Stochastic Sign Descent Methods

Appendix: “Stochastic Sign Descent Methods: New
Algorithms and Better Theory”

A. Additional Experiments

In this section we present several more experiments on the Rosenbrock function for further insights.

Figure 5 shows the robustness of SPB assumption in the convergence rate (10) with constant step size. We exploited four
levels of noise in each column to demonstrate the correlation between success probabilities and convergence rate. In the first
experiment (first column) SPB assumption is violated strongly and the corresponding rate shows divergence. In the second
column, probabilities still violating SPB assumption are close to the threshold and the rate shows oscillations. Next columns
express the improvement in rates when success probabilities are pushed to be close to 1.

Figure 6 experiments with the same setup but variable learning rate. In Figure 7, we investigated the size of the neighborhood
with respect to step size.
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Figure 5. Performance of signSGD with constant step size (7 = 0.25) under four different noise levels (mini-batch size 1, 2, 5, 8) using
Rosenbrock function. Each column represent a separate experiment with function values, evolution of minimum success probabilities and
the histogram of success probabilities throughout the iteration process. Dashed blue line in the first row is the minimum value. Dashed
red lines in second and third rows are thresholds 1/2 of success probabilities. The shaded area in first and second rows shows standard
deviation obtained from ten repetitions.
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Figure 6. Performance of signSGD with variable step size (7o = 0.25) under four different noise levels (mini-batch size 1, 2, 5, 7) using
Rosenbrock function. As in the experiments of Figure 5 with constant step size, these plots show the relationship between success
probabilities and the convergence rate (9). In low success probability regime (first and second columns) we observe oscillations, while in
high success probability regime (third and forth columns) oscillations are mitigated substantially.



Stochastic Sign Descent Methods

25000 — signseD 1400 — signseD — signsGD 1400 — signseD
s s s s 1400 ot s + s
¥ .
20000 il 1200 1200 1200
\ 1000 1000
15000 i 1000
| 800 800
10000 800
600 600 600
5000
400 400 400
o
200 200 200
-5000 o o o
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
iteration iteration iteration iteration
0550 055 — minp, — minp, 055
s s 0% s e
0.525 0525
0500 050 050

0500

0475
0475
0450

0450
0425 a0
! 0425
0.400 0.40 I |
0.400
0375 035
035
0350 0375
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
iteration iteration iteration
3500 H 3500 i
3500 i 4000 ! -
'
3000 3000
3000 3500 1
'
2500 3000 '
2500 2500 i
'
2500 i
2000 2000 2000
2000
1500 1500 1500
1500
1000 1000
1000 1000
500 500 500 500
0 0 0 o
00 02 00 02 00 02 00 02 04 06 08

Figure 7. In this part of experiments we investigated convergence rate (10) to a neighborhood of the solution. We fixed gradient noise
level by setting mini-batch size 2 and altered the constant step size. For the first column we set bigger step size v = 0.25 to detect the
divergence (as we slightly violated SPB assumption). Then for the second and third columns we set v = 0.1 and v = 0.05 to expose
the convergence to a neighborhood of the minimizer. For the forth column we set even smaller step size v = 0.01 to observe a slower
convergence.
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Figure 8. Unit balls in [ 12 norm (7) with different noise levels.
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l1’2

B. More details on p-norm and /- norm

In this section we give more details on the concept of a norm-like function, which we call p-norm. First, we recall the
definition from the main part of the paper.

Definition 4 (p-norm). Let p = {p;(z)}_, be the collection of probability functions from the SPB assumption. We define
the p-norm of gradient g(x) via

lg(@)ll, = S0 (2pi(x) — 1)]gi(2)].

Note that p-norm is not a norm as it may not satisfy the triangle inequality. However, under SPB assumption, it is positive
definite as it is a weighted /' norm with positive (and variable) weights 2p;(z) — 1 > 0. That s, ||g||, > 0, and ||g||, = 0 if
and only if g = 0. Under the assumptions of Lemma 1, p-norm can be lower bounded by a mixture of the ! and squared /2
norms:

d d 2
lgll, = >=(2pi = Dlgil = Z; m = |lglli 2.

i=1

Note that /!+2-norm is again not a norm. However, it is positive definite, continuous and order preserving, i.e., for any g*, g,
G € R? we have:

1. ||gll;z.2 > 0 and ||g|;2.2 = O if and only if g = 0,
2. g¥ — g (in 2 sense) implies ||g*|/;1.2 — ||g]li.2,
3. 0< g; < g; forany 1 <4 < dimplies ||g||;2.2 < ||g||;2.2-

From these three properties it follows that ||g*||;1.= — 0 implies g* — 0. These properties are important as we will measure
convergence rate in terms of the /*:2 norm in the case of unimodal and symmetric noise assumption.

