Federated Deep AUC Maximization with a Constant Communication Complexity

A. Auxiliary Lemmas

Noting all algorithms discussed in thpaper including the baselines implement a stagewise framework, we define the duality
gap of s-th stage at a point (v, «) as

Gaps(v,a) = max f*(v,a) — min f*(v/, a). (8)

Before we show the proofs, we first present the lemmas from (Yan et al., 2020).

Lemma 3 (Lemma 1 of (Yan et al., 2020)). Suppose a function h(v, @) is A\1-strongly convex in v and \o-strongly concave
in o. Consider the following problem

min max h(v, ),
veX acY

where X andY are convex compact sets. Denote vy, (y) = arg mir}l{ h(v',a) and & (v) = arg max h(v,a’). Suppose we
v'e a’e

have two solutions (vq, ag) and (v, ). Then the following relation between variable distance and duality gap holds

A Ao, .
2 9n(a1) = voll? + 22 [an(v1) = aoll* < max h(vo, ') — min h(v', )

viex )
/ . /
+ max h(vy,a) Inin h(v', aq).
([l
Lemma 4 (Lemma 5 of (Yan et al., 2020)). We have the following lower bound for Gap (v, cs)
3 S S 4 S S
Gap,(vs, o) > %Gaps-ﬁ—l(vb_‘—la ag™) + g(éf’("oH) — #(v4)),
where vi ™! = v, and o)™ = a, i.e., the initialization of (s 4 1)-th stage is the output of the s-th stage.
O
B. Analysis of CODA+

The proof sketch is similar to the proof of CODA in (Guo et al., 2020a). However, there are two noticeable difference from
(Guo et al., 2020a). First, in Lemma 1, we bound the duality gap instead of the objective gap in (Guo et al., 2020a). This is
because the analysis later in this proof requires the bound of the duality gap.

Second, in Lemma 1, where the bound for homogeneous data is better than that of heterogeneous data. The better analysis
for homogeneous data is inspired by the analysis in (Yu et al., 2019a), which tackles a minimization problem. Note that f*
denotes the subproblem for stage s, we omit the index s in variables when the context is clear.

B.1. Lemmas

We need following lemmas for the proof. The Lemma 5, Lemma 6 and Lemma 7 are similar to Lemma 3, Lemma 4 and
Lemma 5 of (Guo et al., 2020a), respectively. For the sake of completeness, we will include the proof of Lemma 5 and
Lemma 6 since a change in the update of the primal variable.

Lemma 5. Define v, = % Z,ivzl vk a; = % Zszl y¥. Suppose Assumption 1 holds and by running Algorithm 2, we
have for any v, a,

1 T

fs({”a) - fs(vad) <

|:<vvf(vt17 @;-1),Ve — ) + (Vo f(Vic1, Q1) y — Q)

=1
t Bl BQ

30+ 3[2//1,2

* 2

o _ _ 9 b, _
19 = Voo |4 26(@ — @) =519 = VI[P = (G - a)?)

B3

where o = 2p(1 — p) is the strong concavity coefficient of f(v,a) in a.
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Proof. For any v and «, using Jensen’s inequality and the fact that f*(v, «) is convex in v and concave in c,

T
P00 = £.8) £ 7 30 () = £ (va0) (10
By /¢-strongly convexity of f°(v, «) in v, we have
1
[P(Vi1,00-1) + (O f5(Vio1,00-1), vV — V1) + §||‘_’t71 —v[* < fv, @) 11

By 3/-smoothness of f*(v, ) in v, we have
S(S S(S S(o = = 3l — — 2
FPve0) < FP(Veo1,0) + {00 2 (Vim1, @), Ve = Via) + [V = Vel

_ s/ _ L ‘.
= [ (Vie1, ) + (Ov P (Vio1,Qt1), Ve — Ve1) + 5“% - Vt71||2

+ (Ov P (Vim1, ) — Ov [P (Vim1, p—1), Vi — V1)

(@ L 30

< fP(Vim1, @) + (O 5 (Vim1,Qe1), Ve — Vo) + EHVt —viq]? (12)
+Llas—1 — all|[ve — Vi

® L 3.
< fFEVim1, ) + (O fP (Vim1, 0um1), Ve — V1) + 5||Vt — Vi |?
2

30° _
+ TMQHV:& — Vi1,

+ (@ —a)?

where (a) holds because that we know Oy f (v, a) is ¢-Lipschitz in « since f(v, «) is £-smooth, (b) holds by Young’s
inequality, and pe = 2p(1 — p) is the strong concavity coefficient of f* in «.

Adding (11) and (12), rearranging terms, we have

[P @1, 0u-1) + (V¢ @)

30+ 30°
< FV, @)+ F(Tio1,0) + (0 f (Veo1, Gur), 91— v) + SO 5 12 19, 52 (13)
‘
= Sl = vIP 4 G — ).

We know f*(v, «) is pe-strong concavity in o (— f (v, «) is po-strong convexity of in o). Thus, we have

— Vi1, @) — 8afs(‘7t—l,65t—l)T(a —ai-1)+ %(a —a-1)’ < —f5(Vio1, ). (14)
Since f(v, a) is ¢-smooth in o, we get

—fi(vyan) < —f(v,ai-1) — (Oaf’(V,at-1), 0t — Ge—1) + g(at —ai1)?

Y4
= *fS(V’@t—l) - <8afs(\7t—1,dt—1),@t —ag-1) + §(dt — @t—l)z
— (0a(f*(v,a-1) — [ (Vi—1,0¢-1)), 00 — Gz—1)
(a) 4
< —fP(v,04-1) — (Oaf®(Vio1,04-1), 04 — Gz—1) + 5(0_& . C_Vt—l)2 1s)
+ v = viall(@ — 1)
4
< =V, Q1) = (Oaf* (Vior, Geor), Qe — Q) + S (A — ai-1)?

£ 30, _ _
+ EHWA —v|* + 5(0& — 1)’
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where (a) holds because that 9, f*(v, «) is ¢-Lipschitz in v.
Adding (14), (15) and arranging terms, we have

- fs(\_/t717 dtfl) - fS(V, dt) S 7fs(\_’t71,06) — f.S(V7 Ciltfl) — <aafs(\_/t71, dtfl), Qs — C¥>

¢ (16)
+ 2060 — &)’ + gl = VP - B e - ai)?,
Adding (13) and (16), we get
(Ve a) = f2 (v, au)
< (Ovf(Vio1,01-1), Vi = V) = (Oaf(Vi-1,0t-1), 04 — @)
30+ 302 o o
+ f/lmﬂvt — Vi |? 26 — )’ an
4
—lo =P - B @ - o)
Taking average overt = 1, ..., T, we get
fs(‘_la Ot) - fS(v7&)
1 T
ST DI ) = fo(v,a)]
t=1
1 T
<7 Z {<3vfs(‘7t717 Gt-1), Ve = V) + (O f*(Ve-1,801), 0 — @)
t=1 PS P
304 30°
S T A
Bs
L= = (@ —a)?
3 3
O
In the following, we will bound the term B; by Lemma 6, B2 by Lemma 7 and B3 by Lemma 8.
K
Lemma 6. Define v, = v,_1 — 7+ >V f*(vi_i,af 1) and
k=1
. K
Vo= Vi — 2 D (VR Vb 5) = VoS, afy) s fort > 0: %0 = Vo (18)

