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Abstract
We study the attribution problem in a graphical
model, wherein the objective is to quantify how
the effect of changes at the source nodes propagates through the graph. We develop a modelagnostic flow-based attribution method, called recursive Shapley value (RSV). RSV generalizes
a number of existing node-based methods and
uniquely satisfies a set of flow-based axioms. In
addition to admitting a natural characterization for
linear models and facilitating mediation analysis
for non-linear models, RSV satisfies a mix of desirable properties discussed in the recent literature,
including implementation invariance, sensitivity,
monotonicity, and affine scale invariance.

1. Introduction
Quantifying effect propagation is a fundamental problem,
related to various concepts on causality: direct / indirect
effects (Pearl, 2001), responsibility (Chockler & Halpern,
2004), explanations (Halpern & Pearl, 2005), mediation
analysis (MacKinnon et al., 2007), and causal influence
(Janzing et al., 2013). A recent application of effect propagation is on interpretable ML / explainable AI (XAI) (Adadi
& Berrada, 2018). For example, in a neural network, quantifying how the effect of changes at the input layer propagates
through the network aids in explaining its behavior, thus
turning a complex and opaque AI system into a “glassbox” (Sokol & Flach, 2018; Biecek, 2018; Turek, 2020). In
addition to being desirable, model interpretability is now enforced as a “right to explanation” (Selbst & Powles, 2018),
highlighting the need to understand effect propagation.
In this work, we consider a graphical model where the underlying graph is a DAG with arbitrary relations between the
variables (“model agnostic”). This is an adequately general
framework capturing a wide array of causal and AI systems
(e.g., non-linear structural equations and neural networks).
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For instance, as we illustrate in §6, our framework can be
used to understand whether sensitive attributes exert an “unfair” influence on the output (e.g. school admission or credit
approval). The key research question addressed is: “Given
a change in the “source” nodes, how does the effect (change
in the output) flow through the graph?”
X1
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Y

Figure 1. Example of a linear graphical model. X1 is set exogenously, X2 = 2X1 , X3 = 3X1 , and Y = 5X1 + X2 + X3 .

As an example, consider the deterministic graphical model
in Figure 1, specified by linear structural equations. Suppose
the value at source node (without parents) X1 changes from
0 to 1. As a result, the output Y changes from 0 to 10. How
does the effect (10) of this change at X1 flow through the
graph? For this linear model, a natural answer is to use the
edge weights: path X1 → X2 → Y propagates 20% of
the effect, X1 → Y propagates 50%, and X1 → X3 → Y
propagates 30%. It is of interest to address the following
questions regarding how changes at the “source” nodes flow
through the graph: (a) what if the model is non-linear and
(b) how the graph structure impacts the propagation.
The main contribution is to develop a flow-based attribution
method that quantifies effect propagation, coined recursive
Shapley value (RSV). RSV operates on a top-down principle
by first attributing to the “source” nodes and then flowing it
down the DAG, as illustrated in Figure 2. RSV generalizes
a number of existing methods. Further, we establish RSV’s
uniqueness to a set of flow-based axioms, characterize it
under a linear model, and illustrate how it facilitates mediation analysis in non-linear models. Finally, we demonstrate
its adherence to various desirable properties discussed in
the recent literature, including implementation invariance,
sensitivity, monotonicity, and affine scale invariance.
Outline. The attribution problem is stated in §2, limitations
of existing approaches1 in §3, and the proposed approach in
1
We focus on the XAI literature and plan to explore connections
with the causality literature in a future work.
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Figure 2. Illustration of RSV on the model from Figure 1. First, RSV attributes all the value of 10 (i.e., change in Y ) to node 1. Second,
RSV splits node 1’s value (10) to its outgoing edges by evaluating their “contributions” via counterfactual questions of the following form:
how much attribution would node 1 have received if edge (1, 2) had not propagated the change at node 1? Third, RSV flows down the
value received by node 2 to its outgoing edge by evaluating the attribution node 2 would have received if edge (2, Y ) had not propagated
the change at node 2. Fourth, RSV repeats the procedure at node 3.

§4, followed by its properties and an application in §5 and
§6, respectively. Concluding remarks are drawn in §7.

2. Problem Definition
We start by defining the underlying graphical model (§2.1)
followed by the attribution problem (§2.2).
2.1. Graphical Model Setting
Consider a graph G = (N+ , E) with node set N+ :=
{1, . . . , n, n + 1} and edge set E. There may be multiple
source nodes (nodes without “parents”) and we denote their
collection by N0 . The output of interest (e.g., model prediction) is captured by the sink node (node without “children”)
that corresponds to node n + 1. For ease of exposition,
the focus is on a single sink node, but generalizations are
straightforward. Define N := N+ \ {n + 1} = {1, . . . , n}.
We assume G to be directed acyclic (DAG). Node i is a
parent of node j (and node j is a child of node i), if there
exists an edge (i, j) in E. Denote by Pj the set of parents
of node j, i.e., Pj := {i ∈ N : (i, j) ∈ E} ∀j ∈ N+ .
By definition, source nodes do not have any parents, i.e.,
Pj = ∅ for all j ∈ N0 . Denote by Ci the set of children
of node i, i.e., Ci := {j ∈ N+ : (i, j) ∈ E} ∀i ∈ N+ .
By definition, the sink node does not have any children,
i.e., Cn+1 = ∅. Node i ∈ N corresponds to a (possibly
multi-dimensional) variable Xi and the sink node n + 1 to
variable Y ∈ R. Occasionally, we will use Xn+1 to denote
Y . Define X := (X1 , . . . , Xn ) and XN := (Xi )i∈N for
all N ⊆ N. For ease of exposition, we assume each node
to be a deterministic function of its parents: Xi = fi (XPi )
for all i ∈ N+ \ N0 . Extension to stochastic functions is
possible via structural equations with errors (Pearl, 2009),
as illustrated with an example in §6 (Example 3). The values
of the source nodes N0 are set exogenously and independently of each other. We denote the output as a function of
all the variables in the DAG by Y = f (X), which equals
fn+1 (XPn+1 ). Given the deterministic setup along with the
DAG structure, the source variables XN0 are sufficient to
determine the output Y . The graphical model is denoted by
M := (G, F), where F := [fi (·)]i∈N+ \N0 .

