+1

e−Uj(zj)

∫
Rd

b∏
j=b′+1

e
−‖zj−Ajθ‖2

2ρj dθ

 dzb′+1:b . (S4)

Using Lemma S1 and the fact that Ip′ −Pb′ is positive definite, we obtain

∫
Rd

b∏
j=b′+1

exp
(
−
∥∥zj −Ajθ

∥∥2
/(2ρj)

)
dθ

= exp
(
−(D̃

1/2
b′ z)>{Ip′ −Pb′}(D̃

1/2
b′ z)/2

)
×
∫
Rd

exp
(
−(θ − B̄−1

b′ B>b′D̃
1/2
b′ z)>B̄b′(θ − B̄−1

b′ B>b′D̃
1/2
b′ z)/2

)
dθ

≤ det
(
B̄b′
)−1/2

(2π)d/2.

Then, the proof is completed by plugging this expression into (S4) and using from H1 that zb′+1:b 7→
∏b
j=b′+1 e−Uj(zj) is

integrable.

S2. Proof of Proposition 2
This section aims at proving Proposition 2 in the main paper. To ease the understanding, we dissociate the scenarios where
maxi∈[b]Ni = 1 and maxi∈[b]Ni > 1. In addition, in all this section ρ ∈ (R∗+)b is assumed to be fixed.

S2.1. Single local LMC iteration

In this section, we assume that a single LMC step is performed locally on each worker, that is maxi∈[b]Ni = 1. For this,
we introduce the conditional Markov transition kernel defined for any γ = (γ1, . . . , γb), θ ∈ Rd, z = (z1, · · · , zb) ∈
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Rd1 × · · · × Rdb , and for i ∈ [b], Bi ∈ B(Rdi), by

Qρ,γ
(
z,B1 × · · · × Bb|θ

)
=

b∏
i=1

Rρi,γi(zi,Bi|θ) , (S5)

where

Rρi,γi(zi,Bi|θ) =

∫
Bi

exp

− 1

4γi

∥∥∥∥∥z̃i −
(

1− γi
ρi

)
zi −

γi
ρi

Aiθ + γi∇Ui(zi)

∥∥∥∥∥
2
 dz̃i

(4πγi)di/2
. (S6)

Recall that p =
∑b
i=1 di. The considered Gibbs sampler in Algorithm 1 defines a homogeneous Markov chain X>n =

(θ>n , Z
>
n )n≥1 where Z>n = ([Z1

n]>, · · · , [Zbn]>). Indeed, it is easy to show that for any n ∈ N and measurable bounded
function f : Rp → R+, E[f(Zn+1)|Xn] =

∫
Rp f(z)Qρ,γ(Zn,dz|θn) and therefore (Xn)n∈N is associated with the Markov

kernel defined, for any x> = (θ>, z>) ∈ Rd × Rp and A ∈ B(Rd), B ∈ B(Rp), by

Pρ,γ(x,A× B) =

∫
B

Qρ,γ
(
z,dz̃|θ

) ∫
A

Πρ(dθ̃|z̃) , (S7)

where Πρ(·|z̃) is defined in (5). Let (ξn)n≥1 be a sequence of i.i.d. d-dimensional standard Gaussian random variables
independent of the family of independent random variables {(ηin)n≥1 : i ∈ [b]} where for any i ∈ [b] and n ≥ 1, ηin is a
di-dimensional standard Gaussian random variable. We define the stochastic processes (Xn, X̃n)n≥0 on Rp × Rp starting

from (X0, X̃0) = (x, x̃) = ((θ>, z>)>, (θ̃
>
, z̃>)>) and following the recursion for n ≥ 0,

Xn+1 = (θ>n+1, Z
>
n+1)> , X̃n+1 = (θ̃>n+1, Z̃

>
n+1)> , (S8)

where Zn+1 = ([Z1
n+1]>, . . . , [Zbn+1]>)>, Z̃n+1 = ([Z̃1

n+1]>, . . . , [Z̃bn+1]>)> are defined, for any i ∈ [b], by

Zin+1 =
(
1− γi/ρi

)
Zin +

(
γi/ρi

)
Aiθn − γi∇Ui(Zin) +

√
2γiη

i
n+1 , (S9)

Z̃in+1 =
(
1− γi/ρi

)
Z̃in +

(
γi/ρi

)
Aiθ̃n − γi∇Ui(Z̃in) +

√
2γiη

i
n+1 ,

and θn+1, θ̃n+1 by

θn+1 = B̄−1
0 B>0 D̃

1/2
0 Zn+1 + B̄

−1/2
0 ξn+1 , θ̃n+1 = B̄−1

0 B>0 D̃
1/2
0 Z̃n+1 + B̄

−1/2
0 ξn+1 , (S10)

where B̄0, B0 and D̃0 are given in (S2) and (S3), respectively. Note that Xn and X̃n are distributed according to δxP
n
ρ,γ

and δx̃P
n
ρ,γ , respectively. Hence, by definition of the Wasserstein distance of order 2, it follows that

W2(δxP
n
ρ,γ , δx̃P

n
ρ,γ) ≤ E

[
‖Xn − X̃n‖2

]1/2
. (S11)

Thus, in this section we focus on upper bounding the squared norm ‖Xn − X̃n‖ from which we get an explicit bound on the
Wasserstein distance thanks to the previous inequality.

S2.1.1. SUPPORTING LEMMATA

Note that H1 implies the invertibility of the matrix B0 defined in (S2) since we have the existence of b′ ∈ [b − 1], such
that

∑b
i=b′+1 λmin(A>i Ai)/ρi > 0 and by the semi-positiveness of the symmetric matrices {A>i Ai}i∈[b], we get that

λmin(B0) =
∑b
i=1 λmin(A>i Ai)/ρi ≥

∑b
i=b′+1 λmin(A>i Ai)/ρi. To prove Proposition 2 in the case maxi∈[b]Ni = 1,

we first upper bound (S83) by building upon the following two technical lemmas.
Lemma S3. Assume H1 and consider (Xn, X̃n)n∈N defined in (S8). Then, for any n ∈ N, it holds almost surely that

‖Xn+1 − X̃n+1‖2 ≤ (1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2)‖Zn+1 − Z̃n+1‖2 .

Proof. Let n ≥ 0. By (S10), we have θn+1 − θ̃n+1 = B̄−1
0 B>0 D̃

1/2
0 (Zn+1 − Z̃n+1) which implies that

‖Xn+1 − X̃n+1‖2 = ‖θn+1 − θ̃n+1‖2 + ‖Zn+1 − Z̃n+1‖2 ≤ (1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2)‖Zn+1 − Z̃n+1‖2 .
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Define the contraction factor
κγ = maxi∈[b]

{
|1− γimi| ∨ |1− γi(Mi + 1/ρi)|

}
. (S12)

Then, the following result holds.

Lemma S4. Assume H1-H2 and let γ ∈ (R∗+)b. Then for any x = (z>,θ>)>, x̃ = (z̃>, θ̃
>

)>, with (θ, θ̃) ∈ (Rd)2 and
(z, z̃) ∈ (Rp)2, for any n ≥ 1, we have

W2(δxP
n
ρ,γ , δx̃P

n
ρ,γ) ≤ κn−1

γ ·
(

(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) ·

maxi∈[b]{γi}
mini∈[b]{γi}

)1/2

×
[
κγ‖z− z̃‖+ ‖Dγ/

√
ρB0‖‖θ − θ̃‖

]
,

where Dγ/
√
ρ is defined as in (S1) with γ/

√
ρ = (γ1/ρ

1/2
1 , . . . , γb/ρ

1/2
b ), B̄0, B0, Pρ,γ and κγ are given in (S2), (S7),

(S12), respectively.

Proof. Consider (Xk, X̃k)k∈N defined in (S8). By (S83) and Lemma S3, we need to bound (‖Zk − Z̃k‖)k∈N. Let n ∈ N∗.
For any i ∈ [b], we have by (S9), that

Zin+1 − Z̃in+1 =
(

1− γi
ρi

)
(Zin − Z̃in) +

γi
ρi

Ai(θn − θ̃n)− γi
(
∇Ui(Zin)−∇Ui(Z̃in)

)
. (S13)

Since Ui is twice differentiable, we have

∇Ui(Zin)−∇Ui(Z̃in) =

∫ 1

0

∇2Ui(Z̃
i
n + t(Zin − Z̃in)) dt · (Zin − Z̃in) .

Using θn − θ̃n = B̄−1
0 B>0 D̃

1/2
0 (Zn − Z̃n), it follows that

Zin+1 − Z̃in+1 =

([
1− γi

ρi

]
Idi − γi

∫ 1

0

∇2Ui(Z̃
i
n + t(Zin − Z̃in)) dt

)
(Zin − Z̃in)

+
γi
ρi

AiB̄
−1
0 B>0 D̃

1/2
0 (Zn − Z̃n) .

Consider the p× p block diagonal matrix defined by

DU,n = diag

(
γ1

∫ 1

0

∇2U1(Z̃1
n + t(Z1

n − Z̃1
n)) dt, · · · , γb

∫ 1

0

∇2Ub(Z̃
b
n + t(Zbn − Z̃bn)) dt

)
.

With the projection matrix P0 defined in (S3), the difference Zn+1 − Z̃n+1 can be rewritten as

Zn+1 − Z̃n+1 =
(
Ip −DU,n −D

1/2
γ D

1/2
γ/ρ(Ip −P0)D̃

1/2
0

)
(Zn − Z̃n) ,

where Dγ/ρ is defined as in (S1) with γ/ρ = (γ1/ρ1, . . . , γb/ρb). Since DU,n commutes with Dγ and P0 is an orthogonal
projection matrix, using H2-(i)-(ii), we get

‖Zn+1 − Z̃n+1‖D−1
γ

= ‖D−1/2
γ (D

1/2
γ D−

1/2
γ −D

1/2
γ DU,nD−

1/2
γ −D

1/2
γ D

1/2
γ/ρ(Ip −P0)D

1/2
γ/ρD

−1/2
γ )(Zn − Z̃n)‖

≤ ‖Ip −DU,n −D
1/2
γ/ρ

(
Ip −P0

)
D

1/2
γ/ρ‖‖Zn − Z̃n‖D−1

γ
.

Note that H1 and H2 and the fact that P0 is an orthogonal projector, so 0p 4 Ip −P0, imply that

diag({1− γ1(M1 + 1/ρ1)}Id1 , · · · , {1− γb(Mb + 1/ρb)}Idb) 4 Ip −DU,n −D
1/2
γ/ρ

(
Ip −P0

)
D

1/2
γ/ρ

4 diag
(
{1− γ1m1} Id1 , . . . , {1− γbmb} Idb

)
.
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Therefore, we get

‖Zn+1 − Z̃n+1‖D−1
γ
≤ max

i∈[b]

{
max(|1− γimi|, |1− γi(Mi + 1/ρi)|)

}
‖Zn − Z̃n‖D−1

γ

= κγ‖Zn − Z̃n‖D−1
γ
. (S14)

An immediate induction shows, for any n ≥ 1,

‖Zn − Z̃n‖D−1
γ
≤ κn−1

γ ‖Z1 − Z̃1‖D−1
γ
. (S15)

In addition, by (S13), we have for any i ∈ [b],

Zi1 − Z̃i1 =
(

1− γi
ρi

)
(zi − z̃i) +

γi
ρi

Ai(θ − θ̃)− γi(∇Ui(zi)−∇Ui(z̃i)) .

It follows that Z1− Z̃1 = (Ip−Dγ/ρ−DU,0)(z− z̃) + Dγ/ρD̃
−1/2
0 B0(θ− θ̃). Using the triangle inequality and H2 gives

‖Z1 − Z̃1‖D−1
γ
≤ (mini∈[b]{γi})−1/2‖(Ip −Dγ/ρ −DU,0)(z− z̃) + (Dγ/

√
ρB0(θ − θ̃)‖

≤ (mini∈[b]{γi})−1/2
[
‖Ip −Dγ/ρ −DU,0‖‖z− z̃‖+ ‖Dγ/

√
ρB0‖‖θ − θ̃‖

]
≤ (mini∈[b]{γi})−1/2

[
maxi∈[b]{|1− γi(mi + 1/ρi)|, |1− γi(Mi + 1/ρi)|}‖z− z̃‖

+ ‖Dγ/
√
ρB0‖‖θ − θ̃‖

]
≤ (mini∈[b]{γi})−1/2

[
κγ‖z− z̃‖+ ‖Dγ/

√
ρB0‖‖θ − θ̃‖

]
.

Combining (S15) and the previous inequality and using Lemma S3, we get for n ≥ 1,

‖Xn − X̃n‖2 ≤ κ2(n−1)
γ

(
1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2

) maxi∈[b]{γi}
mini∈[b]{γi}

×
[
κγ‖z− z̃‖+ ‖Dγ/

√
ρB0‖‖θ − θ̃‖

]2
.

The proof is concluded by (S83).

S2.1.2. SPECIFIC CASE OF PROPOSITION 2

Based on the previous lemmata, we provide in what follows a specific instance of Proposition 2 in the scenario where
maxi∈[b]Ni = 1.

Proposition S5. Assume H1-H2 and let γ ∈ (R∗+)b such that, for any i ∈ [b], γi ≤ 2(mi + Mi + 1/ρi)
−1. Then, Pρ,γ

defined in (S7) admits a unique stationary distribution Πρ,γ and for any x = (z>,θ>)> with θ ∈ Rd, z ∈ Rp and any
n ∈ N∗, we have

W 2
2 (δxP

n
ρ,γ ,Πρ,γ) ≤

(
1−min

i∈[b]
{γimi}

)2(n−1)
(

(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) ·

maxi∈[b]{γi}
mini∈[b]{γi}

)
×
∫
Rd×Rp

[
(1−min

i∈[b]
{γimi})‖z− z̃‖+ ‖Dγ/

√
ρB0‖‖θ − θ̃‖

]2
dΠρ,γ(x̃) ,

where B̄0,B0, D̃0, Pρ,γ are defined in (S2) and (S3).

Proof. For any i ∈ [b], note that the condition 0 < γi ≤ 2(mi+Mi+1/ρi)
−1 ensures that κγ = 1−mini∈[b]{γimi} ∈ (0, 1)

and the proof follows from Lemma S4 combined with Douc et al. (2018, Lemma 20.3.2, Theorem 20.3.4).
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S2.2. Multiple local LMC iterations

In this section, we consider the general case maxi∈[b]Ni ≥ 1. For this, we introduce the conditional Markov transition
kernel defined for any γ = (γ1, . . . , γb),N = (N1, . . . , Nb), θ ∈ Rd, z = (z1, · · · , zb) ∈ Rd1 × · · · ×Rdb , for i ∈ [b] and
Bi ∈ B(Rdi), by

Qρ,γ,N
(
z,B1 × · · · × Bb|θ

)
=

b∏
i=1

RNiρi,γi(zi,Bi|θ) , (S16)

where Rρi,γi is defined by (S6). Then, as in the case maxi∈[b]Ni = 1, the Gibbs sampler presented in Algorithm 1 defines
a homogeneous Markov chain X>n = (θ>n , Z

>
n )n≥1 where Z>n = ([Z1

n]>, · · · , [Zbn]>). Indeed, it is easy to show that for
any n ∈ N and measurable function f : Rp → R+, E[f(Zn+1)|Xn] =

∫
Rp f(z)Qρ,γ,N (Zn,dz|θn). Therefore, (Xn)n∈N

is associated with the Markov kernel defined, for any x> = (θ>, z>) and A ∈ B(Rd), B ∈ B(Rp), by

Pρ,γ,N (x,A× B) =

∫
B

Qρ,γ,N
(
z,dz̃|θ

) ∫
A

Πρ(dθ̃|z̃) , (S17)

where Πρ(·|z̃) is defined in (5). We now define a coupling between δxP
n
ρ,γ,N and δx̃P

n
ρ,γ,N for any n ≥ 1 and x, x̃ ∈

Rd × Rp. Let (ξn)n≥1 be a sequence of i.i.d. d-dimensional standard Gaussian random variables independent of the family
of independent random variables {(ηin)n≥1 : i ∈ [b]} where for any i ∈ [b] and n ≥ 1, ηin is a di-dimensional standard
Gaussian random variable. Define by induction the synchronous coupling (θn, Zn)n≥0, (θ̃n, Z̃n)n≥0, for any i ∈ [b] starting
from (θ0, Z0) = x = (θ, z), (θ̃0, Z̃0) = x̃ = (θ̃, z̃) and for any n ≥ 0 by

Z̃in+1 = Ỹ
(i,n)
Ni

, θ̃n+1 = B̄−1
0 B>0 D̃

1/2
0 Z̃n+1 + B̄

−1/2
0 ξn+1 ,

Zin+1 = Y
(i,n)
Ni

, θn+1 = B̄−1
0 B>0 D̃

1/2
0 Zn+1 + B̄

−1/2
0 ξn+1 ,

(S18)

where B̄0,B0, D̃0 are given by (S2)-(S3) and Ỹ (i,n)
0 = Z̃in, Y (i,n)

0 = Zin, and for any k ∈ N

Ỹ
(i,n)
k+1 = Ỹ

(i,n)
k − γi∇Vi(Ỹ (i,n)

k ) + (γi/ρi)Aiθ̃n +
√

2γiη
(i,n)
k+1 ,

Y
(i,n)
k+1 = Y

(i,n)
k − γi∇Vi(Y (i,n)

k ) + (γi/ρi)Aiθn +
√

2γiη
(i,n)
k+1 ,

(S19)

where, for any zi ∈ Rdi , Vi is defined by

Vi(zi) = Ui(zi) + (2ρi)
−1‖zi‖2 . (S20)

For any n, k ∈ N consider the p× p matrices defined by

H
(n)
U,k = diag

(
γ1

∫ 1

0

∇2U1((1− s)Y (1,n)
k + sỸ

(1,n)
k ) ds,

. . . , γb

∫ 1

0

∇2Ub((1− s)Y (b,n)
k + sỸ

(b,n)
k ) ds

)
,

J(k) = diag
(
1[N1](k + 1) · Id1 , · · · ,1[Nb](k + 1) · Idb

)
, (S21)

C
(n)
k = J(k)(Dγ/ρ + H

(n)
U,k) , (S22)

M
(n)
k+1 = (Ip −C

(n)
0 )−1 . . . (Ip −C

(n)
k )−1 , with M

(n)
0 = Ip . (S23)

Under H2, we have ‖C(n)
k ‖ ≤ maxi∈[b]{γi(Mi + 1/ρi)}, thus if we suppose that for any i ∈ [b], 0 < γi < (Mi + 1/ρi)

−1,
the matrix (Ip − C

(n)
k ) is invertible. In addition, for any n ∈ N, k ≥ maxi∈[b]{Ni},C

(n)
k = 0p×p, hence the sequence

(M
(n)
k )k∈N is stationary and we denote its limit by M

(n)
∞ which is equal to M

(n)
maxi∈[b]{Ni}.