. We have

1
+ %(H‘_ftq —VIIP = Ve = ve|® = [[ve = vI1?)
+ gllf’t —v|*+ i(||V —vial? = [lv=v?)
3 2n
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Proof. We have

K
1
(Vo i (Vim1,ae1), Ve — V) = <K ];vali(vt—lv@t—l)avt — V>

K

1
< <K Z[va;?("’tq,@tq) — Vo iVt af )], Ve — V> ®
k=1
| K
+ <K Z[vvflj(‘_’t—laaffl) — Vo i (Vi ol )] v - V> @ (19)
k=1
1 X
(g DIV vaf ) - VR el st kv v) @
k=1
| X
+ <KZV\,F,§(\_’t1,afl;zf1),\7t —V> @
k=1
Then we will bound (D), @), @ and @), respectively,
2
(@) 3 K 0
< 2% ZV fu(¥e1, 4—1) — Vo fa (Ve 17af ] +6||Vt_VH2
®» 31 & o 0
< 570 2 IV i, @) = Vo i i)l + gl19e = v? (20)
k=1
(©) 301 <, 0
3% S (a1 —af )+ gllve - v|?,
k=1

where (a) follows from Young’s inequality, (b) follows from Jensen’s inequality. and (c) holds because V. f; (v, «) is
¢-Lipschitz in «. Using similar techniques, we have

K
31 ./ l
® < 557 IV Fi e ol ) = Vi (v a2 + G lve = vi?
k=1 (21)
36 1 K k 2 14 — 2
< 5K E [Vie1 —viq||” + 6”"25 - v

\ |
—

.
Vefs(vi q, af_1)> x+ %HV — ¥v;_1||?, then we have
1

M=

A _ . 1
Let v, = arg min <K
k

Vt—‘A/'t:n( vf? (Vt 17% 1) KZvak Vt lvyt 17%5 1)) (22)
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Hence we get

Vo fe(vh e ) = T FS(vE a2 ) — >

[valj(Viih 04571) - VVFI;S(folv alltil; Zf;l)]»{’t - V>
9 (23)
[valg(folﬂ affl) - VvFi‘:(foha?ﬂ; Zf—l)]

K

+
T
[
M=

[vvfli(vf—la 0‘?—1) - VvFlj(Vf—lv 0‘?—1? Zf—l)]»{’t - V>

Define another auxiliary sequence as

K
Vo= Vi1 — 22 O (VR b i 20) = Vadi(vigaf ). fort > 0:%0 = vo. (24)
=1
Denote
1 < T
ehmw=<—K§JVJfW£Uﬁ4mﬁn—vmﬂﬁqﬂﬁno v g V=Vt o)
k=1

Hence, for the auxiliary sequence &;, we can verify that
Vi = argmin O;_1(v). (26)
v
Since O;_1(Vv) is %—strongly convex, we have

1 - -
llv— Vi|? < Os-1(v) — ©1-1 (%)

K T
1 : 1 -
= (‘ 57 (VvFﬁ(vﬁ,l,af,l;zf,l) _vvflz(vffhaitl))) T+ %Hv_"t—lw
=1
1 & i 1
- (* K Z(VVFI:(folvaffl; fol) - va;f(Vf,l,af,l))) Vi— %”‘775 - ‘~’t—1H2

K T
1 s - 1 ~
= (‘ ?Z(vaFk(vf—l’af—l;zf—l)_Vafk(vf—laaf—l))> (V—thl)-ﬁ‘%HV—thle 27)

Adding this with (23), we get

2

K

3n|l 1

©) SQHK Z(Vka(Viﬁp af izt ) = Ve fe(vi, af )
k

1 1
+ gV =Sl = Gl =l

(28)

=

=1
1K

+ < Z[vvfk(vf—lao‘f—l) - Vka(Vf—la 04?—13 Zf—l)]v‘?t - ‘th—1>
k=1
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@ can be bounded as

1 1
@ = —5<‘_’t — Vi1, Vi — V) = %(H‘_’tq VI[P = [[Vi1 = o2 = [V = ¥]*)
Plug (20), (21), (28) and (29) into (19), we get
<va(‘_’t71a dtfl)) ‘_’t - .’I;>
K K
301 _ 301
S (@1 —af_y)* + K Z Ve = Vi |?
k=1 k=1
377 1 & ’
+ 5= Z (Vo fe(Vii 1) = Vo F(vi g, af 152 )]

k:l
1 XK
k k k. k - S
?Z Vt 1 0—1) = Ve F(vii, o527 1)) Ve — Vi

Ve = VI = Vi1 = Wl = v = V%)

B can be bounded by the following lemma, whose proof is identical to that of Lemma 5 in (Guo et al., 2020a).

Lemma 7. Define du=0a;_1 + 4 ZV SrvEy, af ), and

K
dt:dtfl“l‘%; (VaFr(viq,af 1528 1) = Vafr(vi,ai 1))

We have,
321 & 3021 &
By < ﬂ? Z Vi1 — Vfﬂ”2 + ﬂ? Z(atfl - O‘ffl)Q
k=1 k=1
[

X 2
3 1
+ ?77 (K Z Vale(Vii,af 1) = VaFr(viy,af o Ztl)])
k

=1

K
Z oc.fk(vt 1v@f )=V F(Vt 17045 17Zf 1), Ge—1 — Q)

Ek:l

1, _ _ _
+ %((at,1 —a)® = (a—1 — @) — (4 — a)?)
+ &(O_‘t — Ol)2 + i(a — dt71)2 — ! (Oé — O~[t)2.

3 2n 2

B3 can be bounded by the following lemma.

Lemma 8. If K machines communicate every I iterations, where I < then

1
18\/57]@’
Z Z]E [||vt —VEI + G — o ] < (12 16°T + 360° 1> D*T) 15,
t=0

(29)
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Proof. In this proof, we introduce a couple of new notations to make the proof brief: Fp, = Fj L(VE af; 2F) and
Tee =18 ,(vF, ak). Similar bounds for minimization problems have been analyzed in (Yu et al., 2019a; Stich, 2019).

Denote ¢y as the nearest communication round before ¢, i.e., t — ty < I. By the update rule of v, we have that on each
machine k&,
t—1
vE=vVi,—n > VuFi .. (30)

T=tg

Taking average over all K machines,

vt—vto—nz Zv Fi .. (31)

T= to
Therefore,
1K n? K t—1 K 2
_ k2
}kZIHVt—VtH *?;E zt: VFkr—?Z:l
= = T=tg Jj=

2
] (32)

s s 1 s s
[VVFI;:,T - vvfk,‘r] - E Z [VVFJ',T - vvfjﬂ']:|

t—1

N
Z vvfk,r - E ZVij,T

T=tg

2n K
+KZE[

In the following, we will address these two terms on the right hand side separately. First, we have

2
t—1

m? & K
FO N Dol A R DL

(V]

k=1 T=to

(@ 212 K t—1 2

< o kz 2; [VoF . = Vi (33)
=1 T=to

(b) 2 K t—1

2SS NvFe = Vs ]
k=1 T1=to

<2n?Ic?,

2 1 X 2 1 X 2 1 X 2 -
1P =2 2 lanlP=l 3 aul® < & 3 flawl® wherear = 37 [VE -

k=1 k=1 T=to

K K
where (a) holds by & Y- [|a,— l& > aj

k=1 j=1
Vs fi.r]; (b) follows because ]E;m,l[VvF,j,T - Vvfis ]=0.

