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Abstract 

Generative probabilistic modeling of biological 
sequences has widespread existing and potential 
application across biology and biomedicine, from 
evolutionary biology to epidemiology to protein 
design. Many standard sequence analysis meth-
ods preprocess data using a multiple sequence 
alignment (MSA) algorithm, one of the most 
widely used computational methods in all of sci-
ence (Van Noorden et al., 2014). However, as 
we show in this article, training generative proba-
bilistic models with MSA preprocessing leads to 
statistical pathologies in the context of sequence 
prediction and forecasting. To address these prob-
lems, we propose a principled drop-in alternative 
to MSA preprocessing in the form of a structured 
observation distribution (the “MuE” distribution). 
We prove theoretically that the MuE distribution 
comprehensively generalizes popular methods for 
inferring biological sequence alignments, and pro-
vide a precise characterization of how such bi-
ological models have differed from natural lan-
guage latent alignment models. We show empiri-
cally that models that use the MuE as an observa-
tion distribution outperform comparable methods 
across a variety of datasets, and apply MuE mod-
els to a novel problem for generative probabilistic 
sequence models: forecasting pathogen evolution. 

1. Introduction 
High-throughput sequencing is pervasive across biology and 
biomedicine, and critical to both past and ongoing discover-
ies and technological advancements. Analyzing large scale 
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sequence data, making predictions about unobserved or fu-
ture sequences, and generating new functional sequences, 
are major and growing challenges with relevance to epi-
demiology (predicting pathogen evolution), immunology 
(characterizing antibody repertoires), molecular evolution 
(mapping substructure within protein families), protein de-
sign, and many more subfields of biology and biomedicine. 
In principal, generative probabilistic modeling enables (a) 
modular and uncertainty-aware data analysis, (b) formal 
mathematical statement of underlying assumptions, and (c) 
generation of new samples, which in the case of sequences 
can be synthesized and tested in the laboratory (taking ad-
vantage of recent rapid progress in high-throughput synthe-
sis) (Kucukelbir et al., 2017; Russ et al., 2020). However, 
although machine learning and statistics offer an extraor-
dinary array of generative probabilistic models, extending 
existing methods to apply to biological sequences while ac-
counting for domain-specific prior knowledge is nontrivial. 

When analyzing biological sequence data, a standard ap-
proach is to preprocess the data before building any models 
by constructing a multiple sequence alignment (MSA). MSA 
algorithms are among the most widely used methods in all 
of science; according to a 2014 analysis, the 10th most cited 
scientific article of all time is an MSA algorithm, ahead of 
all other computational data analysis and statistics articles 
(Van Noorden et al., 2014; Thompson et al., 1994; 1997). 
Recent major advances in machine learning and statistical 
methods for protein structure prediction, variant effect pre-
diction for clinical genetics, protein design, epidemiological 
tracking, and more have continued to rely on MSAs (Marks 
et al., 2011; Frazer et al., 2020; Russ et al., 2020; Hadfield 
et al., 2018). Although MSAs are a powerful tool for under-
standing sequence evolution, in Section 4.1 of this article 
we show that employing MSAs as preprocessing introduces 
statistical pathologies in the context of generative sequence 
prediction and forecasting. 

As a principled, drop-in alternative to MSA preprocess-
ing, this article provides a structured observation distribu-
tion for biological sequences, the “mutational emission” 
(“MuE”) distribution. Observation distributions are a com-
mon general-purpose technique for extending continuous-
space models to other types of data, perhaps most familiar 
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A structured observation distribution for biological sequences 
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Figure 1. (A) A standard approach to building biological sequence models is to preprocess the data by constructing an MSA. (B) We 
propose modifying the model instead of the data using the MuE distribution. 

in the context of generalized linear models, where they are
sometimes also referred to as “error”, “emission”, or “out-
put” distributions. For instance, to predict count data, one
might use a Poisson as an observation distribution, or to
predict positive continuous data, one might use a Gamma.
Good observation distributions account for both the support
of the data and common forms of variability or noise in the
data. For biological sequences, we propose using the MuE
as an observation distribution. The MuE takes the form of a
latent alignment model in which the regressor sequence can
also be latent (Deng et al., 2018).1 

The major contributions of the article are (1) identification of
statistical pathologies introduced by widely-used MSA pre-
processing methods, (2) a drop-in general purpose alterna-
tive, the MuE distribution, (3) a unified and comprehensive
theoretical framework for cataloging and rederiving existing
biological latent alignment models from the MuE and (4) a
novel application of generative probabilistic sequence mod-
els enabled by these advancements: forecasting pathogen
evolution. At the most practical level, our approach pro-
vides a complete recipe for applying one’s generative model
of choice to biological sequence data while avoiding the
pathologies of MSA preprocessing: add a MuE. 

2. Method 
2.1. Background: MSA Preprocessing 

MSA algorithms are applied to families of evolutionarily re-
lated biological sequences (proteins, RNA or DNA) in order
to infer sites in each sequence that are likely to be related
to one another, meaning that they descend from a common
ancestor. MSAs can be used as the basis for extrapolation:
for instance, knowledge about one region in one sequence
can be used to make guesses about related regions in related
sequences. MSAs can also be used to understand biological
function: for instance, if particular amino acids at particu-
lar sites are highly conserved across sequences, it may be
evidence that they are crucial to biological function. Gener-
ative probabilistic models of MSAs have seen widespread

1We will refer to biological alignments (diagrammatic represen-
tations of relatedness between sequences) as “multiple sequence
alignments” (Durbin et al., 1998). We will refer to machine learn-
ing alignments (latent variables which indicate which positions in
one sequence generate which positions in another sequence) as
“latent alignments” (Deng et al., 2018). 

 

 
 
 
 
 
 
 
 

 

 
 
 

 

 
 

 
 
 
 
 
 
 

 

 

 

 
 

success on these and many other tasks, including predicting 
the clinical impacts of genetic mutations, inferring three-
dimensional protein and RNA structure, and designing new 
proteins (Frazer et al., 2020; Marks et al., 2011; Weinreb 
et al., 2016; Russ et al., 2020). We next briefly describe how 
such MSA-based models are built, as well as their advan-
tages and flaws. In Section 2.2 we introduce our alternative, 
MuE observation models, which directly generate sequences 
rather than MSAs. MuE observation models infer related 
sites but also simultaneously (1) account for uncertainty in 
which sites are related, (2) allow rigorous model evaluation 
and (3) enable prediction and forecasting of sequences. 

Let {Y1, . . . , YN } be a dataset of N sequences, which may 
each be different in length, and let B denote the alphabet 
(e.g. B = {A, T, G, C} for DNA). MSA algorithms convert 
the sequence dataset into an N by J matrix, an MSA, adding 
gap symbols “−” such that sites in the same matrix column 
are those inferred to be related (Figure 1A). Mathematically, 
MSA algorithms can be summarized as nonlinear functions 
fMSA that take in datasets of sequences and return processed 
datasets, {YMSA,1, . . . YMSA,N } := fMSA({Y1, . . . , YN }); 
for each i ∈ {1, . . . , N}, we have YMSA,i ∈ (B ∪ {−})J . 
Note J itself will depend on the input dataset. 

