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S1 Overview diagram and notation

C
<latexit sha1_base64="Ia+sebdw/xy3zSBUF7ORKj7q9hc=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEmkscREPhK4kL1lDjbs7Z27eyYE+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWBUm/utJ1Sax/LBjBP0IzqQPOSMGiu1u9YLprVpr1hyy+4CZJ14GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwVuimGhPKRnSAHUsljVD7k8W9M3JhlT4JY2VLGrJQf09MaKT1OApsZ0TNUK96c/E/r5Oa8MafcJmkBiVbLgpTQUxM5s+TPlfIjBhbQpni9lbChlRRZmxEBRuCt/ryOmlWyt5VuXJfKVVvszjycAbncAkeXEMV7qAODWAg4Ble4c15dF6cd+dj2ZpzsplT+APn8wc1SZAS</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

M<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

D<latexit sha1_base64="WoflC9OsYADNdO+14nzcYBdCAmo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5i3jMw=</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

...

...

B<latexit sha1_base64="wW6OXYFoJg3RvlrYIdlxqPzQzSE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJWvjMo=</latexit>1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

...

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

...✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

<̀latexit sha1_base64="3GQWqpO7cQAS3xPKV+Ids7+Coq4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0t9FGJQqbo1dw6ySryCVKFAc1D56g8jlkhUlglqTM9zY+unVFvOBM7K/cRgTNmEjrCXUUUlGj+d3zoj55kyJGGks1KWzNXfEymVxkxlkHVKasdm2cvF/7xeYsMbP+UqTiwqtlgUJoLYiOSPkyHXyKyYZoQyzbNbCRtTTZnN4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AA60jj8=</latexit> c
<latexit sha1_base64="0jIMiY3Xg6FeHydWT6UzrJgEy0o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJuuXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHx7OM6w==</latexit>

a(0)<latexit sha1_base64="HXv29XQUn7ZARZOORuDSYRNwG2A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWUPvZJIMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SRVmDRiJS7QA1E1yyhuFGsHasGIaBYK1gfDvzW09MaR7JBzOJmR/iUPIBp2is1MLHtOyeT3vFkltx5yCrxMtICTLUe8Wvbj+iScikoQK17nhubPwUleFUsGmhm2gWIx3jkHUslRgy7afzc6fkzCp9MoiULWnIXP09kWKo9SQMbGeIZqSXvZn4n9dJzODaT7mME8MkXSwaJIKYiMx+J32uGDViYglSxe2thI5QITU2oYINwVt+eZU0qxXvolK9vyzVbrI48nACp1AGD66gBndQhwZQGMMzvMKbEzsvzrvzsWjNOdnMMfyB8/kDc0KO/A==</latexit> a(t)<latexit sha1_base64="jo1YusjEmJlgkW7rJ7zRPNdT4Q8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWatHHtIzn016x5FbcOcgq8TJSggz1XvGr249YEnKFTFJjOp4bo59SjYJJPi10E8NjysZ0yDuWKhpy46fzc6fkzCp9Moi0LYVkrv6eSGlozCQMbGdIcWSWvZn4n9dJcHDtp0LFCXLFFosGiSQYkdnvpC80ZygnllCmhb2VsBHVlKFNqGBD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEMxvAMr/DmxM6L8+58LFpzTjZzDH/gfP4A2tqPQA==</latexit>,

Y1
<latexit sha1_base64="COd9bgMQAyQeLiwwoaH4w8aIig0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHdtY2F</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

W1
<latexit sha1_base64="OaoR4kwm5zVAMeKEBA7oVO5judI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00O57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AHaqY2D</latexit>

L1
<latexit sha1_base64="vVJZumWKo0QoKJ2h/djGgmIRvgQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjreb1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDyeeNeA==</latexit>

A<latexit sha1_base64="syCOlYOHTr9OiHb75MRdxd2tYgU=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaInaWGIiHwlcyN6ywIa9vXN3zoQc/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PR7cxvPnFtRKQecBxzP6QDJfqCUbRSq2O9YHI96RZLbtmdg6wSLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGjMPAdoYUh2bZm4n/ee0E+1d+KlScIFdssaifSIIRmT1PekJzhnJsCWVa2FsJG1JNGdqICjYEb/nlVdKolL2LcuW+UqreZHHk4QRO4Rw8uIQq3EEN6sBAwjO8wpvz6Lw4787HojXnZDPH8AfO5w8yP5AQ</latexit>

G
<latexit sha1_base64="3HdjaKidJtqs/X3kkLnJXIqnWM8=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm00BIT+UjgQvaWBTbs7Z27cybk4E/YWGiMrX/Hzn/jAlco+JJJXt6bycy8IJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmZ+84lrIyL1gOOY+yEdKNEXjKKVWh3rBZPbSbdYcsvuHGSVeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxY6ieExZSM64G1LFQ258dP5vVNyZpUe6UfalkIyV39PpDQ0ZhwGtjOkODTL3kz8z2sn2L/yU6HiBLlii0X9RBKMyOx50hOaM5RjSyjTwt5K2JBqytBGVLAheMsvr5JGpexdlCv3lVL1OosjDydwCufgwSVU4Q5qUAcGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8AO12QFg==</latexit>

A<latexit sha1_base64="syCOlYOHTr9OiHb75MRdxd2tYgU=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaInaWGIiHwlcyN6ywIa9vXN3zoQc/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PR7cxvPnFtRKQecBxzP6QDJfqCUbRSq2O9YHI96RZLbtmdg6wSLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGjMPAdoYUh2bZm4n/ee0E+1d+KlScIFdssaifSIIRmT1PekJzhnJsCWVa2FsJG1JNGdqICjYEb/nlVdKolL2LcuW+UqreZHHk4QRO4Rw8uIQq3EEN6sBAwjO8wpvz6Lw4787HojXnZDPH8AfO5w8yP5AQ</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

W2
<latexit sha1_base64="aGZcPP83L4yokRV3gmzzosB4G8A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3a/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPcLY2E</latexit>

Y2
<latexit sha1_base64="4cQzjieBS+G8ib5bpdDogP/G1uE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPfOY2G</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

A<latexit sha1_base64="syCOlYOHTr9OiHb75MRdxd2tYgU=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaInaWGIiHwlcyN6ywIa9vXN3zoQc/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PR7cxvPnFtRKQecBxzP6QDJfqCUbRSq2O9YHI96RZLbtmdg6wSLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGjMPAdoYUh2bZm4n/ee0E+1d+KlScIFdssaifSIIRmT1PekJzhnJsCWVa2FsJG1JNGdqICjYEb/nlVdKolL2LcuW+UqreZHHk4QRO4Rw8uIQq3EEN6sBAwjO8wpvz6Lw4787HojXnZDPH8AfO5w8yP5AQ</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

C
<latexit sha1_base64="Ia+sebdw/xy3zSBUF7ORKj7q9hc=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEmkscREPhK4kL1lDjbs7Z27eyYE+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWBUm/utJ1Sax/LBjBP0IzqQPOSMGiu1u9YLprVpr1hyy+4CZJ14GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwVuimGhPKRnSAHUsljVD7k8W9M3JhlT4JY2VLGrJQf09MaKT1OApsZ0TNUK96c/E/r5Oa8MafcJmkBiVbLgpTQUxM5s+TPlfIjBhbQpni9lbChlRRZmxEBRuCt/ryOmlWyt5VuXJfKVVvszjycAbncAkeXEMV7qAODWAg4Ble4c15dF6cd+dj2ZpzsplT+APn8wc1SZAS</latexit>

A<latexit sha1_base64="syCOlYOHTr9OiHb75MRdxd2tYgU=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaInaWGIiHwlcyN6ywIa9vXN3zoQc/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PR7cxvPnFtRKQecBxzP6QDJfqCUbRSq2O9YHI96RZLbtmdg6wSLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGjMPAdoYUh2bZm4n/ee0E+1d+KlScIFdssaifSIIRmT1PekJzhnJsCWVa2FsJG1JNGdqICjYEb/nlVdKolL2LcuW+UqreZHHk4QRO4Rw8uIQq3EEN6sBAwjO8wpvz6Lw4787HojXnZDPH8AfO5w8yP5AQ</latexit>

X3
<latexit sha1_base64="gDVFusNSVCdVPb+V0cF1j7bED74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xf69X654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/fN42G</latexit>

Y3
<latexit sha1_base64="eNjw15IPyYN35gfE5jtYW4C1Fd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4L2Nhw==</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

A<latexit sha1_base64="syCOlYOHTr9OiHb75MRdxd2tYgU=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaInaWGIiHwlcyN6ywIa9vXN3zoQc/AkbC42x9e/Y+W9c4AoFXzLJy3szmZkXxFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD48aJko043UWyUi3Amq4FIrXUaDkrVhzGgaSN4PR7cxvPnFtRKQecBxzP6QDJfqCUbRSq2O9YHI96RZLbtmdg6wSLyMlyFDrFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGjMPAdoYUh2bZm4n/ee0E+1d+KlScIFdssaifSIIRmT1PekJzhnJsCWVa2FsJG1JNGdqICjYEb/nlVdKolL2LcuW+UqreZHHk4QRO4Rw8uIQq3EEN6sBAwjO8wpvz6Lw4787HojXnZDPH8AfO5w8yP5AQ</latexit>

G
<latexit sha1_base64="3HdjaKidJtqs/X3kkLnJXIqnWM8=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm00BIT+UjgQvaWBTbs7Z27cybk4E/YWGiMrX/Hzn/jAlco+JJJXt6bycy8IJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmZ+84lrIyL1gOOY+yEdKNEXjKKVWh3rBZPbSbdYcsvuHGSVeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxY6ieExZSM64G1LFQ258dP5vVNyZpUe6UfalkIyV39PpDQ0ZhwGtjOkODTL3kz8z2sn2L/yU6HiBLlii0X9RBKMyOx50hOaM5RjSyjTwt5K2JBqytBGVLAheMsvr5JGpexdlCv3lVL1OosjDydwCufgwSVU4Q5qUAcGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8AO12QFg==</latexit>

G
<latexit sha1_base64="3HdjaKidJtqs/X3kkLnJXIqnWM8=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm00BIT+UjgQvaWBTbs7Z27cybk4E/YWGiMrX/Hzn/jAlco+JJJXt6bycy8IJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmZ+84lrIyL1gOOY+yEdKNEXjKKVWh3rBZPbSbdYcsvuHGSVeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxY6ieExZSM64G1LFQ258dP5vVNyZpUe6UfalkIyV39PpDQ0ZhwGtjOkODTL3kz8z2sn2L/yU6HiBLlii0X9RBKMyOx50hOaM5RjSyjTwt5K2JBqytBGVLAheMsvr5JGpexdlCv3lVL1OosjDydwCufgwSVU4Q5qUAcGEp7hFd6cR+fFeXc+Fq05J5s5hj9wPn8AO12QFg==</latexit>

T<latexit sha1_base64="zfWa4WVoHaq953Z/96SW48BgyDw=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaEm0scSErwQuZG9ZYMPe3rk7Z0IO/oSNhcbY+nfs/DcucIWCL5nk5b2ZzMwLYikMuu63k9vY3Nreye8W9vYPDo+KxydNEyWa8QaLZKTbATVcCsUbKFDydqw5DQPJW8H4bu63nrg2IlJ1nMTcD+lQiYFgFK3U7lovmNanvWLJLbsLkHXiZaQEGWq94le3H7Ek5AqZpMZ0PDdGP6UaBZN8VugmhseUjemQdyxVNOTGTxf3zsiFVfpkEGlbCslC/T2R0tCYSRjYzpDiyKx6c/E/r5Pg4MZPhYoT5IotFw0SSTAi8+dJX2jOUE4soUwLeythI6opQxtRwYbgrb68TpqVsndVrjxUStXbLI48nME5XIIH11CFe6hBAxhIeIZXeHMenRfn3flYtuacbOYU/sD5/AFPHpAj</latexit>

...

W3
<latexit sha1_base64="85ZaL31stqkxO1V/vzIzvlfSAps=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPdr/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVilerVO8vy/WbPI4CnMIZXIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHdsY2F</latexit>

Da
ta
po

in
ts

1. Generate regressor. 2. Add mutations with MuE.

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>
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Figure S1: MuE observation model. Overview of the generative process in MuE observation
models. First, the latent regressor sequence Xi is sampled. Then, the MuE distribution adds
mutations to generate Yi. A latent variable Wi controls the pattern of insertions and deletions.
Global parameters that must be inferred are highlighted in yellow.
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Table S1: Notation for MuE observation models A summary of the notation used in the main
text, for convenient reference. Space refers to the space the variable lives in, i.e. N ∈ N, the set of
positive non-zero integers.

Variable Space Generation Description

N N Observed Number of observed sequences.
B finite set Hyperparameter Alphabet (e.g. {A, T,G,C} for DNA).
B N B := |B| Alphabet size.
M N Hyperparameter Length of latent regressor sequence.

(Typically set to be somewhat larger
than maxi Li.)

D N Hyperparameter Size of latent regressor sequence’s al-
phabet. (Typically set to be some-
what larger than B.)

Vi RM×D Vi ∼ pθ Output of the initial continuous-space
generative model.

Xi (∆D)
M Xi := softmax(Vi) Latent regressor sequence, intuitively

the “precursor” or “ancestor” to Yi.

a(0) ∆K Parameter Controls the probability of insertion
and deletion mutations occurring in
Xi.

a(t) (∆K)K Parameter Controls the probability of insertion
and deletion mutations occurring in
Xi. Must satisfy Condition 2.2.

Wi {1, . . . ,K}Li Wi ∼ MarkovModel(a(0), a(t)) The hidden Markov model state vari-
able, which defines a latent alignment
between Xi and Yi. (Wi is marginal-
ized out during inference.)

c (∆D)
M+1 Parameter Controls the probability of the inser-

tion sequence letters (but not the pres-
ence or absence of the insertion).

ℓ (∆B)
D Parameter Substitution matrix.

Yi BLi Yi ∼ MuE(Xi, c, a
(0), a(t)) Observed sequence, intuitively gener-

ated by mutating Xi with substitu-
tions, insertions and deletions.

Li N Li := |Yi| Length of observed sequence Yi.

S3



S2 Theory

S2.1 Illustrating MSA pathologies
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Figure S2: MSA width can diverge with dataset size. MSA width J as a function of sequences
N in the dataset. BCR is a B cell receptor dataset, TCR a T cell receptor dataset.

To illustrate the problems described in Section 4.1 of the main text, we examined a B cell receptor
dataset and a T cell receptor dataset (the 10x Genomics datasets described in Section S6). Se-
quences were subsampled and aligned using MUSCLE (Edgar, 2004), a standard MSA algorithm.
Figure S2 shows the growth in MSA width J as a function of the subsampled dataset size.

S2.2 Proof of Proposition 4.4

To prove the result, we will examine each existing model individually; exact specifications and
assumptions for each model are provided in their corresponding section. The probability of the

Markov chain terminating given that it is at a state k is denoted t
(t)
k , and the probability of the

Markov chain terminating initially (that is, of the Markov chain taking zero steps) is denoted t(0).
Without loss of generality, we will write transition probabilities a(t) and a(0) without conditioning

on the Markov chain not terminating, i.e.
!

k′ a
(t)
k,k′+t

(t)
k = 1. The conditional transition probability

can of course be computed as a
(t)
k,k′/(1−t

(t)
k ). In general, we will also index latent states k of the MuE

by their corresponding (m, g) value where (in line with the definition of gl and ml) g = I(k > M)
and m = k −Mg; we will use k and (m, g) interchangeably for any given state.

It is useful for understanding the following results to have in mind a particular example to
illustrate the definitions in the main text.

Sequences Pairwise alignment A j and g representation

Y = ATG A(y) = A--TG- (j1, . . . , jL) = (1, 4, 5)

X = TCTG A(x) = -TCT-G (g1, . . . , gL) = (1, 0, 1)

It is also useful to define ml := Wl − Mgl, which indexes the position within the first or second
block of states. For the example we have, (m1, . . . ,mL) = (1, 3, 4).

Remark S2.1. Given sequences X and Y of length M and L respectively, (j1, . . . , jL) and (g1, . . . , gL)
uniquely define a pairwise alignment A.