Second, we have

2
t—1

1 & 1 &
BB 2 |V g Ve
j=1

k=1 T=to
1 K t—1 1 K 2
< (t—to) Y BNVl = 2> Vo (34)
k=1 T=to j=1
2

<IZ ZE kaT—KZVf;T :

Tt()
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where
2

R

1 K
Velin =162 Vlin
j=1

K 2

K
1 R s s sim - si= - 1 s
= e DBVt = Vi) £ i (90080) < Vel (91100) 4 Ve () = e SOV
k=1 Jj=1
1 K
< S BBV Ry — Vufi(¥r, )| + BBV fi (97, 6r) — VS (9,60 2
K k=1
1 K 2
+3EHVVfS(\77—,O77—) % Vofir

I
= -
M=

[zﬂEnvvf:,T— F2(9r @) |+ E]| Ve £ (9, 5r) — vvﬂv—ﬁm)w]

ol
Il

1

(35)
1K 2
- 3EH§ SOV S} (Frrar) = Vo] ]
j=1
| X
<z [BEuvvf;,T — Vo fi(Fr, @) |IP + BBV £ (92, 6r) — Vo f* (9, danﬂ
k=1
1 & 2
+35 ZEHMﬁ(vT, ar) = Vv f5-] }
(@) 540% & X
< Z“'Vkr_VTH +|O¢k7—_a7—| ?Z”v fk vT7aT) vas({/T,O_é-,-)‘F
k=1 k=1
K
5442 _ _
S K [”vkﬂ' - VTH2 + |ak,7— - C¥7‘|2] + 3D2,
k=1

where (a) holds because f is £-smooth, i.e., f* is 3¢-smooth.

Combining (32), (33), (34) and (35),

LS oo~ i1 < 207107 + 207 <IZ lw S [IvE = 92 + flags — ar|?] +3D2

k=1 T=tg k=1

> (36)

Z Z V¢ — vi|® < 20 Io*T+108n° 1262 Z (|vf — %]’ + |laf — af||2) + 6n°I°D°T. (37)
t=0

Summing over t = {0, ..., T — 1},

Similarly for « side, we have
1 =1
Z e Z lla: — ok || < 20 Io>T + 1080° 12 ¢ ; % (||v? —))? + ok — atHQ) + 6n°I*D*T. (38)

Summing up the above two inequalities,

an?lo? 120212 D?
— —vF|I?2 + E[||ay — < T T
Y g 2llve=vEIP+Elllas - o IP) < ;e o mn T+ T 39
< 120%10°T + 360°1°D*T
where the second inequality is due to I < 18\[ Joie, 1— 21601202 > 2. O

Based on above lemmas, we are ready to give the convergence of duality gap in one stage of CODA+.



Federated Deep AUC Maximization with a Constant Communication Complexity

B.2. Proof of Lemma 1

K
Proof. Noting E(+ kz Vyfe(vE af ) =V (vF |, af 152F )], % —Vi_1) = 0 and
=1

K
E <—1,1< 2_: Vafe(VE L af ) — Fo(vE  af 1528 D] a1 — dt> = 0. and then plugging Lemma 6 and Lemma 7

k=1
into Lemma 5, and taking expectation, we get

E[f*(%,0) - f*(v,)]

T

3£+3£ //JQ 1 _ _ 12 1 _ _ 2
< - R Ml o R - 2% — —a
< 72| (R gy ) vl (20 g ) -
Cy

1w A N P O S A W

+(277 3)||af_1 al (277 3)<at oz>+(277 ] e [
Co Cs

F (= d1)? = (@ — G2+ (v = 1|2 — v = %)

277 t—1 t 277 t—1 t

Cy Cs

3¢ 3030\ 1 & (40)

+<ﬂ+ ) ZHVt 1_Vt 1|| +( +>Kzlat 1_Oét1
Ce

3|1 & :

+ ?77 ? Z[vak(vf—laaf—l) - VVF:(Vf—lvaf—ﬁzf—l)]
k=1
Cr

31 & ’

S Ve itk - VoRi (s abaist)| |
k=1

Cs

Since n < min(m, 415) thus in the RHS of (40), C; can be cancelled. C3, C'5, Cy and C5 will be handled by

telescoping sum. C can be bounded by Lemma 8.
2]

|

K
<Z|V fi( Vt 1»04;c 1) — vvFlg(Vf—laaf—l;Zf—l)HQ
k

Taking expectation over C7,
2
[ 2K?

2K2

K

1 S S
K Z[vak (foh 041671) — VI (foh 05?71; 2571)]
k

K

k k k k
Zvvfk Vt 1 0i-1) = Vo (Vi ago1;2¢1)]
k=1

(41)

K
+2Z > <v fivir,aby) — vvF5<vf_1,af_l;zf_l),vvfj(vi1,041)—vvF;(vz1,az1;zz1>>>}

k=1j=i+1

2
< 3no”
- 2K
The last inequality holds because ||V fx(VE 1, af 1) — V EFL(vF_,,af 1528 D|? < 02 and E(V, fi(VF_;,ak ) —
Vo Fu (Vv af 1528 ), Vo fi(vi_1,al )=V Fj(v]_i,a]_152]_1)) = 0 for any k # j as each machine draws data
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independently. Similarly, we take expectation over Cg and have

|2

Plugging (41) and (42) into (97), and taking expectation, it yields

K
ZV fk Vt 170% 1) VaFk(Vf_hOéf—l;Zf—l)]
k:

2
3no?
] < ;’K. (42)

" lao — al?
— o) —
7 T \2n onT """
T K T K
1 32 30\ 1 ) , 1 3¢ 302\ 1 . )
+TZ(2M2 Q)KZHth_Vt 1l +TZ<2 2u2>KZ(04t1 o)
t=1 k=1 t=1 k=1
+l d 3no?
T K
t=1
1 1 302 3¢ 3770
< —|lvg = v||Z + —=|lag — af? = 4 ) (1292162 + 360212 D)
< plvo =P+ e al + (3 + 5 ) (1221 4 362D + 2

where we use Lemma 8, vy = vq, and ap = &y in the last inequality.

B.3. Main Proof of Theorem 1

Proof. Since f(v, ) is £-smooth (thus ¢-weakly convex) in v for any «, ¢(v) = max f(v,a’) is also £-weakly convex.
a/
Taking v = 2/, we have

B(Vanr) 2 6(v.) + {00(v.). Varr Vi) = SlVact — Vil
= 0(va) + (06(v.) + 20(v, Vo), Vet = Va) 5 [Vat — Vi
D 5(va) - (964(v2). Vet — V) 2 vacs — v (43)
D ov) = 55 (064(v2). 06,(v2) = 9(v2)) + 5 1065(v4) = 0(v,)?
= 6(va) — o100 (V)P — 35 (06,(v,), 96(v,)) + 106+,
where (a) and (b) hold by the definition of ¢, (v).