Preprocessing sequence data by constructing an MSA is 
useful in that it (1) converts the data into a matrix, and 
(2) adjusts for common sources of variability in biological 
sequence data, in particular insertion and deletion muta-
tions. MSA preprocessing makes building statistical mod-
els of sequences more straightforward. For instance, start-
ing from an arbitrary model pθ that generates continuous 
matrices Vi ∈ RJ×(B+1), where B := |B|, one gen-
eral strategy is to employ a softmax linker function and 
a categorical observation distribution (P softmax(V i)j :=
exp(Vi,j,b)/  exp(Vi,j,b0b0

 ) for j ∈ {1, . . . , J}). The 
complete approach is (Figure 1A), 

Preprocess: {YMSA,1, . . . YMSA,N } := fMSA({Y1, . . . , YN }), 
Model: Vi ∼ pθ 

YMSA,i ∼ Categorical(Xi := softmax(Vi)). 
(1) 

By allowing arbitrary pθ, this method enables, for exam-
ple, the application of generative image models (such as 
variational autoencoders) to biological sequence data (Ries-
selman et al., 2018). However, as we describe in depth
in Section 4.1, MSA preprocessing introduces substantial 
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problems: each row of the output matrix YMSA,i depends 
via fMSA on the entire input dataset {Y1, . . . , YN } and we 
cannot know ahead of time how future raw data YN+1 

will change preprocessed past data YMSA,i≤N . This makes 
likelihood-based model evaluation on newly observed or 
heldout data ill-defined. 

2.2. The Mutational Emission Distribution 

As a drop-in alternative to MSA preprocessing, we intro-
duce the “mutational emission” (“MuE”) distribution. The 
MuE can be used in place of the Categorical observation 
distribution in Equation 1, 

Model: Vi ∼ pθ 
(2)

Yi ∼ MuE(Xi := softmax(Vi), c, ̀ , a
(0), a(t)), 

(0) (t)where c, `, a , and a are parameters of the MuE, and 
Vi ∈ RM×D where M and D are hyperparameters rather 
than dimensions of the input data. The MuE avoids the 
pathologies of MSA preprocessing by directly generating 
complete, variable-length sequences (Figure 1B). We refer 
generically to models that use a MuE observation distri-
bution, such as Equation 2, as “MuE observation” models. 
(See Figure S1 for a diagram of MuE observation mod-
els and Table S1 for a notation reference.) In the limiting 
case where Xi is a one-hot encoding of a sequence (i.e. P 
Xi,m,d ∈ {0, 1} and Xi,m,d = 1), the MuE can bed 
interpreted biologically as generating a mutant Yi of the 
“ancestral” sequence Xi, with some probability of insertion 
and deletion mutations (controlled by c, a(0), and a(t)) and 
of substitution mutations (controlled by `) (Section 2.3). A 
latent variable Wi in the MuE determines which positions 
in the regressor Xi – intuitively, which sites in the “ances-
tral” sequence – generate which positions in Yi, and can 
be interpreted as defining a pairwise alignment between Xi 

and Yi. The latent variables W1, . . . ,WN define a multiple 
sequence alignment of the dataset Y1, . . . , YN (Section 4.2). 
Intuitively, the MuE “adds in”, through a generative process, 
the same mutations that MSA algorithms are intended to 
“filter out” of the data via preprocessing. 

The MuE is a hidden Markov model (HMM) with block-
structured emission and transition matrices. Let ΔD denote 
the D − 1 dimensional simplex, ΔD := {v : v ∈ RD, vd ≥PD
0, = 1}.d=1 vd 

Definition 2.1 (MuE) MuE(x, c, ̀ , a(0), a(t)) is an HMM 
with K = 2M + 1 latent states. The initial probability of 
each latent state is given by a(0) ∈ ΔK , the latent state 
transition matrix is a(t) ∈ (ΔK )

K , and the emission matrix 
is x̃ ∈ (ΔD)

K . The matrices have block structure � � � � 
A(1,1) A(1,2)x (t)x̃ := · `, a := ,
A(2,1) A(2,2)c 

where x ∈ (ΔD)
M , c  (Δ )M+1 , `  (Δ )D , A(1,1) 

D B 

RM ×M , and A(2,2) 
∈ ∈ ∈

∈ R(M+1)×(M+1). The transition ma-
trix must satisfy Condition 2.2. 

Condition 2.2 (Biological latent alignments) Entries of 
A(1,1), A(1,2), A(2,1) and A(2,2) below the main diagonal 
must be zero. Entries of A(1,1) and A(1,2) on the main 
diagonal must also be zero. 

Condition 2.2, an upper triangular restriction, is illus-
trated in Figure 2A and justified in depth in Section 4.2. 
We use w to denote a latent state path taken by the 
HMM, while Wi denotes the specific latent state path 
taken when generating sequence Yi given Xi following 
Y ∼ MuE(X , c, ̀ , a(0)i i , a(t)). 

2.3. Biological Interpretation of the MuE 

To describe the biological interpretation of the MuE and 
its parameters, we consider examples of different latent 
paths w = (w1, . . . , wL) through state space and the se-
quences Y ∼ pMuE(y|x, w) that these paths will generate 
(Figure 2B). Assume to start that D = B and ` = IB , 
where IB is the B × B identity matrix, and consider the 
limiting case where x is a one-hot encoding of a sequence 
(in Figure 2B, the DNA sequence TACGC). We consider 
three example w values: 

1. w = (1, 2, . . . ,M) (no mutation). The generated Y 
will be an exact copy of x, i.e. Y = x if Y is repre-
sented as a one-hot encoding (Figure 2B top). 

2. w = (1, . . . ,m − 1,m + 1, . . . ,M) (deletion). The 
generated Y will be missing the mth letter of x, i.e. 
Y = (x1, . . . , xm−1, xm+1, . . . , xM ) (Figure 2B mid-
dle). 

3. w = (1, . . . , m, M + m + 1,m + 1, . . . ,M) (in-
sertion). The generated Y will have an additional 
letter inserted after the mth letter of x, with a 
probability over letters determined by cm+1, i.e. 
Y = (x1, . . . , xm, S, xm+1, . . . , xM ) where S ∼ 
Categorical(cm+1) (Figure 2B bottom). 

Condition 2.2 guarantees that the states k ∈ {1, . . . ,M} cor-
responding to x are each visited at most once and in sequen-
tial order. Paths such as {1, . . . , m, m, . . . , M} (repeat) and 
{1, . . . ,m + 1, m, . . . , M} (backtracking) are not allowed 
under Condition 2.2. More general matrices ` ∈ (ΔB)

D 

allow for substitution mutations, with the probability of con-
verting from letter d to letter b given by `d,b . For example, 
if w = (1, . . . ,M), then Y ∼ Categorical(x · `), that is Y 
is a mutant of x with substitution probabilities determined 
by ` and no insertion or deletion mutations. 

MuE observation models directly generalize models that use 
MSA preprocessing in the special case where the dataset 
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<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

w3
<latexit sha1_base64="Jqap7piIcWW5up2+v3ATn2Y9lBE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADoCNpQ==</latexit>

w1
<latexit sha1_base64="BGIvv1Que1aISVw+1pGEuT4uC1M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeI2j</latexit>

w2
<latexit sha1_base64="k9TH6JRVGzznxlg0BHK2AhK6Dh8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMM/I2k</latexit>

w3
<latexit sha1_base64="Jqap7piIcWW5up2+v3ATn2Y9lBE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADoCNpQ==</latexit>

w4
<latexit sha1_base64="Z4Vsfm+PU1V5LIAy0eW8WRtO420=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEASNpg==</latexit>

w5
<latexit sha1_base64="+8rmszECI9EV3GoxPs4y4O59cp8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswODUyYnd3MzGrIhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AEYiNpw==</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

w4
<latexit sha1_base64="Z4Vsfm+PU1V5LIAy0eW8WRtO420=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyiOBDZkdemHC7OxmZlZDCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEASNpg==</latexit>