Remark 1. The relationships in F are not necessarily
causal; in case they are, then the posited graphical model is
also causal. Hence, the proposed general framework captures causal graphs as a special case, but is not restricted
to them, thus reflecting a wide array of ML / AI systems.
2.2. The Attribution Problem
Next, we state the attribution problem.
We are
interested in two values of the input variables X:
(1)
(1)
X(1) := (X1 , . . . , Xn ) (background) and X(2) :=
(2)
(2)
(X1 , . . . , Xn ) (foreground). Both X(1) and X(2) satisfy the equations in F. Since the system is deterministic, changes at source nodes dictate changes in the entire graph. The background X(1) defines the baseline output Y (1) := f (X(1) ), and analogously Y (2) := f (X(2) ).
Hence, the change in the output Y equals Y (2) −Y (1) . Since
source nodes N0 capture all the exogenous sources of variation, the change in Y is solely driven by the magnitude of
the change at N0 and its propagation through the DAG.
The question of interest is how to attribute the change in Y
to the changes at N0 and their propagation through edges. In
a DAG with a single node, i.e., n = 1, attribution is trivial
since the single node is solely responsible for the change
and hence, receives 100% attribution, which flows through
the only edge. However, in a DAG with n > 1 nodes, there
can be non-trivial interactions. How does one decouple such
interactions? Is it possible to leverage the structure of the
graphical model and compute a flow-based attribution?
To address these questions, some additional notation is introduced: [πi ]i∈N denotes attribution to nodes and [πij ](i,j)∈E
attribution to edges (attribution flow). Their scale is expressed in terms of Y (2) − Y (1) . In our deterministic setup,
since the source nodes capture allPthe exogenous source of
variation, a desirable property is i∈N0 πi = Y (2) − Y (1) ,
which we call source efficiency. Further, we require that
flow be conserved at each node, i.e., flow in equals flow out.
DefinitionP1 (Flow conservation).
At internal node j ∈
P
N \ N0 ,
i∈Pj πij =
k∈Cj πjk . For source nodes,
P
P
= Y (2) − Y (1) .
At sink node,
i∈N0
j∈Ci πij
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P

i∈Pn+1

πi,n+1 = Y (2) − Y (1) .

Wang et al. (2021) advocate for a similar property: “cut
efficiency”. It is easy to verify that flow conservation holds
iff cut efficiency holds. Moreover, flow conservation generalizes the conservation properties in Bach et al. (2015) as we
do not assume G to be layered. Though flow conservation is
desirable, it is not sufficient to output a unique flow.
Given our focus on attribution, we assume M to be given.
Graph estimation / causal discovery (Peters et al., 2017;
Glymour et al., 2019) is an active area of research and we
emphasize that even with a known graphical model / causal
graph, attribution is challenging. As noted in Remark 1, M
need not be causal and hence, we can “incorporate known
causal relationships without the prohibitive requirement of
a full causal graph”, as advocated in Frye et al. (2020b).

3. Existing Approaches and Their Limitations
Next, we use the proposed framework to discuss existing approaches in the XAI literature, including node-based (§3.1)
and edge- / flow-based (§3.2).
3.1. Node-based Approaches
Node-based approaches typically use the Shapley value
(SV) (Shapley, 1953)2 for attribution to the nodes in a graph.
They consider the nodes as the players in the underlying
game and define an appropriate coalition and a characteristic
function. The attribution received by a node is its SV in
the constructed game. Depending on how the coalition and
the characteristic function are defined, the attribution can be
different. Independent SV (ISV) (Strumbelj & Kononenko,
2010; Sun & Sundararajan, 2011; Sundararajan et al., 2020;
Janzing et al., 2020; Sundararajan & Najmi, 2020) attributes
all the value to the parents of the output node, whereas conditional SV (CSV) (Štrumbelj & Kononenko, 2014; Datta
et al., 2016; Lundberg & Lee, 2017; Aas et al., 2019; Frye
et al., 2020a) attributes to all the nodes. Both violate source
efficiency. Asymmetric SV (ASV) (Frye et al., 2020b) satisfies source efficiency, but does not inform how the effect flows through the DAG. We formally define these approaches using our graphical model language in Appendix
A and focus here on illustrating their key limitations via a
simple example (Example 1).
X1

X2

Y

Figure 3. The graphical model for Example 1. The source variable
X1 is set exogenously, X2 = X1 , and Y = X2 . We consider
(1)
the background value of X1 = 0 and the foreground value of
(2)
(1)
(2)
X1 = 1. Hence, X2 = Y (1) = 0 and X2 = Y (2) = 1.
2

See Chapter 8 (Peleg & Sudhölter, 2007) for a primer on SV.