S2.2.1. TECHNICAL LEMMATA

Similarly to Lemma S3, the following result shows that it is enough to consider the marginal process (Zn, Z̃n)n≥0 to control

W2(δxP
n
ρ,γ,N , δx̃P

n
ρ,γ,N ) ≤ E

[
‖Xn − X̃n‖2

]1/2
. (S24)
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Lemma S6. Assume H1 and let N ∈ (N∗)b,γ ∈ (R∗+)b. Then, for any n ∈ N, the random variables Xn =

(θ>n , Z
>
n )>, X̃n = (θ̃>n , Z̃

>
n )> defined in (S18) satisfy

‖X̃n+1 −Xn+1‖2 ≤ (1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2)‖Z̃n+1 − Zn+1‖2 ,

where B̄0,B0, D̃0 are defined in (S2)-(S3).

Proof. The proof is similar to the proof of Lemma S3 and is omitted.

To ease notation, for any i ∈ [b], we consider all along this section the quantities

m̃i = mi + 1/ρi , M̃i = Mi + 1/ρi . (S25)

The following lemma provides an explicit expression for ‖Z̃n+1 − Zn+1‖ with respect to ‖Z̃n − Zn‖.
Lemma S7. Assume H1-H2 and letN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < M̃−1

i . Then, for any n ≥ 1, we
have

‖Z̃n+1 − Zn+1‖D−1
Nγ
≤
∥∥∥[M(n)

∞ ]−1 +

∞∑
k=0

[M(n)
∞ ]−1M

(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

∥∥∥
× ‖Z̃n − Zn‖D−1

Nγ
, (S26)

where (M
(n)
k )k∈N is defined in (S23), (Z̃k, Zk)k∈N in (S18),Nγ = (γ1N1, . . . , γbNb) and γ/ρ = (γ1/ρ1, . . . , γb/ρb).

Proof. Let n ≥ 1. By (S19), for any i ∈ [b], k ∈ N, we obtain

Ỹ
(i,n)
k+1 − Y

(i,n)
k+1 =

(
Idi − γi

∫ 1

0

∇2Vi((1− s)Y (i,n)
k + sỸ

(i,n)
k ) ds

)
(Ỹ

(i,n)
k − Y (i,n)

k )

+ (γi/ρi)Ai(θ̃n − θn) .

Consider the process ((Ỹ
(n)
k ,Y

(n)
k ) = {Ỹ(i,n)

k ,Y
(i,n)
k }bi=1)k∈N with values in Rp × Rp defined for any i ∈ [b], k ≥ 0, by

Ỹ
(i,n)
k = Ỹ

(i,n)
min(k,Ni)

, Y
(i,n)
k = Y

(i,n)
min(k,Ni)

. (S27)

By (S18), we have Ai(θ̃n− θn) = AiB̄
−1
0 B>0 D̃

1/2
0 (Z̃n−Zn). Since B>0 = [A>1 /ρ

1/2
1 · · ·A>b /ρ

1/2
b ] and P0 = B0B̄

−1
0 B>0

is the orthogonal projection matrix defined in (S3), it follows that

Ỹ
(n)
k+1 −Y

(n)
k+1 =

(
Ip −C

(n)
k

)
(Ỹ

(n)
k −Y

(n)
k ) + J(k)Dγ/

√
ρP0D̃

1/2
0 (Ỹ

(n)
0 −Y

(n)
0 ) . (S28)

Since DNγ commutes with C
(n)
k and J(k), multiplying (S28) by M

(n)
k+1D

−1/2
Nγ , yields

M
(n)
k+1D

−1/2
Nγ (Ỹ

(n)
k+1 −Y

(n)
k+1) = M

(n)
k D

−1/2
Nγ (Ỹ

(n)
k −Y

(n)
k )

+ M
(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D̃

1/2
0 (Ỹ

(n)
0 −Y

(n)
0 ) . (S29)

By definition of the processes in (S18)-(S19) and (S27), we have for k ≥ maxi∈[b]{Ni}, (Ỹ
(n)
k ,Y

(n)
k ) = (Z̃n+1, Zn+1)

and J(k) = 0p×p. Therefore summing the previous equality (S29) yields

M
(n)
∞ D

−1/2
Nγ (Z̃n+1 − Zn+1) =

[
M

(n)
0 +

∑∞
k=0 M

(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

]
×D

−1/2
Nγ (Ỹ

(n)
0 −Y

(n)
0 ) .

Multiplying this last equality by [M
(n)
∞ ]−1 and applying the norm ‖ · ‖D−1

Nγ
concludes the proof.
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The three following lemmata aim at providing an explicit upper bound on (S26). To this end, for n, k ∈ N and i ∈ [b],
consider C

(i,n)
k corresponding to the i-th diagonal block of C

(n)
k defined in (S22), i.e.

C
(i,n)
k = 1[Ni](k + 1)γi

{
ρ−1
i Idi +

∫ 1

0

∇2Ui((1− s)Y (i,n)
k + sỸ

(i,n)
k ) ds

}
∈ Rdi×di , (S30)

where, for any n ∈ N and i ∈ [b], (Y
(i,n)
k , Ỹ

(i,n)
k )k∈N is defined in (S19). Thus, using the definition (S23) of M

(n)
k , we can

write [M
(n)
∞ ]−1M

(n)
k as a block-diagonal matrix diag(([M

(n)
∞ ]−1M

(n)
k )1, . . . , ([M

(n)
∞ ]−1M

(n)
k )b) where for any i ∈ [b],

([M
(n)
∞ ]−1M

(n)
k )i =

∏Ni−1
l=k (Idi −C

(i,n)
l ) ∈ Rdi×di .

Lemma S8. Assume H1-H2 and let N ∈ (R∗+)b, γ ∈ (R∗+)b such that, for any i ∈ [b], γi < M̃−1
i . Then, for any i ∈ [b],

n ∈ N and k ∈ [Ni], we have

‖([M(n)
∞ ]−1M

(n)
k )i − Idi −

∑∞
l=k C

(i,n)
l ‖ ≤ exp{(Ni − k)γiM̃i} − 1− (Ni − k)γiM̃i ,

where M
(n)
k , M̃i are defined in (S23), (S25) respectively, and M

(n)
∞ is the limit of the stationnary sequence (M

(n)
k )k∈N.

Proof. Let n ∈ N, i ∈ [b] and k ∈ [Ni]. The approximation error between
∏∞
l=k(Idi −C

(i,n)
l ) and its linear approximation

can be upper bounded as∥∥∥∥ ∞∏
l=k

(Idi −C
(i,n)
l )− Idi −

∞∑
l=k

C
(i,n)
l

∥∥∥∥ =

∥∥∥∥ ∞∑
m=2

(−1)m
∑

k≤l1<···<lm

C
(i,n)
l1
· · ·C(i,n)

lm

∥∥∥∥
≤
∞∑
m=2

∑
k≤l1<···<lm

‖C(i,n)
l1
‖ · · · ‖C(i,n)

lm
‖ =

∞∏
l=k

(1 + ‖C(i,n)
l ‖)− 1−

∑
l≥k

‖C(i,n)
l ‖

≤ exp

( ∞∑
l=k

‖C(i,n)
l ‖

)
− 1−

∞∑
l=k

‖C(i,n)
l ‖ ,

where the products and the sums are well defined since for any l ≥ Ni, we have C
(i,n)
l = 0di . Finally, the proof is concluded

using that x 7→ exp(x)− 1− x is increasing on R and for l ∈ N, ‖C(i,n)
l ‖ ≤ γiM̃i1[Ni](l + 1) from H2-(i).

For anyN = (N1, . . . , Nb) ∈ (N∗)b,γ = (γ1, . . . , γb) ∈ (R∗+)b, define the p× p block matrices

S1 = diag({1−N1γ1M̃1}Id1 , · · · , {1−NbγbM̃b}Idb) ,

S2 = Ip −
∞∑
l=0

J(l)H
(n)
U,l − (DNDγ/ρ)

1/2(Ip −P0)(DNDγ/ρ)
1/2 , (S31)

S3 = diag
(
{1−N1γ1m1} Id1 , . . . , {1−Nbγbmb} Idb

)
,

where for any i ∈ [b], M̃i is defined in (S25) and P0,J(l),H
(n)
U,l are defined in (S3), (S86), (S87), respectively.

Lemma S9. Assume H1-H2. Then, for anyN ∈ (N∗)b,γ ∈ (R∗+)b, we have

S1 4 S2 4 S3 .

As a result, under the additional assumption, for any i ∈ [b], γiNi ≤ 2/(mi +Mi + 1/ρi), we get

‖S2‖ ≤ 1−min
i∈[b]
{Niγimi} . (S32)

Proof. Since P0 is an orthogonal projection defined in (S3), we have P0 4 Ip, therefore we easily get

0p×p 4 (DNDγ/ρ)
1/2(Ip −P0)(DNDγ/ρ)

1/2 4 DNDγ/ρ
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and H2-(i)-(ii) imply

diag(N1γ1m1Id1 , · · · , NbγbmbIdb) 4
∞∑
l=0

J(l)H
(n)
U,l 4 diag(N1γ1M1Id1 , · · · , NbγbMbIdb) .

Substracting these previous inequalities and adding Ip complete the first part of the proof. The additional condition, for any
i ∈ [b], γiNi ≤ 2/(mi +Mi + 1/ρi), ensures that S1 is definite-positive. Since S1 � S2, we deduce that S2 is symmetric
positive-definite as well. Then,‖S2‖ is equal to the largest eigenvalue of S2. The inequality S2 � S3 concludes the second
part of the proof.

For anyN = (N1, . . . , Nb) ∈ (N∗)b,γ = (γ1, . . . , γb) ∈ (R∗+)b, define

rγ,ρ,N = max
i∈[b]
{Niγi/ρi}max

i∈[b]
{NiγiM̃i}

(
1/2 + max

i∈[b]
{NiγiM̃i}

)
+ 4 max

i∈[b]
{NiγiM̃i}2 , (S33)

where M̃i is defined in (S25).

Lemma S10. Assume H1-H2. LetN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], Niγi ≤ 2/(mi + M̃i) and γi < M̃−1
i .

Then, for any n ∈ N, we have

‖[M(n)
∞ ]−1 +

∑∞
k=0[M

(n)
∞ ]−1M

(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N ‖ ≤ 1−min

i∈[b]
{Niγimi}+ rγ,ρ,N ,

where P0, Dγ/ρ, J(k),M
(n)
k and rγ,ρ,N are defined in (S3), (S21), (S23) and (S33), respectively.

Proof. Let n ∈ N. For any k ∈ N, define

R
(n)
k =

∞∏
l=k

(Ip −C
(n)
l )− Ip +

∞∑
l=k

C
(n)
l , R

(i,n)
k =

∞∏
l=k

(Idi −C
(i,n)
l )− Idi +

∞∑
l=k

C
(i,n)
l , i ∈ [b] , (S34)

where (C
(i,n)
l )l∈N is defined in (S30) and remark that the products and the sums are well defined since for any l ≥ Ni,

we have C
(i,n)
l = 0di . By noting, for any k ∈ [maxi∈[b]Ni], that [M

(n)
∞ ]−1M

(n)
k =

∏∞
l=k(Ip − C

(n)
l ), it follows that

[M
(n)
∞ ]−1M

(n)
k = Ip −

∑∞
l=k C

(n)
l + R

(n)
k . Since for any i ∈ [b], l ≥ Ni, R

(i,n)
k = 0di , thus we have J(k)R

(n)
k+1 = R

(n)
k+1.

In addition, using that M
(n)
0 = Ip, C

(n)
l = J(l)(Dγ/ρ + H

(n)
U,l ), DN =

∑∞
k=0 J(k), DNC

(n)
l = C

(n)
l DN , we get

[M(n)
∞ ]−1 +

∞∑
k=0

[M(n)
∞ ]−1M

(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

= Ip −
∞∑
l=0

C
(n)
l +

∞∑
k=0

J(k)D
−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N −

∞∑
k=0

∞∑
l=k+1

J(k)D
−1/2
N C

(n)
l D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

+ R
(n)
0 +

∞∑
k=0

R
(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

= Ip −
∞∑
l=0

J(l)H
(n)
U,l −

( ∞∑
k=0

J(k)
)
D
−1/2
N D

1/2
γ/ρ(Ip −P0)D

1/2
γ/ρD

1/2
N

−
∞∑
l=1

( l−1∑
k=0

J(k)
)
D
−1/2
N C

(n)
l D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N + R

(n)
0 +

∞∑
k=0

J(k)D
−1/2
N R

(n)
k+1D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

= S2 −
∞∑
l=1

( l−1∑
k=0

J(k)
)
D−1
N C

(n)
l (DNDγ/ρ)

1/2P0(Dγ/ρDN )
1/2

+ R
(n)
0 +

∞∑
k=1

D−1
N R

(n)
k (DNDγ/ρ)

1/2P0(Dγ/ρDN )
1/2 , (S35)
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where S2 is defined in (S31). We now bound the different terms of (S35) separately. First, using (S32), we have

‖S2‖ ≤ 1−min
i∈[b]
{Niγimi} . (S36)

By recalling R
(n)
0 defined in (S34), Lemma S8 shows that

‖R(n)
0 ‖ ≤ max

i∈[b]
‖R(i,n)

0 ‖ = max
i∈[b]

{∥∥∥ ∞∏
l=0

(
Idi −C

(i,n)
l

)
− Idi −

∞∑
l=0

C
(i,n)
l

∥∥∥} (S37)

≤ max
i∈[b]

{
exp

( ∞∑
l=0

‖C(i,n)
l ‖

)
− 1−

∞∑
l=0

‖C(i,n)
l ‖

}
(S38)

≤ max
i∈[b]

{
exp{(Ni − 1)γiM̃i} − 1− (Ni − 1)γiM̃i

}
(S39)

≤ max
i∈[b]
{((Ni − 1)γiM̃i)

2e(Ni−1)γiM̃i}/2 (S40)

≤ 4 max
i∈[b]
{(Ni − 1)γiM̃i}2 , (S41)

where, in the penultimate line, we used for any t ≥ 0, that exp(t) − 1 − t ≤ t2 exp(t)/2. Regarding the second term of
(S35), using that P0 is an orthogonal projector, we get∥∥∥∥∥∥

∞∑
l=1

( l−1∑
k=0

J(k)
)
D−1
N C

(n)
l (DNDγ/ρ)

1/2P0(DNDγ/ρ)
1/2

∥∥∥∥∥∥
≤ max

i∈[b]

(
Niγi
ρi

)∥∥∥∥∥∥
∞∑
l=1

( l−1∑
k=0

J(k)
)
D−1
N C

(n)
l

∥∥∥∥∥∥ .
Combining the following upper bound∥∥∥∥∥∥

∞∑
l=1

( l−1∑
k=0

J(k)
)
D−1
N C

(n)
l

∥∥∥∥∥∥ ≤ max
i∈[b]

{
1

Ni

∞∑
l=1

l‖C(i,n)
l ‖

}

with the fact, for any i ∈ [b], that ‖C(i,n)
l ‖ ≤ γiM̃i1[Ni](l + 1), we get that∥∥∥∥∥∥

∞∑
l=1

( l−1∑
k=0

J(k)
)
D−1
N C

(n)
l (DNDγ/ρ)

1/2P0(DNDγ/ρ)
1/2

∥∥∥∥∥∥
≤ max

i∈[b]

(
Niγi
ρi

)
max
i∈[b]

{
NiγiM̃i

2

}
. (S42)

To upper bound the last term of (S35), we start from the following inequality∥∥∥∥∥∥
∞∑
k=1

D−1
N R

(n)
k

∥∥∥∥∥∥ ≤ max
i∈[b]

{
1

Ni

Ni−1∑
k=1

‖R(i,n)
k ‖

}
.

Lemma S8 shows that for any k ∈ [Ni − 1] and i ∈ [b], ‖R(i,n)
k ‖ ≤ exp{(Ni − k)γiM̃i} − 1− (Ni − k)γiM̃i. Then, for

any i ∈ [b], we have

1

Ni

Ni−1∑
k=1

‖R(i,n)
k ‖ ≤ 1

Ni

Ni−1∑
k=1

[exp{(Ni − k)γiM̃i} − 1− (Ni − k)γiM̃i]

≤ (NiγiM̃i)
−1

∫ NiγiM̃i

0

(et − 1− t) dt ≤ (NiγiM̃i)
2

12

(
eNiγiM̃i + 1

)
≤ max

i∈[b]
{(NiγiM̃i)

2} , (S43)
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where we have used e2 + 1 ≤ 12. Plugging (S43), (S42), (S41) into (S32), we get∥∥∥[M(n)
∞ ]−1 +

∑
k∈N

[M(n)
∞ ]−1M

(n)
k+1J(k)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

∥∥∥ ≤ 1−min
i∈[b]
{Niγimi}+ rγ,ρ,N ,

where rγ,ρ,N is defined in (S33).

Lemma S11. Assume H1-H2. LetN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], Niγi ≤ 2/(mi + M̃i) and γi < M̃−1
i .

Then, for any x = (z>,θ>)>, x̃ = (z̃>, θ̃
>

)> ∈ Rp+d, with (θ, θ̃) ∈ (Rd)2, (z, z̃) ∈ (Rp)2 and any n ≥ 1 we have

W 2
2 (δx̃P

n
ρ,γ,N , δxP

n
ρ,γ,N ) ≤ (1−min

i∈[b]
{Niγimi}+ rγ,ρ,N )2n−2(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

×
maxi∈[b]{Niγi}
mini∈[b]{Niγi}

[
‖[M(0)

∞ ]−1‖‖z̃− z‖+ (
∑
i∈[b] ‖Ai‖/ρi)‖θ̃ − θ‖

]2
,

where B0, B̄0, D̃0, Pρ,γ,N ,M
(0)
∞ , rγ,ρ,N are defined in (S2), (S3), (S17), (S23), (S33), respectively.