C. Proofs
C.1. Sufficient conditions for SPB: Proof of Lemma 1
Here we state the well-known Gauss’s inequality on unimodal distributions?.

Theorem 5 (Gauss’s inequality). Let X be a unimodal random variable with mode m, and let o2, be the expected value of
(X — m)2. Then for any positive value of

4 (om)? . 2

5 (Z=), ifr > o
Prob(|X —m|>7r) << ? ( Tl) / vazm

1-— ﬁﬁ’ otherwise

Applying this inequality on unimodal and symmetric distributions, direct algebraic manipulations give the following bound:

1_4(2\2 o< B
Prob(|X —pu[ <r) >4, TQ(T) S e L,
Vetl otherwise r/o+3

where m = p and afn = o2 are the mean and variance of unimodal, symmetric random variable X, and » > 0. Now,

using the assumption that each §;(z) has unimodal and symmetric distribution, we apply this bound for X = g;(x), u =

Zsee https://en.wikipedia.org/wiki/Gauss%27s_inequality


https://en.wikipedia.org/wiki/Gauss%27s_inequality

Stochastic Sign Descent Methods

gi(x),0? = o?(z) and get a bound for success probabilities

L : Prob(g; > 0), ifg; >0
Probsigngi = signgs) = {Pmbgg- < oi if g; <0

+Prob0<gz<gz) ifg; >0
—|—Pr0bgz<gl<0) ifg; <0
|3+ 3Prob(0 < g; < 2g;), ifgi>0
B 1Prob (2: < §:<0), ifg; <0
1
2
1
2"
1
2

+ Prob(|gZ gil <lgil)

|9il /0
|gil/oi + V3
9]
|gi| + V30

Improvement on Lemma 1 and /"2 norm: The bound after Gauss inequality can be improved including a second order
term

+
DN | = [\3\)—‘

1—4(c 2 if 2 < V3 1
Prob(|X — pu| <r) > 1T9(T> R .
5 otherwise 1+ 7/V3o + (7/V30)
Indeed, letting z := 7/v30 > 2/3 we get 1 — 537 >1-— 1+ 1+ 5 as it reduces to 2322 — 4z — 4 > 0. Otherwise, if
0<z<23,thenz>1-— + —L— asitreduces to 1 > 1 — z3. The improvement is tighter as
r/o 1 1

—_—t =1 ———<1- :
r/o+3 1+7/v30 — 1+ 7/v30 + (7/v30)?

Hence, continuing the proof of Lemma 1, we get

1 1
Prob(sign g; = signgi) > 1 - 5
rob(sign § sign g;) > 21+ loil/vBo, + (19:1/v30,)?

and we could have defined [*:2-norm in a bit more complicated form as
d 1
2 1= 1 — il
g2 z_;( 11 19:0/v50: + (|gi|/¢gm)2> l9:

C.2. Sufficient conditions for SPB: Proof of Lemma 2

Let §(7) be the gradient estimator with mini-batch size 7. It is known that the variance for §(™) is dropped by at least a factor
of 7, i.e.

E[(3 — g% < &

N \SM

Hence, estimating the failure probabilities of sign §(7) when g; # 0, we have
Prob(sign 3, # sign g;) = Prob(|g(” —gil = 13{”| + |g)
< Prob(|g;” — gil > |gil)
= Prob((§;” ~9)* = gf)
E[(@” ~ g:)?)

<
= 2
g;

= —>
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which imples

p; = Prob(sign §; = signg;) >
g'L T

C.3. Sufficient conditions for SPB: Proof of Lemma 3

The proof of this lemma is the most technical one. We will split the derivation into three lemmas providing some intuition
on the way. The first two lemmas establish success probability bounds in terms of mini-batch size. Essentially, we present
two methods: one works well in the case of small randomness, while the other one in the case of non-small randomness. In
the third lemma, we combine those two bounds to get the condition on mini-batch size ensuring SPB assumption.