TAGC
<latexit sha1_base64="Jb650VR/+PEGRUXtgw95exdsZnM=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaIlSaIkJXwlcyN6yBxv2di+7eybk4GfYWGiMrb/Gzn/jAlco+JJJXt6bycy8IOZMG9f9dnIbm1vbO/ndwt7+weFR8fikpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Ma3O//USVZlI0zCSmfoSHgoWMYGOlbs96wbRxe1+b9oslt+wugNaJl5ESZKj3i1+9gSRJRIUhHGvd9dzY+ClWhhFOZ4VeommMyRgPaddSgSOq/XRx8gxdWGWAQqlsCYMW6u+JFEdaT6LAdkbYjPSqNxf/87qJCW/8lIk4MVSQ5aIw4chINP8fDZiixPCJJZgoZm9FZIQVJsamVLAheKsvr5NWpexdlSuPlVL1LosjD2dwDpfgwTVU4QHq0AQCEp7hFd4c47w4787HsjXnZDOn8AfO5w/72pEM</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

Example generated 
sequences Y<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>
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w6

<latexit sha1_base64="MBbxfBHJTcxkoMwZ56palcchCnQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEeiF48Y5ZHAhswODUyYnd3MzGrIhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3H1FpHskHM47RD+lA8j5n1Fjp/ql70S2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1fuzkvV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4AEwyNqA==</latexit>

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

BA
Constraints on transition matrix Corresponding pairwise 

sequence alignments

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

TAC-GC
<latexit sha1_base64="7nqecWx7ucfd+9R+9gAHpxvNioU=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12+rVfXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/3ZpGQ</latexit>

TA-GC
<latexit sha1_base64="pqUMqGuwGxhkQNRHdHACvdVZYII=">AAAB83icbVBNT8JAEJ3iF+IX6tHLRmLiRdLCQY8oBz1iwldCG7JdtrBhu212tyak8De8eNAYr/4Zb/4bF+hBwZdM8vLeTGbm+TFnStv2t5Xb2Nza3snvFvb2Dw6PiscnbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe344/rc7zxRqVgkmnoSUy/EQ8ECRrA2kusaz582b6/u69N+sWSX7QXQOnEyUoIMjX7xyx1EJAmp0IRjpXqOHWsvxVIzwums4CaKxpiM8ZD2DBU4pMpLFzfP0IVRBiiIpCmh0UL9PZHiUKlJ6JvOEOuRWvXm4n9eL9HBjZcyESeaCrJcFCQc6QjNA0ADJinRfGIIJpKZWxEZYYmJNjEVTAjO6svrpF0pO9Vy5bFSqt1lceThDM7hEhy4hho8QANaQCCGZ3iFNyuxXqx362PZmrOymVP4A+vzB2i4kUM=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

TACGC
<latexit sha1_base64="najlmvKIJOH9hCqziaj5Ipu/CLI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at437xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AIpSkVk=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

A(y)
<latexit sha1_base64="u22idr/4XTUZ9c0+ZJU5zixAvLU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkpSBV1W3bisYB/QxjKZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOG3EmlWV9G4WV1bX1jeJmaWt7Z3fPLO+3ZRgLQlsk5KHoulhSzgLaUkxx2o0Exb7LacedXGd+54EKycLgTk0j6vh4FDCPEay0NDDLfR+rMcE8uUzvk+r0JB2YFatmzYCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXISLBQjnKalfixphMkEj2hP0wD7VDrJLHqKjrUyRF4o9AsUmqm/NxLsSzn1XT2ZBZWLXib+5/Vi5V04CQuiWNGAzA95MUcqRFkPaMgEJYpPNcFEMJ0VkTEWmCjdVkmXYC9+eZm06zX7tFa/Pas0rvI6inAIR1AFG86hATfQhBYQeIRneIU348l4Md6Nj/lowch3DuAPjM8fIDeT6A==</latexit>

A(x)
<latexit sha1_base64="0poNQYoCSyL0ha/O34Ig9Z6wW/s=">AAAB+nicbVC7TsMwFL3hWcorhZElokIqS5UUJBgLLIxFog+pDZXjOq1Vx4lsB6hCPoWFAYRY+RI2/ganzQAtR7J0dM69usfHixiVyra/jaXlldW19cJGcXNre2fXLO21ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrzK/fU+EpCG/VZOIuAEacupTjJSW+mapFyA1woglF+ldUnk8Tvtm2a7aU1iLxMlJGXI0+uZXbxDiOCBcYYak7Dp2pNwECUUxI2mxF0sSITxGQ9LVlKOASDeZRk+tI60MLD8U+nFlTdXfGwkKpJwEnp7Mgsp5LxP/87qx8s/dhPIoVoTj2SE/ZpYKrawHa0AFwYpNNEFYUJ3VwiMkEFa6raIuwZn/8iJp1arOSbV2c1quX+Z1FOAADqECDpxBHa6hAU3A8ADP8ApvxpPxYrwbH7PRJSPf2Yc/MD5/AB6xk+c=</latexit>

C

D

TAC-GC
<latexit sha1_base64="7nqecWx7ucfd+9R+9gAHpxvNioU=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12+rVfXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/3ZpGQ</latexit>

TA--GC
<latexit sha1_base64="JZ7ieKN0KbhRmleN2ISfZ4nLvFc=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxgdxhoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b122Lxvjrt5Qt2yV4ArRMnJQVIUevlv7r9kMQBFZpwrFTHsSPtJlhqRjid5bqxohEmIzygHUMFDqhyk8XRM3RhlD7yQ2lKaLRQf08kOFBqEnimM8B6qFa9ufif14m1f+MmTESxpoIsF/kxRzpE8wRQn0lKNJ8Ygolk5lZEhlhiok1OOROCs/ryOmmWS85VqfxYLlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx/VtpF6</latexit>

TACTGC
<latexit sha1_base64="8aGUhWYoSvCfXqg1rNBwNz6qReQ=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmLiibR40CPKQY+YlI8EGrJdtrBhu627WxJS+B1ePGiMV3+MN/+NC/Sg4EsmeXlvJjPz/JgzpW3728ptbG5t7+R3C3v7B4dHxeOTpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb8UW3ut8ZUKhYJV09i6oV4IFjACNZG8rrG86fubc29r017xZJdthdA68TJSAky1HvFr24/IklIhSYcK9Vx7Fh7KZaaEU5nhW6iaIzJCA9ox1CBQ6q8dHH0DF0YpY+CSJoSGi3U3xMpDpWahL7pDLEeqlVvLv7ndRId3HgpE3GiqSDLRUHCkY7QPAHUZ5ISzSeGYCKZuRWRIZaYaJNTwYTgrL68TpqVsnNVrjxWStW7LI48nME5XIID11CFB6hDAwg8wTO8wps1tl6sd+tj2ZqzsplT+APr8wczBpG3</latexit>

Corresponding 
multiple sequence 

alignment

a(t)
<latexit sha1_base64="jo1YusjEmJlgkW7rJ7zRPNdT4Q8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgWcPsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUA05i7od0qMRAMIpWatHHtIzn016x5FbcOcgq8TJSggz1XvGr249YEnKFTFJjOp4bo59SjYJJPi10E8NjysZ0yDuWKhpy46fzc6fkzCp9Moi0LYVkrv6eSGlozCQMbGdIcWSWvZn4n9dJcHDtp0LFCXLFFosGiSQYkdnvpC80ZygnllCmhb2VsBHVlKFNqGBD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEMxvAMr/DmxM6L8+58LFpzTjZzDH/gfP4A2tqPQA==</latexit>

w
<latexit sha1_base64="K+iivrhdeUPnWoxmB5CJQNdKl6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOYDjP8=</latexit>

Figure 2. (A) Condition 2.2 allows only the positions of a(t) in dark purple to be non-zero. (B) Example latent state paths w taken by the 
Markov model in the MuE, and sequences Y that they can generate, given x is a one-hot encoding of the DNA sequence TACGC. Rows 
correspond to positions 1, . . . , L, columns correspond to latent states 1, . . . ,K. (C) w defines a pairwise alignment between X and Y via 
Definition 4.3. (D) The collection of w values describe a multiple sequence alignment of the generated sequences Y (Section 4.2). 

sequences are all the same length and the MSA algorithm 
does not add any gap symbols (that is, when fMSA(·) is the 
identity). Assume D = B, and consider the “no mutation 
limit” where (0) (1,1)

` = IB , a1  = 1, and A m,m+1 = 1 for all 
m ∈ {1, . . . ,M − 1}. In this case we find, for samples Y 
of length M , that Y ∼ MuE(x, c, ̀ , a(0), a(t)) simplifies 
to Y ∼ Categorical(x). Thus Equation 2 and Equation 1 
become equivalent. In practice, we typically select priors 
on the MuE to favor the no mutation limit, since it serves as 
a null hypothesis. 