Proof. Combining Lemma S7 and Lemma S10, we have for n ≥ 1,

‖Z̃n+1 − Zn+1‖D−1
Nγ
≤ (1−min

i∈[b]
{Niγimi}+ rγ,ρ,N )‖Z̃n − Zn‖D−1

Nγ
.

Thereby, for any n ≥ 1, we obtain by induction

‖Z̃n − Zn‖D−1
Nγ
≤ (1−min

i∈[b]
{Niγimi}+ rγ,ρ,N )n−1‖Z̃1 − Z1‖D−1

Nγ
. (S44)

Define the process ((Ỹ
(0)
k ,Y

(0)
k ) = {Ỹ(i,0)

k ,Y
(i,0)
k }bi=1)k∈N with values in Rp × Rp defined for any i ∈ [b], k ≥ 0 by

Ỹ
(i,0)
k = Ỹ

(i,0)
min(k,Ni)

, Y
(i,0)
k = Y

(i,0)
min(k,Ni)

.

By (S18), it follows that for any i ∈ [b], (Z̃i1, Z
i
1) = (Ỹ

(i,0)
Ni

, Y
(i,0)
Ni

) where (Ỹ
(i,0)
0 , Y

(i,0)
0 ) = (Z̃i0, Z

i
0). We get by (S19) for

k ≥ 0,

Ỹ
(0)
k+1 −Y

(0)
k+1 =(Ip −C

(0)
k )(Ỹ

(0)
k −Y

(0)
k ) + J(k)Dγ/

√
ρB0(θ̃0 − θ0) .

Hence, for k ≥ 0, we obtain

M
(0)
k+1D

−1/2
Nγ (Ỹ

(0)
k+1 −Y

(0)
k+1) = M

(0)
k D

−1/2
Nγ (Ỹ

(0)
k −Y

(0)
k ) + M

(0)
k+1J(k)D

−1/2
N D

1/2
γ/ρB0(θ̃0 − θ0) .

Summing the previous equality gives

M(0)
∞ D

−1/2
Nγ (Ỹ

(0)
N −Y

(0)
N ) = M

(0)
0 D

−1/2
Nγ (Ỹ

(0)
0 −Y

(0)
0 ) +

∞∑
k=0

M
(0)
k+1J(k)D

−1/2
N D

1/2
γ/ρB0(θ̃0 − θ0) .

Multiplying by [M
(0)
∞ ]−1 and using the fact that (θ0,Y

(0)
0 ) = (θ, z), (θ̃0, Ỹ

(0)
0 ) = (θ̃, z̃), we get

D
−1/2
Nγ (Z̃1 − Z1) =[M(0)

∞ ]−1D
−1/2
Nγ (z̃− z) +

∞∑
k=0

[M(0)
∞ ]−1M

(0)
k+1J(k)D

−1/2
N D

1/2
γ/ρB0(θ̃ − θ) .

Plugging the result in (S52) implies for any n ≥ 1,

‖Z̃n − Zn‖D−1
Nγ
≤ (1−mini∈[b]{Niγimi}+ rγ,ρ,N )n−1

[
‖[M(0)

∞ ]−1‖‖z̃− z‖D−1
Nγ

+ ‖
∞∑
k=0

[M(0)
∞ ]−1M

(0)
k+1J(k)D

−1/2
N D

1/2
γ/ρB0‖‖θ̃ − θ‖

]
. (S45)
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By H2-(ii) and the definitions of C
(0)
l ,M

(0)
k given in (S22), (S23), we have ‖Idi −C

(i,0)
l ‖ ≤ 1 − γim̃i. As a result and

since ([M
(0)
∞ ]−1M

(0)
k )i =

∏k−1
l=0 (Idi −C

(i,0)
l ), the triangle inequality implies∥∥∥∥ ∞∑

k=0

[M(0)
∞ ]−1M

(0)
k+1J(k)D

−1/2
N D

1/2
γ/ρB0

∥∥∥∥ ≤∑
i∈[b]

√
γi/Ni(‖Ai‖/ρi)

Ni∑
k=1

‖([M(0)
∞ ]−1M

(0)
k )i‖

≤
∑
i∈[b]

√
γi/Ni(‖Ai‖/ρi)

Ni−1∑
k=0

(1− γim̃i)
k

≤
∑
i∈[b]

‖Ai‖
√
Niγi/ρi .

Plugging this result in (S45), we get

‖Z̃n − Zn‖D−1
Nγ
≤ (1−min

i∈[b]
{Niγimi}+ rγ,ρ,N )n−1

[
‖[M(0)

∞ ]−1‖‖z̃− z‖D−1
Nγ

+
(∑
i∈[b]

‖Ai‖
√
Niγi/ρi

)
‖θ̃ − θ‖

]
.

Finally, Lemma S6 gives

‖X̃n −Xn‖2 ≤ (1−min
i∈[b]
{Niγimi}+ rγ,ρ,N )2n−2 · (1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

maxi∈[b]{Niγi}
mini∈[b]{Niγi}

×
[
‖[M(0)

∞ ]−1‖‖z̃− z‖+
(∑
i∈[b]

‖Ai‖/ρi
)
‖θ̃ − θ‖

]2

.

Plugging this result into (S24) concludes the proof.

The following result gives a condition on maxi∈[b]{Niγi} to simplify the contrating term in Lemma S11 to 1 −
mini∈[b]{Niγimi}/2. To this end, define

A0 = max
i∈[b]
{M̃i}max

i∈[b]
{1/ρi}/2 + 4 max

i∈[b]
{M̃i}2 ,

A1 = max
i∈[b]
{M̃i}2 max

i∈[b]
{1/ρi} .

Lemma S12. Assume H1-H2 and let c ∈ R∗+,N ∈ (N∗)b,γ ∈ (R∗+)b such that

min
i∈[b]
{Niγi}/max

i∈[b]
{Niγi} ≥ c ,

max
i∈[b]
{Niγi} ≤

cmini∈[b]{mi}
2A0 +

√
2A1cmini∈[b]{mi}

∧ 2

maxi∈[b]{mi +Mi + 1/ρi}
.

(S46)

Then, 1−mini∈[b]{Niγimi}+ rγ,ρ,N < 1−mini∈[b]{Niγimi}/2 < 1, where rγ,ρ,N is defined in (S33).

Proof. The proof is straightforward solving a second order polynomial inequality and using for any a, b ∈ R∗+, a+ b2

2a+b ≤√
a2 + b2.

S2.2.2. PROOF OF PROPOSITION 2

The next proposition quantifies the convergence of δxPnρ,γ,N towards Πρ,γ in (P2(Rd),W2), where Πρ,γ is the stationnary
distribution derived in Proposition S5. In addition, it generalises and gives a more formal statement than Proposition 2.
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Proposition S13. Assume H1-H2 and let c > 0 and γ = {γi}bi=1,N ∈ (N∗)b such that (S46) is satisfied, for any i ∈ [b],
Niγi < 2/maxi∈[b]{mi + M̃i} and γi < M̃−1

i . Then, Pρ,γ,N defined in (S17) admits a unique invariant probability
measure Πρ,γ,N . In addition, for any x = (z>,θ>)> whith (θ, z) ∈ Rd × Rp, any integer n ≥ 1, we have

W 2
2 (δxP

n
ρ,γ,N ,Πρ,γ,N ) ≤ (1−min

i∈[b]
{Niγimi}/2)2n−2 · (1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

maxi∈[b]{Niγi}
mini∈[b]{Niγi}

×
∫
Rd×Rp

[
‖[M(0)

∞ ]−1‖‖z̃− z‖+
(∑
i∈[b]

‖Ai‖/ρi
)
‖θ̃ − θ‖

]2

dΠρ,γ,N (x̃) ,

where B0, B̄0,M
(0)
∞ are defined in (S2), (S23), respectively.

Finally, ifN = N(1, . . . , 1) = N1b for N ≥ 1, then Πρ,γ,N = Πρ,γ,1b .

Proof. Note that under the conditions on γ and N stated in Proposition S13, Lemma S12 ensures that 1 −
mini∈[b]{Niγimi}/2 < 1. Then, from Lemma S11 and Douc et al. (2018, Lemma 20.3.2, Theorem 20.3.4), we de-
duce the existence and unicity of a stationary distribution Πρ,γ,N for Pρ,γ,N . The proof is concluded by using the upper
bound given in Lemma S11.

We now show the last statement and assume that N = N1b, for N ≥ 1. By Proposition S5, we have the existence and
unicity of a stationary distribution Πρ,γ,1b which is invariant for Pρ,γ defined in (S7). For ease of notation, we simply
denote Πρ,γ,1b by Πρ,γ We now show that Πρ,γ is also invariant for Pρ,γ,N defined in (S17). Using the fact that Pρ,γ
defined in (S7) leaves Πρ,γ invariant from Proposition S5 and Fubini’s theorem, we get for any A ∈ B(Rd) and B ∈ B(Rp),

Πρ,γPρ,γ,N (A× B) (S47)

=

∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Pρ,γ,N ((θ̃, z̃), (dθ,dz))

=

∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Qρ,γ,N (z̃,dz|θ̃)Πρ(dθ|z)

=

∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)

 b∏
i=1

RNiρi,γi(z̃i,dzi|θ̃)

Πρ(dθ|z)

=

∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)

∫
Rp

 b∏
i=1

Rρi,γi(z̃i,dz̃
(1)
i |θ̃)

 b∏
i=1

RNi−1
ρi,γi (z̃

(1)
i ,dzi|θ̃)

Πρ(dθ|z)

=

∫
A×B

∫
Rd×Rp

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)

 b∏
i=1

Rρi,γi(z̃i,dz̃
(1)
i |θ̃)

Πρ(dθ̃
(1)
|z̃(1)
i )


×

 b∏
i=1

RNi−1
ρi,γi (z̃

(1)
i ,dzi|θ̃)

Πρ(dθ|z)

=

∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃
(1)
,dz̃(1))

 b∏
i=1

RNi−1
ρi,γi (z̃

(1)
i ,dzi|θ̃

(1)
)

Πρ(dθ|z) .

Using a straightforward induction, we finally get∫
A×B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Pρ,γ,N ((θ̃, z̃), (dθ,dz)) =

∫
A×B

Πρ,γ(dθ,dz) ,

which shows that Pρ,γ,N leaves Πρ,γ invariant. Since this stationary distribution is unique, we conclude that Πρ,γ,N =
Πρ,γ .
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We specify our result to the case where we take a specific initial distribution. To define it, consider

x? = ([θ?]>, [z?]>)>, where θ? = arg min{− log π} and z? = ([A1θ
?]>, · · · , [Abθ

?]>)> . (S48)

We define the probability measure
µ?ρ = δz? ⊗Πρ(·|z?) . (S49)

Note that sampling from µ?ρ is straightforward and simply consists in setting z0 = z? and θ0 = B̄−1
0 B>0 D̃

1/2
0 z0 + B̄

−1/2
0 ξ,

where ξ is a d-dimensional standard Gaussian random variable. We now specify our result when using µ?ρ as an initial
distribution. Define the z-marginal under Πρ,γ by

πz
ρ,γ =

∫
Rd

Πρ,γ(dθ, z) , (S50)

and the transition kernel of the Markov chain {Zn}n≥0, for all z ∈ Rp and B ∈ B(Rp), by

P z
ρ,γ,N (z,B) =

∫
Rd
Qρ,γ,N (z,B|θ)Πρ(dθ|z) , (S51)

where Πρ(·|·) and Qρ,γ,N are defined in (5) and (S16), respectively.

Proposition S14. Assume H1-H2 and let c > 0 and γ = {γi}bi=1,N ∈ (N∗)b such that (S46) is satisfied, for any i ∈ [b],
Niγi < 2/maxi∈[b]{mi + M̃i} and γi < M̃−1

i . Then, for any integer n ≥ 1, we have

W2(µ?ρP
n
ρ,γ,N ,Πρ,γ,N ) ≤ 2

1/2(1−min
i∈[b]
{Niγimi}/2)n−1 · (1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

1/2 max
i∈[b]
{Niγi}

1/2

×
{∫

Rd
‖z1 − z?‖2

D−1
Nγ

πz
ρ,γ(dz1) +

∫
Rd
‖z1 − z?‖2

D−1
Nγ

P z
ρ,γ,N (z?,dz1)

}1/2

,

where B̄0,B0, D̃0 are defined in (S2)-(S3).

Proof. Consider for n ∈ N∗, Xn = (θ>n , Z
>
n )>, X̃n = (θ̃>n , Z̃

>
n )> defined in (S18) with X0 distributed according to µ?ρ

and X̃0 distributed according to Πρ,γ . Combining Lemma S7, Lemma S10 and Lemma S12, we have for n ≥ 1,

‖Z̃n+1 − Zn+1‖D−1
Nγ
≤ (1−min

i∈[b]
{Niγimi}/2)‖Z̃n − Zn‖D−1

Nγ
.

Thereby, for any n ≥ 1, we obtain by induction

‖Z̃n − Zn‖D−1
Nγ
≤ (1−min

i∈[b]
{Niγimi}/2)n−1‖Z̃1 − Z1‖D−1

Nγ
. (S52)

Using ‖Z̃1 − Z1‖2D−1
Nγ

≤ 2‖Z̃1 − z?‖2
D
−1/2
Nγ

+ 2‖Z1 − z?‖2
D
−1/2
Nγ

combined with the definition of the Wasserstein distance

and Lemma S6 give

W2(µ?ρP
n
ρ,γ,N ,Πρ,γ) ≤ E

[
‖X̃n −Xn‖2

]1/2
≤ (1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

1/2 max
i∈[b]
{Niγi}

1/2E
[
‖Z̃n − Zn‖2

D
−1/2
Nγ

]1/2

≤ 2
1/2(1−min

i∈[b]
{Niγimi}/2)n−1(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

1/2 max
i∈[b]
{Niγi}

1/2

× E
[
‖Z̃1 − z?‖2

D
−1/2
Nγ

+ ‖Z1 − z?‖2
D
−1/2
Nγ

]1/2

. (S53)

Since X̃0 is distributed according to the stationnary distribution Πρ,γ,N , X̃1 also and therefore Z̃1 is distributed according
to πz

ρ,γ̄ . Finally, by definition Z1 has distribution P z
ρ,γ,N (z?, ·), therefore (S53) completes the proof.
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S3. Proof of Proposition 3
The proof of Proposition 3 stands for a generalization of Vono et al. (2019, Proposition 6) which only considered the specific
case ρi = ρ2 for i ∈ [b]. This section is divided into two parts, the first gathers lemmas which allow us to upper bound
the ξ2-divergence between πρ and π. Then, in the second subsection, we combine these results to control the Wasserstein
distance W2(πρ, π) by showing that it is smaller than χ2(πρ|π). For any θ ∈ Rd and ρ ∈ (R∗+)b, define

Uρii (Aiθ) = − log

(∫
zi∈Rd

exp{−Ui(zi)− ‖zi −Aiθ‖2/(2ρi)} dzi/(2πρi)
di/2

)
, (S54)

B(θ) =

b∑
i=1

ρi‖∇Ui(Aiθ)‖2/2 , (S55)

B(θ) =

b∑
i=1

{
ρi‖∇Ui(Aiθ)‖2/[2(1 + ρiMi)]− di log(1 + ρiMi)/2

}
(S56)

and consider

U(θ) =
∑
i∈[b]

Ui(Aiθ) , Uρ(θ) =
∑
i∈[b]

Uρii (Aiθ) .

S3.1. Technical lemmata

We start this subsection by Lemma S15 which allow us to bound the ratio between the integrals defined by∫
Rd exp{−

∑
i∈[b] U

ρi
i (Aiθ)} and

∫
Rd exp{−

∑
i∈[b] Ui(Aiθ)} dθ.

Lemma S15. Assume H1-H2-(i) and let ρ ∈ (R∗+)b. Then, we have B(θ) ≤ U(θ)− Uρ(θ), for any θ ∈ Rd. If we assume
in addition that for any i ∈ [b], Ui is convex, we have U(θ)− Uρ(θ) ≤ B(θ), for any θ ∈ Rd.

Proof. The proof follows from the same lines as in Vono et al. (2019, Lemma 14). In what follows, we give it for the sake
of completeness. First, note for any θ ∈ Rd and i ∈ [b],

exp
{
Ui(Aiθ)− Uρii (Aiθ)

}
=

∫
Rdi

exp
(
Ui(Aiθ)− Ui(zi)− ‖zi −Aiθ‖2/(2ρi)

) dzi
(2πρi)di/2

. (S57)

Using H2-(i), and a second order Taylor expansion, for any θ ∈ Rd, i ∈ [b], zi ∈ Rdi , we have

Ui(Aiθ)− Ui(zi) ≥ ∇Ui(Aiθ)>(Aiθ − zi)−Mi‖Aiθ − zi‖2/2 .

Hence, using (S57), we have for any θ ∈ Rd and i ∈ [b],

exp

( b∑
i=1

Ui(Aiθ)− Uρii (Aiθ)

)
≥

b∏
i=1

exp
( ρi

2(1 + ρiMi)

∥∥∇Ui(Aiθ)
∥∥2
)

(1 + ρiMi)
−di/2

= exp(B(θ)) .

Similarly, under the assumption that for any i ∈ [b], Ui is convex, the proof for the upper bound follows from the same lines
using, for any i ∈ [b], θ ∈ Rd and zi ∈ Rdi , that

Ui(Aiθ)− Ui(zi) ≤ ∇Ui(Aiθ)>(Aiθ − zi) .

Lemma S16. Assume H1-H2. Then, U is mU -strongly convex with mU = λmin(
∑b
i=1miA

>
i Ai).

Proof. Using by H2-(i) that for any i ∈ [b], Ui is twice differentiable and by H2-(ii) the fact that for any i ∈ [b], Ui is
mi-strongly convex, we have for any θ ∈ Rd

∇2U(θ) =

b∑
i=1

A>i ∇2Ui(Aiθ)Ai �
b∑
i=1

miA
>
i Ai � λmin

( b∑
i=1

miA
>
i Ai

)
Id = mUId .
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For any θ ∈ Rd, define

β(θ) =

( b∑
i=1

ρi

∥∥∥∥∇Ui(Aiθ)

∥∥∥∥2)1/2

. (S58)

Lemma S17. Assume H2-(i) and let ρ ∈ (R∗+)b. Then β is a Lipschitz function w.r.t.‖·‖, with Lipschitz constant

Lβ = λmax

( b∑
i=1

ρiM
2
i A>i Ai

)1/2

. (S59)

Proof. For any θ1,θ2 ∈ Rd, we have using |(
∑b
i=1 a

2
i )

1/2 − (
∑b
i=1 b

2
i )

1/2| ≤ (
∑b
i=1(ai − bi)2)1/2, that

|β(θ1)− β(θ2)| ≤
( b∑
i=1

ρi‖∇Ui(Aiθ1)−∇Ui(Aiθ2)‖2
)1/2

≤
( b∑
i=1

ρiM
2
i ‖Ai(θ1 − θ2)‖2

)1/2

,

which completes the proof.