Lemma 5. Let X1, X5,..., X, be i.i.d. random variables with non-zero mean 1 := EX; # 0, finite variance 0? =

E|X; — u|? < co. Then for any mini-batch size T > 1

2
Prob <sign l ZX] - Slgn,u) >1- 2 (13)

T
=1 M

Proof. Without loss of generality, we assume p > 0. Then, after some adjustments, the proof follows from the Chebyshev’s
inequality:

1 1
Prob | si — X;| =si = Prob | — X; >0
ro <81gn [T; ] agnu) ro (7'; > )
> Prob 1ZT:X <
I - i
= Tia 8
=1—Prob lET:X-— >
= 7—__ i 7

>1- = Var Z X; ]
2
- LQ,
TH
where in the last step we used independence of random variables X, Xo, ..., X . O

Obviously, bound (13) is not optimal for big variance as it becomes a trivial inequality. In the case of non-small randomness
a better bound is achievable additionally assuming the finiteness of 3th central moment.

Lemma 6. Let X1, X5,..., X, be i.id. random variables with non-zero mean 1 := EX; # 0, positive variance
0% :=E|X; — pu|? > 0 and finite 3th central moment v := E| X1 — u|®> < co. Then for any mini-batch size T > 1

1y : 1 |ulv/T v
Prob <31gn [T ;Xz] = 51gn,u> 23 (1 +erf( N ) ~ ) (14)

where error function erf is defined as

erf(x f / z € R.

Proof. Again, without loss of generality, we may assume that ;¢ > 0. Informally, the proof goes as follows. As we have an
average of i.i.d. random variables, we approximate it (in the sense of distribution) by normal distribution using the Central
Limit Theorem (CLT). Then we compute success probabilities for normal distribution with the error function erf. Finally,
we take into account the approximation error in CLT, from which the third term with negative sign appears. More formally,
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we apply Berry—Esseen inequality? on the rate of approximation in CLT (Shevtsova, 2011):

3

o3\/T’

<

teR,

DO | =

Prob (a\lﬁ ;(XZ —p) > t) — Prob (N > t)

where N ~ A(0, 1) has the standard normal distribution. Setting ¢ = —u+/7 /0, we get

1 T
Prob <§ X, > 0) — Prob <N > —“‘ﬁ>
Ti:l g

1 3
<

S N (15)

It remains to compute the second probability using the cumulative distribution function of normal distribuition and express
it in terms of the error function:

1 « 1 —
Prob [ sign | =Y  X;| =si =Prob[ =) X;>0
ro <s1gn lT Z ] sign ,u> ro (T ; > )

=1
(15) 3
D prob (N> M) L
o 20%\/T

7t2/2 _ 1 V3

1 o0
= e
Vo /_Mﬁ/o. 20’3\/7'

1 9 [uVT/o ) 3
(12 [ e )
™ Jo o3\T

(ooea(2E) i)

Clearly, bound (14) is better than (13) when randomness is high. On the other hand, bound (14) is not optimal for small
randomness (o ~ 0). Indeed, one can show that in a small randomness regime, while both variance o2 and third moment >
are small, the ration v/ might blow up to infinity producing trivial inequality. For instance, taking X; ~ Bernoulli(p) and
letting p — 1 gives v/o = O ((1 —p)Y 6). This behaviour stems from the fact that we are using CLT: less randomness
implies slower rate of approximation in CLT.

N = N

O

As a result of these two bounds on success probabilities, we conclude a condition on mini-batch size for the SPB assumption
to hold.

Lemma 7. Let X1, X5, ..., X, be i.i.d. random variables with non-zero mean 1 # 0 and finite variance 02 < oco. Then
1 T 1 2 3
Prob <sign [T 2}(] = sign,u) >g. if 7>2min (22 :|02) , (16)

where V> is (possibly infinite) 3th central moment.

Proof. First, if o = 0 then the lemma holds trivially. If v = oo, then it follows immediately from Lemma 5. Assume both o
and v are positive and finite.