Rearranging the terms in (43) yields

B(v) = 9va1) < o 00s (V) + 15100:(v2),96(v,)) — s 106(v )|

\ —

(1
<

3
o 10s(vo)ll” + E(II%S(VS)IIQ +106(vo)I?) — g5 le(vo)l?
(44)

= @H&és(vs)l\2 - @H%(VS)HQ
1 Iz
S Zé||a¢s(vs)”2 - 27€(¢(Vs) - ¢(V*))

where (a) holds by using (a,b) < 1(||a||? + ||b]|?), and (b) holds by the ;-PL property of ¢(v).
Thus, we have

(40+20) (6(vs) = 6(v)) = 4U(d(Vs—1) = $(v.)) < [|0¢s(vs)]I*. (45)
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Since v = 24, f*(v, «) is ¢-strongly convex in v and ps = 2p(1 — p) strong concave in «. Apply Lemma 3 to f*, we know
that

l . s N s s S
o) = Vil + B2l (v.) = ag* < Gap, (v, ) + Gap, (v, o). (46)
. min{/,
By the setting of 7, = 19 exp (7(5 -1 cigu)’ and T, = 7]0#{2[”2} exp ((s - Uf&)’ we note that n%s < #

Set I such that (g’% + %) (12121, + 36n*12D?) < "ST"Z where the specific choice of I, will be made later. Applying

Lemma | with V4(a,) = argmin f*(v', ) and G5 (vs) = argmax f*(v,, o), we have
v/ a’

47]50'2 1 14 ~ s H2 ) . s
BiGap, (e ] < 5 + LB {19 (a0) ~ Vil + 2 aulv.) - agl?

(47)
< 4n,0?

- K

1
+ 25 E[Gap,(vi, o) + Gap, (v, )]

Since ¢(v) is L-smooth and y = 2/, then ¢,(v) is L = (L + 2¢)-smooth. According to Theorem 2.1.5 of (Nesterov, 2004),
we have

E[[[06s(vs)IIP] < 2LE(¢s(vs) — min ¢(v)) < 2LE[Gap, (v, a)]

= 2LE[4Gap, (vs, as) — 3Gap,(vs, )]
(48)

K 93

16ns0% 4 s s 155
BTt 250, (v6,05) — Gy Gap, ()|

7 477802 1 s S
< 2LE |4 + — (Gap,(vy, a) + Gap, (vs, o)) | — 3Gap, (v, as)

:2&@{

Applying Lemma 4 to (48), we have

16ns02 4
+ _
K 53

_ 15 (3Gaps+1<v3“, agt) + 2pvit - <z><vs>>) } 49)

Ef|0g(v2)]”] < m[ Gap, (v3, o)

53 \ 50

. [16ns0% 4 93 s s 124,
= 2LE{ K + gGaps(VS, ag)—@GapSH(voﬂ, ao“)_i((b(voﬂ) - Cb(VS))] .

Combining this with (45), rearranging the terms, and defining a constant ¢ = 4¢ + %ﬁ € O(L 4+ ¢), we get

93 s s
(c+ 20 Elo(vi™) = 0(v.)] + 5 = LE[Gap, 1 (vi a3 )
32n,Lo?

248 . 8L . s
< (4g + 53L) E[o(v5) = ¢(vs)] + = E[Gap, (v, ap)] + —— (50)

5L
53c

32n,Lo?

< cE
ScC K

Gap,(vg, og) | +

o(vg) — &(v) +

Using the fact that L > W,

8L 248 - 8L 8L 16uL _ 93 -
o) = (A0+ =L top) —— <=4 < 2] 51
255 ( Tt M) 53(40+ Z8L) ~ 53 "ot = 265 eh
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Then, we have

, 8L 1 s
(c+2u)E ¢(v8+1) —(vi) + @Gapﬁ_l(vgﬂ7 0‘8“)1
s 8L s s 32n Lo?
< cE | ¢(vg) — o(vs) + @Gaps(vo,ozo) + ST
Defining Ag = ¢(v§) — d(vi) + E%icGaps(vg’7 ag), then
c 321 Lo?
E[Au4] < A+
c+2pu (c+2p)K
Using this inequality recursively, it yields
S 2 9 S S+1—s
c 32Lo c
E[A < EA]+ ——— s
[Asi] < (C+2M) [Aq] (c+2u)K; (77( <c+2,u> )
By definition,
1 * 8L —~ 1 1
Ay =¢(vg) = o(v") + @GGM(VO’ ap)
= 9(vo) = 6(v*) + (f(vo, G1(v0)) + 3 Ivo = Vol|* = f(¥1(av), a0) = Z[[¥1(0) = vol?)
< €0 + f(vo,a1(vo)) — f(V(ao), o) < 2¢.
Using inequality 1 — z < exp(—z), we have
- 3
—2uS 32n9Lo? < 2uS )
E[A <e EA ]+ —————= e -
A < exp (C+2u> = (c+2u)K; R
—2u8 32n0Lo? 218
<2 S - .
= o (c+ 2u) T etk P\ er2p
To make this less than e, it suffices to make
—2uS €
2 < —
€p €Xp <c+ Q[L) =5
2n9Lo?
32noLo Sexp _2uS SE
(c+2u)K c+2u 2
—2uS . € 2u)Ke
Let S be the smallest value such that exp (Cfgﬂ) < min{, &%}. We can set S

c+2u deq ct+2p 647]0ﬁ502
maX{Q# log =, 5 log oo Re (-

(52)

(53)

(54)

(55)

(56)
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Then, the total iteration complexity is

S S
424 20
E < _ E _
- =0 (770 min{¢, pa} o ((S Der 2u)>

SO( 1 exp(ScH#)l)

no min{ ¥, po } exp(cigﬂ) -1

(@ ~ c 0 noLSc? (57)
< - -
=0 (no,umin{é, Ha} max{ e’ (c+2u)Ke

~ (L+£)60 (L+€)20'2
<
=0 (max { nopmin{l, pote’ p? min{l, po} Ke

~ 1 1
[ p3e M1N2K€

where (a) uses the setting of S and exp(z) — 1 > z, and O suppresses logarithmic factors.

ns = no exp(—(s — 1)0+2M) T, = 17201/1 exp ((s - 1)C+2M>

Next, we will analyze the communication cost. We investigate both D = 0 and D > 0 cases.

(i) Homogeneous Data (D = 0): To assure ( % + 37@) (12021, + 36n*12D?) < 12— ® which we used in above proof, we

exp((s—1) 224-)

take Iy = 7 Kn = AR, , where M is a proper constant.

L eP(e=D ) ep((s—1) o)
x(1, MEKno ) = MK

MK

exp((s—1)—2£—
Otherwise, MKU <1,then K, =1fors < S; := (+2” log(M Kno) + 1 and K = opUe—D oray) for s > S.