Suppose H2-(ii) and for any i ∈ [b], denote θ?i a minimiser of θ 7→ Ui(Aiθ).

Lemma S18. Assume H1-H2 and let ρ ∈ (R∗+)b. Then for any s < mU/(12L2
β), where Lβ is defined in (S59), we have

log π
[
es{β

2−π[β2]}] ≤ 8s2L4
β/m

2
U + 4s2{π[β]}2L2

β/mU . (S60)

In addition,

π(β2) ≤ 2dL2
β/mU + 2

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2 . (S61)

Proof. Using the decomposition

β2(θ)− {π[β]}2 = (β(θ)− π[β])2 + 2π[β](β(θ)− π[β])

and the Cauchy-Schwarz inequality imply, for any s > 0,

π
[
es{β

2−{π[β]}2}] ≤ {π[e2s{β−π[β]}2 ]
}1/2 ·

{
π[e4sπ[β]{β−π[β]}]

}1/2
. (S62)

The proof consists in bounding the two terms in the right-hand sided. Since β : Rd → R is Lβ-Lipschitz by Lemma S17,
for any 0 ≤ s ≤ mU/(12L2

β), using Vono et al. (2019, Lemma 16) and Lemma S16 gives setting β̄ = β − π[β], that

π
[
exp{2s(β̄2 − π[β̄2])}

]
≤ exp(16s2L4

β/m
2
U ) . (S63)

In addition, using Bakry et al. (2013, Proposition 5.4.1), Lemma S17 and Lemma S16, we get for any s ≥ 0,

π
[
e4sπ[β](β−π[β])

]
≤ e8s2{π[β]}2L2

β/mU .

Plugging this result and (S63) into (S62), we get

π
[
es{β

2−{π[β]}2}] ≤ exp(sπ(β̄2) + 8s2L4
β/m

2
U + 4s2{π[β]}2L2

β/mU ) .

The proof of (S60) follows using π(β̄2) = π(β2)− [π(β)]2 and rearranging terms.
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Using the Young inequality, H2-(i),∇Ui(Aiθ
?
i ) = 0,∇U(θ?) = 0, we have

π(β2) =

∫
Rd

( b∑
i=1

ρi‖∇Ui(Aiθ)‖2
)
π(θ) dθ

≤ 2

∫
Rd

( b∑
i=1

ρiM
2
i ‖Ai(θ − θ?)‖2

)
π(θ) dθ + 2

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2

≤ 2λmax

( b∑
i=1

ρiM
2
i A>i Ai

)∫
Rd
‖θ − θ?‖2π(θ) dθ + 2

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2

≤ 2dL2
β/mU + 2

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2 ,

where we have used π[‖θ − θ?‖2] ≤ d/mU by Durmus & Moulines (2019, Proposition 1 (ii)) and Lemma S16.

Proposition 1 shows that πρ(·) =
∫
Rp Πρ(·, z)dz is well-defined and as such admits a finite normalising constant. These

two quantities are defined by

Zπρ =

∫
Rd

exp

{
−
∑
i∈[b]

Uρii (Aiθ)

}
dθ , πρ(·) = exp

{
−
∑
i∈[b]

Uρii (Ai·)
}
/Zπρ . (S64)

Finally, note that the following quantity Zπ is a normalising constant of π associated with the potential U , i.e. π = e−U/Zπ ,

Zπ =

∫
Rd

exp

{
−
∑
i∈[b]

Ui(Aiθ)

}
dθ . (S65)

Lemma S19. Assume H1-H2 and let ρ ∈ (R∗+)b. Suppose in addition that 6L2
β ≤ mU where Lβ is given in (S59). Then,

we have

log
(
Zπρ/Zπ

)
≤
{
dL2

β/mU +

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2
}

(1 + 2L2
β/mU ) + 2L4

β/m
2
U .

Proof. From the definitions (S64) and (S65), we have Zπρ/Zπ =
∫
Rd π(θ) exp{

∑b
i=1 Ui(Aiθ) − Uρii (Aiθ)} dθ. By

Lemma S15, we obtain

Zπρ/Zπ ≤
∫
Rd
π(θ) exp(B(θ)) dθ .

Note that B = β2/2 by (S55)-(S58), hence using that 6L2
β ≤ mU , Lemma S18 applied with s = 1/2 shows that

log

(∫
Rd
π(θ) exp(B(θ)) dθ

)
≤ π[β2]/2 + 2L4

β/m
2
U + {π[β]}2L2

β/mU .

Using Lemma S18-(S61) and π[β] ≤ π[β2] concludes the proof.

S3.2. Proof of Proposition 3

Based on the technical lemmas derived in Section S3.1, we are now ready to bound the Wasserstein distance of order 2
between π and πρ.

Proof of Proposition Proposition 3. Let ρ ∈ (R∗+)b such that maxi∈[b] ρi = ρ̄ ≤ σ2
U/12, where σ2

U =

‖A>A‖maxi∈[b]{M2
i }/mU . Then, by definition of Lβ (S59), we get

12L2
β ≤ mU . (S66)
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and Lemma S18 can be applied for s = 1 and Lemma S19 too. By Lemma S16, U = − log π is mU -strongly convex
therefore π satisfies a log-Sobolev inequality with constant mU (Ledoux, 2001, Theorem 5.2). Finally, Otto & Villani (2000,
Theorem 1) shows that π satisfies for any ν ∈ P2(Rd):

W2(ν, π) ≤
√

(2/mU )KL(ν|π) ≤
√

(2/mU )χ2(πρ|π) , (S67)

where χ2 is the chi-square divergence and where we have used for the last inequality that KL(πρ|π) ≤ χ2(πρ|π) since for
any t > 0, log(t) ≤ t − 1. We now bound χ2(πρ|π). By (S64) and (S65), for any θ ∈ Rd, consider the decomposition
given by

πρ(θ)/π(θ)− 1 = (Zπ/Zπρ) exp

( b∑
i=1

(
Ui(Aiθ)− Uρii (Aiθ)

))
− 1 . (S68)

In the sequel, we will both lower and upper bound (S68) in order to upper bound |1− πρ(θ)/π(θ)|. Using the fact that for
all x ∈ R, exp(x)− 1 ≥ x, Lemmas S15 and S19 yield

πρ(θ)/π(θ)− 1 ≥ log
(
Zπ/Zπρ

)
+

b∑
i=1

(
Ui(Aiθ)− Uρii (Aiθ)

)
(S69)

≥ −
{
dL2

β/mU +

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2
}

(1 + 2L2
β/mU )− 2L4

β/m
2
U +B(θ) ≥ −A1 ,

where

A1 =

{
dL2

β/mU +

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2
}

(1 + 2L2
β/mU )

+ 2L4
β/m

2
U +

b∑
i=1

(di/2) log(1 + ρiMi) ,

where we have used in the last inequality that B(θ) ≥ −
∑b
i=1(d1/2) log(1 + ρiMi) by (S55). In addition, by (S64) and

(S65) Zπρ/Zπ =
∫
Rd π(θ) exp{

∑b
i=1 Ui(Aiθ)− Uρii (Aiθ)} dθ. , which implies by Lemma S15 and Jensen inequality

Zπρ/Zπ ≥
∫
Rd
π(θ) exp(B(θ)) dθ ≥ exp(π[B]) .

It follows by (S68) that πρ(θ)/π(θ)− 1 ≤ exp(B(θ)− π (B))− 1. Combining this result and (S69), it follows that the
Pearson χ2-divergence between π and πρ can be upper bounded as where

χ2(πρ|π) ≤ max(A2
1, A2) , A2 =

∫
Rd

(
exp(B(θ)− π (B))− 1

)2
π(θ) dθ .

We now provide an explicit bound for A2. First by Jensen inequality, we have π(exp(B)) ≥ exp(π(B)) which implies
that exp

(
−π(B)

)
π
[
exp(B)

]
≥
∏b
i=1(1 + ρiMi)

di/2 by (S55). Therefore, using that B = β2/2 by (S55)-(S58) and
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Lemma S18 with s = 1 since (S66) holds, we get by (S55),

A2 =

∫
Rd

(
exp

(
B(θ)− π (B)

)
− 1
)2
π(θ) dθ

= exp
(
−2π (B)

)
π
[
exp

(
2B
)]
− 2 exp

(
−π
(
B
))
π
[
exp

(
B
)]

+ 1

≤
b∏
i=1

(1 + ρiMi)
di · exp(−π{

b∑
i=1

(ρi/(1 + ρiMi))‖∇Ui(Ai·)‖2})π
[
exp(β2)

]
− 2

b∏
i=1

(1 + ρiMi)
di/2 + 1

≤
b∏
i=1

(1 + ρiMi)
di · exp(π{

b∑
i=1

(ρ2
iMi/(1 + ρiMi))‖∇Ui(Ai·)‖2})

× exp

(
8L4

β/m
2
U + 4{2dL2

β/mU + 2

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2}L2
β/mU

)
(S70)

− 2

b∏
i=1

(1 + ρiMi)
di/2 + 1 , (S71)

where we have used for the last inequality that for θ ∈ Rd, β(θ)2 −
∑b
i=1(ρi/(1 + ρiMi))‖∇Ui(Aiθ)‖2 =∑b

i=1(ρ2
iMi/(1 + ρiMi))‖∇Ui(Aiθ)‖2, π[β]2 ≤ π[β2] by the Cauchy-Schwartz inequality and Lemma S18-(S61).

Similarly to the proof of Lemma S18-(S61), by H2-(i), ∇Ui(Aiθ
?
i ) = 0, ∇U(θ?) = 0, Durmus & Moulines (2019,

Proposition 1 (ii)) and Lemma S16, we have

π

 b∑
i=1

(ρ2
iMi/(1 + ρiMi))‖∇Ui(Ai·)‖2

 ≤ π
 b∑
i=1

ρ2
iMi‖∇Ui(Ai·)‖2


≤ 2dλmax

( b∑
i=1

ρ2
iM

3
i A>i Ai

)
/mU + 2

b∑
i=1

ρ2
iM

3
i ‖Ai(θ

? − θ?i )‖2 .

Therefore, we get by (S71)

A2 ≤ A3 =

b∏
i=1

(1 + ρiMi)
di exp

(
2dλmax

( b∑
i=1

ρ2
iM

3
i A>i Ai

)
/mU + 2

b∑
i=1

ρ2
iM

3
i ‖Ai(θ

? − θ?i )‖2
)

exp

(
8L4

β/m
2
U + 8

[
dL2

β/mU +

b∑
i=1

ρiM
2
i ‖Ai(θ

? − θ?i )‖2
]
L2
β/mU

)
− 2

b∏
i=1

(1 + ρiMi)
di/2 + 1 . (S72)

It follows by (S70) and (S67) that

W2(πρ, π) ≤
√

(2/mU ) max(A2
1, A3) , (S73)

where A1 and A3 are given by (S69) and (S72) respectively. Using that L2
β = O(ρ̄) and an expansion of the bound as ρ̄→ 0

completes the proof.

S4. Proof of Proposition 4 and Proposition 5
As in Section S2, we assume in all this section that ρ ∈ (R∗+)b is fixed. For any γ = (γ1, . . . , γb) ∈ (R∗+)b, we establish in
this section explicit bounds on W2(πρ,γ,N , πρ) where πρ is given in (1) and πρ,γ,N is the marginal distribution defined by

πρ,γ,N (A) = Πρ,γ,N (A× Rp) , A ∈ B(Rd) ,

of the stationary probability measure Πρ,γ,N associated with the Markov chain (Zn, θn)n≥0 defined in Algorithm 1. Note
that in the caseN = N(1, . . . , 1), this distribution is independent of N , see Proposition S13. To this purpose, we define an
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“ideal” dynamics from which we cannot sample but which converges geometrically towards Πρ under appropriate conditions.
The corresponding ideal process will play the same role as the Langevin dynamics for the study of the unadjusted Langevin
algorithm (Durmus & Moulines, 2019). This dynamics is defined as follows. Consider first for any θ ∈ Rd, i ∈ [b], the
stochastic differential equation (SDE) defined by

dỸ i,θt = −∇Vi(Ỹ i,θt ) dt− ρ−1
i Aiθ +

√
2 dBit , (S74)

where (Bit)t≥0 is a di-dimensional Brownian motion and Vi is defined in (S20). Note that under H2-(i), this SDE admits a
unique strong solution (Revuz & Yor, 2013, Theorem (2.1) in Chapter IX). Denote for any i ∈ [b], the Markov semi-group
associated to (S74) by (R̃iρi,t)t≥0 defined for any ỹi0 ∈ Rdi , t ≥ 0 and Bi ∈ B(Rdi) by

R̃iρi,t(ỹ
i
0,Bi|θ) = P(Ỹ

i,θ,ỹi0
t ∈ Bi) ,

where (Ỹ
i,θ,ỹi0
t )t≥0 is a solution of (S74) with Ỹ i,θ,ỹ

i
0

0 = ỹi0. For any bounded measurable function fi : Rdi → R+,

Lemma S20 shows the measurability of the function (θ, ỹi0) 7→ E[fi(Ỹ
i,θ,ỹi0
t )] on Rd × Rdi and therefore R̃iρi,t is a

conditional Markov kernel.

Lemma S20. For any bounded measurable function fi : Rdi → R+ and function fi satisfying H2-(i), the mapping

(θ̃0, ỹ
i
0) 7→ E[fi(Ỹ

i,θ̃0,ỹ
i
0

t )] is Borel measurable.

Proof. Consider the following stochastic differential equation{
dθ̃t = 0d ,

dỸ it = −∇Vi(Ỹ it ) dt− ρ−1
i Aiθ̃t +

√
2 dBit .

Using Revuz & Yor (2013, Theorem (2.4) in Chapter IX), since Ui satisfies H2-(i), there exists a unique solution (X̃ x̃
t )t≥0 =

(θ̃t, Ỹ
i
t )t≥0 with initial condition x̃ = (θ̃

>
0 , (ỹ

i
0)>)> ∈ Rp. Then, the proof follows from Revuz & Yor (2013, Theorem

(1.9) in Chapter IX) and the fact that Ỹ it is the unique solution of (S74) with θ = θ0.

Define for any θ ∈ Rd, z = (z>1 , · · · , z>b )> ∈ Rp, and for i ∈ [b], Bi ∈ B(Rdi),

Q̃ρ,γ
(
z,B1 × · · · × Bb|θ

)
=

b∏
i=1

R̃iρi,Niγi(zi,Bi|θ) ,

and consider the Markov kernel defined, for any x> = (θ>, z>) and A ∈ B(Rd), B ∈ B(Rp), by

P̃ρ,γ(x,A× B) =

∫
B

Q̃ρ,γ
(
z,dz̃|θ

) ∫
A

Πρ(dθ̃|z̃) , (S75)

where Πρ(·|z̃) is defined in (5). Note that Pρ,γ,N can be interpreted as a discretised version of P̃ρ,γ using the Euler-
Maruyama scheme.

In the sequel, we first derive technical lemmata in Section S4.1 that are used to prove both Proposition 4 and Proposition 5.
Based on these lemmata, we then prove each proposition in a dedicated section, namely Section S4.2 and Section S4.3.

S4.1. Synchronous coupling and a first estimate

The main idea to prove Proposition 4 and Proposition 5 is to define (Xn, X̃n)n∈N such that for any n ∈ N, (Xn, X̃n) is a
coupling between δxP

n
ρ,γ,N defined in (S17) and δx̃P̃

n
ρ,γ , and satisfies

E
[∥∥∥Xn − X̃n

∥∥∥2
]
≤ c1(x, x̃)e−c2 mini∈[b]{γimi} + c3γ

α ,

where c2, c3 > 0 and α ∈ {1, 2} depending if H3 holds or not. Conditioning with respect to (X0, X̃0) with distribution
δx ⊗Πρ, using the definition of the Wasserstein distance of order 2 and taking n→∞, we obtain

W2(πρ, πρ,γ,N ) ≤W2(Πρ,Πρ,γ,N ) ≤ c̃3γα ,



DG-LMC: A Turn-key and Scalable Synchronous Distributed MCMC Algorithm

where c̃3 > 0. We now provide the rigourous construction of (Xn, X̃n)n∈N.

Let {(B(i,n)
t )t≥0 : i ∈ [b], n ∈ N} be independent random variables such that for any i ∈ [b], the sequences {(B(i,n)

t )t≥0 :
n ∈ N} are i.i.d. di-dimensional Brownian motions and let (ξn)n≥0 be a sequence of i.i.d. standard d-dimensional Gaussian
random variables independent of {(B(i,n)

t )t≥0 : i ∈ [b], n ∈ N}. Consider the stochastic process (X̃n)n≥0 on Rd × Rp
starting from X̃0 distributed according to Πρ and defined by the recursion: for n ∈ N, i ∈ [b],

X̃n+1 = (θ̃>n+1, Z̃
>
n+1)> , Z̃in+1 = Ỹ

(i,n)
Niγi

, θ̃n+1 = B̄−1
0 B>0 D̃

1/2
0 Z̃n+1 + B̄

−1/2
0 ξn+1 , (S76)

where (Ỹ
(i,n)
t )t≥0, is a solution of (S74) starting from Z̃in with parameter θ ← θn. Similarly to the process (Xn)n∈N

defined in Algorithm 1, the process (X̃n)n∈N defines a homogeneous Markov chain. Indeed, it is easy to show that for any
n ∈ N and measurable function f : Rp → R+, E[f(Z̃n+1)|X̃n] =

∫
Rp f(z̃)Q̃ρ,γ(Z̃n,dz|θ̃n) and therefore (X̃n)n∈N is

associated with (S75).

Proposition S21. Assume H1-H2-(i), and let N ∈ (N∗)b,γ ∈ (R∗+)b. Then, the Markov kernel P̃ρ,γ defined in (S75)
admits Πρ as an invariant probability measure.