In case of 7 > 202 /12 we apply Lemma 5 again. Consider the case 7 < 202 /12, which implies % < 1. Itis easy to

uVT
V2o

check that erf(x) is concave on [0, 1] (in fact on [0, 0)), therefore erf(x) > erf(1)x for any = € [0, 1]. Setting z =

we get - (%j) > er\f/(il) u;ﬁ,

3see https://en.wikipedia.org/wiki/Berry-Esseen_theorem
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which together with (14) gives

T . 1 erf(1) p/7 P
Prob <51gn |j' ZXl] = s1gn;¢> > 3 (1 + 5 o — 7))

i=1

Hence, SPB assumption holds if
> v2 o
erf(1) po?’
It remains to show that erf(1) > 1/v2. Convexity of e* on z € [—1,0] implies e > 1 + (1 — 1/e)x for any x € [—1,0].
Therefore

Lemma (3) follows from Lemma (7) applying it to i.i.d. data g} (z), §2(z), . .., M (z).

C.4. Sufficient conditions for SPB: Proof of Lemma 4

This observation is followed by the fact that for continuous random variables, the Gaussian distribution has the maximum
differential entropy for a given variance*. Formally, let pg () be the probability density function (PDF) of a Gaussian random
variable with variance o and p(z) be the PDF of some random variable with the same variance. Then H(p) < H(pg),
where

H(p) = — / p() log p(z) do

is the differential entropy of probability distribution p(z) or alternatively differential entropy of random variable with PDF
p(x). Differential entropy for normal distribution can be expressed analytically by H (pi;) = 4 log(2mec?). Therefore

1
H(p) < 5 log(2meo?)

for any distribution p(z) with variance o2. Now, under the bounded variance assumption E [\g — g|2] < C (where g is
the expected value of §) we have the entropy of random variable § bounded by % log(2meC). However, under the SPB
assumption Prob (sign g = signg) > 1/2 the entropy is unbounded. In order to prove this, it is enough to notice that
under SPB assumption random variable § could be any Gaussian random variable with mean g # 0. In other words, SPB
assumption holds for any Gaussian random variable with non-zero mean. Hence the entropy could be arbitrarily large as
there is no restriction on the variance.

C.5. Convergence Analysis for M/ = 1: Proof of Theorem 1

Basically, the analysis follows the standard steps used to analyze SGD for non-convex objectives, except the part (18)—(21)
where inner product E[{gx, sign g )] needs to be estimated. This is exactly the place when stochastic gradient estimator
sign gy, interacts with the true gradient gi. In case of standard SGD, we use estimator G and the mentioned inner product
yields ||gx||?, which is then used to measure the progress of the method. In our case, we show that

E[(gk, sign gr)] = [lgxll,,

with the p-norm defined in Definition 1.

‘see https://en.wikipedia.org/wiki/Differential_entropy or https://en.wikipedia.org/wiki/

Normal_distribution#Maximum_entropy
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Now we present the proof in more details. First, from L-smoothness assumption we have

f(@ry1) = f(or — i sign gr)

U

A L;
< fax) = (g v sign ge) + Y 3(% sign g, ;)”

=1

dL
= f(xk) — {9k sign g) + —1,

[\

where g = g(xk), gk = §(zk), gk.i is the i-th component of g, and L is the average value of L;’s. Taking conditional
expectation given current iteration x gives

L (wis)an] < 7o) ~ WEllon,sign gu)] + 522 a7

Using the definition of success probabilities p; we get

E[(gk, sign gr)] = (g, Elsign gx]) (18)
d
= gri-Elsigngril = > g - Elsign i) (19)
i= 1<i<d
Qk,ﬁéo
= Z ki (pizr) sign gr,i + (1 — pi(xx))(— sign g.:)) (20)
1<i<d
9k,i70
d
= > @piler) = Dlgral = D_(2pi(ar) = Dlgel = llgxll,- 2n
1<i<d i=1
9k,i 70

Plugging this into (17) and taking full expectation, we get

Blgu, < VG0 B rn)] AL o
Yk 2
Therefore
K—-1 df/ K—-1
Elgell, < (f(z0) = £+ 5" Y i (23)
k=0 k=0

Now, in case of decreasing step sizes v = vo/Vk + 1

<
min Elgil, Z e Engknp/ e

IN

IN

-5 w

_ dL
+ vodL + L log K}

'yOdL log K
2 VK

+ 70dLi| +

Ko K q
— > VK, — <2+1ogK. 24
Divr ;k g (24)
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In the case of constant step size v, = 7y