3

Example 1 (Chain). Consider the model in Figure 3. ISV
attributes all the value to node 2: (π1ISV , π2ISV ) = (0, 1). CSV
splits the value: (π1CSV , π2CSV ) = (1/2, 1/2). Thus, ISV and
CSV violate source efficiency. ASV attributes all the value
to node 1: (π1ASV , π2ASV ) = (1, 0). Though ASV obeys source
efficiency, it does not identify how the effect flows through
the DAG. (Detailed computations are given in Appendix A.)
We note that such node-based approaches are better suited
for regression settings, wherein all the nodes in the DAG
except the sink node are source nodes. A flow-based view is
most useful in “hierarchical” graphs. In fact, as we discuss
in §5, our flow-based approach recovers such node-based
approaches for regression settings.
3.2. Edge-based / Flow-based Approaches
Approaches such as LRP (Bach et al., 2015; Binder et al.,
2016), DeepLIFT (Shrikumar et al., 2017), conductance
(Dhamdhere et al., 2018), and internal influence (Leino
et al., 2018) are flow-based but model-specific, since they
impose assumptions on the model M (e.g., layered structure
in G or continuity / linearity in F). As Frye et al. (2020b)
note, “model-specific approaches are bespoke in nature and
do not solve the problem of explainability in general”. The
approach we propose in §4 is model-agnostic (Ribeiro et al.,
2016), wherein we allow for an arbitrary M (as long as G is
a DAG). Further, backpropagation-based approaches such
as LRP (Binder et al., 2016), DeepLIFT (Shrikumar et al.,
2017), and DeepSHAP (Lundberg & Lee, 2017) do not
satisfy implementation invariance (see §8.2 of Dhamdhere
et al. (2018)), whereas our approach does (§5).
The closest idea to our approach is Shapley Flow (SF) (Wang
et al., 2021). At a high-level (details in Appendix B), in
contrast to our edge-based approach, SF is path-based as it
considers each source-to-sink path as a player. Furthermore,
SF modifies the original definition of SV by only considering orderings that are consistent with a depth first search
(discussed in Appendix B). Given this modification, it is
unclear what connection SF exhibits with SV (if any). To
the best of our knowledge, there is no underlying “game” for
which SF is the SV of 3 . On the other hand, our edge-based
proposal comes out naturally from a well-defined sequence
of games, without any ad hoc modifications.
There exists a growing body of literature on interpretable
ML in addition to the approaches discussed above. We refer
the reader to Molnar (2020) and Molnar et al. (2020) for a
3
Given a cut, Wang et al. (2021) define a game with the cut-set
being the players. A coalition is defined to be a “partial history
from t = 0 to any t ∈ [0 . . . T ]”, where a “history is a list of
edges detailing the event from t = 0 (values being X (1) ) to t = T
(values being X (2) )”. The characteristic function is “the evaluation
of f following the coalition”. We are unable to map this to a formal
game and verify its connection to the path-based formula of SF.
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comprehensive overview. It suffices to note that this stream
of literature does not focus on flow-based approaches and
hence, is not directly related to our goal.

Notation Xij is new. Xn+1 (E) denotes the output Y (E).
Hence, the notation Y (E) is well-defined for all E ⊆ E.
With this notation at hand, we proceed to providing intuition.

4. The Recursive Shapley Value Approach

4.1. Intuition Guiding RSV

We start by defining necessary quantities, followed by intuition (§4.1) and then a formal definition (§4.2). Finally, we
establish related axioms (§4.3).

The RSV approach first attributes to the source nodes. Then,
it flows down the DAG the attributions by computing the
“contribution” of each outgoing edge (“top-down”). As a
concrete example, consider the graph in Figure 5 and an arbitrary F. Recall that X changes from X(1) to X(2) , resulting
in Y changing from Y (1) to Y (2) . In the deterministic setup,
source nodes N0 = {1, 2} capture all the exogenous source
of variation and hence, the change in Y is solely driven by
how the changes at (X1 , X2 ) propagate through the DAG.
Thus, in agreement with distal ASV (Frye et al., 2020b), we
first attribute to the source nodes. To do so, we consider
the following game at node 0. The set of players is E0 =
{(0, 1), (0, 2)}. Given a coalition E0 ⊆ E0 , the characteristic function is defined as v0 (E0 ) := Y (E0 , E1 , E2 , E3 , E4 ),
where the notation Y (·) follows (1) and (2). All downstream edges (E1 , E2 , E3 , E4 ) are active. Then, edges (0, 1)
and (0, 2) receive attributions π01 and π02 equal to the SVs
of this game (Figure 6). Source efficiency is satisfied, since
π1 + π2 = π01 + π02 = v0 (E0 ) − v0 (∅) = Y (2) − Y (1) .
The second equality follows SV efficiency and the third
equality is by construction. For clarity, we use π01 (E),
π02 (E), π1 (E), and π2 (E) to capture the dependence on
E = (E0 , E1 , E2 , E3 , E4 ).

For convenience, we insert a super-source (node 0) to G
with edges directed to source nodes: (0, j) for j ∈ N0 . We
re-define E ← E ∪ {(0, j) : j ∈ N0 } to include the supersource edges, and N ← N ∪ {0} and N+ ← N+ ∪ {0} to
include the super-source node. We still use N0 to denote
the original set of source nodes (and not the super-source).
Ei := {(i, j) : j ∈ Ci } denotes outgoing edges of node
i ∈ N and hence, (E0 , . . . , En ) is a partition of E. Our flowbased approach outputs edge attributions [πij ](i,j)∈E and we
define nodePattributions as the sum of all incoming flows,
i.e., πj := i∈Pj πij for all j ∈ N \ {0}.
The notion of an edge being active or inactive, defined next,
proves helpful in the sequel. In the posited framework, an
edge communicates information. Thus, motivated by Pearl
(2001), an edge (i, j) ∈ E being active means it transmits
the “updated” value Xi from node i to j, whereas an inactive edge (i, j) ∈ E is unable to communicate the “update”
(1)
and thus, node j receives the background value Xi , as
illustrated in Figure 4.