Proof. Applying Definition 4.2 and the definitions of (j1, . . . , jL) and (g1, . . . , gL) iteratively to each
column of the alignment leads to the construction of A in Algorithm 1.
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Algorithm 1: Pairwise alignment construction

input : (j1, . . . , jL) and (g1, . . . , gL) and X and Y
output: A
n = 0 (indexes position in overall alignment.);
m = 0 (indexes position in sequence X);
Iterate until each letter in both X and Y has been placed in A;
while m < M or n < jL do

n = n+ 1;
if ∃l : n = jl then

A(y)
n = Yl (by definition of jl);

if gl = 1 then

A(x)
n = - (by definition of gl);

else
m = m+ 1;

A(x)
n = Xm (by definitions of gl and A(x); letters of X must be in order);

end

else

A(y)
n = - (by definition of jl);

m = m+ 1;

A(x)
n = Xm (by definition of A; each column of A must have at least one letter);

end

end

S2.2.1 Thorne-Kishino-Felsenstein

The Thorne-Kishino-Felsenstein (TKF) model is a continuous-time stochastic process model of
sequence evolution that satisfies detailed balance (Thorne et al., 1991).

Statement Let X be a one-hot encoding of the initial sequence. Let D = B and let π be the
TKF parameter corresponding to the equilibrium probability of each letter. For all m ∈ {1, ...,M}
and b ∈ {1, ..., B}, assign

cm,b := πb. (S1)

Let λ > 0 and µ > 0 be the TKF indel rate parameters, with λ < µ, and let τ > 0 be the divergence
time parameter. Define

β(τ) :=
1− e−(µ−λ)τ

µ− λe−(µ−λ)τ
. (S2)

Define the transition matrix and termination probability as

a
(t)
k,k′ :=

"
####$

####%

[µβ(τ)]m
′−m−1+ge−µτ [1− λβ(τ)] if m− g < m′ < M + 1 and g′ = 0

λβ(τ) if m− g = m′ − 1 and g′ = 1

[µβ(τ)]m
′−m−2+g[1− e−µτ − µβ(τ)][1− λβ(τ)] if m− g < m′ − 1 and g′ = 1

0 otherwise.

(S3)

t
(t)
k := [1− λβ(τ)][µβ(τ)]M−m+g (S4)
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TAACG 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
ACGC 
TACGGC 
TACGC 
TACGC

⌧ = 1
<latexit sha1_base64="MewjwqUgsYwYOHNBQ7Ozoa3LiVQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWz3bRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWaneRpuSaeL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m907IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo86QvNGcqxJZRpYW8lbEg1ZWgjKtoQvMWXl0mzWvHOK9X7i3LtJo+jAMdwAmfgwSXU4A7q0AAGEp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AxYiPIg==</latexit>

CGC 
ATAACCGC 
TCGC 
TTCGC 
TCGC 
TAGC 
AGC 
TACGC 
GGCGC 
CTACC

⌧ = 10
<latexit sha1_base64="GStp6dgkdLZuFBrAb3sFpKhCB0w=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+kDWWz3bRLN5uwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWeuwiTck18dxeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns4Mn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzL9nvSF5gzl2BLKtLC3EjakmjK0GRVtCN7iy8ukWa1455Xq/UW5dpPHUYBjOIEz8OASanAHdWgAgwie4RXeHO28OO/Ox7x1xclnjuAPnM8fNZ2PXA==</latexit>

GTTC 
TG 
CATATCACT 
C 
CAA 
TCG 
GAC 
AA 

TT

⌧ = 100
<latexit sha1_base64="vYzChYLVBLmJaHphGYgTFifawkY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIlQMIpWeuwiTck18Vy3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42eziCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimGV34mVJIiV2y+KEwlwZhM3yd9oTlDObaEMi3srYQNqaYMbUhFG4K3+PIyaVYr3nmlen9Rrt3kcRTgGE7gDDy4hBrcQR0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5A6XVj5Y=</latexit>

TACGC 
TACAGC 
TACGC 
TACGC 
TCGC 
TACGC 
TACGC 
TACGC 
TAAGC 
TACGC

s = 0.01
<latexit sha1_base64="lJg5/w2+ChqtMkgI76K1Z9nu1/I=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuykwVdCMU3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+4829M21lo64GQwzn3cu89YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNc21V/H8XqnsvhnwMvFzUoYc9V7pq9tXNI2ZtFQQYzq+l9ggI9pyKtik2E0NSwgdkQHrOCpJzEyQzbad4FOn9HGktHvS4pn6uyMjsTHjOHSVMbFDs+hNxf+8TmqjqyDjMkktk3Q+KEoFtgpPT8d9rhm1YuwIoZq7XTEdEk2odQEVXQj+4snLpFmt+OeV6v1FuXaTx1GAYziBM/DhEmpwB3VoAIVHeIZXeEMKvaB39DEvXUF5zxH8Afr8ARrnjik=</latexit>

TACGC 
TACGC 
AACGC 
TACGC 
TACGC 
TACGC 
TGCGC 
TACGC 
TACGC 
TACGC

s = 0.1
<latexit sha1_base64="C846A6po7mbwYgH/mHiZHuZtC4Y=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5BUQS9C0YvHCqYttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfqPS2vrG5lZ5u7Kzu7d/UD08aukkU5T5NBGJ6oREM8El8w03gnVSxUgcCtYOx3czv/3ElOaJfDSTlAUxGUoecUqMlXx94zpev1pzHXcOvEq8gtSgQLNf/eoNEprFTBoqiNZdz01NkBNlOBVsWullmqWEjsmQdS2VJGY6yOfHTvGZVQY4SpQtafBc/T2Rk1jrSRzazpiYkV72ZuJ/Xjcz0XWQc5lmhkm6WBRlApsEzz7HA64YNWJiCaGK21sxHRFFqLH5VGwI3vLLq6RVd7wLp/5wWWvcFnGU4QRO4Rw8uIIG3EMTfKDA4Rle4Q1J9ILe0ceitYSKmWP4A/T5A6vuje8=</latexit>

TACGT 
TACGC 
CACGA 
GCTGT 
GACGC 
TCAC 
TGGGT 
TACCA 
GATGC 
TTCGC

s = 1
<latexit sha1_base64="i6zFuAo4BrJsMFOXgaBbllaY0+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWejDXXq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVrzzSvX+oly7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/Rp419</latexit>

TGTTG 
GACAT 
GGGGC 
TTCCG 
CTCAT 
GAAAG 
CGTGC 
ATATC 
TACAA 
GATAG

s = 10
<latexit sha1_base64="mO3M/53YPix5QsEQsLWLZnmHvJQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk/SN5w6rNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdRt27qDceLmvN2yKOMpzAKZyDB1fQhHtoQRsITOAZXuHNEc6L8+58LFpLTjFzDH/gfP4AQD+Ntw==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit> TACGC

Figure S3: Samples from the Thorne-Kishino-Felsenstein model. Initial sequence TACGC,
µ = 0.02, and λ = 0.01. A. s = 0.01 and varying τ . B. τ = 1 and varying s.

The initial transition vector follows the same form, and can be written as a
(0)
k := a

(t)
0,k, and the

initial termination probability can be written t(0) := t
(t)
0 (i.e. they match Equations S3 and S4

with (m, g) = (0, 0) plugged in). Let s > 0 be the TKF substitution rate parameter and define the
substitution matrix

ℓb,b′ :=

&
e−sτ + πb′(1− e−sτ ) if b = b′

πb′(1− e−sτ ) if b ∕= b′
(S5)

With these definitions, Y ∼ MuE(X, c, ℓ, a(0), a(t)) is the distribution of the Thorne-Kishino-
Felsenstein model after the sequence X evolves for time τ . Note that the limit τ → 0 is the
no-mutation limit. Figure S3 illustrates samples from the TKF model with changing parameters.

Proof We will show that the joint probability of W and Y under the MuE distribution is
identical to the joint probability of the corresponding alignment pairwise alignment and Y under the
TKF model. To start, we systematically enumerate state transitions in the MuE model and compute
the corresponding probability factor under the TKF alignment scoring system. Our alignment
notation in this section follows the original paper. “X” represents a residue and “-” a gap. “.”
represents the “immortal link” in the model, the start of the sequence. We use “$” as a termination
symbol. Following the original paper, we define, for ν ∈ {1, 2, . . .},

pν(τ) := e−µτ [1− λβ(τ)][λβ(τ)]ν−1

p′0(τ) := µβ(τ)

p′ν(τ) := [1− e−µτ − µβ(τ)][1− λβ(τ)][λβ(τ)]ν−1

p′′ν(τ) := [1− λβ(τ)][λβ(τ)]ν−1

(S6)

The TKF model assigns probabilities to a pairwise alignment based on the pattern of residues and
gaps; we will break down possible pairwise alignments into chunks corresponding to state transitions
under the MuE and compute the probability factor that they contribute under the TKF scoring
system. When enumerating transitions in the Markov model we put a “|” symbol to the right of
the residue we are transitioning from.

1. Transitioning from a state (m, 0) to a state (m′ > m, 0) gives the probability factor [p′0(τ)]
m′−m−1p1(τ) =

[µβ(τ)]m
′−m−1e−µτ [1− λβ(τ)] according to the TKF scoring system.

X | X ... X X

X | - ... - X

2. Transitioning from (m, 1) to (m′ ≥ m, 0) gives the factor [p′0(τ)]
m′−mp1(τ) = [µβ(τ)]m

′−me−µτ [1−
λβ(τ)].

S6



- | X ... X X

X | - ... - X

3. Transitioning from (m, 1) to (m, 1), situation 1. This gives a factor pν+2(t)
pν+1(t)

= λβ(τ).

X - ... - | -

X X ... X | X

4. Transitioning from (m, 1) to (m, 1), situation 2. This gives a factor
p′ν+2(τ)

p′ν+1(τ)
= λβ(τ)

X - ... - | -

- X ... X | X

5. Transitioning from (m, 0) to (m+ 1, 1). This gives a factor p2(τ)
p1(τ)

= λβ(τ).

X | -

X | X

6. Transitioning from (m, 0) to (m′ > m + 1, 1). This gives a factor [p′0(τ)]
m′−m−2p′1(τ) =

[µβ(τ)]m
′−m−2[1− e−µτ − µβ(τ)][1− λβ(τ)].

X | X ... X -

X | - ... - X

7. Transitioning from (m, 1) to (m′ > m, 1). This gives a factor [p′0(τ)]
m′−m−1p′1(τ) = [µβ(τ)]m

′−m−1[1−
e−µτ − µβ(τ)][1− λβ(τ)].

- | X ... X -

X | - ... - X

8. Terminating after (m, 0). This gives a factor [p′0(τ)]
M−m = [µβ(τ)]M−m.

X | X ... X $

X | - ... - $

9. Terminating after (m, 1). This gives a factor [p′0(τ)]
M+1−m = [µβ(τ)]M+1−m.

- | X ... X $

X | - ... - $

10. Initial transition to (1, 1). This gives a factor p′′2(τ) = p′′1(τ)λβ(τ) = [1− λβ(τ)][λβ(τ)].

. | -

. | X

11. Initial transition to (m, 0). This gives a factor p′′1(τ)[p
′
0(τ)]

m−1p1(τ) = [1−λβ(τ)][µβ(τ)]m−1e−µτ [1−
λβ(τ)].

S7



. | X ... X X

. | - ... - X

12. Initial transition to (m > 1, 1). This gives a factor p′′1(τ)[p
′
0(τ)]

m−2p′1(τ) = [1−λβ(τ)][µβ(τ)]m−2[1−
e−µτ − µβ(τ)][1− λβ(τ)].

. | X ... X -

. | - ... - X

13. Terminating in the first step. This gives a factor [p′0(τ)]
M = [µβ(τ)]M .

. | X ... X $

. | - ... - $

Compiling these results yields the probability factors associated with each transition between states

(m, g) → (m′, g′) :

"
#########$

#########%

[µβ(t)]m
′−m−1+ge−µt[1− λβ(t)]

if m− g < m′ < M + 1 and g′ = 0

λβ(t) if m− g = m′ − 1 and g′ = 1

[µβ(t)]m
′−m−2+g[1− e−µt − µβ(t)][1− λβ(t)]

if m− g < m′ − 1 and g′ = 1

0 otherwise

(m, g) → termination : [µβ(t)]M−m+g

(S7)

And with each initial transition

initial → (m, g) :

"
####$

####%

[1− λβ(t)][µβ(t)]m−1e−µt[1− λβ(t)] if 0 < m < M + 1 and g = 0

[1− λβ(t)]λβ(t) if m = 1 and g = 1

[1− λβ(t)][µβ(t)]m−2[1− e−µt − µβ(t)][1− λβ(t)] if 1 < m and g = 1

0 otherwise

initial → termination : [1− λβ(t)][µβ(t)]M

(S8)

However, these are unnormalized probability factors, not complete probabilities. Note that every
alignment will include a factor [1 − λβ(t)], which in the original TKF description is associated
with the initial transition. However, if we instead rearrange this factor and assign it to the final
transition we obtain the transition matrix given in Equation S3. We can check that this transition
matrix normalized. From a state (m, 0), the total outward transition probability is one:

M'

m′=m+1

[µβ]m
′−m−1e−µτ [1− λβ] + λβ +

M+1'

m′=m+2

[µβ]m
′−m−2[1− e−µτ − µβ][1− λβ] + [µβ]M−m(1− λβ)

=
1− (µβ)M−m

1− µβ
[1− e−µτ − µβ + e−µτ ][1− λβ] + λβ + [µβ]M−m(1− λβ)

= 1− (µβ)M−m[1− λβ] + [µβ]M−m(1− λβ)

= 1.

(S9)
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The same expression holds for the initial transition, plugging in m = 0. From (m, 1), we have

M'

m′=m

[µβ]m
′−me−µτ [1− λβ] + λβ +

M+1'

m′=m+1

[µβ]m
′−m−1[1− e−µτ − µβ][1− λβ] + [µβ]M+1−m(1− λβ)

=
1− (µβ)M+1−m

1− µβ
[1− e−µτ − µβ + e−µτ ][1− λβ] + λβ + [µβ]M+1−m(1− λβ)

= 1− (µβ)M+1−m[1− λβ] + [µβ]M+1−m(1− λβ)

= 1.

(S10)

Conditional on the mth residue of X being aligned to the lth residue of Y (i.e. wl = m), the
TKF model specifies that the probability of yl given xm is

!
b,b′ xm,bℓb,b′yl,b′ , which is identical to

the probability under the MuE model. In the case where the lth residue of y is aligned to a gap (i.e.
gl = 1), the TKF model says the probability of choosing the specific base b is πb, the equilibrium
probability of the base. We can check that the MuE provides the same factor:

pMuE(yl,b = 1|w, x, c, ℓ) =
'

b′

cm,b′ℓb′,b

= πbe
−sτ + (πb)

2(1− e−sτ ) +
'

b′′ ∕=b

πb′′πb(1− e−sτ )

= πbe
−sτ + πb(1− e−sτ ) = πb.

(S11)

□

S2.2.2 Pair HMM

The pair HMM model generates pairwise alignments by switching between three states: (1) a state
emitting residues in both X and Y (a match state), (2) a state emitting a residue in X and a gap
in the alignment of Y , and (3) a state emitting a gap in the alignment of X and a residue in Y
(Durbin et al. (1998), Chapter 4.1).

Statement Figure S4 shows a standard pair HMM diagram and state probabilities, with γ the
probability of transitioning to a gap state, ε the probability of staying in a gap state, and κ the
probability of the Markov chain terminating. We assume 1− 2γ − κ ≥ 0 and 1− ε− κ ≥ 0. When
in a match state, the pair HMM emits letters b and b′ in the x and y sequences with probability
ψb,b′ ; otherwise, in gap states, the probability of letter b in the non-gapped sequence is πb.