2.4. Inference 

The marginal likelihood of the MuE with the latent state vari-
able of the HMM integrated out, pMuE(y|x, c, ̀ , a(0), a(t)), 
is analytically tractable via the HMM forward algorithm 
and differentiable. The standard forward algorithm requires 
O(L) sequential matrix multiplications, where L is the 
length of the sequence (typically a few hundred amino acids 
in our setting), but it can also be parallelized to achieve 
O(log L) time (Sarkk¨ a ¨ & Garc´ ıa-Fernandez´ , 2020; Rush,
2020). Using the MuE marginal likelihood allows infer-
ence with automatic differentiation variational inference, 
stochastic gradient MCMC, and related scalable approx-
imate Bayesian inference algorithms (Section S4.1) (Ku-
cukelbir et al., 2017; Welling & Teh, 2011). We have made 
available an implementation of the MuE distribution as part 
of the probabilistic programming language Pyro, making it 
straightforward to explore different MuE observation mod-
els and inference methods (https://docs.pyro.ai/ 
en/dev/contrib.mue.html, Section S4.2) (Bing-
ham et al., 2019). 

3. Related Work 
Methods that use MSA preprocessing. MSA preprocess-
ing is widely used as a starting point for biological sequence 
data analysis, perhaps most commonly in combination with 
other non-probabilistic analysis methods. One very com-

mon class of probabilistic methods that nearly always use 
MSA preprocessing is phylogenetic models, which are cen-
tral to evolutionary biology and genomic epidemiology, and 
widely used in nearly every other area of biology (Hadfield 
et al., 2018; Felsenstein, 2004). Another is fitness models, 
including Potts models and variational autoencoder models, 
which are used to infer the structure of proteins and RNA, 
predict the functional effects of clinical variants, design new 
proteins, etc. (Marks et al., 2011; Hopf et al., 2017; Frazer 
et al., 2020; Russ et al., 2020). 

Standard methods that avoid MSA preprocessing. Al-
though MSA preprocessing is problematic from the perspec-
tive of probabilistic modeling, the use of probabilistic mod-
els to infer multiple sequence alignments – that is, in order 
to accomplish the preprocessing – is standard. Perhaps the 
most widely used such method is the profile HMM, which, 
besides being used to infer multiple sequence alignments, is 
also at the core of modern sequence database search meth-
ods and is used to define sequence families, among many 
other applications (Durbin et al., 1998; Johnson et al., 2010; 
El-Gebali et al., 2019). In Section 4.2 we show that the 
MuE distribution generalizes a variety of popular methods 
including the profile HMM. While connections between var-
ious methods have been described before, the generalization 
offered by the MuE is both unified and comprehensive, de-
limiting the extent of the model class (Holmes, 2017). Note 
also that some of these models can be trained by interpreting 
an MSA as a point estimate of the latent alignment variable; 
this is distinct from the more common usage of MSA pre-
processing described in Section 4.1 and is not subject to 
the same pathologies. The most closely related method to 
MuE observation models is the hidden Potts model (Wilburn 
& Eddy, 2020); we go further by providing a generalized 
approach to building and inferring similar models. 

Natural language processing methods There has been in-
tense recent interest in applying advances from natural lan-
guage processing to biological sequences (Rives et al., 2019; 
Shin et al., 2021; Alley et al., 2019). The MuE is a type 

https://docs.pyro.ai/en/dev/contrib.mue.html
https://docs.pyro.ai/en/dev/contrib.mue.html
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TATGC
<latexit sha1_base64="qxjbT2cyndQDWfs3f5s9Hs3wzYw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at637xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKRJkWo=</latexit>

TATC
<latexit sha1_base64="dJm03PUM79X7LxBHt7KRKZQxt3s=">AAAB8nicbVA9T8MwEHX4LOWrwMhiUSExVUkZYCx0YSxSv6Q0qhzXaa06dmRfkKq0P4OFAYRY+TVs/BvcNgO0POmkp/fudHcvTAQ34Lrfzsbm1vbObmGvuH9weHRcOjltG5VqylpUCaW7ITFMcMlawEGwbqIZiUPBOuG4Pvc7T0wbrmQTJgkLYjKUPOKUgJX8nvXCafOuWZ/2S2W34i6A14mXkzLK0eiXvnoDRdOYSaCCGON7bgJBRjRwKtis2EsNSwgdkyHzLZUkZibIFifP8KVVBjhS2pYEvFB/T2QkNmYSh7YzJjAyq95c/M/zU4hug4zLJAUm6XJRlAoMCs//xwOuGQUxsYRQze2tmI6IJhRsSkUbgrf68jppVyvedaX6WC3X7vM4CugcXaAr5KEbVEMPqIFaiCKFntErenPAeXHenY9l64aTz5yhP3A+fwAPt5EZ</latexit>

TAGTC
<latexit sha1_base64="q+vedE+4GuRxb/BsbEmJpA1wxTY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at/etxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKQ8kWo=</latexit>

TAGTGC
<latexit sha1_base64="xl5LauTldLoFG4uAnCDJnQ8mddg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYYIlSYIkJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri789oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtaoVWf9fMEu2kugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1S0bkplh5Lhcp9GkcWLuASrsGBMlTgAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AE5JpG7</latexit>

TATGC
<latexit sha1_base64="qxjbT2cyndQDWfs3f5s9Hs3wzYw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at637xmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKRJkWo=</latexit>

TAGTC
<latexit sha1_base64="q+vedE+4GuRxb/BsbEmJpA1wxTY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQY/VHvRYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589at/etxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvJSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVuarWHmuV+l0eRxHO4BwuwYFrqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AKQ8kWo=</latexit>

TAT-C
<latexit sha1_base64="7aTKmaZaaOKeG/BTY+k20R7LeeA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyWpBz1We/FYoV/QhLLZbtqlm03Y3Qgl7d/w4kERr/4Zb/4bt2kO2vpg4PHeDDPz/JgzpW372ypsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9SWPhd5+oVCwSLT2NqRfikWABI1gbyXWN589ad62rxmxQrthVOwNaJ05OKpCjOSh/ucOIJCEVmnCsVN+xY+2lWGpGOJ2X3ETRGJMJHtG+oQKHVHlpdvMcXRhliIJImhIaZerviRSHSk1D33SGWI/VqrcQ//P6iQ5uvZSJONFUkOWiIOFIR2gRABoySYnmU0MwkczcisgYS0y0ialkQnBWX14nnVrVua7WHmuV+n0eRxHO4BwuwYEbqMMDNKENBGJ4hld4sxLrxXq3PpatBSufOYU/sD5/AHytkVA=</latexit>

TA-TGC
<latexit sha1_base64="zbb+h90kMMygjzp4mgT3v8A87ag=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b126v6fXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx8RVpGh</latexit>

TA-T-C
<latexit sha1_base64="TAD2dlGcDm3vL6LsQ3w75/RGFho=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxgdxBoSVKY4kJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri389oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtgo1mb9fMEu2UugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1yyamUyo/lQvU+jSMLF3AJ1+DADVThAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AHpq5GH</latexit>