MKno
Sl 2M
Ts = ol— -1
yn- 2o (Fe(e02y))
~ exp (C—“S ) -1
—o (22 S (58)
0 exp (exp(c_‘_’%) - 1)
~ (K
o(2)
o
Thus, for both above cases, the total communication complexity can be bounded by
S1 S
T
Ts —
Yoy !
s=1 s=S1+1 (59)

:5(K+KS> g@(K).
p 1%
(ii) Heterogeneous Data (D > 0):

To assure (Sz + %) (12021, + 36n%12D?) < 2
proper constant.

s = m, where M is
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1) 24
If M\/lm <1,then I, = 1fors < Sy := %log(MQKno) +1land I, = %}73"“‘) for s > S.

So So
212 2u
g T, = g o|— -1
= = ( Mo o ((S )C+2M>)

(60)
~ (K
-o(%)
I
Thus, the communication complexity can be bounded by
Sa S 21
T, ~(K (s — 1) 3on
ZTS+ Z ‘=O<+\/?exp<c+2/
I I 2
s=1 s=Sa+1
S 2u
~ K exp (§c+z ) -1 61
<oy i I ) (61)
eXP 55 1
K 1
< it
=9 ( W u3/261/2>
O

C. Baseline: Naive Parallel Algorithm

Note that if we set I, = 1 for all s, CODA+ will be reduced to a naive parallel version of PPD-SG (Liu et al., 2020). We
analyze this naive parallel algorithm in the following theorem.

Theorem 3. Consider Algorithm I with Iy = 1. Set v = 2/, L=1L+ 20, ¢c = Sifji'

(1)IfM < ﬁ, setns = noexp(—(s—1)c) < O(1) and Ts = %%(2[“2) exp((s—1)c), then the communication/iteration

complexity is 19) < max (Meﬁﬁ, MQLKE) > to return vg such that E[¢(vg) — qﬁ(vz)] <e

1 — s 1 1 _ 212 Lo . .
2)If M > Tper Sel s = mln(m, 1) and T = PRTEY AT then the communication/iteration complexity is

O(t) to return v such that E[¢p(vs) — ¢(vy)] < e

Proof. (NI M < %M, note that the setting of 1, and T are identical to that in CODA+ (Theorem 1). However, as a batch
of M is used on each machine at each iteration, the variance at each iteration is reduced to Ig—M Therefore, by similar

analysis of Theorem 1 (specifically (57)), we see that the iteration complexity of NPA is O (i + m) Thus, the

sample complexity of each machines is 0] (% + )

u2Ke
Q) If M > ﬁ, . Note ﬁ < %, we can follow the proof of Theorem 1 and derive
c 32n5ﬁ02
Agi1 £ ——E[A ]+ ———

E[A,] + 320, Lo?pe

T c+2u
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where the first inequality is similar to (53) and the A is defined as that in Theorem 1. Thus,

S S s—1
C C
< E
Bsp = <C+2u> ﬂLEO( (c+2u> )

s=1

S
(63)
< <C+2H> + O(e)

< exp (cius) + O(e)

). Hence, the total number of communication is S - T, = O (%L) and the sample

Therefore, it suffices to take S = O (i
complexity on each machine is 0] (%)

O
D. Proof of Lemma 2
In this section, we will prove Lemma 2, which is the convergence analysis of one stage in CODASCA.
First, the duality gap in stage s can be bounded as
Lemma 9. Forany v, q,
1R
R Z[fs(vra a) = f*(v,ar)]
r=1
T
S E Zl |:<avfs(vr17 047‘71)7 Vy — V> + <aafs(vr717 arfl)y o — ar>
= B4 B5
30+ 302
+ JH"T - VT—1H2 + 20(a, — O‘T—I)Q = llveo1 — VH2 - &(O‘T—l - 04)2
2 3 3
Proof. By {-strongly convexity of f¢(v,a) in v, we have
14
fs(vr—h ar—l) + <avfs(vr—17 ar—l)v vV — Vr—1> + §HV7“—1 - V”2 S fs(v’ ar—l)- (64)
By 3(¢-smoothness of f*(v, «) in v, we have
S S S 3£
f (VT,OZ) < f (Vrflva) + <8vf (Vrflva)vvr - Vr71> + 2 HVT - Vrfl‘l
3¢
= fs(vrflv a) + <avfs(v'r717ar71)7vr - Vr71> + 5”"7‘ - V7’71||2
+ <avfs(vr717 a) - avfs(vrfh ar71)7 Vi — Vr71>
@ ; 3¢ 2
S f (Vrflva) + <avf (Vrfla O‘rfl)avr - Vr71> + §||Vr — Vp 1” (65)

+lay—1 — all|v, — v
® . . 3¢ 2
< f (VT—laa) + <avf (V'r"—17a7'—1)7v7“ - Vr—1> + ?HVT - V'r—lH

2

3¢
+ it =l g v = Ve P,

where (a) holds because that we know Oy, f*(v, ) is ¢-Lipschitz in « since f(v, «) is £-smooth and (b) holds by Young’s
inequality.
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Adding (64) and (65), by rearranging terms, we have
fS(VT—17 aT—l) + fS(VT7 a)
< fs(va O‘Tfl) + fs(valv Oé) + <6st(v7‘*17 aT‘*l)va - V>

304 302 Vi
R [ I

- 6

We know f*(v, ) is po-strong concave in « (— f*(v, ) is po-strong convexity of in «). Thus, we have

—fP(vre1,0r-1) = (O f* (V1,00 1), 0 — 1) + %(a —ar-1)? < =¥ (Vi1 Q).

Since f*(v, ) is £-smooth in a, we get

—fivyar) < —f(v,ar—1) — Oafi(v,ar_1),r — ar_1) + g(ar —a,1)?

= 7fs(v,05'r71) - <aafs(vr71,a7‘fl),ar - ar71> + i(ar - ar71)2
- <8‘1(f5(v7a7‘*1) - fS(VTflvaT*I)%a'r - Oé’!‘*l)

(a) s R V4
< _f (V7 057'*1) - <80tf (V’l'*h O‘T‘fl)v Qpr — O¢7‘71> + 5(041' - ar'71)2

v = vealllar — ar-]
s s 14
S _f (V,Oé’,«fl) - <aaf (VT,1,ar,1),ozr - ar71> + 5(047‘ - a'rfl)z

+ §||vr71 —v|?+ %Z(ar —a,1)?

where (a) holds because that d,, f*(v, ) is ¢-Lipschitz in a.
Adding (67), (68) and arranging terms, we have

= (Ve arm1) = fH(viar) < = fP(vimr, @) = (v, arm1) = (Oa fP (Vi1 a1 ), @ — @)

l
+26(ar = arm1)’ + Gllveor = vIP = B (e — a0,

Adding (66) and (69), we get
v a) = f2(v, on)

S <8st(VT,17OZT,1)7Vr - V> - <8afs(vr717ar71)7ar - a>

30 + 302
L3080 e+ 260 — ap 1)

Taking average over r = 1, ..., R, we get

==
M=

[f* (v, @) = 7 (v, )]

1

‘3
Il

R
< %Zl [<a‘,f‘g(vr—1,ar—1)7vr =)+ {0af (Vr—1,0r1), 0 — ar)
r= By Bs
30+ 30° ‘
+ ST v P 260 — ) e = VI = B (00— a)?