Define the MuE transition matrix and termination probability vector as

a
(t)
k,k′ :=

"
#################$

#################%

1−2γ−κ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 = m′ ≤ M and g = g′ = 0

γεm
′−m−2(1−ε−κ)

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 < m′ ≤ M and g = g′ = 0

γ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m+ 1 = m′ ≤ M and g = 0 and g′ = 1

γ
γ+κ if m+ 1 = m′ = M + 1 and g = 0 and g′ = 1
1−ε−κ
1−κ if m = m′ ≤ M and g = 1 and g′ = 0
ε

1−κ if m = m′ ≤ M and g = g′ = 1
ε

ε+κ if m = m′ = M + 1 and g = g′ = 1

0 otherwise

(S12)
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initial match

x alone

y alone

termination
<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>


<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>


<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

✏
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>

✏
<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>


<latexit sha1_base64="bD1kN69KciN2AkFMW9xq/coE4K4=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BIvgqexWQY9FLx4r2A9olzKbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCAzlTNCmZZbTjtIUkojTdjS+nfntJ6oNk+LBThQNExgKFjMC1kmt3hiUgn654lf9OfAqCXJSQTka/fJXbyBJmlBhCQdjuoGvbJiBtoxwOi31UkMVkDEMaddRAQk1YTa/dorPnDLAsdSuhMVz9fdEBokxkyRynQnYkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjq3Es9fxgGlKLJ84AkQzdysmI9BArAuo5EIIll9eJa1aNbio1u4vK/WbPI4iOkGn6BwF6ArV0R1qoCYi6BE9o1f05knvxXv3PhatBS+fOUZ/4H3+AJd6jyM=</latexit>

1� ✏� 

<latexit sha1_base64="Cez26O2bFLLARBBrRHI8cknmzvY=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgpmWmCrosunFZwT6gM5RMmmlDM0lIMkoZ+yluXCji1i9x59+YtrPQ1gMXDufcy733RJJRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrUWqMGlhwYTqRkgTRjlpGWoY6UpFUBIx0onGNzO/80CUpoLfm4kkYYKGnMYUI2Olvlv2qwGRmjLBq8EYSYn6bsWreXPAVeLnpAJyNPvuVzAQOE0IN5ghrXu+J02YIWUoZmRaClJNJMJjNCQ9SzlKiA6z+elTeGqVAYyFssUNnKu/JzKUaD1JItuZIDPSy95M/M/rpSa+CjPKZWoIx4tFccqgEXCWAxxQRbBhE0sQVtTeCvEIKYSNTatkQ/CXX14l7XrNP6/V7y4qjes8jiI4BifgDPjgEjTALWiCFsDgETyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHsQyTow==</latexit>

1�
✏�



<latexit sha1_base64="Cez26O2bFLLARBBrRHI8cknmzvY=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgpmWmCrosunFZwT6gM5RMmmlDM0lIMkoZ+yluXCji1i9x59+YtrPQ1gMXDufcy733RJJRbTzv2ymsrW9sbhW3Szu7e/sHbvmwrUWqMGlhwYTqRkgTRjlpGWoY6UpFUBIx0onGNzO/80CUpoLfm4kkYYKGnMYUI2Olvlv2qwGRmjLBq8EYSYn6bsWreXPAVeLnpAJyNPvuVzAQOE0IN5ghrXu+J02YIWUoZmRaClJNJMJjNCQ9SzlKiA6z+elTeGqVAYyFssUNnKu/JzKUaD1JItuZIDPSy95M/M/rpSa+CjPKZWoIx4tFccqgEXCWAxxQRbBhE0sQVtTeCvEIKYSNTatkQ/CXX14l7XrNP6/V7y4qjes8jiI4BifgDPjgEjTALWiCFsDgETyDV/DmPDkvzrvzsWgtOPnMEfgD5/MHsQyTow==</latexit>

1� 2� �


<latexit sha1_base64="k1Pc3GxMw2VHY/h/5wJbQMiOv6c=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16WSyCl5bdKuix6MVjBfsB3aXMpmkbmmRDki2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMiyWj2vj+t1PY2Nza3inulvb2Dw6P3OOTlk5ShUkTJyxRnRg0YVSQpqGGkY5UBHjMSDse38/99oQoTRPxZKaSRByGgg4oBmOlnusGlVo4BM6hEo5BSui5Zb/qL+CtkyAnZZSj0XO/wn6CU06EwQy07ga+NFEGylDMyKwUpppIwGMYkq6lAjjRUba4fOZdWKXvDRJlSxhvof6eyIBrPeWx7eRgRnrVm4v/ed3UDG6jjAqZGiLwctEgZZ5JvHkMXp8qgg2bWgJYUXurh0egABsbVsmGEKy+vE5atWpwVa09Xpfrd3kcRXSGztElCtANqqMH1EBNhNEEPaNX9OZkzovz7nwsWwtOPnOK/sD5/AFXJZLU</latexit>

1� 2� � 
<latexit sha1_base64="k1Pc3GxMw2VHY/h/5wJbQMiOv6c=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16WSyCl5bdKuix6MVjBfsB3aXMpmkbmmRDki2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMiyWj2vj+t1PY2Nza3inulvb2Dw6P3OOTlk5ShUkTJyxRnRg0YVSQpqGGkY5UBHjMSDse38/99oQoTRPxZKaSRByGgg4oBmOlnusGlVo4BM6hEo5BSui5Zb/qL+CtkyAnZZSj0XO/wn6CU06EwQy07ga+NFEGylDMyKwUpppIwGMYkq6lAjjRUba4fOZdWKXvDRJlSxhvof6eyIBrPeWx7eRgRnrVm4v/ed3UDG6jjAqZGiLwctEgZZ5JvHkMXp8qgg2bWgJYUXurh0egABsbVsmGEKy+vE5atWpwVa09Xpfrd3kcRXSGztElCtANqqMH1EBNhNEEPaNX9OZkzovz7nwsWwtOPnOK/sD5/AFXJZLU</latexit>

⇡b
<latexit sha1_base64="w6w1igLvct5p5NKe6dNulxJLY3Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOTTjJkdnaYmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1wwZLRKLbETUouMSG5VZgW2mkcSSwFY3vZn7rCbXhiXy0E4VhTIeSDzij1kmtruK9LJr2SmW/4s9BVkmQkzLkqPdKX91+wtIYpWWCGtMJfGXDjGrLmcBpsZsaVJSN6RA7jkoaowmz+blTcu6UPhkk2pW0ZK7+nshobMwkjlxnTO3ILHsz8T+vk9rBTZhxqVKLki0WDVJBbEJmv5M+18ismDhCmebuVsJGVFNmXUJFF0Kw/PIqaVYrwWWl+nBVrt3mcRTgFM7gAgK4hhrcQx0awGAMz/AKb57yXrx372PRuublMyfwB97nD4iRj7I=</latexit>

⇡b
<latexit sha1_base64="w6w1igLvct5p5NKe6dNulxJLY3Y=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkCbOTTjJkdnaYmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KlODG+v63t7a+sbm1Xdgp7u7tHxyWjo6bJkk1wwZLRKLbETUouMSG5VZgW2mkcSSwFY3vZn7rCbXhiXy0E4VhTIeSDzij1kmtruK9LJr2SmW/4s9BVkmQkzLkqPdKX91+wtIYpWWCGtMJfGXDjGrLmcBpsZsaVJSN6RA7jkoaowmz+blTcu6UPhkk2pW0ZK7+nshobMwkjlxnTO3ILHsz8T+vk9rBTZhxqVKLki0WDVJBbEJmv5M+18ismDhCmebuVsJGVFNmXUJFF0Kw/PIqaVYrwWWl+nBVrt3mcRTgFM7gAgK4hhrcQx0awGAMz/AKb57yXrx372PRuublMyfwB97nD4iRj7I=</latexit>

 b,b0
<latexit sha1_base64="crb5P+O8ivvCw3FG2XXQSbcYs7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE9SEmqoMeiF48V7AekoWy223bpZjfsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuR8QwwSVrIEfB2olmJI4Ea0Wju6nfemLacCUfcZywMCYDyfucErRS0EkM72bRRXQ26ZbKXsWbwV0mfk7KkKPeLX11eoqmMZNIBTEm8L0Ew4xo5FSwSbGTGpYQOiIDFlgqScxMmM1OnrinVum5faVtSXRn6u+JjMTGjOPIdsYEh2bRm4r/eUGK/Zsw4zJJkUk6X9RPhYvKnf7v9rhmFMXYEkI1t7e6dEg0oWhTKtoQ/MWXl0mzWvEvK9WHq3LtNo+jAMdwAufgwzXU4B7q0AAKCp7hFd4cdF6cd+dj3rri5DNH8AfO5w/qQZEC</latexit>

Figure S4: Pair HMM state diagram.

t
(t)
k :=

"
#####$

#####%

γεM−m−1κ

1−(γεM−m−1(1−κ)+κ+γκ 1−εM−m−1

1−ε
)

if m < M and g = 0

κ
γ+κ if m = M and g = 0
κ

ε+κ if m = M + 1 and g = 1

0 otherwise

(S13)

The initial transition vector is defined by a
(0)
k := a

(t)
0,k and initial termination probability is t(0) :=

t
(t)
0 . Define the substitution matrix

ℓb,b′ :=
ψb,b′

πb
(S14)

for all b, b′ ∈ {1, ..., B}. Let the rows of the insertion matrix c be

cm := (ℓ−1)⊤ · π (S15)

where ℓ−1 is the inverse of the substitution matrix, which is assumed to be an invertible matrix,
and ⊤ indicates the matrix transpose.

With these definitions, Y ∼ MuE(X, c, ℓ, a(0), a(t)) is equivalent to the conditional distribution
of Y given X under the pair HMM. Note that if γ = 0 and ψ = diag(π) (the B × B matrix
with diagonal entries π and all other entries 0) then we recover the no-mutation limit of the MuE
distribution.

Proof We will show that the joint probability of W and Y under the MuE model is identical
to the joint probability of the corresponding alignment and Y under the pair HMM, conditional
on X. We start by enumerating all possible transitions between states of the MuE Markov chain
and computing their probability under the pair HMM model without conditioning on X. Define

ωx
j := I(A(x)

j ∈ B) and ωy likewise. We use ωx,ωy notation to represent possible alignments, with
the symbol “|” placed to the right of the residue we are transitioning from.

1. Transitioning from (m, 0) to (m+ 1 ≤ M, 0) has probability 1− 2γ − κ.

x: 1 | 1

y: 1 | 1

S10



2. Transitioning from (m, 0) to (m′ > m+1, 0) form′ < M+1 has probability γεm
′−m−2(1−ε−κ).

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1

3. Transitioning from (m, 0) to (m+ 1, 1) has probability γ.

x: 1 | 0

y: 1 | 1

4. Terminating after (m < M, 0) has probability γεM−m−1κ.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

5. Terminating after (M, 0) has probability κ.

x: 1 | $

y: 1 | $

6. Transitioning from (m, 1) to (m ≤ M, 0) has probability 1− ε− κ.

x: 0 | 1

y: 1 | 1

7. Transitioning from (m, 1) to (m, 1) has probability ε.

x: 0 | 0

y: 1 | 1

8. Terminating after (M + 1, 1) has probability κ

x: 0 | $

y: 1 | $

9. Transitioning from the initial state to (1, 0) has probability 1− 2γ − κ.

x: | 1

y: | 1

10. Transitioning from the initial state to (m > 1, 0) for m < M + 1 has probability γεm−2(1 −
ε− κ).

x: | 1 ... 1 1

y: | 0 ... 0 1

11. Transitioning from the initial state to (1, 1) has probability γ.

x: | 0

y: | 1

S11



12. Terminating immediately from the initial state has probability γεM−1κ when M > 0.

x: | 1 ... 1 $

y: | 0 ... 0 $

13. Terminating immediately from the initial state has probability κ when M = 0.

x: | $

y: | $

These transition probabilities were derived without conditioning on the fact that we have observed
X, which has length M . To compute this conditional probability, we calculate the probability that
the pair HMM generates an alignment with too many or too few X residues starting from each
MuE Markov model state.

1. Starting from a state (m < M, 0), the probability of the pair HMM generating an invalid
alignment that is too long (rather than transitioning to a valid MuE state) is γεM−m−1(1−
ε−κ)+ γεM−m = γεM−m−1(1−κ). The first term is from alignments that use a match state
instead of terminating.

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1

The second term is from alignments that use an x-alone state instead of terminating.

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 0

2. Starting from a state (m < M, 0), the probability of generating an invalid alignment that
is too short (rather than transitioning to a valid MuE state) is κ +

!M−1
m′=m+1 γε

m′−m−1κ =

κ+ γκ1−εM−m−1

1−ε . The first term is from alignments that immediately terminate.

x: 1 | $

y: 1 | $

The second term is from alignments that terminate early after transitioning to the x-alone
state.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

3. Starting from the state (M, 0), the probability of generating an invalid alignment is (1−2γ−
κ) + γ = 1 − γ − κ. The first term is from alignments that use a match state instead of
terminating.

x: 1 | 1

y: 1 | 1

The second term is from alignments that use an x-alone state instead of terminating.

S12



x: 1 | 1

y: 1 | 0

4. Starting from a state (m ≤ M, 1) the probability of generating an invalid alignment that is
too short is κ.

x: 0 | $

y: 1 | $

5. Starting from the state (M + 1, 1), the probability of generating an invalid alignment that is
too long is 1− ε− κ.

x: 0 | 1

y: 1 | 1

6. Starting from the initial state, the probability of generating an invalid alignment that is too
long is γεM−1(1 − ε − κ) + γεM−m = γεM−1(1 − κ). The first term is from alignments that
use a match state instead of terminating.

x: | 1 ... 1 1

y: | 0 ... 0 1

The second term is from alignments that use an x-alone state instead of terminating.

x: | 1 ... 1 1

y: | 0 ... 0 0

7. Starting from the initial state, the probability of generating an invalid alignment that is too
short is κ+

!M−1
m′=1 γε

m′−1κ = κ+ γκ1−εM−1

1−ε when M > 0. The first term is from alignments
that immediately terminate.

x: | $

y: | $

The second term is from alignments that terminate early after transitioning to the x-alone
state.

x: | 1 ... 1 $

y: | 0 ... 0 $

8. Starting from the initial state, if M = 0, then the probability of generating an invalid align-
ment is (1 − 2γ − κ) + γ = 1 − γ − κ. The first term is from alignments that use a match
state.

x: | 1

y: | 1

The second term is from alignments that use an x-alone state.

S13



x: | 1

y: | 0

We can confirm that all possible trajectories of the pair HMM are either valid transitions under
the MuE Markov model or produce alignments with too few or too many X residues, by checking
that the outward transition probabilities from each state sum to one.

1. From a state (m < M, 0), the total outward transition probability is

(1− 2γ − κ) + γ

M'

m′=m+2

εm
′−m−2(1− ε− κ) + γ + γεM−m−1κ+ γεM−m−1(1− κ)

+ (κ+ γκ
1− εM−m−1

1− ε
)

= 1− γ + γ(1− ε− κ)
1− εM−m−1

1− ε
+ γεM−m−1 + γκ

1− εM−m−1

1− ε

= 1− γ + γ(1− εM−m−1) + γεM−m−1

= 1

(S16)

2. From the state (M, 0), the total outward transition probability is

γ + κ+ (1− γ − κ) = 1 (S17)

3. From a state (m ≤ M, 1), the total outward transition probability is

(1− ε− κ) + ε+ κ = 1 (S18)

4. From the state (M + 1, 1), the total outward transition probability is

κ+ ε+ (1− ε− κ) = 1 (S19)

5. From the initial state, with M > 0, the total outward transition probability is

(1− 2γ − κ) +

M'

m=2

γεm−2(1− ε− κ) + γ + γεM−1κ+ γεM−1(1− κ) + (κ+ γκ
1− εM−1

1− ε
)

= 1− γ + γ(1− ε− κ)
1− εM−1

1− ε
+ γκεM−1 + γεM−1(1− κ) + γκ

1− εM−1

1− ε

= 1− γ + γ(1− εM−1)− γκ
1− εM−1

1− ε
+ γεM−1 + γκ

1− εM−1

1− ε

= 1

(S20)

6. From the initial state, with M = 0, the total outward transition probability is

γ + κ+ (1− γ − κ) = 1 (S21)

Consolidating transition probabilities and conditioning on the length of X yields the transition
matrix Equation S12.

Next we consider sequence emission probabilities, given an alignment. Recall that X and Y are
one-hot encodings of sequences.

S14



1. Consider the case that Yl is aligned to Xm, ie.

x: 1

y: 1

The conditional probability of Yl,b′ = 1 given Xm,b = 1 is, according to the pair HMM,
ψb,b′/πb. This matches the conditional probability assigned by the MuE,

Yl ∼ Categorical
('

b′′

Xm,b′′ℓb′′
)
= Categorical

(ψb

πb

)
. (S22)

2. Consider the case that Yl is aligned to a gap, ie.

x: 0

y: 1

The conditional probability of Yl,b given X is just πb (since X is not informative in this case).
This matches the conditional probability assigned by the MuE,

Yl ∼ Categorical
(
(π⊤ · ℓ−1 · ℓ)⊤) = Categorical(π). (S23)

3. Consider the case that Xm is aligned to a gap, ie.

x: 1

y: 0

The conditional probability of Xm given X is trivially one, so this term does not contribute
to the conditional probability of Y given X under the pair HMM. It also does not contribute
to the probability under the MuE.

Thus, term-by-term, the joint probability ofW and Y under the proposed MuE distribution matches
the joint probability of the corresponding alignment and Y under the pair HMM conditional on X.