< *
ZEngknp_ Hu(%) oy Loy ] o)~ g dL
k=0

2 ~K 2

Thus, we complete the proof of Theorem 1. Next, we consider setups of Lemma 1 and Lemma 2 to simplify convergence
rates (9) and (10) of signSGD without the generic p-norm. Combining Lemma 1 and Theorem 1, we get

Corollary 1. Assume that for any point © € R%, we have access to an independent and unbiased estimator §(x) of the true
gradient g(z) = V f(x). If for each coordinate §; has a unimodal and symmetric distribution with variance o? = o2 (x),
1 < i < d, then single node signSGD (Algorithm 1) with Option 1 and with step sizes i, = ~o/vV'k + 1 converges as follows

d

|gi (1) |2 f(xo) — f* | 3nodL log K
Zﬁgi(zkwﬁoi(mwlg WwE 2 VK

If v =~ > 0, we get 1/K convergence to a neighbourhood:

LSmg S ACHIS flao) — f* ~dL
K . : 26
K kZ:O LE—; |gi ()] + V3o (k) = K2 (26)

0ZheK =

As we discussed in Section 3.3 of the main part, in this case gradient appears through a mixture of ! and squared [? norms
(7). Similar mixed norm convergence rates for signSGD was established by Bernstein et al. (2019) (see Theorem 1) and by
Chen et al. (2020) (see Theorem 5). Furthermore, combining Lemma 2 and Theorem 1, we get

Corollary 2. Assume that for any point © € R%, we have access to an independent and unbiased estimator §(x) of the true
gradient g(z) = V f(x) and coordinate-wise variances o2 (x) < c¢; g?(x) are bounded for some constants c;. If mini-batch
size T > 2maXi<i<q C; then single node signSGD (Algorlthm 1) with Option 1 and with step sizes v, = vo/Vk + 1
converges as follows

d —
. f(zo) — f*  3y0dLlog K
E il9i < ) 27
0<k<K [Zw o (wk)ll VK T3 VK @7
where w; = 1 — 2"’ are positive weights. If v, = v > 0, we get 1/K convergence to a neighbourhood:

K—1 =

xg) — f* dL
E Zwilgi(:ck)ll < Sl 2k ©8)

Notice that in this case gradient appears through weighted [* norm (8).

C.6. Convergence Analysis for M = 1: Proof of Theorem 2

Clearly, the iterations {xj}x>0 of Algorithm 1 with Option 2 do not increase the function value in any iteration, i.e.
E[f(zk+1)|zk] < f(xr). Continuing the proof of Theorem 1 from (22), we get

1 K- 1 K-1 E Tk i
e kZ:O Ellgell, < % > [f(n)] - F@r)] |, £,
_ & Elf (@) — E[f (2141)] dL KL,
= ° k+1+ﬁk:0 k+1
< & Elf(en)] — E[f (z141)] . ~odL
T VK k=0 Yo VK
_ f(wo) ~E[f(zx)] | 0dL
VK VK
O e s,
= VK [ Yo +0dLy
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where we have used the following inequality
K
Z \[
The proof for constant step size is the same as in Theorem 1.

C.7. Convergence Analysis in Parallel Setting: Proof of Theorem 3

First, denote by I(p; a, b) the regularized incomplete beta function, which is defined as follows
B(p;a,b) fo to= (1 — )~ tat

Hpra.0) = Bla,b) [ te=1(1—t)b-tdt’

a,b>0,peo,1]. (29)

The proof of Theorem 3 goes with the same steps as in Theorem 1, except the derivation (18)—(21) is replaced by

E[(gk, sign g")] = <gk,E[signg,iM>1>

M
- ng i - Elsign gy} ]

_ Z lge.l - E [sien (31 g1 )|

1<i<d
gk,i 70

> gkl @I(pi(ar)i 1) = 1) = [|grllpn»
1<i<d
9k,i 70

where we have used the following lemma.