Proof. By property of the Langevin diffusion defined in (S74), for all θ0 ∈ Rd, the Markov kernel Q̃ρ,γ(·|θ0) admits
Πρ(·|θ0) as invariant measure, see e.g. (Roberts & Tweedie, 1996) or (Kent, 1978). Thus, for any θ0 ∈ Rd and B ∈ B(Rp),
we have ∫

B

Πρ(z1|θ0) dz1 =

∫
z0∈Rp

Q̃ρ,γ(z0,B|θ0)Πρ(z0|θ0) dz0 . (S77)

Denote by πθρ, π
z
ρ the marginals under Πρ: πθρ(A) = Πρ(A× Rp), πz

ρ(B) = Πρ(Rd × B), for A ∈ B(Rd) and B ∈ B(Rp),
and consider the Markov chain (X̃n)n∈N defined in (S76). For any measurable function f : Rd+p → R+, the Fubini-Tonelli
theorem gives

E[f(X̃1)] =

∫
Rd+p

∫
Rd+p

f(x1)Πρ(θ1|z1) dθ1Q̃ρ,γ(z0,dz1|θ0)Πρ(θ0, z0) dθ0 dz0

=

∫
Rd

∫
Rp
f(x1)Πρ(θ1|z1)

∫
Rd

[∫
Rp
Q̃ρ,γ(z0,dz1|θ0)Πρ(z0|θ0) dz0

]
πθρ(θ0) dθ0 dθ1

=

∫
Rd

∫
Rp
f(x1)Πρ(θ1|z1)

[∫
θ0∈Rd

Πρ(z1|θ0)πθρ(θ0) dθ0

]
dz1 dθ1 (S78)

=

∫
Rd

∫
Rp
f(x1)Πρ(θ1|z1)πz

ρ(z1) dz1dθ1

=

∫
Rd+p

f(x1)Πρ(θ1, z1) dz1dθ1 = E[f(X̃0)] ,

where we have used (S77) in (S78). Therefore, X1 has distribution Πρ and the Markov kernel P̃ρ,γ admits Πρ as a stationary
distribution, which completes the proof.

Define by induction the synchronous coupling (Xn = (θn, Zn))n≥0, (X̃n = (θ̃n, Z̃n))n≥0, starting from (θ0, Z0) = (θ, z),
(θ̃0, Z̃0) distributed according to Πρ, for any i ∈ [b] and n ≥ 0, as

Z̃in+1 = Ỹ
(i,n)
Niγi

, θ̃n+1 = B̄−1
0 B>0 D̃

1/2
0 Z̃n+1 + B̄

−1/2
0 ξn+1 , (S79)

Zin+1 = Y
(i,n)
Niγi

, θn+1 = B̄−1
0 B>0 D̃

1/2
0 Zn+1 + B̄

−1/2
0 ξn+1 ,

where we consider for any i ∈ [b], k ∈ N, for t ∈ [kγi, (k + 1)γi)

Ỹ
(i,n)
t = Ỹ

(i,n)
kγi

−
∫ t

kγi

∇Vi(Ỹ (i,n)
l ) dl + (t− kγi)(ρi)−1Aiθ̃n + 2

1/2(B
(i,n)
t −B(i,n)

kγi
) ,

Y
(i,n)
t = Y

(i,n)
kγi

− (t− kγi)∇Vi(Y (i,n)
kγi

) + (t− kγi)(ρi)−1Aiθn + 2
1/2(B

(i,n)
t −B(i,n)

kγi
) .

(S80)
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Let G0 = σ(Z0, Z̃0, θ0, θ̃0), for any n ∈ N∗, let

Gn = σ{(Z0, Z̃0, θ0, θ̃0), (B
(i,k)
t )t≥0 : i ∈ [b], k ≤ n} , (S81)

and for any t ≥ 0, letH(n)
t = σ({(B(i,n)

s )s≤t : i ∈ [b]}), and

F (n)
t the σ-field generated byH(n)

t and Gn−1 . (S82)

Note thatXn and X̃n are distributed according to ΠρP̃
n
ρ and δx̃P

n
ρ,γ,N , respectively. Hence, by definition of the Wasserstein

distance of order 2, it follows since ΠρP̃
n
ρ = Πρ by Proposition S21 that

W2(Πρ, δxP
n
ρ,γ,N ) ≤ E

[
‖Xn − X̃n‖2

]1/2
. (S83)

We start this section by a first estimate on E[‖Xn−X̃n‖2]1/2 and some technical results needed for the proof of Proposition 4
and Proposition 5. The following result holds regarding the process (Ỹ

(i,n)
t )t∈R+ defined, for any i ∈ [b] and n ∈ N, in

(S80).

Lemma S22. Assume H1-H2. For i ∈ [b], n ∈ N, denote by zin,? the unique minimiser of zi ∈ Rdi 7→ Ui(zi) + ‖zi −
Aiθ̃n‖/(2ρi). Then, for any i ∈ [b], k ∈ N and n ∈ N,

EGn
[
‖Ỹ (i,n)

kγi
− zin,?‖2

]
≤ di/m̃i . (S84)

where m̃i is defined in (S25).

Proof. Let n ∈ N. By Durmus & Moulines (2019, Proposition 1), for i ∈ [b] and k ∈ N, we have

EF
(n)
kγi‖Ỹ (i,n)

kγi
− zin,?‖2 ≤ ‖Z̃in − zin,?‖2e−2kγim̃i + (di/m̃i)(1− e−2kγim̃i) . (S85)

By (S80), using Proposition S21 we get that X̃n has distribution Πρ, therefore given θ̃n, Z̃n has distribution Πρ(·|θ̃n). Then,
using (S85), Durmus & Moulines (2019, Proposition 1(ii)) combined with H2, and since (Z̃1

n, . . . , Z̃
b
n) are independent

given θ̃n, we get the stated result.

Lemma S23. Assume H1 and let N ∈ (N∗)b,γ ∈ (R∗+)b. Then, for any n ∈ N, the random variables Xn =

(θ>n , Z
>
n )>, X̃n = (θ̃>n , Z̃

>
n )> defined in (S79) sastify

‖X̃n+1 −Xn+1‖2 ≤ (1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2)‖Z̃n+1 − Zn+1‖2 ,

where B̄0,B0, D̃0 are defined in (S2)-(S3).

Proof. The proof is similar to the proof of Lemma S3 and is omitted.

For any k, n ∈ N, s ∈ R+ consider the p× p matrices defined by

J(k, s) = diag
(
1[N1](k + 1)1[0,γ1](s) · Id1 , · · · ,1[Nb](k + 1)1[0,γb](s) · Idb

)
, (S86)

H
(n)
U,k = diag

(
γ1

∫ 1

0

∇2U1((1− s)Y (1,n)
kγ1

+ sỸ
(1,n)
kγ1

) ds, (S87)

. . . , γb

∫ 1

0

∇2Ub((1− s)Y (b,n)
kγb

+ sỸ
(b,n)
kγb

) ds
)
,

C
(n)
k = J(k, 0)(Dγ/ρ + H

(n)
U,k) , (S88)

M
(n)
k+1 = (Ip −C

(n)
0 )−1 . . . (Ip −C

(n)
k )−1 , with M

(n)
0 = Ip . (S89)
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Similarly to (S19), for n, k ∈ N and i ∈ [b], consider C
(i,n)
k corresponding to the i-th diagonal block of C

(n)
k defined in

(S88), i.e.

C
(i,n)
k = 1[Ni](k + 1)γi

{
ρ−1
i Idi +

∫ 1

0

∇2Ui((1− s)Y (i,n)
kγi

+ sỸ
(i,n)
kγi

) ds

}
∈ Rdi×di , (S90)

where, for any n ∈ N and i ∈ [b], (Y
(i,n)
kγi

, Ỹ
(i,n)
kγi

)k∈N is defined in (S80).

Lemma S24. Assume H1-H2 and let γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i. Then, for any n, k ∈ N, the matrix
(Ip −C

(n)
k ) is invertible and in addition, for any i ∈ [b], we have

‖Idi −C
(i,n)
k ‖ ≤ 1− γim̃i ,

where C
(i,n)
k is defined in (S90).

Proof. Let i ∈ [b], n, k ∈ N. By H2, we have ‖∇2Ui‖ ≤ Mi which implies by (S90) that ‖C(i,n)
k ‖ ≤ γiM̃i. Since

γi < 1/M̃i, the matrix Ip −C
(i,n)
k is invertible and so is Ip −C

(n)
k . In addition, following the same lines as the proof of

Lemma S9 implies ‖Idi −C
(i,n)
k ‖ ≤ max{|1− γim̃i|, |1− γiM̃i|} = 1− γim̃i.

For any n, k ∈ N, i ∈ [b], if γi ∈ (0, 1/M̃i), Lemma S24 shows the invertibility of the matrices Ip−C
(n)
k . Therefore, M

(n)
∞

is invertible and we can define

T
(n)
1 = [M(n)

∞ ]−1 +

∞∑
k=0

[M(n)
∞ ]−1M

(n)
k+1J(k, 0)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N , (S91)

T
(n)
2 =

∞∑
k=0

{
[M(n)
∞ ]−1M

(n)
k+1D

−1/2
Nγ

∫ +∞

0

J(k, l)[∇V (Ỹ
(n)
kγ+l)−∇V (Ỹ

(n)
kγ )] dl

}
. (S92)

Using these matrices, we have the following result.

Lemma S25. Assume H1-H2 and letN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i. Then, for any n ≥ 1,

D
−1/2
Nγ (Z̃n+1 − Zn+1) = T

(n)
1 (Z̃n − Zn)− T

(n)
2 , (S93)

where (Zn, Z̃n)n∈N is defined in (S79) and DNγ = diag(N1γ1Id1 , . . . , NbγbIdb) ∈ Rp×p.

Proof. Let i ∈ [b] and n ≥ 1. Recall that Vi is defined in (S20) and for z ∈ Rp, denote V (z) =
∑b
i=1 Vi(zi). For any

k ∈ N, we have

∇Vi(Ỹ (i,n)
kγi

)−∇Vi(Y (i,n)
kγi

) =

[∫ 1

0

∇2Vi((1− s)Y (i,n)
kγi

+ sỸ
(i,n)
kγi

) ds

]
(Ỹ

(i,n)
kγi

− Y (i,n)
kγi

) .

For k ≥ 0, it follows from (S80) that

Ỹ
(i,n)
(k+1)γi

− Y (i,n)
(k+1)γi

=

(
Idi − γi

∫ 1

0

∇2Vi((1− s)Y (i,n)
kγi

+ sỸ
(i,n)
kγi

) ds

)
(Ỹ

(i,n)
kγi

− Y (i,n)
kγi

)

−
∫ γi

0

[
∇Vi(Ỹ (i,n)

kγi+l
)−∇Vi(Ỹ (i,n)

kγi
)
]

dl + (γi/ρi)Ai(θ̃n − θn) .

(S94)

Consider the process (Ỹ
(n)
t ,Y

(n)
t )t∈R+ valued in Rp × Rp and defined for any t ≥ 0 by

Ỹ
(n)
t = Ỹ

(n)
min(t,Niγi)

, Y
(n)
t = Y

(n)
min(t,Niγi)

. (S95)
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The process (S95) is continuous with respect to t and defined so that its component (Ỹ
(i,n)
t ,Y

(i,n)
t ) equals (Ỹ it , Y

i
t ) for

t ≤ Niγi and is constant for t > Niγi. For l ≥ 0, we write (Ỹ
(n)
kγ+l,Y

(n)
kγ+l) = (Ỹ

(i,n)
kγi+l

,Y
(i,n)
kγi+l

)i∈[b] ∈ Rp × Rp. Using
the matrices defined in (S89), for k ∈ N, we obtain

Ỹ
(n)
(k+1)γ −Y

(n)
(k+1)γ = (Ip −C

(n)
k )(Ỹ

(n)
kγ −Y

(n)
kγ )−

∫∞
0

J(k, l)
[
∇V (Ỹ

(n)
kγ+l)−∇V (Ỹ

(n)
kγ )
]

dl

+ J(k, 0)Dγ/
√
ρP0D̃

1/2
0 (Ỹ

(n)
0 −Y

(n)
0 ) , (S96)

where P0 is defined in (S3). Recall the matrix M
(n)
k defined in (S89) with M

(n)
0 = Ip and for k ≥ 1, M

(n)
k =

(Ip −C
(n)
0 )−1 . . . (Ip −C

(n)
k−1)−1. By multiplying (S96) by M

(n)
k+1D

−1/2
Nγ , we have

M
(n)
k+1D

−1/2
Nγ (Ỹ

(n)
(k+1)γ −Y

(n)
(k+1)γ) = M

(n)
k D

−1/2
Nγ (Ỹ

(n)
kγ −Y

(n)
kγ )

−M
(n)
k+1D

−1/2
Nγ

∫ ∞
0

J(k, l)
[
∇V (Ỹ

(n)
kγ+l)−∇V (Ỹ

(n)
kγ )

]
dl

+ M
(n)
k+1J(k, 0)D

−1/2
N D

1/2
γ/ρP0D̃

1/2
0 (Ỹ

(n)
0 −Y

(n)
0 ) .

By (S95) and (S79), we have for t ≥ maxi∈[b]{γiNi}, (Z̃n+1, Zn+1) = (Ỹt,Yt). Therefore, summing the previous
expression over k, we get

M(n)
∞ D

−1/2
Nγ (Z̃n+1 − Zn+1) = −

∞∑
k=0

M
(n)
k+1D

−1/2
Nγ

∫ ∞
0

J(k, l)[∇V (Ỹ
(n)
kγ+l)−∇V (Ỹ

(n)
kγ )] dl

+

[
M

(n)
0 +

∞∑
k=0

M
(n)
k+1J(k, 0)D

−1/2
N D

1/2
γ/ρP0D

1/2
γ/ρD

1/2
N

]
D
−1/2
Nγ · (Z̃n − Zn) .

By Lemma S24, M
(n)
∞ is invertible and the proof is concluded by multiplying the previous equality by [M

(n)
∞ ]−1.

Based on Lemma S25, we have the following relation between ‖Z̃n+1 − Zn+1‖2 and ‖Z̃n − Zn‖2.
Lemma S26. Assume H1-H2 and let N ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i. Then, for any ε > 0
and n ≥ 1,

‖Z̃n+1 − Zn+1‖2D−1
Nγ

≤ (1 + 2ε)‖T(n)
1 ‖2‖Z̃n − Zn‖2D−1

Nγ

+ (1 + 1/{2ε})‖T(n)
2 ‖2 .

where (Zn, Z̃n)n∈N is defined in (S79) and DNγ = diag(N1γ1Id1 , . . . , NbγbIdb) ∈ Rp×p.

Proof. The proof follows from Lemma S25 and by using the fact that for a,b ∈ Rp, ε > 0 we have 2〈a,b〉 ≤ 2ε‖a‖2 +
(1/{2ε})‖b‖2.

Similarly to Lemma S10, we have the following result regarding the contracting term.
Lemma S27. Assume H1-H2 and let N ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i and Niγi ≤
2/(mi + M̃i). Then, for any n ≥ 0, we have

‖T(n)
1 ‖ ≤ 1−min

i∈[b]
{Niγimi}+ rγ,ρ,N ,

where T
(n)
1 and rγ,ρ,N are defined in (S91) and (S33), respectively.

Proof. The proof is similar to the proof of Lemma S10 and therefore is omitted.

In the next lemma, we upper bound the coefficient rγ,ρ,N defined in (S33). For this, we explicit a choice of N that we
denoteN? = (N?

1 (γ1), . . . , N?
b (γb)) ∈ (N∗)b defined for any i ∈ [b], any γi > 0, by

N?
i (γi) =

⌊
mi min

i∈[b]
{mi/M̃i}2/

(
20γiM̃

2
i max
i∈[b]
{mi/M̃i}2

)⌋
, (S97)

where M̃i = Mi + 1/ρi.
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Lemma S28. Assume H1-H2 and let γ ∈ (R∗+)b such that, for any i ∈ [b],

γi ≤
mi

40M̃2
i

(
mini∈[b]{mi/M̃i}
maxi∈[b]{mi/M̃i}

)2

.

Then, for any i ∈ [b], we have N?
i (γi) ∈ N∗ and

rγ,ρ,N? < min
i∈[b]
{N?

i (γi)γimi}/2 ,

where rγ,ρ,N? is defined in (S33).

Proof. The assumption on γi combined with the definition (S97) of N?
i (γi) imply N?

i (γi) ≥ 2, using in addition mi ≤Mi,
maxi∈[b]{N?

i (γi)γiM̃i1N?i (γi)>1} ≤ 1/20 and

1

20

(
mini∈[b]{mi/M̃i}
maxi∈[b]{mi/M̃i}

)2

≥ N?
i (γi)γiM̃

2
i

mi
>

1

20

(
mini∈[b]{mi/M̃i}
maxi∈[b]{mi/M̃i}

)2

− γiM̃
2
i

mi

≥ 1

40

(
mini∈[b]{mi/M̃i}
maxi∈[b]{mi/M̃i}

)2

. (S98)

Using the definition (S33) of rγ,ρ,N , we have rγ,ρ,N < 5 maxi∈[b]{N?
i (γi)γiM̃i1N?i (γi)>1}2. Thus, plugging (S98) in the

previous inequality gives

rγ,ρ,N ≤ max
i∈[b]
{mi/M̃i}2 max

i∈[b]

{
N?
i (γi)γiM̃

2
i

mi

}
<

mini∈[b]{mi/M̃i}4

80 maxi∈[b]{mi/M̃i}2
. (S99)

In addition, (S98) also shows that

1

40

(
mini∈[b]{mi/M̃i}
maxi∈[b]{mi/M̃i}

)2(
mi

M̃i

)2

≤ N?
i (γi)γimi . (S100)

Therefore, combining (S99) and (S100) completes the proof.

S4.2. Proof of Proposition 4

We first give the formal statement of Proposition 4.
Proposition S29. Assume H 1-H 2 and let γ ∈ (R∗+)b, N ∈ (N∗)b such that for any i ∈ [b], γi ≤
mi/40M̃2

i (mini∈[b]{mi/M̃i}/maxi∈[b]{mi/M̃i})2 and Ni = bmi mini∈[b]{mi/M̃i}2/(20γiM̃
2
i maxi∈[b]{mi/M̃

2
i })c.