TAGT-C
<latexit sha1_base64="CihuLLIHEgu1l01N8agEATLR5QM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxkdxBoSVKoSUmfCVwIXvLHmzY2zt390jIwe+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XsSZ0rb9bWU2Nre2d7K7ub39g8Oj/PFJU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48TlveqDr3W2MqFQtFXU8i6gZ4IJjPCNZGcrvG86b12/v6VXXayxfsor0AWidOSgqQotbLf3X7IYkDKjThWKmOY0faTbDUjHA6y3VjRSNMRnhAO4YKHFDlJoujZ+jCKH3kh9KU0Gih/p5IcKDUJPBMZ4D1UK16c/E/rxNr/8ZNmIhiTQVZLvJjjnSI5gmgPpOUaD4xBBPJzK2IDLHERJucciYEZ/XlddIsFZ1ysfRYKlTu0jiycAbncAkOXEMFHqAGDSDwBM/wCm/W2Hqx3q2PZWvGSmdO4Q+szx8RipGh</latexit>

TAGTGC
<latexit sha1_base64="xl5LauTldLoFG4uAnCDJnQ8mddg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYYIlSYIkJXwlcyN6yBxv29s7dPRJy8DtsLDTG1h9j579xgSsUfMkkL+/NZGaeF3GmtG1/W5mt7Z3dvex+7uDw6Pgkf3rWUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3ri789oRKxULR0NOIugEeCuYzgrWR3J7xvFnjrtaoVWf9fMEu2kugTeKkpAAp6v38V28QkjigQhOOleo6dqTdBEvNCKfzXC9WNMJkjIe0a6jAAVVusjx6jq6MMkB+KE0JjZbq74kEB0pNA890BliP1Lq3EP/zurH2b92EiSjWVJDVIj/mSIdokQAaMEmJ5lNDMJHM3IrICEtMtMkpZ0Jw1l/eJK1S0bkplh5Lhcp9GkcWLuASrsGBMlTgAerQBAJP8Ayv8GZNrBfr3fpYtWasdOYc/sD6/AE5JpG7</latexit>

Y1
<latexit sha1_base64="COd9bgMQAyQeLiwwoaH4w8aIig0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHdtY2F</latexit>

Y2
<latexit sha1_base64="4cQzjieBS+G8ib5bpdDogP/G1uE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/ZA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPfOY2G</latexit>

Y3
<latexit sha1_base64="eNjw15IPyYN35gfE5jtYW4C1Fd8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4L2Nhw==</latexit>

Y4
<latexit sha1_base64="NAdFSyKacvuspZmuUB76jNebIKc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kGNiA==</latexit>

Observe: 
Y1, Y2, Y3

<latexit sha1_base64="8VWCY3mpY7rwo3hN92kOg3zCTl0=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLLbCnosevFYwX6xXZZsmm1Ds8mSZIVS+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8KOVMG9f9dtbWNza3tgs7xd29/YPD0tFxS8tMEdokkkvVibCmnAnaNMxw2kkVxUnEaTsa3c389hNVmknxaMYpDRI8ECxmBBsr+d3Qu+yGVVu1sFR2K+4caJV4OSlDjkZY+ur1JckSKgzhWGvfc1MTTLAyjHA6LfYyTVNMRnhAfUsFTqgOJvOTp+jcKn0US2VLGDRXf09McKL1OIlsZ4LNUC97M/E/z89MfBNMmEgzQwVZLIozjoxEs/9RnylKDB9bgoli9lZEhlhhYmxKRRuCt/zyKmlVK16tUn24Ktdv8zgKcApncAEeXEMd7qEBTSAg4Rle4c0xzovz7nwsWtecfOYE/sD5/AFgdpAC</latexit>

Observe: 
Y4

<latexit sha1_base64="NAdFSyKacvuspZmuUB76jNebIKc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xysPAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KFfuqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kGNiA==</latexit>

Sequence data

YMSA,1
<latexit sha1_base64="vpJx6wqp//2OwYmWfX7QrenRU1o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO3Yz3644VWcKuEjcnFRAjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhERqQrqECcaK8dJo9g4dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqZEtz5Ly+SVq3qnlRrt6eV+mVeRxHsgwNwBFxwBurgGjRAE2DwBJ7BK3izMuvFerc+ZqMFK9/ZA39gff4ApsuULg==</latexit>

YMSA,2
<latexit sha1_base64="//y+L290V7BzPkythBFTm+kCxUY=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO65lvl1xqs4UcJG4OamAHA3f/ur1I5xwIjRmSKmu68TaS5HUFDOSlXqJIjHCIzQgXUMF4kR56TR7Bg+N0odhJM0TGk7V3xsp4kqNeWAmJzHVvDcR//O6iQ7PvZSKONFE4NmhMGFQR3BSBOxTSbBmY0MQltRkhXiIJMLa1FUyJbjzX14krVrVPanWbk8r9cu8jiLYBwfgCLjgDNTBNWiAJsDgCTyDV/BmZdaL9W59zEYLVr6zB/7A+vwBqFCULw==</latexit>

YMSA,3
<latexit sha1_base64="RfmbE4SlhWDdUNGM9FJlDzkfi9s=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJlpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXi1irV29Ny/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4AqdWUMA==</latexit>

YMSA,4
<latexit sha1_base64="XD13VVi+LyVyk3yhav5GBenQnmI=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJmpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXinlaqt7Vy/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4Aq1qUMQ==</latexit>

YMSA,1
<latexit sha1_base64="vpJx6wqp//2OwYmWfX7QrenRU1o=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO3Yz3644VWcKuEjcnFRAjoZvf/X6EU44ERozpFTXdWLtpUhqihnJSr1EkRjhERqQrqECcaK8dJo9g4dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqZEtz5Ly+SVq3qnlRrt6eV+mVeRxHsgwNwBFxwBurgGjRAE2DwBJ7BK3izMuvFerc+ZqMFK9/ZA39gff4ApsuULg==</latexit>

YMSA,2
<latexit sha1_base64="//y+L290V7BzPkythBFTm+kCxUY=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgQspMFXRZdeNGqGgf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MW1noa0HAodz7uWenCBmVGnH+bYKS8srq2vF9dLG5tb2jr1bbqkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjK4mfvuRSEUjca/HMfE4GggaUoy0kXy7/OCnPY70UPL05u4iO65lvl1xqs4UcJG4OamAHA3f/ur1I5xwIjRmSKmu68TaS5HUFDOSlXqJIjHCIzQgXUMF4kR56TR7Bg+N0odhJM0TGk7V3xsp4kqNeWAmJzHVvDcR//O6iQ7PvZSKONFE4NmhMGFQR3BSBOxTSbBmY0MQltRkhXiIJMLa1FUyJbjzX14krVrVPanWbk8r9cu8jiLYBwfgCLjgDNTBNWiAJsDgCTyDV/BmZdaL9W59zEYLVr6zB/7A+vwBqFCULw==</latexit>

YMSA,3
<latexit sha1_base64="RfmbE4SlhWDdUNGM9FJlDzkfi9s=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJlpBV1W3bgRKtqHtMOQSTNtaJIZkoxYhvkVNy4UceuPuPNvTNtZaOuBwOGce7knJ4gZVdpxvq2l5ZXVtfXCRnFza3tn194rtVSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORlcTv/1IpKKRuNfjmHgcDQQNKUbaSL5devDTHkd6KHl6c3eRndQy3y47FWcKuEjcnJRBjoZvf/X6EU44ERozpFTXdWLtpUhqihnJir1EkRjhERqQrqECcaK8dJo9g0dG6cMwkuYJDafq740UcaXGPDCTk5hq3puI/3ndRIfnXkpFnGgi8OxQmDCoIzgpAvapJFizsSEIS2qyQjxEEmFt6iqaEtz5Ly+SVrXi1irV29Ny/TKvowAOwCE4Bi44A3VwDRqgCTB4As/gFbxZmfVivVsfs9ElK9/ZB39gff4AqdWUMA==</latexit>

Multiple sequence 
alignment #1

Multiple sequence 
alignment #2

Figure 3. The multiple sequence alignment of the initial dataset 
Y1, Y2 and Y3 can change as more data, Y4, is added. 

of latent alignment model, a key model class in natural 
language processing; Deng et al. (2018) detail the close 
relationship between latent alignment and popular attention 
network methods. MuE observation models differ from stan-
dard latent alignment models in that (1) rather than regress 
on an observed sequence (e.g. a sentence in a language to 
be translated), the model regresses on a latent sequence Xi, 
and (2) the MuE is structured such that its latent alignment 
variable is interpretable as a biological alignment, not an 
alignment in the more generic sense used in natural lan-
guage processing (Sections 4.2 and 4.3). Note that while the 
MuE itself is a relatively simple latent alignment model (an 
HMM), complex neural networks can be used to generate 
the latent sequence Xi; from a deep learning perspective, 
the MuE can be thought of as a biologically interpretable 
final layer. 