□

S2.2.3 Profile HMM

The profile HMM (pHMM) is a widely used model for defining protein sequence families, inferring
multiple sequence alignments, and performing database searches (Durbin et al., 1998).

Statement Define the pHMM insertion parameter rm,j ∈ [0, 1] for all m ∈ {1, ...,M + 1} and
j ∈ {0, 1, 2}, and the deletion parameter um,j ∈ [0, 1] for all m ∈ {1, ...,M} and j ∈ {0, 1, 2}. Then
define the MuE transition matrix and termination probability

a
(t)
k,k′ :=

"
################$

################%

(1− rm+1−g,g)(1− um+1−g,g)

if m+ 1− g = m′ and g′ = 0

(1− rm+1−g,g)um+1−g,g(
*m′−1

m′′=m+2−g[(1− rm′′,2)um′′,2])(1− rm′,2)(1− um′,2)

if m+ 1− g < m′ and g′ = 0

rm+1−g,g

if m+ 1− g = m′ and g′ = 1

(1− rm+1−g,g)um+1−g,g(
*m′−1

m′′=m+2−g[(1− rm′′,2)um′′,2])rm′,2

if m+ 1− g < m′ and g′ = 1

0 otherwise

(S24)
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TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC 
TACGC

TACGC 
TACGC 
TACGC 
TCGC 
TACGC 
TCGC 
TACGC 
TACGC 
TCGC 
TCGC

TACGTGC 
TACGC 
TACCGC 
TACGC 
TACAGC 
TACGC 
TACCGGC 
TACGC 
TACAAGC 
TACGC

r = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="8KQkZYG9EbadWtrSNOhV6BXoekk=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1CxJdopJz8lPHXbvolJ0p0CJxM1KEDLWu/dnpRSQJqdCEY6XarhNrL8VSM8LpON9JFI0xGeI+bRsqcEiVl05PH6Mjo/RQEEnTQqOp+nsjxaFSo9A3kyHWAzXvTcT/vHaigwsvZSJONBVk9lCQcKQjNMkB9ZikRPORIZhIZm5FZIAlJtqklTchuPNfXiSNStk9LVduz4rVqyyOHBzAIZTAhXOowg3UoA4EHuAJXuDVerSerTfrfTa6ZGU7+/AH1sc3++GQlQ==</latexit>

r = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="8KQkZYG9EbadWtrSNOhV6BXoekk=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1CxJdopJz8lPHXbvolJ0p0CJxM1KEDLWu/dnpRSQJqdCEY6XarhNrL8VSM8LpON9JFI0xGeI+bRsqcEiVl05PH6Mjo/RQEEnTQqOp+nsjxaFSo9A3kyHWAzXvTcT/vHaigwsvZSJONBVk9lCQcKQjNMkB9ZikRPORIZhIZm5FZIAlJtqklTchuPNfXiSNStk9LVduz4rVqyyOHBzAIZTAhXOowg3UoA4EHuAJXuDVerSerTfrfTa6ZGU7+/AH1sc3++GQlQ==</latexit>

r = (0, 0, 0, 0.4, 0, 0)
<latexit sha1_base64="HrX/IheqBYdk54800GkySf46b58=">AAAB/HicbVBNS8MwGE7n15xf1R29BIcwQUo7B3oRhl48TnAfsJWRZukWlqYlSYVS5l/x4kERr/4Qb/4b064H3XxCXh6e533Jm8eLGJXKtr+N0tr6xuZWebuys7u3f2AeHnVlGAtMOjhkoeh7SBJGOekoqhjpR4KgwGOk581uM7/3SISkIX9QSUTcAE049SlGSksjsyrgNazb5/mxmlk9G5k127JzwFXiFKQGCrRH5tdwHOI4IFxhhqQcOHak3BQJRTEj88owliRCeIYmZKApRwGRbpovP4enWhlDPxT6cgVz9fdEigIpk8DTnQFSU7nsZeJ/3iBW/pWbUh7FinC8eMiPGVQhzJKAYyoIVizRBGFB9a4QT5FAWOm8KjoEZ/nLq6TbsJwLq3HfrLVuijjK4BicgDpwwCVogTvQBh2AQQKewSt4M56MF+Pd+Fi0loxipgr+wPj8AeGOkQs=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit> TACGC

u = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="s049XXbm+WQtO+Mthw/uDmOAzds=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1Cwm6RCXn5KeOu3bRKTtToEXiZqQIGWpd+7PTi0gSUqEJx0q1XSfWXoqlZoTTcb6TKBpjMsR92jZU4JAqL52ePkZHRumhIJKmhUZT9fdGikOlRqFvJkOsB2rem4j/ee1EBxdeykScaCrI7KEg4UhHaJID6jFJieYjQzCRzNyKyABLTLRJK29CcOe/vEgalbJ7Wq7cnhWrV1kcOTiAQyiBC+dQhRuoQR0IPMATvMCr9Wg9W2/W+2x0ycp29uEPrI9vAKyQmA==</latexit>

u = (0, 0.5, 0, 0, 0, 0)
<latexit sha1_base64="3P+eaWY0bOSU5JIlobPAf9q7NH4=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqlCFTFd0IRTcuK9gHtEPJpJk2NJMZkowwDPVX3LhQxK0f4s6/MW1noa3ncuFwzr3k5vgxZ0oj9G2trK6tb2wWtorbO7t7+/bBYUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh26rcfqVQsEg86jakX4qFgASNYG6lvlxJ4DSuoipyLKprXad8uIwfNAJeJm5MyyNHo21+9QUSSkApNOFaq66JYexmWmhFOJ8VeomiMyRgPaddQgUOqvGx2/ASeGGUAg0iaFhrO1N8bGQ6VSkPfTIZYj9SiNxX/87qJDq68jIk40VSQ+UNBwqGO4DQJOGCSEs1TQzCRzNwKyQhLTLTJq2hCcBe/vExaNcc9c2r35+X6TR5HARyBY1ABLrgEdXAHGqAJCEjBM3gFb9aT9WK9Wx/z0RUr3ymBP7A+fwDn9ZEP</latexit>

u = (0, 0, 0, 0, 0, 0)
<latexit sha1_base64="s049XXbm+WQtO+Mthw/uDmOAzds=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGWmCroRim5cVrAPaIeSSTNtaCYzJBmljP0UNy4UceuXuPNvTNtBtPVcLhzOuZfcHD/mTGnH+bKWlldW19ZzG/nNre2dXbuw11BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7ye+M17KhWLxJ0exdQLcV+wgBGsjdS1Cwm6RCXn5KeOu3bRKTtToEXiZqQIGWpd+7PTi0gSUqEJx0q1XSfWXoqlZoTTcb6TKBpjMsR92jZU4JAqL52ePkZHRumhIJKmhUZT9fdGikOlRqFvJkOsB2rem4j/ee1EBxdeykScaCrI7KEg4UhHaJID6jFJieYjQzCRzNyKyABLTLRJK29CcOe/vEgalbJ7Wq7cnhWrV1kcOTiAQyiBC+dQhRuoQR0IPMATvMCr9Wg9W2/W+2x0ycp29uEPrI9vAKyQmA==</latexit>

Figure S5: Samples from the profile HMM. The regressor sequence X1,...,M is set to TACGC,
and we set rm,j=0 = rm,j=1 = rm,j=2 and um,j=0 = um,j=1 = um,j=2 for all m.

t
(t)
k :=

"
####$

####%

1− rM+1,g

if m− g = M

(1− rm+1−g,g)um+1−g,g(
*M

m′′=m+2−g[(1− rm′′,2)um′′,2])(1− rM+1,2)

if m− g < M

(S25)

The initial transition vector is given by a
(0)
k := a

(t)
0,k and the initial termination probability is given

by t(0) = t
(t)
0 . Let the MuE substitution matrix ℓ be the identity matrix IB, ie.

ℓb,b′ := δb,b′ (S26)

for b, b′ ∈ {1, ..., B}.
With these definitions the profile HMM can be written as Y ∼ MuE(X, c, ℓ, a(0), a(t)). Figure S5

illustrates samples from the pHMM. Intuitively, r controls insertion probabilities and u controls
deletion probabilities; when rm,j = 0 and um,j = 0 for all m and j, we recover the no-mutation
limit of the MuE.

Proof This result follows from the relabeling of the profile HMM Markov state architecture
with the (m, g) notation (Figure S6). So-called “delete states” in profile HMMs do not generate ob-
servations Yl. To compute the probability of transitioning between two observable states (m, g) and
(m′, g′), we compute the probability of (1) direct paths between the two states and (2) all possible
paths between the two states that go only through deletion states. This yields Equation S24.

The emission probability of each state in the pHMM is set by its associated emission probability
vector. Without loss of generality, we can write any emission matrix of the pHMM as x̃ (Definition
2.1) since ℓ is the identity matrix.

□

S2.2.4 Needleman-Wunsch

The Needleman-Wunsch (NW) algorithm is a classic non-probabilistic alignment method (Needle-
man and Wunsch, 1970).

Summary Let G be the NW gap penalty, which we assume to be negative, and define u := eG.
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<latexit sha1_base64="jBHHhwIuq2bkyjxuYIXL9vGd07A=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn7mnzugknXbfLjplZwK0SNwZKcIMNd/+6nRjkkZUaMKxUm3XSbSXYakZ4XRU6KSKJpgMcI+2DRU4osrLJteP0LFRuiiMpSmh0UT9vZHhSKlhFJjJCOu+mvfG4n9eO9XhlZcxkaSaCjJ9KEw50jEaR4G6TFKi+dAQTCQztyLSxxITbQIrmBDc+S8vkkal7J6XK3cXxer1LI48HMIRlMCFS6jCLdSgDgQe4Rle4c16sl6sd+tjOpqzZjv78AfW5w8cnJMV</latexit>

r1,0
<latexit sha1_base64="NGbsBBZfY0p4JvmZWVoy7pMpmIM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPvAt32i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+hP48a</latexit>

r1,1
<latexit sha1_base64="Ro9fLmYZTZYF1EGwHh32F0668hQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPvAtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+ixI8b</latexit>

r2,0
<latexit sha1_base64="DdJumI1/hgCHGdn0drMpD/DzsRE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdXPahfutF+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtkQvOWXV0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AosaPGw==</latexit>

r2,1
<latexit sha1_base64="DMkmtcgLZkTKpRHpXJUKr1Pek8I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+Vrvwpv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8ApEuPHA==</latexit>

(1, 0)
<latexit sha1_base64="EZddxjycCzjGiiosqiztSzP2a4E=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXjjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWtes29rNUfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxeUjY4=</latexit>

(1, 1)
<latexit sha1_base64="DV5eQYbg03EPQqsGq6ruFsB/fXw=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXrjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWtes29rNUfriqN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxkZjY8=</latexit>

(2, 1)
<latexit sha1_base64="ENAoPGfQ6jT1lh2xsKA2lu8BJgk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa9av3DP++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpa9Zp7Was/XFUat3kcRTiBU6iCC9fQgHtoggcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwAaoI2Q</latexit>

(2, 0)
<latexit sha1_base64="/o2qrbAgMDlzP7LlPl1mS2il/FA=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcpuFfRY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa9av3DO++WKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpa9Zp7Was/XFUat3kcRTiBU6iCC9fQgHtoggcUODzDK7whiV7QO/pYtBZQPnMMf4A+fwAZG42P</latexit>

(3, 0)
<latexit sha1_base64="LjoYLIVOQ5vkxpGRi5c6CHFSEEY=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNltBT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepXzoX/VLZqTpz4FXi5qQMOZr90ldvENM0YtJQQbTuuk5i/Iwow6lg02Iv1SwhdEyGrGupJBHTfjY/dorPrTLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2hDcJdfXiWtWtWtV2sPV+XGbR5HAU7hDCrgwjU04B6a4AEFDs/wCm9Iohf0jj4WrWsonzmBP0CfPxqijZA=</latexit>

(3, 1)
<latexit sha1_base64="YjBmGjc9i97UYR6K+GbZxHS7SBw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNltBT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepX7oX/VLZqTpz4FXi5qQMOZr90ldvENM0YtJQQbTuuk5i/Iwow6lg02Iv1SwhdEyGrGupJBHTfjY/dorPrTLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2hDcJdfXiWtWtWtV2sPV+XGbR5HAU7hDCrgwjU04B6a4AEFDs/wCm9Iohf0jj4WrWsonzmBP0CfPxwnjZE=</latexit>

r3,0
<latexit sha1_base64="GcSfuXIxDwPP9WDJB2o29ZWBg8g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q126036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXi1SvXhqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz+kTY8c</latexit>

r3,1
<latexit sha1_base64="tvdf4MnZ6rcjxmyxoFid11smWLU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mkmCfkSHkoecUWOltupntUtv2i+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJFW0I3vLLq6RVrXi1SvXhqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz+l0o8d</latexit>

r3,2
<latexit sha1_base64="QbfNfIuYyAgIsuBxSgyzPxroOAk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtXU/q11Wp/1S2a24c5BV4uWkDDka/dJXbxCzNOIKmaTGdD03QT+jGgWTfFrspYYnlI3pkHctVTTixs/m507JuVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtoQvOWXV0mrWvFqlerDVbl+m8dRgFM4gwvw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8Ap1ePHg==</latexit>

r2,2
<latexit sha1_base64="IqVDtbxLuHMAvhzH70ZyQxPxYQI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+VruoTfvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5JWrepdVmsPV5X6bR5HEU7gFM7Bg2uowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4ApdCPHQ==</latexit>

…

(1� r1,0)(1� u1,0)
<latexit sha1_base64="PbUiLWKLiKFx4j777XpOIAYy+fo=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6qXvqTE5KbjnJ0LeLTsWZCf0FN4MiZKr79me3F5EkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMEHHxumhfiTNExrN3J8TKQ6VGoeB6QyxHqrF2tT8r9ZJdP/SS5mIE00FmS/qJxzpCE3jQD0mKdF8bAATycxfERliiYk2oRVMCO7iyX+hWa24Z5Xq7XmxdpXFkYdDOIISuHABNbiBOjSAwAM8wQu8Wo/Ws/Vmvc9bc1Y2sw+/ZH18A861k+w=</latexit>

(1�
r
1,1 )(1�

u
1,1 )

<latexit sha1_base64="Bg9akbmcdE5NALiIEpW3EdPVpjY=">AAACAXicbZDLSgMxFIbP1Futt1E3gptgESrYMqmCLotuXFawF2iHIZOmbWjmQpIRylA3voobF4q49S3c+Tam7Sy0+kPg4z/ncHJ+PxZcacf5snJLyyura/n1wsbm1vaOvbvXVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD2tt+6ZVDwK7/Q4Zm5ABiHvc0q0sTz7oIRRGUkvxad4clLC5SRDzy46FWcm9BdwBkXIVPfsz24voknAQk0FUaqDnVi7KZGaU8EmhW6iWEzoiAxYx2BIAqbcdHbBBB0bp4f6kTQv1Gjm/pxISaDUOPBNZ0D0UC3WpuZ/tU6i+5duysM40Syk80X9RCAdoWkcqMclo1qMDRAqufkrokMiCdUmtIIJAS+e/Bea1Qo+q1Rvz4u1qyyOPBzCEZQAwwXU4Abq0AAKD/AEL/BqPVrP1pv1Pm/NWdnMPvyS9fEN0cyT7g==</latexit>

(1
�
r 1,

1
)u

1,
1

<latexit sha1_base64="kXIT2nT0G46JOSdxqFBovzIA9zs=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbRMqqDLohuXFewD2mHIpJk2NPMgyQh1KP6KGxeKuPU/3Pk3po+Fth643MM595Kb4yeCK+0431ZuaXlldS2/XtjY3NresXf3GipOJWV1GotYtnyimOARq2uuBWslkpHQF6zpD27GfvOBScXj6F4PE+aGpBfxgFOijeTZByWMzpD0MnyKRyfptHt20Sk7E6BFgmekCDPUPPur041pGrJIU0GUamMn0W5GpOZUsFGhkyqWEDogPdY2NCIhU242uX6Ejo3SRUEsTUUaTdTfGxkJlRqGvpkMie6reW8s/ue1Ux1cuRmPklSziE4fClKBdIzGUaAul4xqMTSEUMnNrYj2iSRUm8AKJgQ8/+VF0qiU8Xm5cndRrF7P4sjDIRxBCTBcQhVuoQZ1oPAIz/AKb9aT9WK9Wx/T0Zw129mHP7A+fwAfrpMX</latexit>