Then, we have

W 2
2 (Πρ,γ,N ,Πρ) ≤

4(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) maxi∈[b]{mi/M̃

2
i }

5 mini∈[b]{mi/M̃i}2 maxi∈[b]{mi/M̃i}2

×
b∑
i=1

diγimi(1 + γ2
i M̃

2
i /12 + γiM̃

2
i /(2m̃i)) ,

where B̄0,B0, D̃0 are defined in (S2)-(S3), and for any i ∈ [b], m̃i, M̃i are defined in (S25).

By Lemma S23 and Lemma S26, we can note that the proof of Proposition S29 boils down to derive an upper bound on
‖T(n)

2 ‖2 defined in (S92) for n ∈ N. The following lemma provides such a bound.
Lemma S30. Assume H1-H2 and letN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i. Then, for any n ∈ N,
we have

E
[
‖T(n)

2 ‖2
]
≤

b∑
i=1

diNiγ
2
i M̃

2
i

[
1 + γ2

i M̃
2
i /12 + γiM̃

2
i /(2m̃i)

]
,

where m̃i, M̃i,T
(n)
2 are defined in (S25) and (S92), respectively.
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Proof. Let n ∈ N. Using (S86), we can write, for any l ∈ R+ and k ∈ N, J(k, l) as a block-diagonal matrix
diag(J1(k, l), . . . ,Jb(k, l)) with Ji(k, l) = 1[Ni](k + 1)1[0,γi](s) · Idi for any i ∈ [b]. By (S89) and using for any
k ∈ N, that [M

(n)
∞ ]−1M

(n)
k+1 =

∏∞
l=k+1(Idi −C

(i,n)
l ) is finite by (S88), we have

‖T(n)
2 ‖2 =

∥∥∥ ∞∑
k=0

[M(n)
∞ ]−1M

(n)
k+1D

−1/2
Nγ

∫ ∞
0

J(k, l)
[
∇V (Ỹ

(n)
kγ+l)−∇V (Ỹ

(n)
kγ )

]
dl
∥∥∥2

=

b∑
i=1

1

Niγi

∥∥∥ ∞∑
k=0

∞∏
l=k+1

(Idi −C
(i,n)
l )

∫ γi

0

Ji(k, 0)
[
∇Vi(Ỹ (i,n)

kγi+l
)−∇Vi(Ỹ (i,n)

kγi
)
]

dl
∥∥∥2

. (S101)

Since for any i ∈ [b], k ≥ Ni we have Ji(k, 0) = C
(i,n)
l = 0di×di , (S101) can be rewritten as

‖T(n)
2 ‖2 =

b∑
i=1

1

Niγi

∥∥∥Ni−1∑
k=0

Ni−1∏
l=k+1

(Idi −C
(i,n)
l )

∫ γi

0

Ji(k, 0)
[
∇Vi(Ỹ (i,n)

kγi+l
)−∇Vi(Ỹ (i,n)

kγi
)
]

dl
∥∥∥2

,

and the Cauchy-Schwarz inequality gives

‖T(n)
2 ‖2 ≤

b∑
i=1

1

γi

Ni−1∑
k=0

∥∥∥Ni−1∏
l=k+1

(Idi −C
(i,n)
l )

∥∥∥2∥∥∥∫ γi

0

[
∇Vi(Ỹ (i,n)

kγi+l
)−∇Vi(Ỹ (i,n)

kγi
)
]

dl
∥∥∥2

 . (S102)

Since, for any i ∈ [b], γiM̃i < 1, we get using Lemma S24,∥∥∥∥∥∥
Ni−1∏
l=k+1

(Idi −C
(i,n)
l )

∥∥∥∥∥∥
2

≤ {1− γim̃i}2(Ni−k−1) .

By combining (S102) with the previous result and the Jensen inequality, we have

‖T(n)
2 ‖2 ≤

b∑
i=1

Ni−1∑
k=0

{1− γim̃i}2(Ni−k−1)

∫ γi

0

∥∥∥∇Vi(Ỹ (i,n)
kγi+l

)−∇Vi(Ỹ (i,n)
kγi

)
∥∥∥2

dl . (S103)

For i ∈ [b], using Durmus & Moulines (2019, Lemma 21) applied to the potential V θi : yi 7→ Ui(y
i) + ‖yi −Aiθ‖2/(2ρi)

yields ∫ γi

0

EF
(n)
kγi‖∇Vi(Ỹ (i,n)

kγi+l
)−∇Vi(Ỹ (i,n)

kγi
)‖2 dl =

∫ γi

0

EF
(n)
kγi‖∇V θ̃ni (Ỹ

(i,n)
kγi+l

)−∇V θ̃ni (Ỹ
(i,n)
kγi

)‖2 dl

≤ γ2
i M̃

2
i

[
di + diγ

2
i M̃

2
i /12 + (γiM̃

2
i /2)‖Ỹ (i,n)

kγi
− zin,?‖2

]
, (S104)

where zin,? = arg minzi∈Rdi V
θ̃n
i (zi).

By (S104), (S84), Lemma S22 and since maxi∈[b] γim̃i < 1, we get

b∑
i=1

Ni−1∑
k=0

{1− γim̃i}2(Ni−k−1)

∫ γi

0

E‖∇Vi(Ỹ (i,n)
kγi+l

)−∇Vi(Ỹ (i,n)
kγi

)‖2 dl

≤
b∑
i=1

diNiγ
2
i M̃

2
i [1 + γ2

i M̃
2
i /12 + γiM̃

2
i /(2m̃i)] .

Combining this result with (S103) completes the proof.

We can now combine Lemma S30 and Lemma S27 with Lemma S26 to get the following bound.



DG-LMC: A Turn-key and Scalable Synchronous Distributed MCMC Algorithm

Lemma S31. Assume H1-H2 and letN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i, Niγi ≤ 2/(mi + M̃i).
Suppose in addition κγ,ρ,N = mini∈[b]{Niγimi} − rγ,ρ,N ∈ (0, 1), where rγ,ρ,N is defined in (S33). Then, for n ≥ 1,
we have

E
[
‖Z̃n − Zn‖2D−1

Nγ

]
≤ (1− κγ,ρ,N + κ2

γ,ρ,N/2)2(n−1)E
[
‖Z̃1 − Z1‖2D−1

Nγ

]
+ 2κ−2

γ,ρ,N

b∑
i=1

diNiγ
2
i M̃

2
i

(
1 +

γ2
i M̃

2
i

12
+
γiM̃

2
i

2m̃i

)
,

where, for any i ∈ [b], M̃i and m̃i are defined in (S25).

Proof. Taking expectation in Lemma S26, we get for any n ∈ N, ε > 0 that

E

[∥∥∥Z̃n+1 − Zn+1

∥∥∥2

D−1
Nγ

]
≤ (1 + 2ε)E

[
‖T(n)

1 ‖2‖Z̃n − Zn‖2D−1
Nγ

]
+ (1 + 1/{2ε})E

[
‖T(n)

2 ‖2
]
,

where T
(n)
1 and T

(n)
2 are defined in (S91) and (S92), respectively. To ease notation, denote B =

∑b
i=1 diNiγ

2
i M̃

2
i (1 +

γ2
i M̃

2
i /12 + γiM̃

2
i /(2m̃i)). Using Lemma S30, we obtain for any n ∈ N, ε > 0

E
[
‖Z̃n+1 − Zn+1‖2D−1

Nγ

]
≤ (1 + 2ε)E

[
‖T(n)

1 ‖2‖Z̃n − Zn‖2D−1
Nγ

]
+ (1 + 1/{2ε})B . (S105)

In addition, Lemma S27 implies that ‖T(n)
1 ‖2 ≤ (1 − κγ,ρ,N )2 almost surely. Therefore, taking ε = (1 − [1 −

κγ,ρ,N ]2)/(4[1− κγ,ρ,N ]2), (S105) yields for any n ≥ 0,

E

[∥∥∥Z̃n+1 − Zn+1

∥∥∥2

D−1
Nγ

]
≤ 1 + (1− κγ,ρ,N )2

2
E

[∥∥∥Z̃n − Zn∥∥∥2

D−1
Nγ

]
+

1 + (1− κγ,ρ,N )2

1− (1− κγ,ρ,N )2
B .

An easy induction implies for any n ≥ 1,

E
[
‖Z̃n − Zn‖2D−1

Nγ

]
≤
(

1 + (1− κγ,ρ,N )2

2

)n−1

E
[
‖Z̃1 − Z1‖2D−1

Nγ

]
+ 2

1 + (1− κγ,ρ,N )2

(1− (1− κγ,ρ,N )2)2
B . (S106)

Since κ2
γ,ρ,N = (mini∈[b]{Niγimi}+ rγ,ρ,N )2 and using κ2

γ,ρ,N ≤ 1, we obtain

(1 + (1− κγ,ρ,N )2)/2 = 1− κγ,ρ,N + κ2
γ,ρ,N/2 ,

(1 + (1− κγ,ρ,N )2)/(1− (1− κγ,ρ,N )2)2 ≤ κ−2
γ,ρ,N .

Combining these inequalities with (S106) and (S105) completes the proof.

Lemma S32. Assume H1-H2 and letN ∈ (N∗)b,γ ∈ (R∗+)b such that, for any i ∈ [b], γi < 1/M̃i, Niγi ≤ 2/(mi + M̃i)
and κγ,ρ,N = mini∈[b]{Niγimi} − rγ,ρ,N ∈ (0, 1), where rγ,ρ,N is defined in (S33). Then, for any x ∈ Rd+p and n ≥ 1,
we have

W 2
2 (δxP

n
ρ,γ,N ,Πρ)

≤ (1− κγ,ρ,N + κ2
γ,ρ,N/2)2(n−1)(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2) max

i∈[b]
{Niγi}E

[
‖Z̃1 − Z1‖2D−1

Nγ

]
+

2(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) maxi∈[b]{Niγi}

κ2
γ,ρ,N

b∑
i=1

diNiγ
2
i M̃

2
i [1 + γ2

i M̃
2
i /12 + γiM̃

2
i /(2m̃i)] ,

where B̄0,B0, D̃0 are defined in (S2)-(S3), Pρ,γ,N is defined in (S17), (Z̃n, Zn)n∈N is defined in (S79) and for any i ∈ [b],
M̃i, m̃i are defined in (S25).
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Proof. By Lemma S31, we have the following upper bound for n ≥ 1,

E
[
‖Z̃n − Zn‖2D−1

Nγ

]
≤ (1− κγ,ρ,N + κ2

γ,ρ,N/2)2(n−1)E
[
‖Z̃1 − Z1‖2D−1

Nγ

]
+ 2κ−2

γ,ρ,N

b∑
i=1

diNiγ
2
i M̃

2
i

(
1 +

γ2
i M̃

2
i

12
+
γiM̃

2
i

2m̃i

)
.

Using (S79), Lemma S23, combined with the previous inequality, we get for any n ≥ 1,x ∈ Rd+p,

W 2
2 (Πρ, δxP

n
ρ,γ,N )

≤ (1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2)E

[
‖Z̃n − Zn‖2

]
≤ (1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2) max

i∈[b]
{Niγi}E

[
‖Z̃n − Zn‖2D−1

Nγ

]
≤ (1− κγ,ρ,N + κ2

γ,ρ,N/2)2(n−1)(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) max

i∈[b]
{Niγi}E

[
‖Z̃1 − Z1‖2D−1

Nγ

]
+

2(1 + ‖B̄−1
0 B>0 D̃

1/2
0 ‖2) maxi∈[b]{Niγi}

κ2
γ,ρ,N

b∑
i=1

diNiγ
2
i M̃

2
i

(
1 +

γ2
i M̃

2
i

12
+
γiM̃

2
i

2m̃i

)
.

Hence the stated result.

Proof of Proposition 4/Proposition S29.

Proof. Since for any i ∈ [b], γi ≤ mi/40M̃2
i (mini∈[b]{mi/M̃i}/maxi∈[b]{mi/M̃i})2, setting

N?
i (γi) =

⌊
mi min

i∈[b]
{mi/M̃i}2/

(
20γiM̃

2
i max
i∈[b]
{mi/M̃i}2

)⌋
implies κγ,ρ,N? ∈ (0, 1) by Lemma S28. Thereby, letting n tend towards infinity in Lemma S32 and using Proposition S13
conclude the proof.

S4.3. Proof of Proposition 5

We first give the formal statement of Proposition 5.

Proposition S33. Assume H 1-H 2-H 3 and let γ ∈ (R∗+)b, N ∈ (N∗)b such that for any i ∈ [b], γi ≤
mi/40M̃2

i (mini∈[b]{mi/M̃i}/maxi∈[b]{mi/M̃i})2 and Ni = bmi mini∈[b]{mi/M̃i}2/(20γiM̃
2
i maxi∈[b]{mi/M̃

2
i })c.

Then, we have

W 2
2 (Πρ,γ,N ,Πρ) ≤ 4(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

maxi∈[b]{mi/M̃
2
i }

mini∈[b]{mi/M̃i}2
R?(γ) ,

where setting fi = mi/(20M̃i),

R?(γ) =

b∑
i=1

diγ2
i M̃

2
i +

diγ
2
i fi

M̃i

(
diL

2
i +

M̃4
i

m̃i

)
+ diγiM̃if

3
i (1 + fi + f2i )

 , (S107)

B̄0,B0, D̃0 are defined in (S2)-(S3), and for any i ∈ [b], m̃i, M̃i are defined in (S25).

We provide the proof of Proposition 5 in what follows. Similarly to Lemma S26 for the proof of Proposition 4, we derive an
explicit relation between ‖Z̃n+1 − Zn+1‖ and ‖Z̃n − Zn‖.
Lemma S34. Assume H1-H2-H3 and let N ∈ (N∗)b,γ ∈ (R∗+)b such that for any i ∈ [b], Niγi ≤ 2/(mi + M̃i) and
γi < 1/M̃i. Then, for n ≥ 1, we have

E
[
‖Z̃n+1 − Zn+1‖2D−1

Nγ

]1/2 ≤ (1−min
i∈[b]
{Niγimi}+ rγ,ρ,N

)
E
[
‖Z̃n − Zn‖2D−1

Nγ

]1/2
+ R(γ,N)

1/2 ,
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where

R(γ,N) =

b∑
i=1

diNiγ
3
i (diL

2
i + M̃4

i /m̃i) +

b∑
i=1

(
diγ

2
i M̃

2
i + diN

3
i γ

4
i M̃

4
i

)
+

b∑
i=1

diN
4
i γ

5
i M̃

5
i (1 +NiγiM̃i) ,

(S108)

(Z̃n, Zn)n∈N is defined in (S79), rγ,ρ,N in (S33) and for any i ∈ [b], m̃i, M̃i are defined in (S25).

Proof. Let n ∈ N. For any k ∈ N, recall that M
(n)
k is defined in (S89) and invertible by Lemma S24. Define

wn = D
−1/2
Nγ (Z̃n − Zn) .

Under this notation, the result given in Lemma S25 can be rewritten as

wn+1 = T
(n)
1 wn − T

(n)
2 ,

where T
(n)
1 and T

(n)
2 are defined in (S91) and (S92), respectively. By the Minkowsky inequality and using (S81), we have

EGn
[
‖wn+1‖2

]1/2 ≤ EGn
[
‖T(n)

1 wn‖2
]1/2

+ EGn
[
‖T(n)

2 ‖2
]1/2

. (S109)

Since by Lemma S27,

‖T(n)
1 ‖ ≤ 1−min

i∈[b]
{Niγimi}+ rγ,ρ,N , (S110)

it remains to bound EGn [‖T(n)
2 ‖2] to complete the proof.

For any i ∈ [b], recall the function V θni : Rdi → R defined for any yi ∈ Rdi by V θni (yi) = Ui(y
i) + ‖yi −Aiθn‖2/(2ρi).

For any i ∈ [b], k ∈ N, using the Itô formula, we have for l ∈ [kγi, (k + 1)γi),

∇Vi(Ỹ (i,n)
kγi+l

)−∇Vi(Ỹ (i,n)
kγi

) =

∫ kγi+l

kγi

{
∇2V θni (Ỹ (i,n)

u )∇V θni (Ỹu) + ~∆(∇V θni )(Ỹ (i,n)
u )

}
du

+
√

2

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u ) dBiu . (S111)

For any i ∈ [b], k ∈ N, define

a
(i,n)
1,k = 1[Ni](k + 1)[M(i,n)

∞ ]−1M
(i,n)
k+1

∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u )∇V θni (Ỹ (i,n)

u ) dudl ,

a
(i,n)
2,k = 1[Ni](k + 1)[M(i,n)

∞ ]−1M
(i,n)
k+1

∫ γi

0

∫ kγi+l

kγi

~∆(∇V θni )(Ỹ (i,n)
u ) dudl ,

a
(i,n)
3,k =

√
21[Ni](k + 1)[M(i,n)

∞ ]−1M
(i,n)
k+1

∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u ) dBiu dl .

With these notation and by (S111), we have

‖T (n)
2 ‖2 =

∑
i∈[b]

1

Niγi

∥∥∥∑
k∈N
{a(i,n)

1,k + a
(i,n)
2,k + a

(i,n)
3,k }

∥∥∥2

≤ E1 + E2 + E3 , (S112)

where for any j ∈ [3], Ej = 3
∑
i∈[b] ‖

∑Ni−1
k=0 a

(i,n)
j,k ‖2/(Niγi). We now bound {Ej}j∈[3].
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Upper bound on E1. For any i ∈ [b], k ∈ N, recall that we have
[
M

(i,n)
∞

]−1
M

(i,n)
k+1 =

∏∞
l=k+1(Idi + C

(i,n)
l ) where

C
(i,n)
l is defined in (S88). In addition, since we suppose for any i ∈ [b], that γiM̃i < 1, Lemma S24 implies∥∥∥Ni−1∏

l=k+1

(Idi −C
(i,n)
l )

∥∥∥2

≤ {1− γim̃i}2(Ni−k−1)
.