0
0

X1

X2

Y

Figure 4. Illustration of active and inactive edges. Set of edges
E = {(0, 1), (1, 2), (1, 3), (2, 3)}. Node “3” corresponds to Y .
Edges (1, 3) and (2, 3) are inactive (red dashed lines). Node 1
(2)
is set to the foreground X1 since edge (0, 1) is active. Node 2
(2)
(2)
receives X1 (since edge (1, 2) is active and X1 is set to X1 )
(1)
but node 3 (“Y ”) receives X1 (since edge is (1, 3) inactive) and
(1)
(2)
X2 (since edge (2, 3) is inactive). Hence, X1 = X1 , X2 =
(2)
(1)
(1)
f2 (X1 ), and Y = f3 (X1 , X2 ). If edge (0, 1) were inactive,
(1)
(1)
(1)
(1)
then X1 = X1 , X2 = f2 (X1 ), and Y = f3 (X1 , X2 ).

In general, consider any subset of active edges E ⊆ E. Then,
each source node i ∈ N0 is set as follows:
(
(1)
Xi
if (0, i) ∈
/E
Xi (E) :=
(1)
(2)
Xi
if (0, i) ∈ E.
Each non-source node j ∈ N+ \{N0 ∪{0}} obeys Xj (E) =
fj ((Xij (E))i∈Pj ), where for all i ∈ Pj ,
(
(1)
Xi
if (i, j) ∈
/E
Xij (E) :=
(2)
Xi (E) if (i, j) ∈ E.

X1

X2

X3

X4
Y

Figure 5. Graph for illustrating RSV’s intuition.

Next, we proceed down to nodes 1 and 2. Attribution
through node 1 is trivial since it only has one outgoing
edge. Hence, flow conservation implies π13 = π1 (E).
However, understanding how π2 (E) flows through node
2 is non-trivial, since node 2 has two outgoing edges:
E2 = {(2, 3), (2, 4)}. We wish to understand how much of
the attribution received by node 2 is due to the “presence”
of each of these two edges. Recall that in the game at node
0, we assumed the downstream edges to be active. Hence,
if both (2, 3) and (2, 4) are active, then node 2 receives an
attribution of π2 (E0 , E1 , E2 , E3 , E4 ). To determine π23 and
π24 , we posit the following counterfactual questions. How
much attribution would node 2 have received if both (2, 3)
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Figure 6. Visualizing the computation of π02 . Edge (0, 2) receives an attribution equal to its “value-add”, which is evaluated via the
following counterfactual question: how much would have been the effect (change at node Y ) had edge (0, 2) been inactive? Note that
there are two possibilities in such a counterfactual question: (a) edge (0, 1) is inactive and (b) edge (0, 1) is active. The difference
between the first two subfigures corresponds to possibility (a), i.e., value-add of edge (0, 2) when edge (0, 1) is inactive. Similarly, the
difference between the last two subfigures corresponds to possibility (b), i.e., value-add of edge (0, 2) when edge (0, 1) is active. The
attribution received by edge (0, 2) is the weighted average of these two value-adds, where the weights come from the classical SV (1/2 for
this instance). Note that all downstream edges (E1 , E2 , E3 , E4 ) are active. The computation of π01 can be visualized similarly.
X2

X3

X4
Y

X2

X3

X4
Y

X2

X3

X4
Y

X2

X3

X4
Y

Figure 7. Visualizing the computation of π23 . Edge (2, 3) receives an attribution equal to its “value-add”, which is evaluated via the
following counterfactual question: how much attribution would node 2 have received had edge (2, 3) been inactive? Note that there are
two possibilities in such a counterfactual question: (a) edge (2, 4) is inactive and (b) edge (2, 4) is active. The difference between the first
two subfigures corresponds to possibility (a), i.e., value-add of edge (2, 3) when edge (2, 4) is inactive. Similarly, the difference between
the last two subfigures corresponds to possibility (b), i.e., value-add of edge (2, 3) when edge (2, 4) is active. The attribution received
by edge (2, 3) is the weighted average of these two value-adds, where the weights come from the classical SV (1/2 for this instance).
However, one still needs to compute the attribution node 2 receives in each of these four subfigures. In Figure 6, we did this computation
for the third subfigure here, i.e., assuming both (2, 3) and (2, 4) to be active. Figure 8 below shows the computation corresponding to the
first subfigure, i.e., (2, 3) active but (2, 4) inactive. Computations for subfigures 2 and 4 are similar and not shown for brevity. Further,
the computation of π24 can be visualized similarly.