(1
�
r 2

,0
)u

2,
0

<latexit sha1_base64="oG+qqq8gZt5SrMhAwr9i5Ip+wcU=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn1VOndFJOu2+XXTKzgRokbgzUoQZar791enGJI2o0IRjpdquk2gvw1Izwumo0EkVTTAZ4B5tGypwRJWXTa4foWOjdFEYS1NCo4n6eyPDkVLDKDCTEdZ9Ne+Nxf+8dqrDKy9jIkk1FWT6UJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWMCG4819eJI1K2T0vV+4uitXrWRx5OIQjKIELl1CFW6hBHQg8wjO8wpv1ZL1Y79bHdDRnzXb24Q+szx8fspMX</latexit>

(1
�
r 3

,0
)u

3,
0

<latexit sha1_base64="Vn1zlWzyWWX3EMnHoJ63Jtd17/w=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueOqOTdNp9u+iUnQnQInFnpAgz1H37q9uLSRpRoQnHSnVcJ9FehqVmhNNRoZsqmmByj/u0Y6jAEVVeNrl+hI6N0kNhLE0JjSbq740MR0oNo8BMRlgP1Lw3Fv/zOqkOL72MiSTVVJDpQ2HKkY7ROArUY5ISzYeGYCKZuRWRAZaYaBNYwYTgzn95kTQrZbdartyeF2tXszjycAhHUAIXLqAGN1CHBhB4hGd4hTfryXqx3q2P6WjOmu3swx9Ynz8iyJMZ</latexit>

(1� r3,0)(1� u3,0)
<latexit sha1_base64="Hb7hPjpfAMMBKCAP8S7HAwQ1YbM=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSVpBl0U3LivYC7QhTKaTdujkwsxEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPn92LOpLKsbyO3srq2vpHfLGxt7+zumfsHLRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RjfTevuBCsmi8F6NY+oEeBAynxGstOWaRyUblZFw09q5NTkr2eUkQ9csWhVrJrQMdgZFyNRwza9ePyJJQENFOJaya1uxclIsFCOcTgq9RNIYkxEe0K7GEAdUOunsggk61U4f+ZHQL1Ro5v6eSHEg5TjwdGeA1VAu1qbmf7VuovwrJ2VhnCgakvkiP+FIRWgaB+ozQYniYw2YCKb/isgQC0yUDq2gQ7AXT16GVrVi1yrVu4ti/TqLIw/HcAIlsOES6nALDWgCgUd4hld4M56MF+Pd+Ji35oxs5hD+yPj8AdTrk/A=</latexit>

(1� r2,0)(1� u2,0)
<latexit sha1_base64="ataSVu4BUXUodYduaYFWTxCnm4M=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6afXUmZyU3HKSoW8XnYozE/oLbgZFyFT37c9uLyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMegwCFVXjq7YIKOjdND/UiaJzSauT8nUhwqNQ4D0xliPVSLtan5X62T6P6llzIRJ5oKMl/UTzjSEZrGgXpMUqL52AAmkpm/IjLEEhNtQiuYENzFk/9Cs1pxzyrV2/Ni7SqLIw+HcAQlcOECanADdWgAgQd4ghd4tR6tZ+vNep+35qxsZh9+yfr4BtHQk+4=</latexit>

(1�
r
2,1 )(1�

u
2,1 )

<latexit sha1_base64="o9JFrl2076YZ39QN0Xcs4+ds0sA=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaqgy6IblxXsBdoQJtNpO3QyCTMToYS68VXcuFDErW/hzrdx2mah1R8GPv5zDmfOH8ScKe04X1ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRtfTeuueSsUicafHMfVCPBCszwjWxvLtg5KLykj6afXUnZyU3HKSoW8XnYozE/oLbgZFyFT37c9uLyJJSIUmHCvVcZ1YeymWmhFOJ4VuomiMyQgPaMegwCFVXjq7YIKOjdND/UiaJzSauT8nUhwqNQ4D0xliPVSLtan5X62T6P6llzIRJ5oKMl/UTzjSEZrGgXpMUqL52AAmkpm/IjLEEhNtQiuYENzFk/9Cs1pxzyrV2/Ni7SqLIw+HcAQlcOECanADdWgAgQd4ghd4tR6tZ+vNep+35qxsZh9+yfr4BtTnk/A=</latexit>

(1�
r
2,2 )(1�

u
2,2 )

<latexit sha1_base64="G36TTvRwBhKz1dT59UmusnuPG00=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSaKgy6IblxXsBdoQJtNJO3RyYWYilFA3voobF4q49S3c+TZO2yy0+sPAx3/O4cz5/YQzqSzryygsLa+srhXXSxubW9s75u5eS8apILRJYh6Ljo8l5SyiTcUUp51EUBz6nLb90fW03r6nQrI4ulPjhLohHkQsYAQrbXnmQcVGVSS8zDl1JicVu5rm6Jllq2bNhP6CnUMZcjU887PXj0ka0kgRjqXs2lai3AwLxQink1IvlTTBZIQHtKsxwiGVbja7YIKOtdNHQSz0ixSauT8nMhxKOQ593RliNZSLtan5X62bquDSzViUpIpGZL4oSDlSMZrGgfpMUKL4WAMmgum/IjLEAhOlQyvpEOzFk/9Cy6nZZzXn9rxcv8rjKMIhHEEFbLiAOtxAA5pA4AGe4AVejUfj2Xgz3uetBSOf2YdfMj6+Adf+k/I=</latexit> (1�
r
3,2 )(1�

u
3,2 )

<latexit sha1_base64="9yB8DolvNFllbEpjdE2FO/ifVRw=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCBVsSVpBl0U3LivYC7QhTKaTdujkwsxEKKFufBU3LhRx61u4822ctllo6w8DH/85hzPn92LOpLKsbyO3srq2vpHfLGxt7+zumfsHLRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2RjfTevuBCsmi8F6NY+oEeBAynxGstOWaRyUblZFw09p5dXJWsstJhq5ZtCrWTGgZ7AyKkKnhml+9fkSSgIaKcCxl17Zi5aRYKEY4nRR6iaQxJiM8oF2NIQ6odNLZBRN0qp0+8iOhX6jQzP09keJAynHg6c4Aq6FcrE3N/2rdRPlXTsrCOFE0JPNFfsKRitA0DtRnghLFxxowEUz/FZEhFpgoHVpBh2AvnrwMrWrFrlWqdxfF+nUWRx6O4QRKYMMl1OEWGtAEAo/wDK/wZjwZL8a78TFvzRnZzCH8kfH5A9sZk/Q=</latexit>

(1�
r
3,1 )(1�

u
3,1 )

<latexit sha1_base64="tVNGqeYnONrdtIUd//qtqeHCsnY=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhAq2TFpBl0U3LivYC7TDkEkzbWgmMyQZoQx146u4caGIW9/CnW9j2s5CW38IfPznHE7O78ecKe0431ZuZXVtfSO/Wdja3tnds/cPWipKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2RzfTevuBSsUica/HMXVDPBAsYARrY3n2UQnBMpReWjtHk7MSKicZenbRqTgzwWVAGRRBpoZnf/X6EUlCKjThWKkucmLtplhqRjidFHqJojEmIzygXYMCh1S56eyCCTw1Th8GkTRPaDhzf0+kOFRqHPqmM8R6qBZrU/O/WjfRwZWbMhEnmgoyXxQkHOoITuOAfSYp0XxsABPJzF8hGWKJiTahFUwIaPHkZWhVK6hWqd5dFOvXWRx5cAxOQAkgcAnq4BY0QBMQ8AiewSt4s56sF+vd+pi35qxs5hD8kfX5A9gCk/I=</latexit>

(1
�
r 3,
1
)u
3,
1

<latexit sha1_base64="LfS/IC/vVyJgwGI6Rl7WOxqQUAg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueuqOTdNp9u+iUnQnQInFnpAgz1H37q9uLSRpRoQnHSnVcJ9FehqVmhNNRoZsqmmByj/u0Y6jAEVVeNrl+hI6N0kNhLE0JjSbq740MR0oNo8BMRlgP1Lw3Fv/zOqkOL72MiSTVVJDpQ2HKkY7ROArUY5ISzYeGYCKZuRWRAZaYaBNYwYTgzn95kTQrZbdartyeF2tXszjycAhHUAIXLqAGN1CHBhB4hGd4hTfryXqx3q2P6WjOmu3swx9Ynz8l2pMb</latexit>

(1� r3,2)u3,2
<latexit sha1_base64="PGTVfjrNTorRECxyN5cpYJHhgjg=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMtIIui25cVrAPaIchk2baYCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwf312G89UKlYLO70MKFehPuChYxgbSTfPii56AxJP6ueVkYn6bT7dtEpOxOgReLOSBFmqPv2V7cXkzSiQhOOleq4TqK9DEvNCKejQjdVNMHkHvdpx1CBI6q8bHL9CB0bpYfCWJoSGk3U3xsZjpQaRoGZjLAeqHlvLP7ndVIdXnoZE0mqqSDTh8KUIx2jcRSoxyQlmg8NwUQycysiAywx0SawggnBnf/yImlWym61XLk9L9auZnHk4RCOoAQuXEANbqAODSDwCM/wCm/Wk/VivVsf09GcNdvZhz+wPn8AKOyTHQ==</latexit>

(1� r2,2)u2,2
<latexit sha1_base64="4MgeFyekX9EzN6Tv3lrAJSDhc2U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEClqSKOiy6MZlBfuANoTJdNIOnTyYmQg1FH/FjQtF3Pof7vwbp20W2nrgcg/n3MvcOX7CmVSW9W0UlpZXVteK66WNza3tHXN3rynjVBDaIDGPRdvHknIW0YZiitN2IigOfU5b/vBm4rceqJAsju7VKKFuiPsRCxjBSkueeVCx0RkSXuacOuOTdNY9s2xVrSnQIrFzUoYcdc/86vZikoY0UoRjKTu2lSg3w0Ixwum41E0lTTAZ4j7taBrhkEo3m14/Rsda6aEgFroihabq740Mh1KOQl9PhlgN5Lw3Ef/zOqkKrtyMRUmqaERmDwUpRypGkyhQjwlKFB9pgolg+lZEBlhgonRgJR2CPf/lRdJ0qvZ51bm7KNeu8ziKcAhHUAEbLqEGt1CHBhB4hGd4hTfjyXgx3o2P2WjByHf24Q+Mzx8l1pMb</latexit>

(1
�
r 2,
1
)u
2,
1

<latexit sha1_base64="TOSgbFUvUFtM2uCL3AoltM4fqnQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbTMVEGXRTcuK9gHtMOQSTNtaCYzJBmhDsVfceNCEbf+hzv/xvSx0NYDl3s4515yc4KEM6Ud59vKLS2vrK7l1wsbm1vbO/buXkPFqSS0TmIey1aAFeVM0LpmmtNWIimOAk6bweBm7DcfqFQsFvd6mFAvwj3BQkawNpJvH5RcdIakn1VO3dFJOu2+XXTKzgRokbgzUoQZar791enGJI2o0IRjpdquk2gvw1Izwumo0EkVTTAZ4B5tGypwRJWXTa4foWOjdFEYS1NCo4n6eyPDkVLDKDCTEdZ9Ne+Nxf+8dqrDKy9jIkk1FWT6UJhypGM0jgJ1maRE86EhmEhmbkWkjyUm2gRWMCG4819eJI1K2T0vV+4uitXrWRx5OIQjKIELl1CFW6hBHQg8wjO8wpv1ZL1Y79bHdDRnzXb24Q+szx8ixJMZ</latexit>
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initial termination

Figure S6: Profile HMM state architecture. The conventional profile HMM state architecture
labeled with MuE states, using (m, g) notation. Squares indicate “match states”, diamonds indicate
“insert states”, and circles indicate “delete states”.

We define the MuE transition matrix and termination probabilities

a
(t)
k,k′ :=

"
#$

#%

1−u
1+uu

m′−m−1+g if m− g < m′ < M + 1 and g′ = 0
1−u
1+uu

m′−m+g if m− g < m′ ≤ M + 1 and g′ = 1

0 otherwise

(S27)

t
(t)
k :=

1 + u2

1 + u
uM−m+g (S28)

The initial transition vector is defined by a
(0)
k := a

(t)
0,k and the initial termination probability is

t
(0)
k := t

(t)
0 . Let Sb,b′ be the NW similarity matrix, for which we assume that

!
b′ e

Sb,b′ = B for all
b. We define, for b, b′ ∈ {1, ..., B},

ℓb,b′ :=
eSb,b′

B
. (S29)

Finally, for all m ∈ {1, ...,M + 1},

cm := (ℓ−1)⊤ · (1/B, ..., 1/B)⊤ (S30)

where ℓ−1 is the inverse of the substitution matrix (assumed to be invertible) and (1/B, ..., 1/B)⊤

is a length B column vector. Let X and Y be the sequences to be aligned.
Under the MuE model Y ∼ MuE(X, c, ℓ, a(0), a(t)), the maximum a posteriori estimator of the

alignment variable w given X and Y corresponds to the Needleman-Wunsch pairwise alignment
between X and Y . Note that in the limit G → −∞ and Sb,b′ → −∞ for all b′ ∕= b, we recover the
no-mutation limit of the MuE distribution.

Proof We can organize the NW scoring system according to transitions in the MuE Markov
model. We use ωx,ωy notation to represent alignments, with the symbol “|” placed to the right
of the residue we are transitioning from. We assign l′ to be the residue of Y at the column of the
alignment corresponding to state k′.

1. Transitioning from (m, 0) to (m′ > m, 0) gives a NW score of (m′−m−1)G+
!

b,b′ xm′,bSb,b′yl′,b′ .

x: 1 | 1 ... 1 1

y: 1 | 0 ... 0 1
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2. Transitioning from (m, 0) to (m′ > m, 1) gives a NW score of (m′ −m)G

x: 1 | 1 ... 1 0

y: 1 | 0 ... 0 1

3. Transitioning from (m, 1) to (m′ ≥ m, 0) gives a NW score of (m′−m)G+
!

b,b′ xm′,bSb,b′yl′,b′

x: 0 | 1 ... 1 1

y: 1 | 0 ... 0 1

4. Transitioning from (m, 1) to (m′ ≥ m, 1) gives a NW score of (m′ −m+ 1)G.

x: 0 | 1 ... 1 0

y: 1 | 0 ... 0 1

5. Terminating after (m, 0) gives a NW score of (M −m)G.

x: 1 | 1 ... 1 $

y: 1 | 0 ... 0 $

6. Terminating after (m, 1) gives a NW score of (M −m+ 1)G.

x: 0 | 1 ... 1 $

y: 1 | 0 ... 0 $

Now we can rewrite the Needleman-Wunsch objective function in terms of these transitions,
rather than in terms of gap and insert scoring. In particular, define

∆(l′,m, g,m′, g′) :=

"
#$

#%

(m′ −m− 1 + g)G+
!

b,b′ xm′,bSb,b′yl′,b′ if m− g < m′ < M and g′ = 0

(m′ −m+ g)G if m− g < m′ ≤ M and g′ = 1

−∞ otherwise

(S31)
Based on the cases outlined above, the NW objective function can now be rewritten as

argmax
(m,(g

L'

l=1

∆(l,ml−1, gl−1,ml, gl) + (M −mL + gL)G (S32)

where we set m0 = 0, g0 = 0. If we find the solution to this objective function, then follow the
mapping from the list of Markov chain states (m1, g1), ..., (mL, gL) back to an alignment, we obtain
the Needleman-Wunsch alignment between sequences x and y.

Now we examine the maximum a posteriori estimator of w under the MuE distribution. We
have

argmax
w

log p(y, w|x, c, a, ℓ) = argmax
w

+
log p(term.|wL) +

L'

l=2

log p(yl, wl|wl−1) + log p(y1, w1)

,

(S33)
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where p(term.|wL) is the termination probability after state wL, which reduces to p(term.|init.)
when L = 0. Under the given MuE model,

p(yl, wl|wl−1) =

"
#$

#%

1−u
1+uu

ml−ml−1−1+gl−1 1
B exp(

!
b,b′ xml,bSb,b′yl,b′) if ml−1 − gl−1 < ml < M + 1 and gl = 0

1−u
1+uu

ml−ml−1+gl−1 1
B if ml−1 − gl−1 < ml ≤ M + 1 and gl = 1

0 otherwise

(S34)

p(term.|wL) =
1 + u2

1 + u
uM−mL+gL (S35)

p(y1, w1) =

"
#$

#%

1−u
1+uu

m1−1 1
B exp(

!
b,b′ xm1,bSb,b′y1,b′) if m1 < M + 1 and g1 = 0

1−u
1+uu

m1 1
B if m1 ≤ M + 1 and g1 = 1

0 otherwise

(S36)

p(term.|init.) = 1 + u2

1 + u
uM (S37)

Now, the maximum a posteriori estimator of w can be written as

argmax
w

log p(y, w|x) = argmax
(m,(g

+
L log(

1− u

1 + u

1

B
) + log(

1 + u2

1 + u
) +

L'

l=1

∆(l,ml−1, gl−1,ml, gl)

+ (M −mL + gL)G

,

= argmax
(m,(g

+ L'

l=1

∆(l,ml−1, gl−1,ml, gl) + (M −mL + gL)G

,

(S38)

where again m0 = 0 and g0 = 0. This objective function is identical to the NW objective function
(Equation S32), so the maximum a posteriori estimator of w in the MuE distribution corresponds
to the Needleman-Wunsch pairwise alignment of X and Y .