Lemma 8. Assume that for some point v € R and some coordinate i € {1,2, ..., d}, master node receives M independent
stochastic signs sign g"(x), m = 1,..., M of true gradient g;(x) # 0. Let ™) (x) be the sum of stochastic signs

aggregated from nodes:
M
gt = signg™
m=1

Then
E [sign (9 ;)] = 21(p:0,1) — 1, (30)

where | = [(M+1)/2] and p; > 1/2 is the success probablity for coordinate i.

Proof. Denote by S;" the Bernoulli trial of node m corresponding to ith coordinate, where “success” is the sign match
between stochastic gradient and gradient:

1. if sign g™ = signg; '
S ;:{ 1 S1gng; = Sighyg ~ Bernoulli(p;). (31)

‘ 0, otherwise
Since nodes have their own independent stochastic gradients and the objective function (or dataset) is shared, then master
node receives i.i.d. trials S]", which sum up to a binomial random variable .S;:

M
=Y S ~ Binomial(}M, p;). (32)
m=1
First, let us consider the case when there are odd number of nodes, i.e. M = 2] — 1, [ > 1. In this case, taking into account
(31) and (32), we have

Prob (Slgng = 0) =0,
pEM) :=Prob (sign QZ(M) = sign g,t-) = Prob(S; > 1),

1-— pl(.M) = Prob <Sign QEM) = —sign gi) .
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It is well known that cumulative distribution function of binomial random variable can be expressed with regularized
incomplete beta function:
Prob(S; > 1) =1(p;; I, M — 1+ 1) =1(p;;1,1). (33)

Therefore,

E [Sign (g}”” : gi)} =M1 - Py (1)
(M)

=2p;  —1
= 2Prob(S; > 1) —1
=2I(ps;1,1) — 1.
In the case of even number of nodes, i.e. M = 2[, [ > 1, there is a probability to fail the vote Prob (sign §§M) = 0) > 0.
However using (33) and properties of beta function’ gives
E [sign (952” g)} — Prob(S; > 1 +1) -1+ Prob(S; <1 —1) - (~1)
=I(pi;l+1,0) +I(pisl, 1+ 1) —1
= 2U(pii 1) — 1
=E [sign (g?l*l) ~gi)} .
This also shows that in expectation there is no difference between having 21 — 1 and 2/ nodes. O

C.8. Convergence Analysis in Parallel Setting: Speedup with respect to M/

Here we present the proof of exponential noise reduction in parallel setting in terms of number of nodes. We first state the
well-known Hoeffding’s inequality:

Theorem 6 (Hoeffding’s inequality for general bounded random variables; see (Vershynin, 2018), Theorem 2.2.6). Let

X1, X, ..., X be independent random variables. Assume that X,,, € [Au, Bm] for every m. Then, for any t > 0, we
have
M 02
Prob (X —EX) >t ] <exp| — .
(mz—l > Zn]\le(Bm - Am)2
Define random variables X", m = 1,2, ..., M showing the missmatch between stochastic gradient sign and full gradient

sign from node m and coordinate i:

Xm =

7

{—1, if sign g/ = sign g, (34)

1, otherwise

Clearly EX]™" = 1 — 2p; and Hoeffding’s inequality gives

M 2
t

m=1

Choosing t = M (2p; — 1) > 0 (because of SPB assumption) yields

M
Prob (Z X" > O) < exp (;(Qpl— — 1)2]\/[) .

m=1

Using Lemma 30, we get
M
21(pi, ;1) —1=E [sign (ggm -gi)} =1 —Prob <Z xm > 0) >1—exp(—(20: — 1)%1),
m=1

Ssee https://en.wikipedia.org/wiki/Beta_function#Incomplete_beta_function
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which provides the following estimate for pj/-norm:

(1= exp (=(2p(z) = 1)%1)) lg(@)llr < Ng(@)llpns < llg()]l1,
where p(x) = minj<;<q pi(z) > /2.

C.9. Distributed Training with Partitioned Data: Proof of Theorem 4

We follow the analysis of Cutkosky & Mehta (2020), who derived similar convergence rate for normalized SGD in single
node setting. The novelty in our proof technique is i) extending the analysis in distributed setting and ii) establishing a
connection between normalized SGD and sign-based methods via the new notion of stochastic sign.