and (2, 4) were inactive? What if one of them was inactive?
Observe that in the game at node 0, if both (2, 3) and (2, 4)
were inactive, then the corresponding characteristic function
would have been Y (E0 , E1 , ∅, E3 , E4 ) ∀E0 ⊆ E0 and edge
(0, 2) (and hence, node 2) would have received zero attribution, i.e., π2 (E0 , E1 , ∅, E3 , E4 ) = 0. Hence, edges (2, 3)
and (2, 4) are “responsible” for node 2 receiving π2 (E) and
it seems logical to conserve flow: π2 (E) = π23 + π24 . However, this is not sufficient to uniquely determine (π23 , π24 ).
An easy case corresponds to a setting, wherein an edge being
active or inactive does not change the attribution received
by node 2. Then, it seems natural to assign zero attribution
to that edge (“nullity”). Another easy case is if both edges
“exert same impact” on the attribution received by node 2.
For example, if node 2 received an attribution of π2 (E)/2 if
either of the edges were active, then splitting π2 (E) equally
between the two edges seems appropriate (“symmetry”).
To operationalize this intuition, we consider the following

game at node 2, with the set of players being E2 . Given a
coalition E2 ⊆ E2 , the characteristic function is defined as
the attribution received by node 2 from the game at node 0
(hence, “recursive”), i.e., v2 (E2 ) := π2 (E0 , E1 , E2 , E3 , E4 ).
Then, edges (2, 3) and (2, 4) receive attributions π23 and
π24 equal to the SVs of this game (Figure 7). Flow conservation holds since π23 + π24 = v2 (E2 ) − v2 (∅) = π2 (E).
We then move down to nodes 3 and 4, which use a similar
logic. The set of players at the node 3 game is E3 and given
coalition E3 ⊆ E3 , the characteristic function is defined as
the attribution received by node 3 from the upstream games,
i.e., v3 (E3 ) := π3 (E0 , E1 , E2 , E3 , E4 ).
Remark 2. Our “top-down” philosophy is fundamentally
different from backpropagation-based (“bottom-up”) approaches that rely on an ad hoc “chain rule” and a “linear approximation” to conserve flow (see (15) and (16) in
Lundberg & Lee (2017)). As shown in §4.3, RSV naturally
satisfies flow conservation and three additional flow-based
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Figure 8. Visualizing the computation of π02 (attribution node 2 receives) when edge (2, 4) is inactive. The four subfigures here are
identical to those in Figure 6 but with one difference: edge (2, 4) in inactive. The computational procedure is the same as discussed in the
caption of Figure 6.

properties. Further, as we establish in Proposition 1, it
obeys implementation invariance, which is a known issue
with bottom-up approaches (Dhamdhere et al., 2018).
4.2. Recursive Shapley Value
RSV involves multiple recursions. A recursion is initialized
via a game at each node j ∈ N \ {0}, with set of
players Ej . Given a coalition Ej ⊆ Ej , the characteristic
function is defined as the attribution received by node
j from the upstream games assuming all other edges to
be active, i.e., vj (Ej ) := πj (E0 , . . . , Ej , . . . , En ) =
P
Then, the ati∈Pj πij (E0 , . . . , Ej , . . . , En ).
tribution received by edge (j, k) ∈ Ej equals
the
P corresponding SV of this game: πjk (E) =
Ej ⊆Ej \{(j,k)} wEj (Ej ) × {vj (Ej ∪ {(j, k)}) − vj (Ej )},
where wEj (Ej ) := |Ej |!(|Ej | − |Ej | − 1)!/|Ej |! is the
SV weight. Observe that πjk (E0 , . . . , En ) depends on
πij (E0 , . . . , Ej , . . . , En ) for Ej ⊆ Ej , where i is a parent
of j; the latter defines a recursion. When computing
πij (E0 , . . . , Ej , . . . , En ) at any upstream node i ∈ Pj ,
the characteristic function of the corresponding game
at node i would be πi (E0 , . . . , Ei , . . . , Ej , . . . , En ) for
Ei ⊆ Ei , as opposed to πi (E0 , . . . , Ei , . . . , Ej , . . . , En ),
i.e., we do not assume all other edges to be active
within a recursion, but only at its initialization. The
pseudocode in Algorithm 1 below clarifies this. We use the
notation vj (Ej | E−j ) to emphasize the difference when
needed, where E−j := (E0 , . . . , Ej−1 , Ej+1 , . . . , En )
and E` ⊆ E` ∀` ∈ N. Unless otherwise stated,
vj (·) = vj (· | E−j ) ∀j ∈ N.
Every recursion breaks via a game at node 0, which
is defined as follows. Consider an arbitrary collection of downstream edges (E1 , . . . , En ), where E` ⊆
E` , ∀` = 1, . . . , n. We define this game conditioned
on (E1 , . . . , En ), with set of players E0 . Given a coalition E0 ⊆ E0 , the characteristic function is defined as
the output value given edges E−0 (recall (1) and (2)), i.e.,
v0 (E0 | E−0 ) := Y (E0 , E−0 ). Then, the attribution received by edge (0, k) ∈ E0 equals the corresponding SV

P
of this game: π0k (E0 , E−0 ) = E0 ⊆E0 \{(0,k)} wE0 (E0 ) ×
{v0 (E0 ∪ {(0, k)} | E−0 ) − v0 (E0 | E−0 )}, which is nonrecursive. The attribution received by super-source edges
themselves correspond to the game at node 0 with all downstream edges being active: (E1 , . . . , En ).
Each recursion is well-defined due to the DAG and boils
down to evaluating Y (E) for E ⊆ E. Algorithm 1 along
with the sub-routine Algorithm 2 formalize the recursive
RSV
procedure to compute RSV. Algorithm 1 outputs πjk
=
πjk (E) ∀(j, k) ∈ E. The inputs N and E to Algorithm 1 are
assumed to contain the super-source node and edges.
Algorithm 1 RSV(N, E)
1: for (j, k) ∈ E
RSV
2:
πjk
= RSVjk (E0 , . . . , En )
3: end for
RSV
4: return [πjk
](j,k)∈E
RSV
RSV
RSV
In Example 1, (π01
, π12
, π23
) = (1, 1, 1) (see Appendix
RSV
C), where π01 is the flow received by node 1. Thus, RSV
gives a complete view of effect propagation. In fact, for
Example 1, flow conservation suffices to uniquely determine
this flow. However, this is not true in general. Hence, it is
of interest to investigate what properties uniquely determine
an attribution flow, a task resolved next.