4. Theory 
4.1. Pathologies in MSA Preprocessing 

MSA preprocessing is typically applied to static sequence 
datasets and used for parameter inference problems; its 
statistical pathologies emerge when when we attempt to 
predict unobserved or future sequences. To explain these 
pathologies, we focus on the i.i.d. case.2 Consider the 
following modeling assumption, which is nearly universal 
in statistics: 

Assumption 4.1 (I.i.d. data and model) Let p0(x) be a 
probability distribution defined over a space X , i.e. p0(x) ∈ 
P(X ) where P(X ) is the set of all probability distributions 
over X . We (1) assume that we observe independently 
and identically distributed samples X1, X2, . . . ∼ p0(x). 
In order to describe this process, we introduce a model 
M = {q(x|θ) : θ ∈ Θ}. We (2) assume q(x|θ) ∈ P(X ) 
for all θ ∈ Θ. 

Now consider models that use MSA preprocessing and take 
the following form, of which Equation 1 is a special case: 

Preprocess: {YMSA,1, . . . , YMSA,N } := fMSA({Y1, . . . , YN }), 
iidModel: YMSA,i ∼ p(yMSA), 

2Note that phylogenetic models, although not usually repre-
sented as i.i.d., are typically exchangeable and so possess an i.i.d. 
representation by de Finetti’s theorem (Weinstein et al., 2020). 

where p(yMSA) ∈ P((B ∪ {−})J ). If we attempt to em-
ploy Assumption 4.1 to describe the preprocessed data 
YMSA,1, . . . , YMSA,N we see that it is violated. Part 1 
of Assumption 4.1 fails because the preprocessed data 
cannot consist of independent observations: if a data-
point YN +1 is added to the dataset, then past data, i.e. 
YMSA,1, . . . , YMSA,N , can be altered (Figure 3). For in-
stance, the new sequence may provide additional evidence 
to the MSA algorithm that sites in previously observed se-
quences are related to one another. Part 2 of Assumption 4.1 
fails because the model is not defined over a space that en-
compasses future data: if a datapoint YN+1 is added to the 
dataset, the value of J may change (Figure 3). For instance, 
the new sequence might be longer than any seen before. 
These failures occur on real sequence datasets, for typical 
values of N (Figure S2). Practically, the fact that MSA mod-
els violate Assumption 4.1 makes rigorous likelihood-based 
evaluation of their generalization capacity untrustworthy. If 
we do not know what space future data lives in, or how past 
data will be altered with future measurements, it is hard to 
trust that the average log likelihood of our model on a held 
out test set is genuinely reflective of future model perfor-
mance. More technically, the violation of Assumption 4.1 
causes standard justifications for the use of Bayes factors, 
heldout likelihood, prequential evaluation, etc. to fail, see 
e.g. Dawid (1984); Vapnik (1999); Dawid (2011). 

Using MSA preprocessing also fails to account for uncer-
tainty in the alignment (Wu et al., 2012; Toth-Petroczy et al., 
2016). The goal of an MSA algorithm is to infer related 
sites among a set of sequences, but the resulting MSA is 
only a point estimate of this quantity. 

4.2. Inferring Alignments 

In this section we connect the MuE distribution to previously 
proposed probabilistic and non-probabilistic methods for 
inferring biological sequence alignments including MSAs, 
and describe how MuE observation models can be used to 
infer related sites and MSAs themselves. We start by more 
formally describing a biological pairwise alignment between 
two sequences X and Y , and then establish a connection 
with the latent state variable W in the MuE. Pairwise align-
ments serve as a diagrammatic representation of how two 
sequences X and Y may be related via insertion, deletion 
and substitution mutations. 

Definition 4.2 (Biological pairwise alignment) Let X 
and Y be sequences of length M and L respectively. A 
pairwise alignment A of X and Y with J columns is a 
matrix [A(x), A(y)]> , where A(x) ∈ (B ∪ {−})J is a 
column vector of length J consisting of the letters of X , 
in order, and interspersed with gap symbols; similarly for 
A(y). The alignment A must satisfy the condition that for 

(x) (y)every j ∈ {1, . . . , J} either Aj ∈ B or Aj ∈ B or both. 



A structured observation distribution for biological sequences 

Let jl be the column of the alignment A in which the lth 
(y)letter of Y falls, i.e. Ajl 
= Yl for l ∈ {1, . . . , L}. Let 

gl indicate whether the column jl in A contains a gap, 
(x)i.e. gl := I(Ajl 
= -), where I(·) is the indicator func-

tion which takes value 1 when the expression is true and 
0 otherwise. Given X and Y , the sets {j1, . . . , jL} and 
{g1, . . . , gL} together uniquely define an alignment A (Re-
mark S2.1). We can define a map from the latent state path 
W to a pairwise alignment A of X and Y . 

Definition 4.3 (From latent states to biological alignments) 
Given W ∼ pMuE(w|X, Y ), let gl = I(Wl > M) andPl−1
jl = Wl − Mgl + l0=1 gl0 , for l ∈ {1, . . . , L}. Note that 
this map is invertible. 

Under this definition, when gl = 0, the letter Yl is generated 
based on a letter XWl in the MuE, and Yl and Xm are placed 
in the same column of the pairwise alignment A; when 
gl = 1, however, Yl does not depend on X at all (it depends 

(x)on c instead) and Ajl 
has the gap symbol (Figure 2C). 

A zoo of probabilistic and non-probabilistic methods have 
been proposed for inferring biological sequence alignments 
from data. Here we show that many of the most widely used 
methods can be unified as special case examples of the MuE 

3which use Definition 4.3 to convert from W to A. 

Proposition 4.4 (Unified) For different choices of parame-
ters c, `, a(0), and a(t), (1) the Thorne-Kishino-Felsenstein 
model (Thorne et al., 1991), (2) the profile HMM, and (3) the 
conditional distribution of a sequence Y given a sequence 
X under the pair HMM (Durbin et al., 1998) are all spe-
cial cases of the distribution MuE(X, c, ̀ , a(0), a(t)), with 
a state-specific probability of the Markov chain terminating 
at each step. For another choice of parameters, the maxi-
mum a posteriori estimator ŵ := argmax pMuE(Y |X, w)w 
corresponds to the Needleman-Wunsch alignment. 

See Section S2.2 for a proof. In the context of the pro-
file HMM, point estimates of the latent alignment vari-
ables W1, . . . ,WN associated with each observed sequence 
Y1, . . . , YN are used to construct a multiple sequence align-
ment of the dataset by effectively merging pairwise align-
ments; sites in each Yi generated by the same position in 
X are considered related, and placed in the same column. 
The same logic and algorithm can be applied to MuE ob-
servation models to define an MSA based on W1, . . . ,WN 

(Figure 2D; Section S2.3). 

