1 Solving forward diffusion SDE

Forward diffusion SDE is given by

1
dXy = 527N (= X))t + VBedWy, te0,T]

where X, is n-dimensional stochastic process, W; is standard n-dimensional Brownian motion, p = (j1... Mn)T is n-dimensional
vector, X is n X n diagonal matrix with positive diagonal elements {oZ }7 and noise schedule 3; is non-negative function [0, 7] — R*.
Consider change of variables Y; = X; — u. Then we can rewrite forward diffusion SDE as

1
dy; = —izflmtdt + V/ BrdWy

For every ¢ = 1,..,n we have
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Exponential of a diagonal matrix is just element-wise exponential, so we can rewrite it in multidimensional form as

! Byds

1 . L [t Bsds i S Bsds i
' g%ﬁthdt +ei ' ( 272 Sz Yy Bedl + / ﬁtsz) — V BedWy

t
d (6%2*1 fo Bsdsn> — /ﬂt6%271f3 Bsddet — 6%2*1 fof BSdSK _ YO :/ /556%2711‘; 5udUdWS
0

or writing this down in terms of X}

Xt:e—%zflfsﬂsdsxmt(l—e i lfoﬁsdé u+/ V/Bee 3 IS Budu gy, (1)

where [ is n X n identity matrix.

2 Derivation of conditional distribution of X;
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Let A(s) = /fs e 2% I Budu Ttig a diagonal matrix and its i-th diagonal element a;;(s) equals /Bse 7% I “. Assume

ai;(s) € Lo[0,T] for each i. Itd’s integral fot a;i(s)dW! is defined as the limit of integral sums when mesh of partition A tends to
zero:
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where the first equality in distribution holds due to the properties of Brownian motion and the fact that a;;(si) are determinis-
tic (implying that a;;(sx) AW, = aii(sk)(Wg’Hl — Wy, ) are independent normal random variables with mean 0 and variance
a?,(sk)(sk+1 — sk) = a?(sr)Asy) and the second equality in distribution follows from Lévy’s continuity theorem (it’s easy to check
that the sequence of characteristic functions of random variables on the left-hand side converges point-wise to the characteristic

function of the random variable on the right-hand side). Then, simple integration gives
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It implies that in multidimensional case we have

t
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and it follows from (1) that

Law(X,[Xo) = N (p(Xo, 5t 0 B, 1), pl(Xo, Bpn 1) = e 85 ooy g (1 i o)y )



3 Reverse dynamics

The result by Anderson (1982) implies that if n-dimensional process of the diffusion type X, satisfies

dX, = f(Xo,t)dt + g(t)dWs,  t € [0,T] ©)

where g(t) is a function [0, 7] — R then its reverse-time dynamics is given by

dX; = (f(Xs,t) — g*(t)V log p,(Xy))dt + g(t)dW;, ¢ € [0,T) )

where p;(-) is the probability density function of random variable X; and Wt is a reverse-time standard Brownian motion such that
X is independent of its past increments Wy — W, for s < t. Reverse-time dynamics means that all the integrals associated with

reverse-time differentials have ¢ as their lower limit (e.g. dX; relates to ftT dXs = Xp — X}). Anderson’s result is obtained under
the assumption that Kolmogorov equations (for probability density functions) associated with all considered processes have unique
smooth solutions. On the other hand, Song et al. (2021) argued that SDE (3) has the same forward Kolmogorov equation as the
following ODE:

AX; = (f(X0,t) — 5%V log p(X)dt, t € [0,7] ©

which means that processes following (3) and (5) are equal in distribution if they start from the same initial distribution Law(Xj).

In our case f(X;,t) = 337 1(X; — 1)B; and g(t) = /By, so we have two equivalent reverse diffusion dynamics:

1 —
% = (357080 = 10 = Viogp (X)) e+ /Bty
and

1
aX; = 3 (S7HX, — p) — Viogpi(Xy)) Bedt

where both differential equations are to be solved backwards.

4 Score estimation

If X is known then (2) implies that

n 1 1 _
log po (X¢| Xo) = —3 log (27) — 5 det \(X, 1) — i(Xt = p(Xo, T, 1, ) TS 1) TH(Xy — p(X0, 5, 1)) =

V log pot (X4 Xo) = =M, 6) " (Xs — p(Xo, 2, 11, 1))

where po;(-|Xo) is the probability density function of conditional distribution Law(X;|Xp). So if we sample X; by the formula
X = p(Xo, 3, 1, t) + €, where ¢, ~ N (0, \(3,t)) then V log po:(X:| Xo) = —A(X,t) " Le;. In the simplified case when 3 = I we
have A\(I,t) = A\, where \; = 1—e~ Jo Bads Tn this case gradient of noisy data log-density reduces to V log ot (Xt| Xo) = —€/ e
If ¢, = /A&, then we have

X; = p(Xo, I, i, 1) + /M, & ~N(0,1), Vlogpo:(X:|Xo) = —&/v/Ae