4.3. Flow-based Axioms
The first property is flow conservation, as introduced in
§2. The second and third properties are flow symmetry
and nullity, as alluded to in §4.1. Informally, symmetry
requires “equivalent” outgoing edges to receive the same
flow, whereas nullity requires a “redundant” edge to receive
zero flow. The fourth property is flow linearity, presented
after the formal definition of these properties.
Definition 2. The flow-based axioms are as follows:
P
(2)
1. Flow
− Y (1) and
k∈C0 π0k = Y
P conservation:
P
i∈Pj πij =
k∈Cj πjk ∀j ∈ N \ {0}.
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Algorithm 2 RSVjk (E0 , . . . , En )
1: if j > 0
% recursion
P
P
2:
return Ej ⊆Ej \{(j,k)} wEj (Ej ) × i∈Pj {RSVij (E0 , . . . , Ej ∪ {(j, k)}, . . . , En ) − RSVij (E0 , . . . , Ej , . . . , En )}
3: else
% base case
P
4:
return E0 ⊆E0 \{(0,k)} wE0 (E0 ) × {Y (E0 ∪ {(0, k)}, E1 , . . . , En ) − Y (E0 , E1 , . . . , En )}
5: end if
2. Flow symmetry: For node j ∈ N, if (j, k) ∈ Ej and
(j, `) ∈ Ej are such that vj (Ej ∪ {(j, k)}) = vj (Ej ∪
{(j, `)}) ∀Ej ⊆ Ej \ {(j, k), (j, `)}, then πjk = πj` .
3. Flow nullity: For node j ∈ N, if vj (Ej ∪ {(j, k)}) =
vj (Ej ) ∀Ej ⊆ Ej \ {(j, k)}, then πjk = 0.
4. Flow linearity: For node j ∈ N, consider characteristic functions vj (·) and uj (·). Linearity requires
πjk (vj +uj ) = πjk (vj )+πjk (uj ) ∀(j, k) ∈ Ej . (Notation πjk (vj ) captures the dependence of πjk on vj (·).)
Note that flow conservation is stated differently than in
Definition 1, but the two are equivalent. To interpret linearity, observe that [vj (·)]j∈N , as defined in §4.2, ultimately
corresponds to F since for all j ∈ N, vj (·) boils down to
evaluating v0 (·), which depends on F. Think of [uj (·)]j∈N
corresponding to a different population of X, such that
the underlying equations are different (say F0 ). Linearity
requires the attribution to be robust to mixing heterogeneous populations. That is, mixing the two populations
first (vj + uj ) and using the mixture population to compute
attribution (πjk (vj + uj )) should be the same as computing attributions on individual populations first (πjk (vj ) and
πjk (uj )) and mixing them later (πjk (vj ) + πjk (uj )).
To interpret symmetry in terms of the model primitive Y (·),
it is easy to verify that for node j ∈ N, if (j, k) ∈ Ej and
(j, `) ∈ Ej obey Y (E ∪ {(j, k)}) = Y (E ∪ {(j, `)}) ∀E ⊆
E \ {(j, k), (j, `)}, then flow symmetry implies πjk = πj` .
Similarly, if Y (E ∪ {(j, k)}) = Y (E) ∀E ⊆ E \ {(j, k)},
then flow nullity implies πjk = 0. Having defined the
axioms, we establish in Theorem 1 that RSV is their unique
solution (proof given in Appendix D).
RSV
Theorem 1. [πjk
](j,k)∈E is the unique solution to the flowbased axioms.

Theorem 1 follows when the uniqueness of SV is applied to
the game at each node. Thus, the novelty is primarily in constructing the overall flow-based recursive framework, which
facilitates such axioms in the first place. Further, in the
original SV setting (Shapley, 1953), uniqueness holds for a
given game (defined via the set of players and the characteristic function). Thus, uniqueness of RSV holds given our
choice of n + 1 games (one game for each node in N). For
the game at node 0, we defined the set of players as E0 and
the characteristic function as Y (E0 , E1 , . . . , En ) ∀E0 ⊆ E0 .

For the game at node j ∈ N \ {0}, we defined the set of
players as Ej and the characteristic function as the attribution
received by node j from the upstream games, i.e.,
P
i∈Pj πij (E0 , . . . , Ej , . . . , En ) ∀Ej ⊆ Ej . Such a setup
seems apt as it naturally results in flow conservation. Further, as we show in §5, RSV satisfies additional properties
that have been deemed desirable in the ML / AI literature.
To conclude this section, we illustrate the flow-based axioms
via a DAG equipped with linear equations F (Example 2).
Example 2 (Linear model). Consider the model in Figure
9. RSV attributes a12 a24 to edges (1, 2) and (2, 4), a13 a34
to edges (1, 3) and (3, 4), and a14 to edge (1, 4).
X1
X2

X3
Y

Figure 9. The model for Example 2. The source variable X1 is
set exogenously, X2 = a12 X1 , X3 = a13 X1 , and Y = a14 X1 +
(1)
a24 X2 + a34 X3 . We consider the background X1 = 0 and the
(2)
(1)
(1)
(1)
foreground X1 = 1. Hence, (X2 , X3 , Y ) = (0, 0, 0) and
(2)
(2)
(X2 , X3 , Y (2) ) = (a12 , a13 , a14 + a12 a24 + a13 a34 ). (Node
0 is not included for brevity.)