The MuE offers not only a unified but also a comprehensive 
framework in the sense that HMMs which fail to satisfy 

3So far we have not specified a model for the length L of the 
sequence Y . In the following proposition, we assume that there is 
some probability of the latent Markov chain terminating after each 
step l, and that this probability depends on the current state Wl. 

DHFR PINE CDKN1B VE6 TCR
Figure 4. Predictive performance on a randomly heldout test set. 
Dotted line marks theoretically expected performance of the sub-
stitution matrix BLOSUM62 as a reference point (Section S5). 

Constraint 2.2 cannot be interpreted, using Definition 4.3, 
as biological alignments (proof in Section S2.4): 

Proposition 4.5 (Comprehensive) Consider the setup of 
Definition 4.3 and assume each latent state k ∈ {1, . . . ,K} 
of the MuE is Markov accessible under a(0) and a(t) (mean-
ing that it can be reached with non-zero probability). Con-
dition 2.2 is both necessary and sufficient to guarantee that 
with probability 1, W defines a valid pairwise alignment of 
X and Y via Definition 4.3. 

4.3. Comparison to Natural Language Models 

Latent alignment models are used in natural language pro-
cessing, often in combination with hard attention methods 
for inference (Deng et al., 2018). We can compare the MuE 
directly with a classic latent alignment model for statisti-
cal translation. The Vogel et al. (1996) model takes the 
form of a MuE model where X and Y are sentences in 
different languages, except that Condition 2.2 is violated 
(Section S2.5). As a result latent alignments are allowed to 
“double back” and rearrange the ordering of words in the 
regressor sentence X to generate Y . 

5. Experiments 
5.1. Predictive Performance 

We have seen that models that use MSA preprocessing can-
not be rigorously evaluated for their ability to predict se-
quences. In this section we empirically compare the predic-
tive performance of MuE observation models to a standard 
model that possesses the same latent alignment structure, 
the profile HMM (pHMM) (Proposition 4.4). 

Survey We started by examining five datasets of related 
protein sequences, ranging in size from 1,000 to 10,000 
sequences (Section S6.1). Four were taken from non-
redundant sequence databases: sequences similar to dihy-
drofolate reductase (DHFR), serine recombinase (PINE), 
cyclin dependent kinase inhibitor 1B (CDKN1B) and the 
human papillomavirus E6 protein (VE6) (Hopf et al., 2017; 
Toth-Petroczy et al., 2016; Tamarozzi & Giuliatti, 2018). 
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Table 1. Heldout perplexity on patient immune repertoire samples 
(each with 6,000 to 20,000 sequences). MS: multiple sclerosis. 
HC: healthy control. HC 1 consists of B cell receptors, the rest T 
cell receptors. 

Dataset HC 1 HC 2 HC 3 MS 1 MS 2 MS 3 

pHMM 4.29 3.59 3.56 3.59 3.47 3.54 
ICAMuE 2.87 2.33 2.34 2.45 2.19 2.26 

The fifth dataset consisted of human T cell receptor (TCR) 
sequences from a healthy donor, obtained using single cell 
sequencing. 

We extended probabilistic PCA and VAE models using the 
MuE observation distribution; we refer to these models as 
“FactorMuE” and “LatentNeuralMuE” respectively (model 
architectures are detailed in Section S3). We used stochastic 
variational inference, estimating the ELBO gradient using 
automatic differentiation, the reparameterization trick, and 
an inference network, and optimizing with Adam (Kucukel-
bir et al., 2017; Kingma & Welling, 2014; Rezende et al., 
2014; Kingma & Ba, 2015). We evaluated model perfor-
mance on a randomly held out 10% of sequences, quantified 
in terms of per residue (that is, per letter) perplexity (Sec-
tion S5). The results show that FactorMuE models offer a 
consistent improvement over the standard pHMM model in 
every dataset, with an average change in perplexity of −1.50 
and log Bayes factor > 103 across all datasets (Figure 4; 
Section S6.1). Meanwhile, the more complex LatentNeural-
MuE model also improves over the pHMM in each dataset 
and overall (average perplexity change −0.42), but under-
performs relative to the simpler FactorMuE model. 

Patient immune repertoires We next explored further the 
application of MuE observation models to patient immune 
repertoire sequencing data, including both B and T cell re-
ceptors, taken from patients with autoimmune disease (mul-
tiple sclerosis) and healthy controls (Section S6.2) (Ramien 
et al., 2019). Understanding immune receptor repertoires is 
of crucial biomedical importance, but MSAs are considered 
highly untrustworthy when applied to this kind of data (see 
e.g. Figure S2). We extended another continuous model, an 
independent component analysis (ICA) model, with a MuE 
observation distribution (“ICAMuE”; Section S3.4). On a 
heldout 20% of data we find substantial improvements in 
perplexity over the pHMM across all six datasets (Table 1). 

Disordered proteins Roughly ∼50% of the human pro-
teome contains regions classified as disordered, but com-
mon bioinformatic pipelines are often considered highly un-
trustworthy when applied to disordered proteins because of 
uncertain MSAs. We examined 56 datasets, each consisting 
of sequences evolutionarily related to a disordered region 
of a human protein, that had been discarded in an MSA-
based sequence modeling study (Toth-Petroczy et al., 2016). 
The study had sought in part to determine whether epistatic 

correlation occurred between amino acids at aligned sites 
(columns of the MSA), but was stymied in these particular 
datasets by highly uncertain MSAs. In a pHMM, condi-
tional on a latent alignment Wi, the probability of observing 
a particular amino acid at a particular position in Yi is inde-
pendent of all other positions. In MuE observation models 
such as the FactorMuE, LatentNeuralMuE and ICAMuE, 
however, pθ induces correlation between positions in Yi con-
ditional on Wi (Riesselman et al., 2018). To infer whether 
there is indeed epistatic correlation in a dataset, therefore, 
we can perform model selection, comparing a MuE ob-
servation model and a pHMM. Note that our approximate 
Bayesian inference procedure (for both models) integrates 
over all possible latent alignments, and that the pHMM is 
nested inside the MuE observation models in the sense of 
nested model selection (Dawid, 2011). We found that on 19 
datasets an ICAMuE outperformed a pHMM at predicting a 
heldout 20% of sequences, finding evidence of epistatic cor-
relation despite high alignment uncertainty; among these 19 
datasets, the median perplexity decrease was 1.3 (Table S2, 
Section S6.3). 

5.2. Learning Complex Biology 

We examined further what the FactorMuE model had 
learned from a dataset of TCR sequences. T cell recep-
tors are made up of two separate amino acid chains, α 
and β, which each develop according to a complex process 
of genome rearrangement termed V(D)J recombination, in 
which different V, D and J segments in the genome are, with 
some randomness and additional mutations, joined together 
with a constant region to produce a complete sequence (Fig-
ure 5A). We cross-referenced the latent representations of 
each sequence recorded in the dataset against supervised 
annotations of its segment types (Section S7). We found 
that the latent space is divided evenly in two, with one side 
containing TCRα sequences and one side TCRβ sequences 
(Figure 5B left). Each side contains clusters, which cor-
respond with the type of V segment found in each TCR 
sequence (Figure 5B middle). The shorter J segments are 
found uniformly distributed across their corresponding α or 
β half, reflecting their ability to recombine with different 
V segments (Figure 5B right). See Section S7 for further 
results. 