(66)

(67)

(68)

(69)

(70)
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B, and Bj can be bounded by the following lemma. For simplicity of notation, we define
= = = S Bl vl + (o~ a)?, an
kit
which is the drift of the variables between te sequence in r-th round and the ending point, and
&0 = 22 SOEIIVE —ve a4 (o~ 1)?) 72)
k.t

which is the drift of the variables between te sequence in r-th round and the starting point.

B, can be bounded as

Lemma 10.

]E<vvfs(vr—l>ar—1)>vr *V>
3¢ £ . 377 1
<?5T+§]E”VT*V”2+? TZ Vyfilv Ttv ) \Y Fk( Vot kf;Zvlf,t)]

,t

1 1 - -
+ 5 Blllve— = VIZ = [lveet = Vel = v = vI[*) + 27 BV = vI? = [1ve = V),

and
) 302 _
E(Vaf*(Vict,0r-1),y —ap) < 5 25 + /;QE(aT —a)?
2
377
2E NKZ Vafilv rt? ) \Y Fk( Vit & ftézf,t)]
+ iIE((@T_l — a)2 — (@p—1 — &T)z — (ay — a)z) + iIE((oz - o~zr_1)2 —(a— dr)z).

2n 2n

Proof.

S(Vre1,r—1), Ve — V)

<KIZV fi(Veo1,0021),v v>

<

va]i(vr—laar—l) *vvf]?(vr—lyaﬁt)]yvr V> @

3 \

fk Vr—1,& ) Vv fk( Vorts kt)]7vr_v> @ (73)

sl \

3 - \

Zv

Z Vo fp (v ak,) - Vo (v, ';f;z’:,t>},vrv> ®
Z

k,t

k
rt’ t?Z'rt)v _V> @
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Then we will bound (1), ) and (), respectively,

2

@ 3 || 1 . . 0
®<y mevfk(vr_l,ar_ofvvfmr_haﬁ,t)] + glve = vI?

) 31 ¢
= 2€KIZH Vv fi (Ve an 1) = Vo i Ve, e )P + Ellve = ]2 (74)

( ) 3£ 1 k} 2 2
= 9 K[Z”ar 1 ’I”,t” +6||VT_V|| )

where (a) follows from Young’s inequality, (b) follows from Jensen’s inequality. and (c) holds because V. fi(v, ) is
£-smooth in a. Using similar techniques, we have

/
k 2 2
@ — 2£K[Z||V"fk Vr_1,Q ) v fk( rt’ r,t)” +6||VT‘_V||

(75)
3¢ 1 5 5
SEEZ||VT*1_V +EHW—VH :
k.t
T
Let v,, = argmin (;%IEvazi(any?t)> v+ Hv—vr 1/|?, then we have
v kit T
o N 77 s s
Vp— Vp = K Z (vak (Vf,taaﬁ,t) =V /i (Vf,t,yrkf,té Zf,t))- (76)
kit
Hence we get
<KZV fk rt> ) \Y Fk( Vit ﬁt;zf,t”,vrvr>
k
<KZV fk rta ) \Y Fk( Vit ﬁt;zf,t)]vorv>
k
2 77)
= ZV FRVE ) = Vv FR (Vi a5 200)]
k rt? k rta rtazr,t
kit
< Zv fk: rt’ ) \Y Fk( rt?af,t;zf,t)]a‘}r_v>-
k,t
Define another auxiliary sequence as
o — % Ul s ~
Ve =Vr-1 7 o7 Z (VvF3 (Vf,tayf,ﬁzf,t) Vo fi(vE Vit O )) , forr > 0; vg = vo. (78)
k.t
Denote
T
1 1
O,(v) = KIZ(V Fi(v rt’yrt7 rt) \% fk( Vot kt)) V"'*”V_Vr IH . (79)
k.t

Hence, for the auxiliary sequence ¢,., we can verify that

Vv, = argmin O, (v). (80)
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Since ©,.(v) is %-strongly convex, we have

1 -2 -
Py - Vr < T - T T
QﬁHV Vr||” < On(v) — O,(Vr)

1 T N
= (mkz(v Fk( Ttaa":,h 'rt) v fk( Vit & ft))) V+27ﬁ||V7VT_1||2

T
1 s 1 s i 1 ~ ~
- ( E (Vo Fy (V'r,tv af,t? Zf,t) -V fi (Vr,taaf,t))) Vr — %HVT - VT*1H2

KI
k,t
1 kE k. _k ko k T 1
= (ﬁ ;(VVFlj(Vr,tvar,t;zr,t) 7val?(Vr,t7ar,t))) (V7‘77‘*1)+ 27ﬁ”V7{’»,~71H2 (81)
1 T 1
- (E ;(vaﬂf(vfﬁt, arsizrne) = Vafi(vie, af,t))) (@ = ¥1) = g9 =¥l

1 . s T 3 1 3
S (ﬁ ;(Vka (Vf,h a":,t; Z’rk,t) - vak (Vf,h a’;,t))) (V - Vrfl) + %HV - V'rle2

2

N (VVFk( Tt:a]:hzrt) vak( ’V‘t7aft))
2w s

Adding this with (77), we get

3n| 1 o of ‘o o2 L <2
=S5 KT (V Fp(vy Vit Qg 2 rt) Ve fi(vy Vi Qig)) o=V = vl —277||V—Vr||
k.t
(82)
<KIZV fi(v rt? ) VEi (v rt7alr€,t§zf,t)]7{’r_‘~’rl>
@ can be bounded as
1 1

@ = 5(% = Vro1, V= V) = jﬁ(llvr—l —VI? = Ve = Ve = ve = V%) (83)

Plug (74), (75), (82) and (83) into (73), we get

E <vas(VT,1,OéT,1),VT - V>
2

3¢ _ 371 1
<*5 + EH _VH2 E EZ[V fk:( Vit & ) Vy Fk( Vots ft;zf,t)]

)

1 - -
S=E([Vr—1 = vII* = ¥ = vI*)

I? ]
n

1
+ o= B(veor = V[ = Ve = vi [P = [lve = v*) +

21

Similarly for o, noting f; is £-smooth and p2-strongly concave in o,

302
E(Vafi(vie1,r1),y — a;p) < ) 25 + l;QE(O_ér - 04)2

37 [ 1
+§]E EZ[ afi(vE Vit O ) Vo Fi(vE Vot ft%zf,t)]

B (@1 — @) — (G — @)% — (A — 0)%) + ;ﬁma 1) — (0 — )?)
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We show the following lemmas where = and £ are coupled.