Flow conservation is straightforward. To understand symmetry, suppose a12 = a13 and a24 = a34 , so that the node
1 change communicated to the output node through edge
(1, 2) is identical to that through (1, 3). RSV attributes the
same flow to both these edges. For nullity, suppose ajk = 0
for some (j, k) ∈ E. RSV attributes zero flow to such an
edge. Finally, for linearity, consider a different model with
the same G, but different coefficients a0jk for all (j, k) ∈ E.
RSV in the “mixture” model (ã = (a + a0 )/2) equals the
RSV under the individual models “averaged” together. For
example, mixture model attributes (a14 + a014 )/2 to edge
(1, 4) and individual models attribute a14 and a014 .
Example 2 also illustrates how RSV distinguishes direct /
indirect effects (Pearl, 2001; Basu, 2020; Schamberg et al.,
2020). The direct effect of X1 on Y is captured via the flow
to edge (1, 4), i.e., a14 , and the indirect effect is captured
through edges (1, 2) and (1, 3): a12 a24 + a13 a34 . Further,
RSV decomposes the indirect effects and hence, facilitates
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mediation analysis (MacKinnon et al., 2007; Heskes et al.,
2020). From MacKinnon et al. (2007), “a mediating variable
transmits the effect of an independent variable on a dependent variable”. In Figure 9, X1 is the independent variable
and it changes from 0 to 1, causing the dependent variable Y
to change from 0 to a14 + a12 a24 + a13 a34 . RSV precisely
quantifies how much of the effect is transmitted through the
mediating variables X2 (a12 a24 ) and X3 (a13 a34 ).

Proposition 1. RSV obeys implementation invariance, sensitivity(a), and sensitivity(b).

It is possible to generalize such analysis
P to an arbitrary DAG
G with linear equations F: Xj = i∈Pj aij Xi ∀j ∈ N+ \
{N0 ∪0}. For brevity, we defer it to Appendix E (Proposition
A). Such a flow seems natural for a linear model and the
node-based approaches fail this sanity check. Though some
edge-based approaches (e.g. DeepSHAP) obey Proposition
A (easy to verify), they violate implementation invariance,
as we discuss next.

5.2. Demand Monotonicity and Affine Scale Invariance

See Appendix F.1 for a proof. As shown using an example
by Dhamdhere et al. (2018), backpropagation-based approaches (e.g. DeepSHAP) lack such robustness. We show
RSV’s robustness using the same example in Appendix F.2.

We now establish RSV obeys the “proper uniqueness result” of Sundararajan & Najmi (2020) by satisfying demand
monotonicity (DM) and affine scale invariance (ASI).
Definition 6 (DM). Suppose g(·) is monotone in Xi for
(1)
some i ∈ N0 . Consider background XN0 and foreground
(2)

(XN0 \{i} , xi ). An attribution method obeys DM if πi in(1)

(2)

creases as xi increases, holding XN0 and XN0 \{i} fixed.

5. Additional Properties of RSV
We now establish RSV obeys four additional properties that
have been deemed desirable in the recent literature.
5.1. Implementation Invariance and Sensitivity
Sundararajan et al. (2017) propose “two axioms that every
attribution method must satisfy”: implementation invariance and sensitivity. Implementation invariance refers to
the robustness of attribution w.r.t. “internal” changes in the
model. We define it in our langauage next, where g(·) denotes the mapping from source nodes to the output, i.e.,
Y = g(XN0 ) (with (E1 , . . . , En ) active).
Definition 3 (Implementation invariance). Consider models
M1 = (G1 , F1 ) and M2 = (G2 , F2 ) with the same source
nodes, i.e., N0 (G1 ) = N0 (G2 ), and the same input-output
mapping, i.e., g(· | F1 ) = g(· | F2 ). An attribution method
obeys implementation invariance if the source nodes receive
the same attribution under the two models, i.e., πj (M1 ) =
πj (M2 ) ∀j ∈ N0 .
Sundararajan et al. (2017) define sensitivity in two parts,
which we formalize in our language next.

Definition 7 (ASI). Suppose G is topologically sorted
so that nodes 1 to |N0 | denote source nodes. Consider
an alternate input-output function g 0 (·) s.t. ∀c ∈ R and
d ∈ R, g(XN0 ) = g 0 (X1 , . . . , (Xj − d)/c, . . . , X|N0 | ),
for j ∈ N0 arbitrary.
An attribution method
(2)
(1)
(2)
(2)
obeys ASI if πi (XN0 , XN0 , g) = πi ((X1 , . . . , cXj +
(2)

(1)

(1)

d, . . . , X|N0 | ), (X1 , . . . , cXj
N0 .

(1)

+ d, . . . , X|N0 | ), g 0 ) ∀i ∈

Proposition 2. RSV obeys DM and ASI.
See Appendix F.3 for a proof. Before concluding this section, we note that a key reason RSV obeys such properties is
its top-down nature. In fact, distal ASV (Frye et al., 2020b)
operates on a similar principle and satisfies such properties
too. Interestingly, RSV generalizes the node-based distal
ASV to a flow-based attribution. In particular, RSV attributes the same value to the source nodes as distal ASV,
but in addition, gives a breakdown of how the effect flows
through the graph. Proposition 3 formalizes this connection
(proof in Appendix G.1).