Lemma 9 (see Lemma 2 in (Cutkosky & Mehta, 2020)). For any non-zero vectors a and b

_{a,b) _
lall

—*Ilbll + *II = bl

Proof. Denote ¢ = a — b and consider two cases. If ||c|| < 2|b|, then

() _ b2+ ey 0= el _ bl
BuL B <- <- < —3 100 < — 506l + 5 lla — o]
ol fal forel = 2l

Alternatively, if ||c|| > |||, then

_{a,b)
lall

<ol < —*Hbll + *Hbll < —*IIbH + *II I

We start from the smoothness of functions f,

Fown) = 57 30 (00 Fpon)
< A;i e = (e, + B ]
= fax) = 3p(VF(@x), ) + LT 2
< Ja) = TV ) s + o Z It
= fa) - % nM1<Vf<xk> D+ ‘”’; .

Denote g7 = V fn(2k), g = Vf(zi). Taking expectation conditioned on previous iterate z; and current stochastic
gradient g;;, we get

(g, m}) div2

E [f(zk41)lex, 3] < fln) EAl 2

- (35)
Lemma 9 dL’}/
< flaw) - *Ilgkll o Z Imy — gl + ——
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Next, we find recurrence relation for the error terms €}} := m}} — gi. Denote €} := g — gx, and notice that

€1 = Bmp + (1= B)giy1 — g
= B(my — grv1) + (1= B) (k11 — gr1)
= B(my — gr) + B(gk — gr+1) + (1 — B)ei11
= Bér + B9k — gr+1) + (1 — Begy1-

Unrolling this recursion and noting that € = € (due to initial moment m”; = gg), we get

k

k
=BG +BY B gkt — grr) + (1= B) Y B

t=0 t=0
From Assumption 2, we have
<o? ifk=F
E[{ef, e ¢~ " ’ 36
(e, k>]{:O itk £ R (36)
Using L,,-smoothness of functions f;,, again, we have
| M | M in )
lgw = gsall < 57 Solgk = giall < 57 3 Lallow = x| = T lsil < LoV, G7)
n=1 n=1

Therefore
k

t
Zﬁ €1t

k
Elléf il < 8 M legl + Y B4 gkt — grrell + (1 = BE

t=0 t=0
(37) k+1 L’Y\f - :
< B o+ T H (L= B E (Y Bl
1-5 t=0
(36) L k
< gt n+7\g+(1—ﬁ) > B*o?
t=0
L
/Bk+1 on + 1’}/\/74_ /
Averaging this bound over the nodes yields
o . L f
—ZEneknw + 1o+ VI8,

Then averaging over the iterates gives

K—-1 M ~ =~
LywWd
MZZEHW R L Y )

k=0 n=1 —HK 1-6

Taking full expectation in (35), we have
-1 M K-1

& > Bl < 2 > Bl ~ o) S I+ 5 Ly
— n=1 k=0
3G

=

=

\ /\

=0
0) = f+) 85 Siv\/g 3 3
K +(1—/3)K+ -5 +80\/1—B+§Ld'y.
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Now it remains to choose parameters ~ and 3 properly. Setting § =1 — \/% and v = ﬁ, we get
K-1 -
1 305 86 8Ly\f
= E < — 8a+/1 — 3Ld
KkZ:O loell < %+ T mm * +85\/1— B+ 3Ldy
16 Ld
< 6f+o+Lf+\/?

D. Recovering Theorem 1 in (Bernstein et al., 2019) from Theorem 1

To recover Theorem 1 in (Bernstein et al., 2019), first note that choosing a particular step size -y in (10) yields

15 \/MWM 2(f(z0) = )
K K .

Ellgul, < L with = /SR

(38)
k=0

Then, due to Lemma 1, under unbiasedness and unimodal symmetric noise assumption, we can lower bound general p-norm
by mixed {12 norm. Finally we further lower bound our /*2 norm to obtain the mixed norm used in Theorem 1 of (Bernstein
etal, 2019): let Hy = {1 <i < d: 0; < V3/2|g 4|}

dL(f(zo) = f*) _ 5 1 =
5 > —== > Elgl,
K V2 K &~
5 K-—1 K—
> —=—= > Elglln>=—7=—
\/EK k=0 \/>K z:: ;lgz|+\/>0‘l
K—-1
5 1 f gk
> EE E Z lgk,il + — Z :
k=0 zer i¢ Hy,

Z|gm|+zg’”

1€EH 1¢Hk

IV
==
HMX