Lemma 11.
—_ -2 2 2 5f7202 84
B <A4E 4+ 87 [IVvf (v, ar)|IF + VoS (Vir, a)||F] + =T (84)
Proof.
2
n
E[||Vr_vr—1||2]:]E “KI (V vfk( Vit & Tt’zft) le,—|-cv)
k,t
2
n
=E|-—+ [V fk( Vit alft» rt) vfk( Vit & )+V fk( Vit kt)]
KI —
2
~ 2 2
n no
<E Kig: ka 7t7 )] + KI
7 e (83
=E K—kzv VRO an) = Ve Ve ar )] AV (Ve onn)) |
2
ﬁ s ~2 s 2 ﬁ202
S Kig: ka Tt? ) vak(vr—lvar—l)] +277E‘|vvf (Vr—laar—l)H + KI
27722 7252
< 2E Ve, = Vet I + (o, = 1)) + 2P IV f* (oot )|+ 22
2 77202
< PR + 2P [Ty (et )P+ T
Similarly,
5 7Po?
E[(or — ar_1)?] < 202028, + 20°E (Vo f5 (Ve_1,00-1))° + =T (86)

Using the 3/-smoothness of f* and combining with above results,

vafs(vrfla 047"71)”2 + (vafs (Vrfly 047’71))2
= ||vvfs(vr—la ar—l) - vvfs(vra ar) + vvfs(vrv ar)||2 + (vafs(vr—ly ar—l) - Vozfs(vrv ar) + vafs (Vr7 ar))2
<2V o (Vs an) 2+ [V f* (vey @) 2] + 183 ([[vy1 = v |? + (a1 — )?)

40~2£2 2
<2V f* Ve an) I+ [ Vaf* (v, an) P + 605“& R
2
< ® 2 ’
2V (v )P+ [Vl (v ar) )+ 5  THRT

(87)
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1
K1 ZE[vait =il + (o — )]

- KI %;E ”Vrt — Vr— 1H2 + [|vro1 — VT||2 ( - 0‘7“*1)2 + (ap1 — ar’)2]
<28, + 2E[||vy—1 — v |2 + (a1 — ay)?
< [Vt 17+ (ar—1 )7] s 88)
o
< 26, + 8206, + 4PE((V £ (voo1,00-1))° + (Vaf* (vro1 ar-1))] + =1
2 2 2 5 2 477202
< 47 (2 : s
<36, 472 (21T (vrsan) I + (Va0 )2+ 160+ 1777 ) + 7
~2 s 2 s 2 577]20-2
< 4E + 81 [”va (Vraar)H + (Vafi(ve, a;)) ] KI
O
Lemma 12.
770 8772 s 2 s 2
& < K2 +lEr1 + — IV (v, ) |7 + (Vo £ (Vi a0) [I7]. (89)
20K 2
Proof.

E”Vf,t_vrleQ:EHV’:,t 1 —m(Vy fk( Vo t— 1ayrt 15 % ft 1) — CE+CV)_Vr71||2
SEVE oy = m(Vo eV 1 ur 1) — Eleg] + Eley]) — v || + 25707

1
< (1 7o) BIvEes = Vet P4 BV A (v )~ BIGET+ BL + 2020
90

I K I
where E[Cs] = % Z ( Vit & )and Eley] = % > % > fS(VI:,maI:,t)-
Then,
MEINVyfE(vE, 1,0, 1) — Elck] + Ele]|?

< Inl E[Vy fk( Vrt—1: & ’:t—l) = Vyfi(vicr,aro1) + (Eley] = Vo f5(Vieo1,0021))
+ Vo fi(vro1,ar21) — (]E[Cﬁ] - VVfli(Vr—lvaT—l))”Q

<ampe(E ( UvE s = vooaP] + Elllat, s — ar_lnﬂ) T ATPE(EI] - Vo i (v, ar_1)|P]

+AIPE(|Eley] = Vo f* (veo1, ar1 ] + 4IFE[| Ve £* (Vi1 0o 1)||

< 41 (BIIVE 1, oo P) 4 Bl - palP) + ato? eQIZEHvT e = Vet el = apal)

K I
1 .
FADEE—= S S BV Vel + 0] = aralP) 4 ATEE(I T (oo, ) P
j=1t=1

oD
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For «, we have similar results, adding them together

1
ElvE, = veoil® + Elaf, — ara|® < (1 + e 8K 62) (BIvE-1, = Ver|? + Ella_1, = aral)
(92)

I
- 1
+ 277l202 + 41771252:7-—1 + 4177?} E E[va‘—lﬂ' - VT‘—1H2 + HO‘E—LT - O‘T‘—lH ]
T=1

+ 4Inl2E[||vas(VT—1aar—l)HQ + ||Vaf5(vr_1,aT_1)H2]

Taking average over all machines,

1
e ZEIIV’f,t = ve|® + E(af; — ar—1)?

(1 + g HSIRE ) o BV — Vel 4 Blak ey — o))+ 270
k
+ 81, EQ:T 1 +4I77 E[|[Vyf*(ve_1,0p— 1)”2 F I Vaf?(vie1, ar1) 7]
2= s s — 1 2
(27710 "’8177 8, +4I77 E[vaf (Vr—1, 0 1)” + (Vaf?(vic1,ar-1)) ) Z(1+f+8jn )T
7=0

|2 + (vocfs(vr—la ar—l))2]> 31

27202 8~2€2 4n
< ( ot 80 I”QJE[vafS(vr_l,ar_l)

I?n? I77§
~ 2 ~
1o ¢ =, 471 s 2 s 2
(it * g1+ Tl (ot e+ (V" (v, 00 ) ) 57
93)
Taking average overt = 1, ..., I,
770 1277 s 2
5 2 + g\—*r 1+ E[HV f (Vr 1, Qp— 1)” +||vozf (Vr 1, Op— 1)” ] (94)
SKI 2
Using (87), we have
P02 12772 02 2
g E’_‘r 4 v ry &r 2 «@ s Ty & 757‘
< s 0 o (AT 0 Vs 0P+ ) 69
Rearranging terms,
fo? - 4872 s s
Er < g + Bt + — (Ve f " (Ve )2 + [Vaf* (Vi a0 ) 96)
20In; H
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D.1. Main Proof of Lemma 2

Proof. Plugging Lemma 10 into Lemma 9, we get

LS [ (v ) — £ (v a)]

2
(M - i) [ (24 } i~) lar = v
21 27

2
r=1
C1
1 _m o (L k2 2 (L _¢ e (L ¢ |
+ (277 3 ) lar—1 — o <2ﬁ 3 (ar — )"+ 5 " 3 [[Vie1 — V]| 55 3 [vr = |
p > 97)
2 3
2 3¢ 302
tpla-a-@-ap+ (F+ 20 )e
Cy Cs
3n| 1 : 37 1 ?
n sk k sk k. _k 7 sk k si ok k. _k
+ = || Z[vak (vr,h ar,t) - vka (V'r,ta ar,i; Zr,t)} + = ( Z votfk (v'r‘,tv Oér,t) - VOéFk (Vr,t7 ar,t; Z’r,t))
2 ||KI " 2 \ KI "
Ce C7
Since 77 < min( = r—, 5, , thus in the RHS of (97), C; can be cancelled. C3, C'5 and C; will be handled by
304302/ g0 AL 2u
telescoping sum. C'5 can be bounded by Lemma 12.
Taking expectation over Cg,
2
E 2 LZ:[VVJCIS(th Oékt) _VVFIS(th akt’zkt)}
2 K[Zt Tty Qr, Tty Srty #r,
=B [2[(2[2 Z ”Vv k Vr ty Oy, t) VvFlj(Vf,tvaf,ﬁzf,t)F] 98)
< 370%.
- 2KI

The equality is due to

7”t<V fk:( rta ) VFk( ) rt’ rt)v fs( rtv ) VFS( rta g’t;zi,t)>:Oforanyi#jasea(:h
machine draws data 1ndependently, where E, ; denotes an expectatlon in round r conditioned on events until k. The last
inequality holds because || Vy fx(VF_1,af ) — V FL(vF 1, aF 1528 )||? < o2 for any i. Similarly, we take expectation
over Cr and have

- N 2 - 9

3 1 3no
- (NK D Valu(Vhe ) = Vo Fi(vEe s zfm]) < S (99)
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Plugging (98) and (99) into (97), and taking expectation, it yields
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t %R

where we use vy = vy, and aig = @ in the last inequality.