We can confirm that the transition probabilities of the MuE distribution are normalized by
considering transitions from state (m, g):

1− u

1 + u

M'

m′=m−g+1

um
′−m−1+g +

1− u

1 + u

M+1'

m′=m−g+1

um
′−m+g +

1 + u2

1 + u
uM−m+g

=
1− u

1 + u

-M−m−1+g'

m′′=0

um
′′
+ u

M−m+g'

m′′=0

um
′′.

+
1 + u2

1 + u
uM−m+g

=
1

1 + u
[1− uM−m+g + u− uM−m+g+2] +

1 + u2

1 + u
uM−m+g

= 1− 1 + u2

1 + u
uM−m+g +

1 + u2

1 + u
uM−m+g

= 1.

(S39)

□
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Algorithm 2: Multiple sequence alignment construction

input : {W1,1, . . . ,W1,L1}, . . . , {WN,1, . . . ,WN,LN
} and Y1, . . . , YN

output: YMSA

Plug in definition of jl and gl for each sequence;
for i ∈ {1, 2, . . . , N} do

for li ∈ {1, 2, . . . , Li} do
gi,li = I(Wi,li > M);
mi,li = Wi,li −Mgi,li ;

end
gi,Li+1 = 0 (for convenience);
mi,Li+1 = 0 (for convenience);

end
n = 0;
l1, l2, . . . , lN = 1;
Iterate through each latent state, assigning letters of Y1, . . . , YN to YMSA;
for m̃ ∈ {1, 2, . . . ,M + 1} do

Place in the same contiguous set of columns letters generated from the same site in c;
while ∃i : mi,li = m̃ and gi,li = 1 do

n = n+ 1;
for i ∈ {1, 2, . . . , N} do

if mi,li = m̃ and gi,li = 1 then
YMSA,i,n = Yi,li ;
li = li + 1;

else
YMSA,i,n = -;

end

end

end
Place in the same column letters generated from the same site in X;
if ∃i : mi,li = m̃ and gi,li = 0 then

n = n+ 1;
for i ∈ {1, . . . , N} do

if mi,li = m̃ and gi,li = 0 then
YMSA,i,n = Yi,li ;
li = li + 1;

else
YMSA,i,n = -;

end

end

end

end

S2.3 Inferring multiple sequence alignments

In this section we describe how MuE observation models can be used to infer multiple sequence
alignments. First we define a multiple sequence alignment, analogously to Definition 4.2.
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Definition S2.2 (Multiple sequence alignment). Let Y1, . . . , YN be sequences with lengths L1, . . . , LN .
A multiple sequence alignment YMSA ∈ (B ∪ {−})J has rows YMSA,1, . . . , YMSA,N each consisting
of the letters of Yi, in order, interspersed with gap symbols. The alignment YMSA must satisfy the
condition that for every j ∈ {1, . . . , J}, there exists some i ∈ {1, . . . , N} such that YMSA,i,j ∈ B.

Consider models of the form of Equation 2, and letWi be the latent alignment variable associated
with sequence Yi, i.e. Wi,1, . . . ,Wi,Li is the path through the latent state space that generated Yi
with length Li. Algorithm 2 constructs a multiple sequence alignment of the dataset Y1, . . . , YN
given W1, . . . ,WN , placing Yi,l that are generated from the same state (m, 0) (corresponding to a
particular position in the “ancestral” sequence Xi) in the same column. Note in the case of multiple
sequence alignments, as opposed to pairwise alignments, there is no longer a unique alignment
given W , since X is not observed. The Algorithm 2 construction is chosen to match a standard
construction used for the profile HMM (see Durbin et al. (1998), Chapter 6.5), using the fact that
the profile HMM is a special case of Equation 2 with pθ(v) = δv0(v), where δv0(v) is the Dirac
delta function at v0. In MuE observation models we can apply the same algorithm as for pHMMs,
placing Yi,l that are generated from the same state (m, 0) in the same column.

S2.4 Proof of Proposition 4.5

We require that with probability 1, the set {j1, . . . , jL} defined by Definition 4.3 is valid, i.e. it
must be ordered such that jl < jl+1 for all l ∈ {1, . . . , L − 1}. Plugging in Definition 4.3, this is
equivalent to the requirement that

ml+1 > ml − gl, (S40)

where recall ml := Wl − Mgl. For this inequality to hold with probability 1 for any sample W ,
Condition 2.2 is necessary and sufficient.

S2.5 Vogel et al. natural language translation

The Vogel et al. (1996) translation model takes the same general form as a MuE distribution, with
X a sentence in one language and Y a sentence in another language (encoded as sequences of
words). In particular, with states k indexed by tuples (m, g), the transition matrix takes the form

a
(t)
k,k′ :=

& rM+m′−m!M
m′′=1 rM+m′′−m

if g = g′ = 0 and m,m′ ≤ M

0 otherwise
(S41)

where r ∈ R2M
+ is a vector of non-negative weights. The initial transition vector is defined by

a
(0)
k := a

(t)
0,k. The length L of Y is sampled independently of W . We can see that for general r,

Condition 2.2 is violated.

S3 Models

In this section we provide a detailed description of the models evaluated in the main text. We
parameterized the transition matrix a(t) in terms of r and u following Equation S24 (the profile
HMM parameterization). We also considered a simplified variation on Equation S24 where we
enforce the constraint um,0 = um,1 = um,2 and likewise rm,0 = rm,1 = rm,2 for all m. We enforced
(in both cases) the constraint uM,j = 0 for j ∈ {0, 1, 2} (termination has probability zero); rather
than assign a termination state we assume the length of the sequence Yi, that is Li, is independent
of Wi. Since the probability of Li does not contribute to the per residue perplexity performance

S21



metric (Section S5) we do not use an explicit model for Li. The initial transition vector followed

the same form as the transition matrix, i.e. a
(0)
k = a

(t)
0,k.

Note that in our experiments we go slightly beyond the vanilla MuE observation model presented
in the main text (Equation 2), and allow the insertion sequence c to also depend on pθ.

S3.1 Profile HMM

The profile HMM is

Yi ∼ MuE(x, c, ℓ = IB, a
(0)(r, u), a(t)(r, u)) (S42)

where a(0)(r, u) and a(t)(r, u) depend deterministically on the parameters r and u according to
Equation S24, D = B, and IB is the B ×B identity matrix.

S3.2 RegressMuE

The RegressMuE model uses a linear regression model as the MuE observation’s continuous-space

vector model. Let Hi,1, ..., Hi,T be covariates associated with sequence Yi. Let β
(x)
0 , ...,β

(x)
T ∈ RM×D

be a set of coefficients associated with X, and let β
(c)
0 , ...,β

(c)
T ∈ R(M+1)×D be a set of coefficients

associated with c. Then the RegressMuE is

V
(x)
i = β

(x)
0 +

T'

t=1

Hi,tβ
(x)
t

V
(c)
i = β

(c)
0 +

T'

t=1

Hi,tβ
(c)
t

Yi ∼ MuE(Xi = softmax(V
(x)
i ), Ci = softmax(V

(c)
i ), ℓ, a(0)(r, u), a(t)(r, u)).

(S43)

Note that in this model, unlike the pHMM, the substitution matrix ℓ is not constrained to the
identity. When rm = qm = 0 for all m and ℓ = IB, the RegressMuE reduces to a multi-output
multinomial logit regression model.

S3.3 FactorMuE

The FactorMuE model is the latent linear version of the RegressMuE. Instead of observing covariates
H, we draw a latent variable Z from a standard normal prior,

Zi,t ∼ Normal(0, 1)

V
(x)
i = β

(x)
0 +

T'

t=1

Zi,tβ
(x)
t

V
(c)
i = β

(c)
0 +

T'

t=1

Zi,tβ
(c)
t

Yi ∼ MuE(Xi = softmax(V
(x)
i ), Ci = softmax(V

(c)
i ), ℓ, a(0)(r, u), a(t)(r, u))

(S44)

S22



S3.4 ICAMuE

The ICAMuE model the same as the FactorMuE model, except that it uses a Laplace prior instead
of a Normal prior on the local latent variable (Murphy (2012), Chapter 12.6).

Zi,t ∼ Laplace(0, 1)

V
(x)
i = β

(x)
0 +

T'

t=1

Zi,tβ
(x)
t

V
(c)
i = β

(c)
0 +

T'

t=1

Zi,tβ
(c)
t

Yi ∼ MuE(Xi = softmax(V
(x)
i ), Ci = softmax(V

(c)
i ), ℓ, a(0)(r, u), a(t)(r, u))

(S45)

S3.5 NeuralMuE

The NeuralMuE model uses a fully connected neural network as the MuE observation’s continuous-
space vector model. We use a network Γ layers using relu nonlinearities, widths T1:(Γ+1), and weights
β1:(Γ+1). Let Hi,1:T(Γ+1)

be a vector of covariates.

Vi,Γ+1 = βΓ+1,0 +

TΓ+1'

t=1

Hi,tβΓ+1,t

Vi,Γ = βΓ,0 +

TΓ'

t=1

relu(Vi,Γ+1,t)βΓ,t

...

V
(x)
i,1 = β

(x)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(x)
1,t

V
(c)
i,1 = β

(c)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(c)
1,t

Yi ∼ MuE(Xi = softmax(V
(x)
i,1 ), Ci = softmax(V

(c)
i,1 ), ℓ, a(0)(r, u), a(t)(r, u))
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S3.6 LatentNeuralMuE

The LatentNeuralMuE model uses a neural network latent variable model as the MuE observation’s
continuous-space vector model. It is the latent covariate version of the NeuralMuE, where instead
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of observing H we draw a latent variable Z from a standard normal prior.

Zi,t ∼ Normal(0, 1)

Vi,Γ+1 = βΓ+1,0 +

TΓ+1'

t=1

Zi,tβΓ+1,t

Vi,Γ = βΓ,0 +

TΓ'

t=1

relu(Vi,Γ+1,t)βΓ,t

...

V
(x)
i,1 = β

(x)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(x)
1,t

V
(c)
i,1 = β

(c)
1,0 +

T1'

t=1

relu(Vi,2,t)β
(c)
1,t

Yi ∼ MuE(Xi = softmax(V
(x)
i,1 ), Ci = softmax(V

(c)
i,1 ), ℓ, a(0)(r, u), a(t)(r, u))
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S3.7 Priors

We place standard normal priors Normal(0, 1) over each element of each coefficient matrix β in
each model. Recall that each row of the matrix ℓ is constrained to the simplex, ℓd ∈ ∆B. To enable
easy gradient-based optimization and stochastic variational inference (Kucukelbir et al., 2017), we
transform an unconstrained parameter ℓ̃ ∈ RD×B with a Gaussian prior to the simplex,

ℓ̃d,b ∼ Normal(0, 1)

ℓd = softmax(ℓ̃d).
(S48)

The variables rm,j and um,j are constrained to [0, 1] for all m and j. This corresponds to the first
dimension of a simplex ∆2, and so we apply the same approach,

r̃m,j,ϑ ∼ Normal(µ
(r)
ϑ , 1) for ϑ ∈ {1, 2}

rm,j =
exp(r̃m,j,2)

exp(r̃m,j,1) + exp(r̃m,j,2)

(S49)

where µ(r) is a hyperparameter. The variable um is handled identically, with prior ũm,j,ϑ ∼
Normal(µ

(u)
ϑ , 1) for ϑ ∈ {1, 2}.

In the case of the ICAMuE model we found that training improved with an annealing strategy:
we multiplied each coefficient matrix β by a scalar inverse-temperature parameter ξ, drawn accord-
ing to ξ̃ ∼ Normal(100, 1) and ξ = softplus(ξ̃) where softplus = log(1 + exp(·)); the variational
approximation to ξ (see below) was initialized such that q(ξ̃) had mean 0. Note that this annealing
approach does not change the expressivity of the model, only the prior and training dynamics.
Details can be found in the supplementary code (see Section S4.2).

S4 Inference

S4.1 Stochastic variational inference

Variational inference approximates the posterior distribution p(θ|Y1:N ) of a given probabilistic
model using a tractable family of distributions qη(θ|Y1:N ) parameterized by η (Blei et al., 2017).
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To form this approximation, variational inference minimizes the Kullback-Leibler (kl) divergence
between the two distributions,

η0 := argmin
η

kl(qη(θ|Y1:N )||p(θ|Y1:N )) (S50)

This objective can be rewritten as maximizing the evidence lower bound (elbo),

η0 = argmax
η

Eqη(θ|Y1:N )[log p(Y1:N , θ)]− Eqη(θ|Y1:N )[log qη(θ|Y1:N )] = argmax
η

elbo(η) (S51)

We employ mean-field variational inference for MuE observation models. We use a diagonal
Gaussian distribution, with unknown mean and standard deviation, for the variational distribu-
tion over the global parameters r̃, ũ, ℓ̃, ξ̃ and β. For the local variable z in the FactorMuE and
LatentNeuralMuE, we amortize inference using an inference network (also known as an encoder
network) (Kingma and Welling, 2014; Rezende et al., 2014). In particular, we set

qηz(z1:N |Y1:N ) =

N/

i=1

qηz(zi|Yi) =
N/

i=1

N (zi|f (µ)(Yi; ηz), f
(σ)(Yi; ηz)) (S52)

where N (z|µ,σ) is the probability distribution function of a Gaussian with mean µ and standard
deviation σ, and f (µ)(Yi; ηz) and f (σ)(Yi; ηz) are differentiable functions of ηz. We parameterize
f (µ) and f (σ) using a neural network,

y
(q)
i,l = EY ′∼MuE(Yi,c(q),ℓ(q),a(0)(r(q),u(q)),a(t)(r(q),u(q)))[Y

′
l ]
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(q)
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+
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where we have introduced the variational parameters (β(q), c(q), r(q), u(q), ℓ(q)) =: ηz. The first layer
of the encoder employs the MuE distribution and computes the expected value of mutants of Yi, at
positions l ∈ {1, ..., L(q)}; this expected value is a differentiable function of the MuE parameters,
and can be tractably computed using the forward algorithm. We use the same parameterization of

the MuE distribution as in the models (Section S3), but fix r
(q)
1,0 = r

(q)
1,1 = r

(q)
1,2 = r

(q)
2,0 = ... = r

(q)
M,2

and u
(q)
1,0 = u

(q)
1,1 = u

(q)
1,2 = u

(q)
2,0 = ... = u

(q)
M−1,2 and c

(q)
1 = c

(q)
2 = ... = c

(q)
M . Intuitively, the MuE

encoding serves to “smear out” the one-hot encoded sequence Yi according to learnable insertion,
deletion and substitution probabilities, making it easier for the encoder to learn which sequences

are similar, and making each encoded sequence y
(q)
i the same length L(q).

To optimize the variational approximation we need to compute the gradient of the ELBO
with respect to the variational parameters η. To enable faster optimization we employ stochas-
tic variational inference, approximating the gradient at each update step using a minibatch of
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data (Ranganath et al., 2014). Let φ := (β, r, u, ℓ) be the global parameters of the MuE obser-
vation models proposed in Section S3 and let ηφ be the parameters of the associated mean-field
variational distribution. Then the gradient of the ELBO is

∇ηelbo(η) =

N'

i=1

1
∇ηEqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] +∇ηEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+∇ηEqηφ (φ)

2
log

p(φ)

qηφ(φ)

3

≈ N

|S|
'

i∈S

1
∇ηEqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] +∇ηEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+∇ηEqηφ (φ)

2
log

p(φ)

qηφ(φ)

3
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where S ⊆ {1, ..., N} is the set of datapoint indices making up the minibatch and |S| is the size
of the set S. We estimate the gradient of the first term on the right hand side of this equation
using the reparameterization trick Monte Carlo estimator (with a single sample) and automatic
differentiation (Kucukelbir et al., 2017; Kingma and Welling, 2014; Rezende et al., 2014). The
remaining terms can be computed analytically (see e.g. Kingma and Welling (2014); Rezende et al.
(2014)). Note that this approach relies crucially on the fact that the marginal likelihood of the
MuE model, pMuE(y|x, c, ℓ, a(0), a(t)) =

!
w pMuE(y|w, x, c, ℓ, a(0), a(t)), is a differentiable function

of x, c, a and ℓ. We integrate over all possible values of the Markov chain state variable w using
the forward algorithm.