(1)

Definition 4 (Sensitivity(a)). Consider background XN0
(2)

(1)

and foreground XN0 s.t. Xj
(1)

Xi

(2)

= Xj

∀j ∈ N0 \ {i} and

(2)

(1)

Proposition 3. Source nodes receive the same attribution
under RSV and distal ASV, i.e., πjRSV = πjASV ∀j ∈ N0 .

6= Xi , where i ∈ N0 . Further, suppose XN0 and

(2)

XN0 result in different output values, i.e., Y (1) 6= Y (2) ,
(1)

(2)

where Y (1) = g(XN0 ) and Y (2) = g(XN0 ). Then, an
attribution method obeys sensitivity(a) if πi 6= 0.
Definition 5 (Sensitivity(b)). Consider a source node i ∈
N0 . Suppose the output g(XN0 ) is independent of Xi . Then,
an attribution method obeys sensitivity(b) if πi = 0.

The notation [πjASV ]j∈N0 is defined in Appendix A.3. Hence,
RSV generalizes distal ASV, which only attributes to the
source nodes. On the other extreme, ISV and proximate
ASV attribute all the value to the parent nodes of the output.
However, such an attribution is apt only if the graph is “flat”
since otherwise, it violates source efficiency. As we show in
Appendix G.2, RSV recovers ISV / proximate ASV under
such graphs, highlighting another desirable feature of RSV.
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X1
X2

X3
Y

X1
X4

X2

X3
Y

0.35

std)

To illustrate how RSV facilitates non-linear mediation analysis, we use the “causal unfairness” example (Frye et al.,
2020b). We wish to understand unresolved discrimination
(Kilbertus et al., 2017); i.e., if sensitive attributes influence
output without being mediated by resolving variables.

are identical, channel X2 → Y receives zero attribution
(another instance of nullity).

0.3
0.25

Attribution flow (mean

6. An Application on Mediation Analysis

0.2
0.15
0.1
0.05
0

Fair channel
Unfair channel

-0.05
0

True graph

1

2

Figure 10. True (left) and observed (right) graphs for Example 3.

Example 3 (Causal unfairness). Suppose the causal graph
is as in Figure 10 (left panel). X1 ∈ [0, 1], X2 ∈ R,
X3 ∈ {0, 1}, and X4 ∈ {0, 1} represent the sensitive
attribute, test score, department choice, and unreported
referral; Y ∈ {0, 1} represents admission outcome. X1
and X2 are exogenous. In the data generating process
(Appendix H), an applicant with a higher value of X1 is
more likely to apply to department 1 and is more likely to
have a referral. The likelihood of admission is increasing
in each of its inputs: Y is a Bernoulli variable with mean
Φ(a2 X2 + a3 X3 + a4 X4 ), where Φ(·) is the standard normal CDF and (a2 , a3 , a4 ) ∈ R3+ are the probit weights. As
a3 ≥ 0, department 1 is less competitive. Thus, applicants
with a higher X1 have a higher chance of admission due to
the following two reasons: (1) they apply to the less competitive department more often (“fair channel”) and (2) they
have a referral more often (“unfair channel”). As noted
by Frye et al. (2020b), a challenge here is that the referral
variable X4 is unobserved and the observed graph is as in
Figure 10 (right panel). To understand unresolved discrimination, we generate multiple datasets by varying a4 while
fixing (a2 , a3 ) at (1, 1). For each dataset, we fit a probabilistic model at nodes 3 (as a function of X1 ) and Y (as a
function of X1 , X2 , X3 ); details in Appendix H. For each
estimated model, we compute RSV by considering two ap(1)
(1)
(2)
(2)
plicants: (X1 , X2 ) = (0, 0) and (X1 , X2 ) = (1, 0);
i.e., different value of the sensitive attribute, but same score.
This enables us to understand if the sensitive attribute has
an unfair influence on the outcome. In Figure 11, we show
attributions to the fair (X1 → X3 → Y ) and the unfair
(X1 → Y ) channels as a function of a4 . Attribution to
the unfair channel increases with a4 . When a4 = 1, the
predicted admit probabilities of applicants 1 and 2 are 0.55
and 0.93. Given symmetric weights (a3 = a4 ), RSV splits
the difference equally and attributes 0.19 to each channel.
When there is no unfairness (a4 = 0), the unfair channel receives zero attribution (nullity). Since the test scores

3

4

5

6

a4

Observed graph

Figure 11. Numerics for Example 3. Attribution to the unfair channel increases with the level of unfair influence a4 .

Node-based approaches do not facilitate such mediation
analysis; Frye et al. (2020b) used “a variant” of ASV to capture such discrimination. RSV needs no such tweak, highlighting the significance of flow-based attribution. Though
backpropagation-based approaches might work well for the
graph in Example 3, they violate implementation invariance.

7. Concluding Remarks
We develop a model agnostic flow-based attribution method
(RSV) for a graphical model, using a sequence of recursive
games. RSV generalizes existing node-based methods and
uniquely satisfies a set of flow-based axioms. In addition
to admitting a clean characterization for linear models and
facilitating mediation analysis for non-linear models, it satisfies multiple properties deemed desirable in the literature.
This work opens up a few research directions worth pursuing. It is of interest to extend our deterministic framework
to allow for stochasticity, which we believe is possible via
structural equations with errors (Pearl, 2009). RSV uniquely
satisfies one set of axioms and as with any axiomatic approach, it is of interest to explore alternative axioms. Given
our foundational focus, a few practical questions such as
runtime of RSV and robustness to model estimation need
further investigation. Finally, connecting RSV to the causality literature (see §1) is worthwhile. In fact, Chockler &
Halpern (2004) mention using SV to quantify the “degree
of responsibility” in structural equations models.
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