Combining this result with the Cauchy-Schwarz inequality, we obtain

1

Ni

∥∥∥∥Ni−1∑
k=0

a
(i,n)
1,k

∥∥∥∥2

≤
Ni−1∑
k=0

∥∥∥∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u )∇V θni (Ỹ (i,n)

u ) dudl
∥∥∥2

. (S113)

For i ∈ [b], using the definition of zin,? = arg minyi∈Rdi V
θn
i (yi) ∈ Rdi , we have ∇V θni (zin,?) = 0di . Therefore, for

i ∈ [b], k ∈ N, conditioning with respect to F (n)
kγi

defined in (S82) and using the M̃i-Lipschitz property of V θni by H2 gives

EF
(n)
kγi

[
‖∇2V θni (Ỹ (i,n)

u )∇V θni (Ỹ (i,n)
u )‖2

]
≤ M̃2

i E
F(n)
kγi

[
‖∇V θni (Ỹ (i,n)

u )−∇V θni (zin,?)‖2
]

≤ M̃4
i E
F(n)
kγi

[
‖Ỹ (i,n)

u − zin,?‖2
]
.

For any i ∈ [b], k ∈ N, combining this result with the Jensen inequality yields

EF
(n)
kγi

[∥∥∥∥∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u )∇V θni (Ỹ (i,n)

u ) dudl

∥∥∥∥
]2

≤ γi
∫ γi

0

l

∫ kγi+l

kγi

EF
(n)
kγi

[
‖∇2V θni (Ỹ (i,n)

u )∇V θni (Ỹ (i,n)
u )‖2

]
dudl

≤ γiM̃4
i

∫ γi

0

l

∫ kγi+l

kγi

EF
(n)
kγi

[
‖Ỹ (i,n)

u − zin,?‖2
]

dudl . (S114)

By Lemma S22, we have for any i ∈ [b], u ∈ R+,

EGn
[
‖Ỹ (i,n)

u − zin,?‖2
]
≤ di/m̃i . (S115)

Injecting this result in (S114) yields

E

[∫ γi

0

l

∫ kγi+l

kγi

EF
(n)
kγi

[
‖Ỹ (i,n)

u − zin,?‖2
]

dudl

]
≤ diγ3

i /(3m̃i) .

Finally, this inequality, (S114) and (S113), we get

E [E1] ≤
b∑
i=1

diNiγ
3
i M̃

4
i /m̃i . (S116)

Upper bound on E2. Using the Cauchy-Schwarz inequality, we have

1

Ni

∥∥∥∥Ni−1∑
k=0

a
(i,n)
2,k

∥∥∥∥2

≤
Ni−1∑
k=0

∥∥∥∫ γi

0

∫ kγi+l

kγi

~∆(∇V θni )(Ỹ (i,n)
u ) dudl

∥∥∥2

.

By H3, we have for any zi ∈ Rdi , ‖~∆(∇V θni )(zi)‖2 ≤ d2
iL

2
i . Therefore, we obtain∥∥∥∥∥

∫ γi

0

∫ kγi+l

kγi

~∆(∇V θni )(Ỹ (i,n)
u ) dudl

∥∥∥∥∥
2

≤ γi
∫ γi

0

l

∫ kγi+l

kγi

‖~∆(∇V θni )(Ỹ (i,n)
u )‖2 dudl

≤ d2
i γ

4
i L

2
i /3 .

Thus, we get

E [E2] ≤
b∑
i=1

d2
iNiγ

3
i L

2
i . (S117)
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Upper bound on E3. For any i ∈ [b], k ∈ N, define

∆
(i,n)
3,k =

∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u ) dBiu dl .

Using for any i ∈ [b], k ∈ N, [M
(i,n)
∞ ]−1M

(i,n)
k+1 = Idi −

∑∞
l=k+1 C

(i,n)
l + R

(i,n)
k where R

(i,n)
k is defined in (S34), we have,

for any i ∈ [b], k ∈ N,

∥∥∥∥Ni−1∑
k=0

a
(i,n)
3,k

∥∥∥∥2

=

∥∥∥∥∥∥√2

Ni−1∑
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Ni∏
l=k+1

[
Idi −C

(i,n)
l

]
∆

(i,n)
3,k

∥∥∥∥∥∥
2

= 2

Ni−1∑
k1,k2=0

〈R(i,n)
k1

∆
(i,n)
3,k1

,R
(i,n)
k2

∆
(i,n)
3,k2
〉+ 2

Ni−1∑
k1,k2=0

〈∆(i,n)
3,k1

,∆
(i,n)
3,k2
〉

+ 2

Ni−1∑
k1,k2=0

〈
Ni∑

l=k1+1

C
(i,n)
l ∆

(i,n)
3,k1

,

Ni∑
l=k2+1

C
(i,n)
l ∆

(i,n)
3,k2
〉

− 4

Ni−1∑
k1,k2=0

〈
Ni∑

l=k1+1

C
(i,n)
l ∆

(i,n)
3,k1

,∆
(i,n)
3,k2
〉+ 4

Ni−1∑
k1,k2=0

〈R(i,n)
k1

∆
(i,n)
3,k1

,∆
(i,n)
3,k2
〉

− 4

Ni−1∑
k1,k2=0

〈R(i,n)
k1

∆
(i,n)
3,k1

,

Ni∑
l=k2+1

C
(i,n)
l ∆

(i,n)
3,k2
〉 . (S118)

We now control the quantities which appear in (S118). First, by H2, for any i ∈ [b],xi,yi ∈ Rdi , note that we have

‖∇2V θni (xi)yi‖ ≤ M̃i‖yi‖ .

By the Jensen inequality and the Itô isometry, for any k ∈ N, we get

EF
(n)
kγi

[
‖∆(i,n)

3,k ‖
2
]

= EF
(n)
kγi

[∥∥∥∫ γi

0

∫ kγi+l

kγi

∇2V θni (Ỹ (i,n)
u ) dBiu dl

∥∥∥2
]

≤ γiM̃2
i

∫ γi

0

EF
(n)
kγi

[∥∥∥∫ kγi+l

kγi

dBiu

∥∥∥2
]

dl = diγ
3
i M̃

2
i /2 . (S119)

In addition, since for i ∈ [b], (
∫ t

0
∇2V θni (Ỹ

(i,n)
u ) dBiu)t≥0 is a (F (n)

t )t≥0-martingale, for (k1, k2) ∈ {0, . . . , Ni − 1}2 such
that k1 < k2, we obtain

EGn
[[

∆
(i,n)
3,k1

]>
∆

(i,n)
3,k2

]
= EGn

[
EF

(n)
k2γi

[
∆

(i,n)>
3,k1

∆
(i,n)
3,k2

]]
= 0 .

Therefore,
Ni−1∑
k1,k2=0

EGn
[
〈∆(i,n)

3,k1
,∆

(i,n)
3,k2
〉
]

= diNiγ
3
i M̃

2
i /2 .

Second, since for any i ∈ [b], l ∈ N,C(i,n)
l ∈ Rdi×di is symmetric positive semi-definite, we have

Ni−1∑
k1,k2=0

〈
Ni∑

l=k1+1

C
(i,n)
l ∆

(i,n)
3,k1

,∆
(i,n)
3,k2
〉 =

〈
N∑
l=1

Cl


l−1∑
k1=0

∆3,k1 ,

l−1∑
k1=0

∆3,k2

〉
≥ 0 .

Third, using for any i ∈ [b], l ∈ N, using ‖C(i,n)
l ‖ ≤ γiM̃i by definition (S88) and H2 and combining the Cauchy-Schwarz

inequality with (S119), for any i ∈ [b], (k1, k2) ∈ {0, . . . , Ni − 1}2, we get

Ni−1∑
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EGn
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〈

Ni∑
l=k1+1

C
(i,n)
l ∆

(i,n)
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,

Ni∑
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(i,n)
l ∆

(i,n)
3,k2
〉
]
≤ diN4

i γ
5
i M̃

4
i /8 .
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Using (S119) again and Lemma S8, for i ∈ [b], we obtain

Ni−1∑
k1,k2=0

EGn
[
〈R(i,n)

k1
∆

(i,n)
3,k1

,R
(i,n)
k2

∆
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〉
]
≤ (diγ

3
i M̃

2
i /2)
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E
[
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‖
]

≤ (diγ
3
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2
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Ni−1∑
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(exp[(Ni − k)γiM̃i]− 1− [(Ni − k)γiM̃i])


2

≤ (diγ
3
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2
i /2)
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−1
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0

{et − 1− t}dt


2

≤ (eNiγiM̃i + 1)2

288
diN

6
i γ

7
i M̃

6
i .

Similarly, we get Moreover, using the Cauchy-Schwarz inequality, for any i ∈ [b] we get

Ni−1∑
k1,k2=0

E[〈∆(i,n)
k1

,R
(i,n)
k2

∆
(i,n)
k2
〉] ≤
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E
[
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‖
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3
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2
i

24
(eNiγiM̃i + 1)N3

i γ
2
i M̃

2
i

≤ diN4
i γ

5
i M̃

4
i

eNiγiM̃i + 1

24
.

In addition, for any i ∈ [b], we have also

Ni−1∑
k1,k2=0

E

〈R(i,n)
k1

∆
(i,n)
3,k1

,

Ni∑
l=k2+1

C
(i,n)
l ∆

(i,n)
3,k2
〉

 ≤ diN5
i γ

6
i M̃

5
i

eNiγiM̃i + 1

24
. (S120)

For any i ∈ [b], k ∈ N, regrouping the previous results and using that NiγiM̃i ≤ 2 give

E[E3] ≤
b∑
i=1

{diNiγ2
i M̃

2
i + diN

3
i γ

4
i M̃

4
i }+

b∑
i=1

diN
4
i γ

5
i M̃

5
i (1 +NiγiM̃i) . (S121)

Combination of our previous results. Injecting the three upper bounds (S116), (S117), (S121) in (S112), we get

E
[
‖T (n)

2 ‖2
]
≤

b∑
i=1

diNiγ
3
i (diL

2
i + M̃4

i /m̃i) +

b∑
i=1

{diγ2
i M̃

2
i + diN

3
i γ

4
i M̃

4
i }

+

b∑
i=1

diN
4
i γ

5
i M̃

5
i (1 +NiγiM̃i) . (S122)

Using the recursion defined in (S109), and combining the upper bounds derived in (S110) and (S122) completes the
proof.

Lemma S35. Assume H1-H2-H3 and let N ∈ (N∗)b,γ ∈ (R∗+)b such that for any i ∈ [b], Niγi ≤ 2/(mi + M̃i),
γi < 1/M̃i and κγ,ρ,N = mini∈[b]{Niγimi} − rγ,ρ,N ∈ (0, 1), where rγ,ρ,N is defined in (S33). Then, for n ≥ 1, we
have

E
[
‖Z̃n+1 − Zn+1‖2D−1

Nγ

]1/2 ≤ (1 − κγ,ρ,N )n−1E
[
‖Z̃1 − Z1‖2D−1

Nγ

]1/2
+ {κγ,ρ,N}−1R(γ,N) ,

where R(γ,N) is given in (S108).

Proof. The proof follows from Lemma S34 combined with a straightforward induction.
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Proof of Proposition 5/Proposition S33.

Proof of Proposition 5/Proposition S33. For any i ∈ [b], consider

N?
i (γi) =

⌊
mi min

i∈[b]
{mi/M̃i}2/

(
20γiM̃

2
i max
i∈[b]
{mi/M̃i}2

)⌋
.

By Proposition S13 and Lemma S28, Pρ,γ,N converges inW2 to Πρ,γ . Therefore, using (S83), Lemma S23 and Lemma S35
and taking n→ +∞, we obtain

W 2
2 (Πρ,γ,N ,Πρ) ≤ 4(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

maxi∈[b]{N?
i (γi)γi}

mini∈[b]{N?
i (γi)γimi}

R(γ,N?(γ)) . (S123)

By definition of N?
i (γi), we have γiM̃iN

?
i (γi) ≤ fi = mi/(20M̃i) which completes the proof upon using it in (S123).

S5. Explicit mixing times
This section aims at providing mixing times for DG-LMC with explicit dependencies w.r.t. the dimension d and the
prescribed precision ε. We specify our result to the case where for any i ∈ [b], mi = m, Mi = M , Li = L, ρi = ρ, γi = γ,
Ni = N and for the specific initial distribution

µ?ρ = δz? ⊗Πρ(·|z?) , (S124)

where
x? = ([θ?]>, [z?]>)>, where θ? = arg min{− log π} and z? = ([A1θ

?]>, · · · , [Abθ
?]>)> . (S125)

Note that sampling from µ?ρ is straightforward and simply consists in setting z0 = z? and θ0 = B̄−1
0 B>0 D̃

1/2
0 z0 + B̄

−1/2
0 ξ,

where ξ is a d-dimensional standard Gaussian random variable. Starting from this initialisation, we consider the marginal
law of θn for n ≥ 1 and denote it Γnx? . By Proposition S13, since for any i ∈ [b], Ni = N , the stationary distribution
associated to Pρ,γ,N is Πρ,γ = Πρ,γ,1b . We build upon the natural decomposition of the bias:

W2(Γnx? , π) ≤W2(µ?ρP
n
ρ,γ,N ,Πρ,γ) +W2(Πρ,γ ,Πρ) +W2(πρ, π) ,

where Πρ,γ , Πρ and πρ are defined in Proposition 2, (2) and (3), respectively. The following subsections focus on deriving
conditions on nε, γε, Nε and ρε to satisfy W2(Γnεx? , π) ≤ ε, where ε > 0.

S5.1. Lower bound on the number of iterations nε

In this section, we derive a lower bound on nε such that W2(µ?ρP
nε
ρ,γ,N ,Πρ,γ) ≤ ε/3 following the result provided in

Proposition S14. Recall that we define the z-marginal under Πρ,γ by

πz
ρ,γ =

∫
Rd

Πρ,γ(θ, z) dθ , (S126)

and the transition kernel of the Markov chain {Zn}n≥0, for all z ∈ Rp and B ∈ B(Rp), by

P z
ρ,γ,N (z,B) =

∫
Rd
Qρ,γ,N (z,B|θ)Πρ(θ|z) dθ , (S127)

where Πρ(·|z) and Qρ,γ,N are defined in (5) and (S16), respectively. In the case N = 1b, we simply denote P z
ρ,γ,N by

P z
ρ,γ . We need to bound in Proposition S14 the factor{∫

Rd
‖z1 − z?‖2

D−1
Nγ

πz
ρ,γ(dz1) +

∫
Rd
‖z1 − z?‖2

D−1
Nγ

P z
ρ,γ,N (z?,dz1)

}1/2

. (S128)

Our next results provide such bounds.

Lemma S36. Assume H1. Then, the transition kernel P z
ρ,γ leaves πz

ρ,γ invariant, that is πz
ρ,γP

z
ρ,γ = πz

ρ,γ , where πz
ρ,γ is

defined by (S50).
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Proof. We have for any B ∈ B(Rp)∫
B

πz
ρ,γ(dz) =

∫
B

∫
Rd

Πρ,γ(dθ,dz) =

∫
B

πz
ρ,γ(dz)

∫
Rd

Πρ,γ(dθ|z) .

Therefore, using the fact that Pρ,γ leaves Πρ,γ invariant from Proposition S5 and Fubini’s theorem, we get∫
B

πz
ρ,γ(dz) =

∫
B

∫
Rd

Πρ,γ(dθ,dz) =

∫
B

∫
Rd

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Pρ,γ((θ̃, z̃), (dθ,dz))

=

∫
B

∫
Rd

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Qρ,γ(z̃,dz|θ̃)Πρ(θ|z) dθ

=

∫
B

∫
Rd×Rp

Πρ,γ(dθ̃,dz̃)Qρ,γ(z̃,dz|θ̃)

∫
Rd

Πρ(θ|z) dθ (S129)

=

∫
Rd
πz
ρ,γ(dz̃)P z

ρ,γ(z̃,B) .

For any i ∈ [b], let θ?i a minimiser of θ 7→ Ui(Aiθ), and define

u? = ([A1(θ? − θ?1)]>, · · · , [Ab(θ
? − θ?b)]>)> (S130)

Lemma S37. Assume H1-H2 and letN ∈ (N∗)b,γ,ρ ∈ (R∗+)b such that, for any i ∈ [b], γi ≤ 2/(mi +Mi + 1/ρi) and
denote z? = ([A1θ

?]>, · · · , [Abθ
?]>)>. Then, for any z ∈ Rp and ε > 0,∫

Rp
‖z̃− z?‖2D−1

Nγ
P z
ρ,γ(z,dz̃) ≤ min

i∈[b]
{Ni}−1

[
κ2
γ(1 + 2ε)‖z− z?‖2D−1

γ

+ (1 + 1/(2ε)) max
i∈[b]
{γiM2

i }‖u?‖
2

+ Tr(Dγ/ρP0) + 2

b∑
i=1

di

]
,

where the transition kernel P z
ρ,γ is defined in (S51) withN = 1b.

Proof. Let γi ≤ 2/(mi +Mi + 1/ρi) for any i ∈ [b]. Let ξ be a d-dimensional Gaussian random variable independent of
{ηi : i ∈ [b]} where for any i ∈ [b], ηi is a di-dimensional Gaussian random variable. Let z ∈ Rp and Z be the random
variable distributed according to δzP

z
ρ,γ , and defined by

θ = B̄−1
0 B>0 D̃

1/2
0 z + B̄

−1/2
0 ξ ,

and for any i ∈ [b],

Zi =
(
1− γi/ρi

)
zi − γi∇Ui(zi) +

γi
ρi

Aiθ +
√

2γiη
i

=
(
1− γi/ρi

)
zi − γi∇Ui(zi) +

γi
ρi

AiB̄
−1
0 B>0 D̃

1/2
0 z +

γi
ρi

AiB̄
−1/2
0 ξ +

√
2γiη

i

=
(
1− γi/ρi

)
zi − γi[∇Ui(zi)−∇Ui(Aiθ

?)]− γi[∇Ui(Aiθ
?)−∇Ui(Aiθ

?
i )]

+
γi
ρi

AiB̄
−1
0 B>0 D̃

1/2
0 z +

γi
ρi

AiB̄
−1/2
0 ξ +

√
2γiη

i .

Let

D?
U = diag

(
γ1

∫ 1

0

∇2U1(z1 + t(A1θ
? − z1)) dt, · · · , γb

∫ 1

0

∇2Ub(zb + t(Abθ
? − zb)) dt

)
,

D̃?
U = diag

(
γ1

∫ 1

0

∇2U1(A1θ
? + t(A1θ

?
1 −A1θ

?)) dt, · · · , γb
∫ 1

0

∇2Ub(Abθ
? + t(Abθ

?
b −Abθ

?)) dt
)
. (S131)
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Since P0D
−1/2
ρ z? = D

−1/2
ρ z?, it follows that

Z − z? =
[
Ip −D?