We next examined features learned by the FactorMuE model. 
In MuE observation models, we can separate out variation at 
conserved positions from variation produced by insertions 
and deletions by holding the latent alignment variable Wi 

fixed. In particular, we calculated 

� B �1/2X� �2 
νl := E[Yl,b|ŵref , z1] − E[Yl,b|ŵref , z0] (3) 

b=1 

where the expectation is with respect to the variational ap-
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Figure 5. (A) Illustration of the TCRβ genomic locus; the TCRα locus is analogous, with Cα in place of Cβ and no D segments (based on 
Abbas et al. (2018), Figure 8.7). (B) Inferred latent space representation of the TCR dataset, colored according to supervised annotations. 
Left: Cα and Cβ chains. Middle: V types, V2, . . . V30 (detailed legend in Figure S7). Right: J subtypes, J1-1,...,2-7 (detailed legend in 
Figure S7). (C) V (green), J (yellow) and constant C (gray) regions of the TCRβ chain in the reference structure PDB:2BNR, as well as 
V-J junction nucleotides (red) (Figure S7). (D) Projections ν of latent space vectors (left, in orange) into sequence space. Transparent 
areas correspond to the portion of the sequence that is not measured in the experiment. Arrows indicate peaks in ν. 

proximation to the posterior, z0 and z1 are the head and 
tail of a vector in the latent space, ŵref is the maximum a 
posteriori estimate of Wref based on a reference sequence 
Yref , and l ∈ {1, . . . , Lref } where Lref is the length of Yref . 
We plotted the vector ν on a TCR crystal structure for the 
reference sequence, and compared to a supervised annota-
tion of the constant, V, D and J segments of the reference 
sequence (Figure 5CD). Consistent with the annotation of 
the latent representation, the vector normal to the hyper-
plane separating TCRα from TCRβ chains in the latent 
space (vector 1 in Figure 5D) primarily alters the sequence 
of the constant region, while the orthogonal vector (vector 
2 in Figure 5D) primarily determines the sequence of the 
V segment. Along vector 2, the region of largest variation 
(the largest peak in νl) was the buried C-terminal end of the 
V segment, corresponding to the start of the CDR3 region, 
the key specificity-determining region of the receptor. Inter-
estingly, even along vector 1 we observe high values of νl 
in the V segment, suggesting that there are systematic and 
heterogeneous differences between the V segment sequence 
distribution used in TCRα chains and in TCRβ chains (see 
Section S7 for further analysis). 

5.3. Evolutionary Forecasting 

We explored a novel application of generative probabilis-
tic sequence models, evolutionary forecasting, which takes 
advantage of the capacity of MuE observation models to 
predict future sequences. Influenza A is responsible for an 
estimated 500,000 deaths a year and is an ongoing pandemic 
threat (Iuliano et al., 2018). It is also a model organism for 

understanding the dynamics of rapidly evolving pathogens, 
and forecasting its evolution is crucial in preparing vac-
cines and designing therapeutics (Luksza & Lassig¨ , 2014; 
Laursen & Wilson, 2013). Previous forecasting methods 
have focused on predicting the relative fitness of existing 
strains in future years (Luksza & Lassig¨ , 2014; Bush et al., 
1999), or the antigenic properties of newly emerged strains 
(Neher et al., 2016; Hie et al., 2021). We instead predict the 
full amino acid sequence of the HA1 protein, the primary 
site of interaction with the immune system (Wiley et al., 
1981). From the GISAID database we constructed a training 
set of influenza A(H3N2) HA1 sequences collected from 
patient samples from 1968 through 2013, and evaluated our 
predictions on sequences collected from 2014 through Octo-
ber 2019 (420 out of 2,042 sequences held out, 21% of the 
dataset) (Section S8) (Shu & McCauley, 2017). Insertions 
and deletions are considered rare, though not absent, in pa-
tient samples, so this dataset also offers an opportunity to 
evaluate MuE observation models in a distinct regime from 
that considered previously in Section 5.1. 

As a benchmark we again used the pHMM, which can cap-
ture the observation that there exist key highly variable sites 
in the HA1 protein, an underlying motivation behind previ-
ous prediction methods such as Bush et al. (1999). We then 
incorporated sequence collection time as a covariate in new 
MuE observation models, using a linear regression model 
(“RegressMuE”) and a neural network (“NeuralMuE”) with 
MuE observation distributions (Section S3). The pHMM 
achieves a per residue perplexity of 1.32 and the Regress-
MuE improves this to 1.24 (log Bayes factor > 103; Fig-
ure 6A). This per residue perplexity difference corresponds 
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Figure 6. (A) Predictive performance measured by heldout per residue perplexity; models are trained on data from 1968-2013, tested 
on 2014-2020. (B) Magnitude of the shift in amino acid preference over time ν, for the RegressMuE, projected onto a reference HA1 
structure (PDB:4O5N). The full hemagglutinin protein is shown on the left. (C) Classical epitope regions of the HA1 protein. (D) Inferred 
latent representation from a FactorMuE model, with sequences colored by the time at which the sample was collected (Section S8). (E) 
Y-axis: orthogonal projection of the latent representation of each sequence onto the least squares fit line relating z1 and z2. X-axis: time at 
which each sample was collected. Two clusters of outliers are marked by † and ‡. 

to a factor of ∼1010 improvement in per sequence perplexity. 
The NeuralMuE has similar per residue perplexity (1.26) to 
the RegressMuE. 

Next we investigated in detail what the model can tell us 
about how HA1 proteins have changed over time. We com-
puted the magnitude of the shift in amino acid preference 
from 1968 to 2019 inferred by the model, with the latent 
MuE alignment variable kept fixed (quantified as νl, defined 
analogously to Equation 3 with times t0 and t1 replacing la-
tent representations z0 and z1) (Figure 6B; Section S8). We 
found that sites with a large shift are often associated with 
antigenicity, consistent with the hypothesis that immune 
evasion is a key driver of influenza evolution. Residues 
that make up the classical epitope regions A-E of influenza 
show significantly larger shifts as compared to residues out-
side these regions (mean νl of 0.54 in epitopes A-E versus 
0.09 in non-epitope sites, one sided Mann-Whitney U test 
p < 10−18; Figures 6C and S12) (Wiley et al., 1981; Munoz ˜
& Deem, 2005). The same observation holds for residues 
identified as key determinants of immune escape in recent 
high-throughput mutational antigenic profiling experiments 
(mean νl of 0.80 in sites with antigenic selection versus 
0.24 elsewhere, one sided Mann-Whitney U test p < 10−4; 
Section S8) (Lee et al., 2019). 

The latent space representation of the influenza HA1 dataset 
learned by the FactorMuE model shows the data falling 
approximately along a line (Figure 6D; Section S8). The 
position of a sequence along this line is linearly proportional 
to the time at which the sequence was collected, though 
this information was not included in the model (correlation 
coefficient ρ = 0.94; Figure 6E) (Novembre & Stephens, 
2008). Two clusters of outliers violate the proportionality 
rule. The first (marked by ‡) originated from mis-annotated 
entries in the GISAID database (Section S8). The second 
cluster (marked by †) appears in the early 2010s, but the 
latent representation of these sequences is close to that of 

sequences from the mid-1990s to early 2000s. Among this 
cluster of sequences, the ones that have been fully annotated 
were all collected from an outbreak in the United States 
of A(H3N2)v triple-reassortant viruses containing matrix 
protein genes from pandemic A(H1N1)pdm09. In 1998, 
A(H3N2)-derived viruses jumped from humans to swine, 
causing a large outbreak among swine, before recombining 
with other strains to produce this A(H3N2)v outbreak among 
humans in the 2010s (Jhung et al., 2013; Skowronski et al., 
2012). The epidemiological history is consistent with our 
unsupervised latent representation, which shows that the 
cluster of outliers appearing in 2010-2013 most closely 
matches human samples last seen around 2000. 

6. Discussion 
MSAs are a powerful tool for analyzing biological se-
quences, but MSA preprocessing leads to statistical patholo-
gies in generative models. MuE observation models offer a 
direct alternative to MSA preprocessing that does not aban-
don the underlying biological ideas that have made MSAs so 
successful. We hope that the MuE will enable rigorous appli-
cation of a wide variety of new models and methodologies 
to biological sequence data. 
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