It is useful in some circumstances to reweight the variational objective to reduce the amount
of regularization placed on the local latent variable. In particular, for χ ∈ [0, 1], we reweight the
ELBO as

ELBOχ(η) =

N'

i=1

1
Eqηφ (φ)qηz (zi|Yi)[log p(Yi|Zi,φ)] + χEqηz (zi|Yi)

2
log

p(Zi)

qηz(Zi|Yi)

34

+Eqηφ (φ)

2
log

p(φ)

qηφ(φ)

3
.
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We achieved improved training performance by annealing the weight χ from 0 to 1 linearly over the
course of an initial time period during training (Bowman et al., 2016). To avoid posterior collapse
and produce informative latent representations, we found it useful in certain cases to anneal χ only
up to a low value χ0 << 1 in which case we are approximating the maximum likelihood estimator
of z; this annealing schedule was only used for producing data visualizations, rather than prediction
of held out data (Section S8) (Alemi et al., 2018).

S4.2 Probabilistic programming

We implemented a MuE distribution in both Pyro (Bingham et al., 2019) and Edward2 (Tran
et al., 2018), probabilistic programming languages that are GPU-enabled and can use a variety of
different inference procedures including both stochastic variational inference and MCMC methods.
Probabilistic programming systems make it easy to try out different priors and different continuous-
space matrix models pθ; they also make it easy to build joint models of sequences and other types
of data.

Documentation for the Pyro implementation can be found at https://docs.pyro.ai/en/dev/
contrib.mue.html. Example Pyro models can be found at https://github.com/pyro-ppl/pyro/
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tree/dev/examples/contrib/mue. The Edward2 implementation, along with a brief tutorial, is
available at https://github.com/debbiemarkslab/MuE.

S5 Evaluation

The per residue perplexity of a probabilistic sequence model p(y), over a dataset Y1:N , is defined
as

Ω := exp
(
− 1

N

N'

i=1

1

Li
log p(Yi|Li)

)
. (S56)

In evaluating our models, we computed the average log likelihood performance on a heldout test
set YT for the model distribution learned from the training set YD. More precisely, we use

Ω̂ := exp
(
− 1

|T |
'

i∈T

1

Li
Eq(φ|YD)[log p(Yi|Li,φ)]

)
(S57)

where q(φ|yD) is the variational approximation to the posterior distribution from the training
dataset and |T | is the size of the test set. For models with local latent variables zi, we approximate
the marginal likelihood using the ELBO (Blei et al., 2017),

Ω̂ ≈ exp

5
− 1

|T |
'

i∈T

1

Li

(
Eq(φ|YD)q(zi|Yi)[log p(Yi|Li, Zi,φ)] + Eq(zi|Yi)

2
log

p(Zi)

q(Zi|Yi)

3)6
. (S58)

We use Monte Carlo estimation for the expectations. In comparing between different models p1
and p2, we also report the log Bayes factor associated with the held out data, ie. the difference in
total log probability of the heldout data between the two models,

log bf1,2 :=
'

i∈T
Eq2(φ|YD)[log p2(Yi|Li,φ)]−

'

i∈T
Eq1(φ|YD)[log p1(Yi|Li,φ)] (S59)

where q1 and q2 are the variational approximations associated with p1 and p2. For models with
local latent variables, we can use the ELBO approximation as in Equation S58. The Bayes factor
provides a measurement of the total evidence in favor of one model versus another.

Per residue perplexity is a useful performance metric for biological sequence models because it
is an absolute scale and comparable across datasets as well as models. Since per residue perplexity
is not yet widely used in the biological literature, in the interest of making it more interpretable
we computed the expected per-residue perplexity for a variety of different protein sequence models,
covering different data regimes. In particular, for each model p(y), we examined the expected
perplexity in the large data limit, assuming that the model is true,

Ω0 := exp
(
− Ep(y)

- 1
L
log p(Y |L)

.)
. (S60)

The expected perplexity is the exponentiated entropy of the model distribution, and so also provides
a measurement of sequence diversity under the model. Below, we compute the expected perplexity
for distributions ranging from the very high diversity regime (all of evolution) down to the very
small diversity regime (human population genetics).

Naive

A naive model assigns an equal probability to each amino acid. In this case the per residue
perplexity is

Ω0 = exp(−E[log(1/20)]) = 20. (S61)
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Amino acid frequencies

A simple modeling approach is to predict individual amino acids solely based on their naturally
occurring frequency across evolution. Using the UniprotKB amino acid frequencies fb for b ∈
{1, ..., B = 20}, we have

Ω0 = exp
(
− EY∼Categorical(f)[log(f

⊤ · Y )]
)
= exp(−

20'

b=1

fb log fb) ≈ 17.92 (S62)

where Y is a one-hot encoding (UniProt Consortium, 2019; Gasteiger et al., 2005).

BLOSUM62

If we are studying specific evolutionary families of proteins, an idealized strategy for building a
model is to infer the sequence of the last common ancestor and then predict family members using
the standard BLOSUM62 substitution matrix (Henikoff and Henikoff, 1992). The BLOSUM62
matrix is a renormalized copula density, but we can convert it into a mutation probability matrix ℓ
by assuming the marginal probability of each amino acid follows the UniprotKB frequency across
evolution:

log ℓb,b′ = log p(yb′ = 1|xb = 1) = log

5
fb,b′

fb

6
= log fb′ + log

5
fb,b′

fbfb′

6

= log fb′ +
log(2)

2
BLOSUM62b,b′

(S63)

where x is a one-hot encoding of the ancestral amino acid, y is a one-hot encoding the mutated
amino acid, and fb,b′ is the joint probability of amino acids b and b′, where b, b′ ∈ {1, ..., B = 20}.
(The log(2)/2 factor comes from the definition of BLOSUM62.) We renormalize the rows ℓb to
ensure ℓb ∈ ∆B (BLOSUM62 uses only small integers, producing non-negligible rounding error).
Next, we assume that the ancestral sequence is known exactly, has infinite length, and the frequency
of each amino acid within the ancestral sequence matches the UniprotKB overall frequency across
evolution. The expected per residue perplexity is then

Ω0 = exp(−EX∼Categorical(f)

-
EY∼Categorical(X·ℓ)[log(X

⊤ · ℓ · Y )]
.
) ≈ 11.00. (S64)

Human Population Genetics

Finally, we examined a simple model of human population variation. Each human has on average
roughly 5 million single nucleotide polymorphisms (SNPs) relative to the reference genome (1000
Genomes Project Consortium et al., 2015). Naively assuming a constant mutation rate over the
genome, the probability of a mutation occurring in any particular codon is qcodon = 1−(1−5/6400)3,
since there are 6.4 billion total base pairs. If we very naively assume a uniform probability of the
codon mutating to any other amino acid, then we can use the substitution matrix ℓ defined by

ℓb,b′ =

&
qcodon
19 if b ∕= b′

1− qcodon if b = b′.
(S65)

If we further very naively assume that there are no correlations among mutations at different
genome locations when looking across individuals, then the expected per residue perplexity of the
sequence distribution is

Ω0 = exp
(
EY∼Categorical(x⊤·ℓ)[log(x

⊤ · ℓ · Y )]
)
≈ 1.024. (S66)
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S6 Predictive Performance

S6.1 Survey

Dihydrofolate reductase (DHFR) is a widely conserved enzyme, serine recombinase (PINE) is
used as a tool for genomic engineering, cyclin dependent kinase inhibitor 1B (CDKN1B/p27)
is a cell cycle inhibitor, and the human papillomavirus E6 protein (VE6) is an oncogenic viral
protein Hopf et al. (2017); Toth-Petroczy et al. (2016); Tamarozzi and Giuliatti (2018). Evolu-
tionarily related sequences for each were collected using jackhmmer (v3.1) from the UniRef100
dataset (date 6/2019) (Johnson et al., 2010; Eddy, 2011; Suzek et al., 2015). We used seed se-
quences with Uniprot identifiers DYR HUMAN (DHFR dataset), PINE ECOLI (PINE dataset),
CDN1B HUMAN (CDKN1B dataset), and VE6 HPV16 (VE6 dataset). Note that CDKN1B and
VE6 have regions classified as disordered. We set a bitscore threshold of 0.5 bits/residue as in Hopf
et al. (2017) and ran the jackhmmer search using the API from the EVcouplings package (Hopf
et al., 2019). We included the full envelope of the profile HMM hit in the final dataset. The
CDN1B dataset had 1,055 sequences and the VE6 dataset 1,609 sequences. We found 32,510
and 79,354 hits respectively for the DHFR and PINE datasets, which we randomly subsampled
to 10,000 sequences to create the final datasets. Note that the jackhmmer search algorithm uses
a profile HMM to find distant homologs, and thus may bias the dataset to look more like sam-
ples from a pHMM; we therefore expect the performance gains from using other MuE observation
models, as compared to the pHMM, on these datasets to be smaller (more conservative) than the
performance gains that might be achieved on alternative datasets assembled using different search
methods. The TCR dataset was not assembled using jackhmmer. Instead, we downloaded a pub-
lic dataset from 10x Genomics of 6,327 TCR sequences found in CD8+ cytotoxic T-cells https:
//support.10xgenomics.com/single-cell-vdj/datasets/2.2.0/vdj_v1_hs_cd8_t (download
file dated July 28, 2018). These were sequenced using single cell sequencing of peripheral blood
mononuclear cells obtained from an individual healthy donor. Internal stop codons were removed
from the sequence.

We set the latent alphabet size D = 25. In each experiment, we set M to be 10% longer than
the longest sequence in the dataset. We used T = 5 latent space dimensions in the FactorMuE and
layer sizes T2 = 5, T1 = 10 in the LatentNeuralMuE (we found a substantial dropoff in performance
when increasing network width or depth). In the recognition network, we set L(q) = M − 1. We
also used Γ(q) = 0 (no relu nonlinearities) in the FactorMuE recognition network and Γ(q) = 1,
T1 = 10 in the LatentNeuralMuE recognition network. For the MuE, we used the constraint
um,0 = um,1 = um,2 and likewise rm,0 = rm,1 = rm,2 for all m. For the prior on the MuE insertion
and deletion parameters we used µ(r) = µ(u) = (100, 1) to disfavor indels.

In these particular experiments, models were implemented in PyTorch, with variational inference
implemented by hand and without the parallelized forward algorithm (experiments in Sections S6.2
and S6.3 were performed second with the Pyro implementation). We optimized the variational
approximation using Adam (Kingma and Ba, 2015) and a minibatch size of 5. The mean of the
variational distribution was initialized at the prior mean, while the variance was initialized to a
small random value (the absolute value of a sample from a normal distribution with standard
deviation 0.01). We used one Monte Carlo sample to estimate the ELBO gradient at each step. For
each model and dataset, we evaluated two different learning rates, 0.1 and 0.01, and three different
random restarts, selecting among training runs the parameter values that reached the highest ELBO
on the training set for making predictions. For models with local latent variables (the FactorMuE
and LatentNeuralMuE), we annealed the ELBO reweighting factor χ from 0 to 1 linearly over the
first 2 epochs. We trained for 4 epochs total on the DHFR and PINE datasets, and 7 epochs total
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on the smaller CDKN1B, VE6 and TCR datasets, which was sufficient for convergence in each
model. We estimated the heldout perplexity using one independent Monte Carlo sample per batch.
Computations were performed on graphics processing units (NVIDIA Tesla M40, K80 and V100
GPUs), with double precision, and we used gradient accumulation to reduce memory usage. Single
training runs ranged from ∼30 min. for smaller datasets (CDKN1B and VE6) to ∼2.5 hours for
larger datasets (DHFR, PINE and TCR).

S6.2 Patient immune repertoires

We considered six datasets. “HC 1” consisted of 5,179 BCR sequences from a healthy donor,
obtained with single cell sequencing of peripheral blood mononuclear cells, available from 10x
Genomics https://support.10xgenomics.com/single-cell-vdj/datasets/3.0.0/vdj_v1_hs_
pbmc2_b (download file dated November 15, 2018). The rest of the datasets all were taken from a
study of T cell receptors in patients with and without multiple sclerosis during pregnancy (Ramien
et al., 2019). Sequences were translated to amino acids based on the provided nucleotide sequence
annotations. The dataset “HC 2” is from a healthy patient, third trimester, CD8+ cells. “HC 3”
is from a healthy patient, third trimester, CD4+ cells. “MS 1” is from a patient with MS, before
pregnancy, CD8+ cells. “MS 2” is from a patient with MS, second trimester, CD8+ cells. “MS 3”
is from a patient with MS, third trimester, CD4+ cells. Each of the datasets from Ramien et al.
(2019) was uniformly subsampled to 20,000 sequences. Across all datasets, internal stop codons
were modeled along with the 20 amino acids (i.e. B = 21).

We again set the latent alphabet size to D = 25. We set M = 200, longer than most sequences
in each dataset. We used T = 5 latent dimensions in the ICAMuE. In the recognition network we
used Γ(q) = 0 and set r(q), u(q) and ℓ(q) to the no-mutation limit (avoiding the need for the forward
algorithm, to speed up inference at some cost in flexibility). We did not use either the constraint
um,0 = um,1 = um,2 or the constraint rm,0 = rm,1 = rm,2 in these experiments. For the prior on
the MuE insertion and deletion parameters we used µ(r) = µ(u) = (10, 0), for both the ICAMuE
and pHMM models. We used the ξ̃ ∼ Normal(100, 1) prior as described in Section S3.7 for the
ICAMuE model.

Models were implemented in Pyro. We used Pyro’s stochastic variational inference method (in
particular, JitTrace_ELBO, the jit-compiled ELBO), and the parallelized forward algorithm (Särkkä
and Garćıa-Fernández, 2020). Optimization was performed with Adam, with a learning rate of 0.01,
and a minibatch size of 5. Initialization was performed the same as previously, with the exception
that q(ξ̃) was initialized to have mean zero. Pyro’s low-variance ELBO gradient estimators enabled
more reliable inference, and so we only used one initialization in each experiment (rather than
three). For the HC 1 dataset we trained for 10 epochs, annealing χ for the first 4; for the remaining
(larger) datasets, we trained for two epochs, annealing for 1. This was sufficient for convergence. We
used the same GPU hardware as previously, but did not use gradient accumulation. Training took
∼20 min. on the larger datasets (the Pyro implementation offers considerable speedup advantages,
thanks in part to the parallelized filtering algorithm).

S6.3 Disordered proteins

Toth-Petroczy et al. (2016) collected datasets of evolutionarily related sequences using jackhmmer
on the Uniref and Uniprot databases, starting from regions of human proteins classified as disor-
dered. They developed a (heuristic) alignment uncertainty score to determine whether the MSA
provided by jackhmmer was trustworthy enough to apply a Potts model and reach conclusions
about epistatic interactions between positions in the MSA. They did not proceed with the Potts
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model analysis on datasets with a sufficiently high uncertainty score; we examined these datasets in
particular (https://marks.hms.harvard.edu/disorder/proteome). We focused on moderately
sized datasets: those with more than 3,000 but less than 25,000 sequences, with the disordered
segment less than 160 amino acids long. As before, we included the full envelope of the profile
HMM hit in the final dataset.

We used the same hyperparameters and training procedure as in Section S6.2, but set the
number of epochs to be the minimum number such that at least 50,000 optimization steps were
taken, and the number of epochs of χ annealing to half this number (rounded up).

Detailed results Perplexity on a randomly held out 20% of sequences are shown in Table S2. In
55 out of the 56 datasets, the relative performance of the pHMM and ICAMuE on the training data
accurately reflected their relative performance on the test set, i.e. when the pHMM outperformed
the ICAMuE model on the training set it also did so on the test set and vice versa. The ICAMuE
seems to offer particular advantages when the pHMM itself has low perplexity: among datasets
with pHMM perplexity below 8, we find the ICAMuE performs better in more than half (16 out of
31), while among datasets with pHMM perplexity below 5, the ICAMuE performs better in 5 out
of 6.

Table S2: Heldout perplexity on disordered protein datasets.
“Disordered segment” is the region of the protein classified
as disordered that was used as a seed in jackhmmer. “Size”
is the total number of sequences in the dataset. Rows sorted
by pHMM perplexity.