Using Lemma 12,
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where the last inequality holds because

18¢2

190 f* (v @l 4 IV (ves ) I < 96 (v = v, I+ llag = a3, ) < == Gaps (vr ). (100)
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Using Lemma 11,
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Taking Ay = 0,
1 S S
7 2 Elf (v 0) = f2(v, o)
1 N
§~—||VO—V||2+—||a0—a||2+—ZGapr+—1+ —)
nk g
It follows that
1
EZ]E[.]CS(VMO‘)*JC Vaar RZGCLPT
1 1 5702 K
< —|vo—v|? + —=llap — o] + T (1 4+ —).
Sample a 7 from 1, ..., R, we have
2 2 10702 K
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(Gupf] < 2o = vIE + oo =+ 1 (145 (103)

E. Proof of Theorem 2
Proof. Since f(v, ) is {-weakly convex in v for any o, ¢(v) = max f(v, ') is also {-weakly convex. Taking v = 2/, we
have
¢ 2
d(Vs—1) = ¢(vs) +(06(Vs), Vs—1 — V) — 5“"871 — sl
3¢
= ¢(Vs) + <a¢(vs) + 2£(Vs - stl)7vsfl - Vs> + 5”"571 - Vs”2

@ b(va) + (05 (va), Voot — va) + %EHVH —v|? (104)

D o(v) = 5 (06,(v2), 06,(v.) — 6(v.)) + 55 1004(v2) = o(v.)

= 6(va) = 100, (va)IP = 35 (064(v:), 06(v,)) + =106+,

where (a) and (b) hold by the definition of ¢, (v).
Rearranging the terms in (104) yields
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3
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where (a) holds by using (a, b) < %(||a||? + ||b||?), and (b) holds by the ;-PL property of ¢(v).
Thus, we have

(404 211) (B(v4) — 9(v.)) — 4(D(vo—1) = B(v3,)) < 94 (v)|% (106)
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Since v = 24, fs(v, a) is £-strongly convex in v and po strong concave in . Apply Lemma 3 to f5, we know that

l . s N s s .8
ZHVS(O‘S) - V()H2 + %HO‘S(VS) - O‘0”2 < Gap,(v(, o) + Gap(vs, o). 107)
By the setting of 7j,, I, = Iy * 2°, and R, = ﬁn+&0,m)’ % Applying Lemma (2), we have
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Since ¢(v) is L-smooth and y = 2¢, then ¢ (v) is L = (L + 2¢)-smooth. According to Theorem 2.1.5 of (Nesterov, 2004),
we have
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Applying Lemma 4 to (109), we have

40702 4
no

KIy2s 53

155 [ 3 .
—< Gap,,1(vg ot + -

Ef|0g(vo)l?] < m*:[ 2 Gap, (v3, 0)

53 \ 50 (p(vg™) - ¢(V8))> } (110)

170- S S
KIg2° + 53Gap (vo,ap) —

. 93 ) )
= QLE{ 0 530Gap“rl( a+17a8+1)_7(¢(v8+1) _ ¢(v8))] .

Combining this with (106), rearranging the terms, and defining a constant ¢ = 4¢ + 248L € O(L +¢), we get
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Using the fact that L > u,
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Then, we have
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Defining Ay = ¢(v§) — d(vi) + %Gaps(vg, ag), then

c 80L o2
E[Ag1] < ———E[A,
[ +1}—c+2u [ ]+c+2uK1023

(114)

Using this inequality recursively, it yields

Fldsl= <C+C2M>SE[A1] ci(—)gu ;’(0] Z( ( +2u( 1)) (c+02u>s+l_s>
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where the second inequality uses the fact 1 — z < exp(—z), and

Ay = 6(vd) — (v*) + oL Gap, (v, o)

53c
= 6(v0) = 6(v") + (F(vo, 61 (v0)) + T IIvo = Vol = F(¥1a0). a0) = Z¥a(an) = volF) O

<o+ f(vo,d1(vo)) — f(¥(ao), ap) < 2¢p.

To make this less than e, it suffices to make
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Let S be the smallest value such that exp ( ) < min{ & (e+2)e KIgy We can set S to be the smallest value such

> 160LS no?

that S > max { e2 jog deu e Jog ACOLS. Ao }

Then, the total communication complexity is
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Total iteration complexity is
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which is also the sample complexity on each single machine.
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F. More Results

In this section, we report more experiment results for imratio=30% with DenseNet121 on ImageNet-IH, and CIFAR100-IH
in Figure 2,3 and 4. We also verify the proposed CODASCA using stagewise I = Iy x 3(*~1), where s is the stage number,
indicating that all machines will communicate less frequently at later stages during training. The results for imratio=10% and
K=16 with DenseNet121 on ImageNet-IH, and CIFAR100-IH are included in Figure 5. In addition, we conduct experiments
on imbalanced heterogeneous CIFAR100 from the same sample set for K=16 and K=8 and the results are included in Figure
6 and Figure 7.
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Figure 2. Imbalanced Heterogeneous CIFAR100 with imratio = 10% and K=16,8 on Densenet121.
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Figure 3. Imbalanced Heterogeneous ImageNet with imratio = 30% and K=16,8 on Densenet121.
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Figure 4. Imbalanced Heterogeneous CIFAR100 with imratio = 30% and K=16,8 on Densenet121.
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Figure 5. Imbalanced Heterogeneous ImageNet, CIFAR100 with imratio = 10%, K=16 and increasing I on Densenet121.
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Figure 6. Imbalanced Heterogeneous CIFAR100 with imratio = 10%, K=16,8 on Densenet121.
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Figure 7. Imbalanced Heterogeneous CIFAR100 with imratio = 30%, K=16,8 on Densenet121.

G. Descriptions of Datasets

Table 6. Statistics of Medical Chest X-ray Datasets. The numbers for each disease indicate the imbalance ratio (imratio).

Dataset Source Samples Cardiomegaly Edema Consolidation Atelectasis Effusion
CheXpert Stanford Hospital (US) 224,316 0.211 0.342 0.120 0.310 0414
ChestXray8 NIH Clinical Center (US) 112,120 0.025 0.021 0.042 0.103 0.119
PadChest Hospital San Juan (Spain) 110,641 0.089 0.012 0.015 0.056 0.064
MIMIC-CXR BIDMC (US) 377,110 0.196 0.179 0.047 0.246 0.237
ChestXrayAD H108 and HMUH (Vietnam) 15,000 0.153 0.000 0.024 0.012 0.069