U −D
1/2
γ D

1/2
γ/ρ(Ip −P0)D−

1/2
ρ

]
(z− z?)− D̃?

Uu? + D
1/2
γ D

1/2
γ/ρB0B̄

−1/2
0 ξ + D

1/2
2γη .

With the notation H = Ip −D?
U −D

1/2
γ D

1/2
γ/ρ(Ip − P0)D

−1/2
ρ , (S14), and using the fact that for any ε > 0, a,b ∈ Rd,

|〈a,b〉| ≤ ε‖a‖2 + (4ε)−1‖b‖2, it follows, for any z ∈ Rp, that∫
Rp

∥∥z̃− z?
∥∥2

D−1
γ
P z
ρ,γ(z,dz̃)

=

∫
Rp

∫
Rd

∥∥H(z− z?)− D̃?
Uu? + D

1/2
γ D

1/2
γ/ρB0B̄

−1/2
0 ξ + D

1/2
2γη

∥∥2

D−1
γ
φd(ξ) dξφp(η) dη

=
∥∥H(z− z?)− D̃?

Uu?
∥∥2

D−1
γ

+ Tr(Dγ/ρP0) + 2

b∑
i=1

di

≤ κ2
γ‖z− z?‖2D−1

γ
− 2〈H(z− z?), D̃?

Uu?〉D−1
γ

+
∥∥D̃?

Uu?
∥∥2

D−1
γ

+ Tr(Dγ/ρP0) + 2

b∑
i=1

di

≤ κ2
γ(1 + 2ε)‖z− z?‖2D−1

γ
+
(

1 +
1

2ε

)
max
i∈[b]
{γiM2

i }‖u?‖
2

+ Tr(Dγ/ρP0) + 2

b∑
i=1

di .

Proposition S38. Assume H1-H2 and letN ∈ (N∗)b,γ,ρ ∈ (R∗+)b such that, for any i ∈ [b], γi ≤ 2/(mi +Mi + 1/ρi).
Then, we have∫

Rd
‖z1 − z?‖2

D−1
Nγ

πz
ρ,γ(dz1)

≤ min
i∈[b]
{Ni}−1 2

1− κ2
γ

(
1 + κ2

γ

1− κ2
γ

max
i∈[b]
{γiM2

i }‖u?‖
2

+ Tr(Dγ/ρP0) + 2

b∑
i=1

di

)
,

with κγ defined in (S12).

Proof. With the choice ε = (1− κ2
γ)/(4κ2

γ) in Lemma S37 and using Lemma S36, we have∫
Rp
‖z̃− z?‖2D−1

γ
πz
ρ,γ(dz̃) ≤

κ2
γ + 1

2

∫
Rp
‖z− z?‖2D−1

γ
πz
ρ,γ(dz) +

1 + κ2
γ

1− κ2
γ

max
i∈[b]
{γiM2

i }‖u?‖
2

+Tr(Dγ/ρP0) + 2

b∑
i=1

di .

Rearranging terms concludes the proof.

Lemma S39. Assume H1-H2 and let N ∈ (N∗)b,γ,ρ ∈ (R∗+)b such that, for any i ∈ [b], Niγi ≤ 2/(mi + Mi +

1/ρi), γiM̃i < 1 and denote z? = ([A1θ
?]>, · · · , [Abθ

?]>)>. Then, we have

∫
Rp
‖z̃− z?‖2D−1

Nγ
P z
ρ,γ,N (z?,dz̃) ≤ 2

b∑
i=1

γiNi
(
1 + Tr(P0)/ρi

)
+ 4

b∑
i=1

di .

where the transition kernel P z
ρ,γ,N is defined in (S51).

Proof. Let {(ηik)k≥1 : i ∈ [b]} be independent random variables such that for any i ∈ [b], the sequences {(ηik)k≥1} are
i.i.d. di-dimensional Brownian motions and let ξ a d-dimensional standard Gaussian random variable independent of
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{(ηik)k≥1 : i ∈ [b]}. Consider the stochastic process (Yk)k∈N initialised for any i ∈ [b] at Y i0 = Aiθ
? and defined, for any

i ∈ [b], k ∈ N, by
Y ik+1 = Y ik − γi∇Vi(Y ik ) + (γi/ρi)Aiθ +

√
2γiη

i
k+1 , (S132)

where the potential Vi = yi 7→ Ui(y
i) + ‖yi‖2/(2ρi) and

θ = B̄−1
0 B>0 D̃

1/2
0 z? + B̄

−1/2
0 ξ . (S133)

In addition, we define the random variable Z = (Z1, . . . , Zb), for any i ∈ [b], as

Zi = Y iNi .

By definition, note that Z is distributed according to P z
ρ,γ,N (z?, ·). Define the process (Yk = {Yi

k}bi=1)k∈N valued in
Rp × Rp defined for any i ∈ [b], k ≥ 0 by

Yi
k = Y imin(k,Ni)

.

and consider the following matrices defined, for any k ∈ N, by

HU,k = diag

(
γ1

∫ 1

0

∇2U1((1− s)Y 1
k + sz?) ds,

. . . , γb

∫ 1

0

∇2Ub((1− s)Y bk + sz?) ds

)
,

J(k) = diag
(
1[N1](k + 1) · Id1 , · · · ,1[Nb](k + 1) · Idb

)
, (S134)

Ck = J(k)(Dγ/ρ + HU,k) , (S135)

Mk+1 = (Ip −C0)−1 . . . (Ip −Ck)−1 , with M0 = Ip . (S136)

Using these notation and (S132), for any k ∈ N, we get

Yk+1 − z? =(Ip −Ck)(Yk − z?) + J(k)
(
Dγ/

√
ρB0θ −Dγ∇V (z?) + D

1/2
2γηk+1

)
.

Multiplying the previous equality by Mk+1D
−1/2
Nγ , we obtain, for k ≥ 0,

Mk+1D
−1/2
Nγ (Yk+1 − z?) = MkD

−1/2
Nγ (Yk − z?)

+ Mk+1J(k)D
−1/2
Nγ

(
Dγ/

√
ρB0θ −Dγ∇V (z?) + D

1/2
2γηk+1

)
.

Summing the previous equality over k ∈ N gives

M∞D
−1/2
Nγ (YN − z?) = M0D

−1/2
Nγ (Y0 − z?)

+

∞∑
k=0

Mk+1J(k)D
−1/2
Nγ

(
Dγ/

√
ρB0θ −Dγ∇V (z?) + D

1/2
2γηk+1

)
.

Multiplying the last equality by [M∞]−1 and using the fact that Y0 = z?, we get

D
−1/2
Nγ (Z − z?) =

∞∑
k=0

[M∞]−1Mk+1J(k)D
−1/2
Nγ

(
Dγ/

√
ρB0θ −Dγ∇V (z?) + D

1/2
2γηk+1

)
. (S137)

Recall that P0 = B0B̄
−1
0 B>0 . Hence, by (S133) and using P0D

−1/2
ρ z? = D

−1/2
ρ z?, we get

Dγ/
√
ρB0θ −Dγ∇V (z?) = Dγ/

√
ρB0B̄

−1/2
0 ξ −Dγ∇U(z?) .
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Plugging this equality into (S137) yields

D
−1/2
Nγ (Z − z?) = −

∞∑
k=0

[M∞]−1Mk+1J(k)D
1/2
γ/N∇U(z?)

+

∞∑
k=0

[M∞]−1Mk+1J(k)D
1/2
γ/(Nρ)B0B̄

−1/2
0 ξ

+
√

2

∞∑
k=0

[M∞]−1Mk+1J(k)D
−1/2
N ηk+1 . (S138)

Recall that [M∞]−1Mk+1 = (([M∞]−1Mk+1)1, . . . , ([M∞]−1Mk+1)b) is a block-diagonal matrix where, for any i ∈ [b],
([M∞]−1Mk+1)i =

∏∞
l=k+1(Idi −Ci

l) where Ci
l is defined in (S135). In addition, since we suppose for any i ∈ [b], that

γiM̃i < 1, Lemma S24 implies ∥∥∥∥Ni−1∏
l=k+1

(Idi −Ci
l)

∥∥∥∥2

≤ (1− γim̃i)
2(Ni−k−1)

.

We now upper bound separately each term on the right-hand side of (S138). First, using the Cauchy-Schwarz inequality, we
have ∥∥∥∥∥∥

∞∑
k=0

[M∞]−1Mk+1J(k)D
1/2
γ/N

∥∥∥∥∥∥
2

≤
b∑
i=1

(γi/Ni)

∥∥∥∥∥∥
∞∑
k=0

([M∞]−1Mk+1)iJi(k)

∥∥∥∥∥∥
2

≤
b∑
i=1

(γi/Ni)

∥∥∥∥∥∥
Ni−1∑
k=0

Ni−1∏
l=k+1

(
Idi −Ci

l

)∥∥∥∥∥∥
2

≤
b∑
i=1

γi

Ni−1∑
k=0

∥∥∥∥∥∥
Ni−1∏
l=k+1

(
Idi −Ci

l

)∥∥∥∥∥∥
2

≤
b∑
i=1

γi

Ni−1∑
k=0

(1− γim̃i)
2(Ni−k−1)

≤
b∑
i=1

Niγi . (S139)

Second, using the same techniques as for the above inequality, we obtain∥∥∥∥∥∥
∞∑
k=0

[M∞]−1Mk+1J(k)D
1/2
γ/(Nρ)B0B̄

−1/2
0 ξ

∥∥∥∥∥∥
2

≤
b∑
i=1

Niγi
ρi

∥∥∥B0B̄
−1/2
0 ξ

∥∥∥2

(S140)

Finally, the third term can be upper-bounded as

E


∥∥∥∥∥∥√2

∞∑
k=0

[M∞]−1Mk+1J(k)D
−1/2
N ηk+1

∥∥∥∥∥∥
2
 ≤ 2

b∑
i=1

di . (S141)

Combining (S138), (S139), (S140) and (S141), we get∫
Rp
‖z̃− z?‖2D−1

Nγ
P z
ρ,γ,N (z?,dz̃) ≤

b∑
i=1

γiNi
(
1 + Tr(P0)/ρi

)
+ 2

b∑
i=1

di .
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Given ε > 0, we are now ready to provide a condition on the number of iterations nε to achieveW2(µ?ρP
nε
ρ,γ,N ,Πρ,γ) ≤ ε/3

in the case where for any i ∈ [b], mi = m, Mi = M , ρi = ρ, γi = γ and Ni = N . Define

E2
0 = 9(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖)2Nγ

[
2

N(1− κ2
γ)

(
1 + κ2

γ

1− κ2
γ

· γM2‖u?‖2

+ (γ/ρ)Tr(P0) + 2

b∑
i=1

di

)
+ 2bγN

(
1 + Tr(P0)/ρ

)
+ 4

b∑
i=1

di

]
.

Theorem S40. Assume H1-H2 and assume that for any i ∈ [b], mi = m and Mi = M . In addition, let N = N1b,γ =
γ1b,ρ = ρ1b, ρ > 0, γ > 0, N ≥ 1, such that γ < 1/M̃ , Nγ < 2/(m+ M̃), and (S46) is satisfied. Then, for any ε > 0,
any

nε ≥ 2 log
(
E0/ε

)
/(Nγm),

we have, W2(µ?ρP
nε
ρ,γ,N ,Πρ,γ) ≤ ε/3.

Proof. By some algebra and using 1/ log(1/(1−x)) ≤ 1/x for 0 < x < 1, the proof directly follows from Proposition S14
combined with Proposition S38 and Lemma S39.

S5.2. Upper bound on the tolerance parameter ρε

Define

R0 = 2σ2
U

(
dσ2

U +

b∑
i=1

M2
i ‖Ai(θ

? − θ?i )‖2
)

+ 2σ4
U ,

R1 = dσ2
U +

b∑
i=1

M2
i ‖Ai(θ

? − θ?i )‖2 +

b∑
i=1

diMi/2

R2 = 2dmax
i∈[b]
{Mi}σ2

U + 2

b∑
i=1

M3
i ‖Ai(θ

? − θ?i )‖2 + 8σ4
U + 8σ2

U

[
2dσ2

U

+ 2

b∑
i=1

M2
i ‖Ai(θ

? − θ?i )‖2
]
.

Recall that ρ̄ = maxi∈[b]{ρi}. Then, the following result holds.

Lemma S41. Assume H1-H2. For any ε > 0, let ρε ∈ (R∗+)b such that

ρ̄ε ≤
−R1 +

√
R2

1 + 4R0εm
1/2
U /(3

√
2)

2R0
∧

ε
√
mU

3
√

2
√
R2 + [R2/(12σ2

U ) +
∑b
i=1 diMi]2

∧ 1

12σ2
U

∧
−
∑b
i=1 diMi +

√
(
∑b
i=1 diMi)2 + 6R2

2R2
.

Then, W2(πρε , π) ≤ ε/3.

Proof. Let ε > 0. From (S73), for any ρ̄ ≤ 1/(12σ2
U ), W2(πρ, π) ≤

√
2
mU

max(A1, A
1/2
3 ) , where A1, A3 are defined

in (S69) and (S72) respectively. This implies that W2(πρ, π) ≤ ε/3 is verified if max(A1, A
1/2
3 ) ≤ ε

√
mU/(3

√
2). First,

A1 ≤ ε
√
mU/(3

√
2) holds if

ρ̄ ≤
−R1 +

√
R2

1 + 4R0εm
1/2
U /(3

√
2)

2R0
∧ 1

12σ2
U

. (S142)
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We now focus on A3. Using the fact that for any x ∈ R, ex ≥ x+ 1, we have 2
∏b
i=1(1 + ρiMi)

di ≥ 2 +
∑b
i=1 di log(1 +

ρiMi) and therefore

A3 ≤ exp
(
ρ̄2R2 +

b∑
i=1

di log(1 + ρiMi)
)
− 1−

b∑
i=1

di log(1 + ρiMi) .

Since
∑b
i=1 di log(1 + ρiMi) ≤ ρ̄

∑b
i=1 diMi, ρ̄2R2 +

∑b
i=1 di log(1 + ρiMi) ≤ 3/2 holds for

ρ̄ ≤
−
∑b
i=1 diMi +

√
(
∑b
i=1 diMi)2 + 6R2

2R2
. (S143)

Since for any x ≤ 3/2, ex ≤ 1 + x+ x2 and using the fact that ρ̄ ≤ 1/(12σ2
U ), it follows that

A3 ≤ ρ̄2R2 +
(
ρ̄2R2 + ρ̄

b∑
i=1

diMi)
)2

≤ ρ̄2

B1 +
( R2

12σ2
U

+

b∑
i=1

diMi

)2

 .

Hence A
1/2
3 ≤ ε

√
mU/(3

√
2) holds under (S143) and

ρ̄ ≤
ε
√
mU

3
√

2

√
R2 +

(
R2

12σ2
U

+
∑b
i=1 diMi

)2
. (S144)

The proof is concluded by combining (S142), (S143) and (S144).

S5.3. Upper bound on the step-size γε and number of local iterationN ε

Based on Proposition S29 or Proposition S33, we now determine an upper bound on γε to ensure W2(Πρ,Πρ,γε) ≤ ε/3
in the case N = N1b,γ = γ1b,ρ = ρ1b where ρ > 0, γ > 0, N ≥ 1. The following results hold depending if H3 is
considered. Define

Cρ =
4M̃2(1 + ‖B̄−1

0 B>0 D̃
1/2
0 ‖2)

5m
, (S145)

C0 = (M̃2/2)
[
M̃/m̃+ 1/6

] b∑
i=1

di , C1 =

b∑
i=1

di , C2 = ε2/(9Cρ) .

Lemma S42. Assume H1-H2 and assume for any i ∈ [b], mi = m and Mi = M . In addition, let ρ, γε > 0 and Nε ≥ 1
such that ρ = ρ1b, γε = γε1b,N ε = Nε1b and ε > 0 satisfying

γε ≤
−C1 +

√
C2

1 + 4C0C2

2C0
∧ m

40M̃2
. (S146)

Then W2(Πρ,Πρ,γε) ≤ ε/3.

Proof. Let ε > 0. By Proposition S29, note that W 2
2 (Πρ,Πρ,γε) ≤ ε

2/9 is satisfied if

C0γ
2
ε + C1γε ≤ C2 .

This inequality is satisfied under the choice (S147).

We now provide a condition onN and γ when H3 is considered.
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Lemma S43. Assume H1-H2 and assume for any i ∈ [b], mi = m, Mi = M and Li = L. In addition, let ρ, γε > 0 and
Nε ≥ 1 such that ρ = ρ1b, γε = γε1b,N ε = Nε1b and ε > 0 satisfying

γε ≤
ε

6b
√

5 maxi∈[b]{di}CρM̃2[4 + (maxi∈[b]{di}L2m)/(20M̃4)]
∧ m

40M̃2
(S147)

∧ ε

6b(5Cρ maxi∈[b]{di}m3/M̃2)
, (S148)

where Cρ is defined in (S145). Then W2(Πρ,Πρ,γε) ≤ ε/3.

Proof. In Proposition S33, we dissociate R?(γ) into two contributions and the conditions we impose on γε ensure

W2(Πρ,Πρ,γε) ≤ ε/3. More precisely, we have
∑b
i=1 diγ

2
i M̃

2
i +

diγ
2
i fi

M̃i
(diL

2
i +

M̃4
i

m̃i
) ≤ 2ε2/9 and

∑b
i=1 diγiM̃if

3
i (1 +

fi + f2i ) ≤ 2ε2/9 where fi < 1 for any i ∈ [b].

S5.4. Discussion

Let ρε = ρε1b such that W2(πρε , π) ≤ ε/3. From Lemma S41, ρε = O(ε/d) when ε → 0 and d → ∞. Similarly, let
γε = γε1b such that W2(Πρε ,Πρε,γε) < ε/3. Under H1-H2, we obtain by Lemma S42 γε = O(ε4/d3). On the other
hand, when H3 is additionally assumed, we get by Lemma S43 γε = O(ε2/d2). Finally, to apply Theorem S40 for the
previous choices γε and ρε, we obtain forN ε = Nε1b the conditions Nε = O(d/ε2) and Nε = O(1) under H1-H2 and H
1-H2-H3, respectively. In both scenarios, Theorem S40 implies nε = O(d2 log(d)/(ε2| log(ε)|). This concludes the results
depicted in Table 1 in the main paper.
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