Gene name Uniprot id Disordered segment Size (sequences) pHMM ICAMuE

AKAP6 Q13023 293-431 6349 2.88 1.98
NSD1 Q96L73 2463-2590 6517 2.93 2.64
NFAT5 O94916 633-769 10283 2.94 1.98
CIC Q96RK0 48-207 7511 3.10 3.79

S26A8 Q96RN1 847-970 9466 4.14 2.67
TADBP Q13148 261-373 12873 4.78 2.97
TET2 Q6N021 1475-1587 22017 5.11 5.98
K2022 Q5QGS0 589-707 3719 5.14 5.99
YAF2 Q8IY57 53-180 16005 5.42 5.98
HDAC5 Q9UQL6 479-631 14275 5.44 5.85
MUC19 Q7Z5P9 5890-6021 13491 5.59 4.84
RBM27 Q9P2N5 91-247 11685 5.80 6.28
DEN1A Q8TEH3 453-567 6070 5.84 6.11
K1683 Q9H0B3 383-502 10098 5.94 4.39
FNBP1 Q96RU3 280-432 23781 5.96 3.82
TOX O94900 135-269 9881 6.02 6.48

SRPK3 Q9UPE1 238-348 9345 6.06 5.73
CAC1G O43497 470-626 16502 6.16 7.07
NGAP Q9UJF2 803-953 6356 6.39 4.45
PS1C1 Q9UIG5 1-126 3434 6.62 6.13

GPKOW Q92917 31-157 5888 6.67 4.90
GOG8B A8MQT2 1-131 3674 7.17 8.04
CPXM1 Q96SM3 30-137 3538 7.28 11.51

Continued on next page
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Table S2 – continued from previous page
Gene name Uniprot id Disordered segment Size (sequences) pHMM ICAMuE

ESX1 Q8N693 34-147 10234 7.34 10.44
PPIL4 Q8WUA2 337-492 5897 7.38 6.06
TAOK3 Q9H2K8 316-433 8661 7.38 8.32
CAAP1 Q9H8G2 197-335 19715 7.54 5.00
CCD66 A2RUB6 681-830 9586 7.66 9.02
GCC2 Q8IWJ2 1416-1552 7593 7.74 5.71
ASXL3 Q9C0F0 107-236 5108 7.75 8.42
ARHGF O94989 273-413 4290 7.97 7.66
YJ013 Q6ZQT7 1-158 22994 8.07 4.32
PHLB2 Q86SQ0 842-976 22091 8.34 10.61
CC168 Q8NDH2 86-232 12240 8.40 9.73
41 P11171 690-805 7429 8.70 10.05

CEBPA P49715 161-314 20149 8.81 10.18
CP250 Q9BV73 2213-2346 17867 9.08 12.34
CHD6 Q8TD26 2312-2457 8843 9.19 10.62
ANKH1 Q8IWZ3 2000-2149 15540 9.22 10.59
CPLX4 Q7Z7G2 18-128 20000 9.42 11.16
WAC Q9BTA9 198-353 3385 9.58 9.15

BAHC1 Q9P281 1357-1482 9092 9.76 11.13
GOG6B A6NDN3 473-580 7947 9.78 11.50
NOB1 Q9ULX3 110-221 4659 9.86 11.93
DGKH Q86XP1 581-705 5903 9.86 11.41
CASZ1 Q86V15 1589-1735 7943 9.92 11.38
POTED Q86YR6 367-502 15076 9.95 11.48
POTEC B2RU33 367-502 15076 10.02 11.43
POTEH Q6S545 405-545 8777 10.32 11.90
ZKSC2 Q63HK3 586-738 18126 10.32 14.57
PTRF Q6NZI2 175-297 18730 10.35 14.07
PERQ1 O75420 289-441 10443 10.44 12.35
U17L8 P0C7I0 383-530 2759 10.57 9.99
LRCH2 Q5VUJ6 491-642 6832 10.66 12.60
EMIL2 Q9BXX0 121-259 5666 11.16 14.16
LMO7 Q8WWI1 763-901 7893 11.18 12.68

S7 T-Cell Receptor Analysis

S7.1 Details

We used the 10x Genomics single-cell TCR sequencing dataset described in Section S6.1, along
with the CellRanger annotations of chain features provided along with the dataset. Annotations
of the reference structure PDB:2BNR are based on IgBLAST annotations (Ye et al., 2013) of
the nucleotide sequence of 1G4 TCRβ obtained from Robbins et al. (2008), and translated from
nucleotides into the corresponding positions in the amino acid sequence (Figure S9).

To obtain a latent space representation (Figure 5B), we trained the FactorMuE observation
model with T = 2 latent dimensions, and chose among training runs based on a randomly held out
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Figure S7: Latent space representation of human T-cell receptor sequences, colored by
supervised annotations. Annotations were provided with the 10x Genomics dataset. (A) Cα

versus Cβ . (B) α chain V types. (C) α chain J types. (D) β chain V types. (E) β chain D types.
(F) β chain J types and subtypes.

test set (5% of the data). Hyperparameters were otherwise set as in Section S6.1. The shift ν is
estimated using the variational approximation to the posterior of the FactorMuE (using 10 Monte
Carlo samples). ŵref is estimated using a single sample from the variational approximation to the
posterior and the Viterbi algorithm.

S7.2 Further results

Along feature vector 2 (Figure 5D) we found weak positive correlation between the magnitude of
variation and the relative surface accessibility of each site (Spearman correlation ρ = 0.20, p < 0.02;
Figure S8). Along feature vector 1 (Figure 5D) we observed high values of νl in the V segment,
suggesting that there are systematic and heterogeneous differences between the V segment sequence
distribution used in TCRα chains and in TCRβ chains. To confirm the observation, we used the
RegressMuE model to predict the entire TCR sequence based just on its annotation as TCRα or
TCRβ. In particular, as covariate vector Hi we used a one-hot encoding of the chain type annotated
by CellRanger; sequences without an annotation were labeled as (0, 0). We computed the regression
shift νl in the same way as Equation 3, with the covariate H in place of z. Figure S10 plots the
shift in amino acid preference between the two chains, showing that at a population level there are
key positions within the variable region with substantial differences in preference.
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Relative solvent accessibility

Figure S8: Comparing MuE observation model features to T-cell receptor rela-
tive solvent accessibility. (A) Relative solvent accessibility of TCRβ from the structure
PDB:2BNR (Chen et al., 2005) (the TCRα chain is shown in gray), computed using DSSP (Kabsch
and Sander, 1983) and the maximum values in Tien et al. (2013) with the Biopython API (Cock
et al., 2009). (B) Residue relative solvent accessibility versus FactorMuE shift magnitude νl along
vector 1 and vector 2 from Figure 5D. The correlation between the shift along vector 1 and the
accessibility is Spearman ρ = 0.039, p = 0.64.

S8 Influenza Analysis

S8.1 Details

We downloaded publicly available influenza A(H3N2) HA sequences from GISAID (Shu and Mc-
Cauley, 2017). We selected only sequences longer than 500 amino acids and with no ambiguous
amino acids. Some sequences were labeled at different levels of time resolution, with annotations
providing months or years rather than days; we assumed month and/or day were missing at random
and imputed them uniformly at random. Following Lee et al. (2018), we randomly subsampled six
sequences per month, from 1968 to October 2019, to form the dataset. In the forecasting experi-
ments we removed the mis-annotated data identified in the 2008 outlier cluster marked by ‡ in Figure
6E prior to subsampling (GISAID identifiers EPI_ISL_24813, EPI_ISL_24814, ..., EPI_ISL_24867).
Accession numbers for the complete dataset can be found in the Supplementary Table 1 file; our
results were stable upon resampling. We extracted only the first 350 amino acids of each HA
sequence, covering HA1 in the reference A(H3N2) numbering (Burke and Smith, 2014).

We used M = 361 in the MuE distribution. We set the prior on indels to µ(r) = µ(u) = (1000, 1).
We trained each model for 7 epochs, which was sufficient for convergence. Hyperparameters and
training schedule were otherwise set as in Section S6.1. To produce the latent embedding in Figure
6D, however, we annealed the ELBO weighting χ only up to χ0 = 0.001 after 7 epochs, providing
only very weak prior regularization such that the embedding corresponds to approximately the
maximum likelihood estimator of z (and we avoid posterior collapse).

To visualize features, we trained the RegressMuE model on the full time period (1968 to 2019),
with 5% of datapoints randomly held out to choose among training runs. We computed the mag-
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Figure S9: T-cell receptor structural annotations. (A) CDR segments of PDB:2BNR chain
E (Chen et al., 2005), based on IgBLAST annotations (Ye et al., 2013) of the nucleotide sequence
of 1G4 TCRβ obtained from Robbins et al. (2008), and translated from nucleotides into the corre-
sponding positions in the amino acid sequence. CDR1 in red, CDR2 in yellow and CDR3 in orange.
(B) V (green), J (yellow) and junction (red) segments of the 1G4 nucleotide sequence, based on
the IgBLAST annotations, and translated from nucleotides.

0.0 0.7 1.4

Figure S10: Shift ν from chain α to chain β sequences learned by the RegressMuE model.
νl was computed as in Equation 3, using the chain annotation in place of the latent variable z.

nitude of the shift in sequence space from time t0 to time t1 in the RegressMuE as

νl =

+ B'

b=1

(
E[Yl,b|ŵref , t = 2019]− E[Yl,b|ŵref , t = 1968]

)2
,1/2

(S67)
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Figure S11: Comparing RegressMuE model coefficients to HA1 structural domains. (A)
Head (orange) and stalk (green) domains of the HA1 protein (PDB:4O5N); residues between sites
52 and 277 are defined as the head domain, and all others as stalk, following Lee et al. (2018). (B)
Violin plots of regression shift νl (Equation S67) for residues in the head domain (226 residues)
versus the stalk domain (103 residues). Mean and standard deviation are shown in orange.

using as reference the HA1 sequence from PDB:4O5N. The expectation is estimated using the
variational approximation to the posterior with 10 Monte Carlo samples. ŵref is estimated using
a single sample from the variational approximation to the posterior and the Viterbi algorithm. In
evaluating the association between the shift vector νl and epitope regions of HA1, we specifically
compared to the 16 sites with clear antigenic selection in at least one human sera identified in Lee
et al. (2019).

S8.2 Further results

In addition to the classic epitope regions, we also compared the regression shift ν to the structural
domains of the HA1 protein (Figure S11), relative solvent accessibility (Figure S13), and relative
amino acid preference in a deep mutational scan evaluating fitness effects of mutations (Figure S14).

The cluster marked ‡ in Figure 6E appears around 2008 but the latent representation of these
sequences is close to that of sequences from the late 1960s or 1970s; this cluster comes from an
experiment performed in 2008 on 1968 sequences, rather than contemporary patient samples as in
the rest of the GISAID dataset.

MuE observation models can be used to generate samples of future sequences, enabling experi-
mental tests of immune response and antibody titer on sequences that are likely to emerge in the
future. We generated samples for the year 2024 from the RegressMuE, and confirmed that they
are similar to previously observed sequences, as would be expected (Figure S15). In particular, we
sampled from

φ ∼ q(φ|YD)
Yi ∼ pRegressMuE(y|ŵref ,φ, t = 2024)

(S68)

where q(φ|YD) is the variational approximation to the posterior over model parameters, under the
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Figure S12: Comparing MuE observation model regression coefficients to HA1 epitope
regions. (A) Epitope regions A (red), B (orange), C (yellow), D (green), E (blue) (Wiley et al.,
1981; Muñoz and Deem, 2005). (B) Violin plots of regression shift νl (Equation S67) for residues
in each epitope region, for all epitope regions together, and for residues not in any epitope region;
the number of residues in each region is shown in parenthesis. Mean and standard deviation are
shown in orange.

model trained on the full time period (1968 to 2019), and PDB:4O5N is again used as a reference
sequence.
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Figure S13: Comparing MuE observation model regression coefficients to HA1 relative
solvent accessibility. (A) Relative solvent accessibility of the HA1 protein (PDB:4O5N), com-
puted using DSSP (Kabsch and Sander, 1983) and the maximum values in Tien et al. (2013) with
the Biopython API (Cock et al., 2009). HA2 protein shown in dark gray. (B) Relative solvent
accessibility versus regression shift magnitude νl (Equation S67), residue-by-residue. Spearman
ρ = 0.41, p < 10−13.

D. F. Burke and D. J. Smith. A recommended numbering scheme for influenza A HA subtypes.
PLoS One, 9(11):e112302, Nov. 2014.

J.-L. Chen, G. Stewart-Jones, G. Bossi, N. M. Lissin, L. Wooldridge, E. M. L. Choi, G. Held, P. R.
Dunbar, R. M. Esnouf, M. Sami, J. M. Boulter, P. Rizkallah, C. Renner, A. Sewell, P. A. van der
Merwe, B. K. Jakobsen, G. Griffiths, E. Y. Jones, and V. Cerundolo. Structural and kinetic basis
for heightened immunogenicity of T cell vaccines. J. Exp. Med., 201(8):1243–1255, Apr. 2005.

P. J. A. Cock, T. Antao, J. T. Chang, B. A. Chapman, C. J. Cox, A. Dalke, I. Friedberg, T. Hamel-
ryck, F. Kauff, B. Wilczynski, and M. J. L. de Hoon. Biopython: freely available python tools
for computational molecular biology and bioinformatics. Bioinformatics, 25(11):1422–1423, June
2009.

R. Durbin, S. R. Eddy, A. Krogh, and G. Mitchison. Biological sequence analysis: probabilistic
models of proteins and nucleic acids. Cambridge university press, 1998.

S. R. Eddy. Accelerated profile HMM searches. PLoS Comput. Biol., 7(10):e1002195, Oct. 2011.

R. C. Edgar. MUSCLE: multiple sequence alignment with high accuracy and high throughput.
Nucleic Acids Res., 32(5):1792–1797, Mar. 2004.

E. Gasteiger, C. Hoogland, A. Gattiker, S. Duvaud, M. R. Wilkins, R. D. Appel, and A. Bairoch.
Protein identification and analysis tools on the ExPASy server. In J. M. Walker, editor, The
Proteomics Protocols Handbook, pages 571–607. Humana Press, Totowa, NJ, 2005.

S. Henikoff and J. G. Henikoff. Amino acid substitution matrices from protein blocks. Proc. Natl.
Acad. Sci. U. S. A., 89(22):10915–10919, Nov. 1992.

S38



Pe
r a

m
in

o 
ac

id
 re

gr
es

si
on

 s
hi

ft 

Relative amino acid preference in 
deep mutational scan 

⌫ l
,b

<latexit sha1_base64="d6l8Hf+4TMTPwMIU3Vpr+1y7zPo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9JljA7mU2GzMwu8xDCkq/w4kERr36ON//GSbIHTSxoKKq66e6KUs608f1vb2V1bX1js7BV3N7Z3dsvHRw2dWIVoQ2S8ES1I6wpZ5I2DDOctlNFsYg4bUWj26nfeqJKs0Q+mHFKQ4EHksWMYOOkx660vYyfR5NeqexX/BnQMglyUoYc9V7pq9tPiBVUGsKx1p3AT02YYWUY4XRS7FpNU0xGeEA7jkosqA6z2cETdOqUPooT5UoaNFN/T2RYaD0WkesU2Az1ojcV//M61sTXYcZkag2VZL4othyZBE2/R32mKDF87AgmirlbERlihYlxGRVdCMHiy8ukWa0EF5Xq/WW5dpPHUYBjOIEzCOAKanAHdWgAAQHP8ApvnvJevHfvY9664uUzR/AH3ucPzf6QaA==</latexit>

Figure S14:
Comparing MuE observation model regression coefficients to a deep mutational scan
of HA. X-axis: regression shift for each amino acid at each position from 1968 to 2019,

νl,b := E[yl,b|ŵref , t = 2019]− E[yl,b|ŵref , t = 1968]
(terms defined as in Equation S67). Y-axis: relative preference for point mutants with amino acid
b at position l in the deep mutational scan performed in Lee et al. (2018). Spearman ρ = 0.08,
p < 10−11.
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Figure S15: Generating forecasted samples. (A) Two locations in the reference structure
PDB:4O5N, indicated in blue and red, corresponding to low and high νl values (Figure 6B). (B)
Segments of sequences sampled from the posterior predictive distribution for the year 2024. The
alignment variable wref is fixed based on the reference (PDB:4O5N), such that segments 1 and 2
correspond to the annotated structural features in A, and the column numbering is standard for
influenza A(H3N2) (Burke and Smith, 2014).
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