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Abstract
Many weakly supervised classification methods
employ a noise transition matrix to capture the
class-conditional label corruption. To estimate
the transition matrix from noisy data, existing
methods often need to estimate the noisy classposterior, which could be unreliable due to the
overconfidence of neural networks. In this work,
we propose a theoretically grounded method that
can estimate the noise transition matrix and learn
a classifier simultaneously, without relying on
the error-prone noisy class-posterior estimation.
Concretely, inspired by the characteristics of the
stochastic label corruption process, we propose
total variation regularization, which encourages
the predicted probabilities to be more distinguishable from each other. Under mild assumptions,
the proposed method yields a consistent estimator
of the transition matrix. We show the effectiveness of the proposed method through experiments
on benchmark and real-world datasets.

1. Introduction
Can we learn a correct classifier based on possibly incorrect
examples? The study of classification in the presence of
label noise has been of interest for decades (Angluin &
Laird, 1988) and is becoming more important in the era of
deep learning (Goodfellow et al., 2016). This issue can be
caused by the use of imperfect surrogates of clean labels
produced by annotation techniques for large-scale datasets
such as crowdsourcing and web crawling (Fergus et al.,
2005; Jiang et al., 2020). Unfortunately, without proper
regularization, deep models could be more vulnerable to
overfitting the label noise in the training data (Arpit et al.,
2017; Zhang et al., 2017), which affects the classification
performance adversely.
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Background. Early studies on learning from noisy labels
can be traced back to the random classification noise (RCN)
model for binary classification (Angluin & Laird, 1988;
Long & Servedio, 2010; Van Rooyen et al., 2015). Then,
RCN has been extended to the case where the noise rate
depends on the classes, called the class-conditional noise
(CCN) model (Natarajan et al., 2013). The multiclass case
is of central interest in recent years (Patrini et al., 2017;
Goldberger & Ben-Reuven, 2017; Han et al., 2018a; Xia
et al., 2019; Yao et al., 2020), where multiclass labels Y flip
into other categories Ye according to probabilities described
by a fixed but unknown noise transition matrix T , where
Tij = p(Ye = j|Y = i). In this work, we focus on the
multiclass CCN model. Other noise models are discussed
in Appendix A.
Methodology. The unknown noise transition matrix in
CCN has become a hurdle. In this work, we focus on a line
of research that aims to estimate the transition matrix from
noisy data. With a consistently estimated transition matrix,
consistent estimation of the clean class-posterior is possible
(Patrini et al., 2017). To estimate the transition matrix,
earlier work mainly relies on a given set of anchor points
(Liu & Tao, 2015; Patrini et al., 2017; Yu et al., 2018), i.e.,
instances belonging to the true class deterministically. With
anchor points, the transition matrix becomes identifiable
based on the noisy class-posterior. Further, recent work has
attempted to detect anchor points in noisy data to mitigate
the lack of anchor points in real-world settings (Xia et al.,
2019; Yao et al., 2020).
Nevertheless, even with a given anchor point set, these twostep methods of first estimating the transition matrix and
then using it in neural network training face an inevitable
problem — the estimation of the noisy class-posterior. The
estimation error could be high due to the overconfidence of
neural networks (Guo et al., 2017; Hein et al., 2019; Rahimi
et al., 2020) (see also Appendix B).
In this work, we present an alternative methodology that
does not rely on the error-prone estimation of the noisy classposterior. The key idea is as follows: Note the fact that the
noisy class-posterior vector pe is given by the product of
the noise transition matrix T and the clean class-posterior
vector p: pe = T T p. However, in the reverse direction, the
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2. Problem: Class-Conditional Noise
In this section, we review the notation, assumption, and
related work in learning with class-conditional noise (CCN).
2.1. Noisy Labels

Figure 1. An illustration of the proposed method. Our model has
two modules: (a) a neural network for predicting p(Y |X); and
(b) a Dirichlet posterior for the noise transition matrix T , whose
concentration parameters are updated using the confusion matrix
obtained during training. The learning objective in Eq. (12) also
contains two parts: (i) the usual cross entropy loss for classification
from noisy labels in Eq. (5); and (ii) a total variation regularization
term for the predicted probability in Eq. (10).

decomposition of the product is not always unique, so T
e Thus, without additional
and p are not identifiable from p.
assumption, existing methods for estimating T from pe could
be unreliable. However, if p has some characteristics, e.g.,
p is the “cleanest” among all the possibilities, then T and p
become identifiable and it is possible to construct consistent
estimators. Concretely, we assume that anchor points exist
in the dataset to guarantee the identifiability, but we do not
need to explicitly model or detect them (Theorem 1).
Further, note that the mapping p 7→ T T p is a contraction
over the probability simplex relative to the total variation
distance (Del Moral et al., 2003). That is, the “cleanest” p
has the property that pairs of p are more distinguishable
from each other. Based on this motivation, we propose
total variation regularization to find the “cleanest” p and
consistently estimate T simultaneously (Theorem 2).
Our contribution. In this paper, we study the classconditional noise (CCN) problem and propose a method
that can estimate the noise transition matrix and learn a
classifier simultaneously, given only noisy data. The key
idea is to regularize the predicted probabilities to be more
distinguishable from each other using the pairwise total
variation distance. Under mild conditions, the transition
matrix becomes identifiable and a consistent estimator can
be constructed.
Specifically, we study the characteristics of the classconditional label corruption process and construct a partial
order within the equivalence class of transition matrices in
terms of the total variation distance in Section 3, which
motivates our proposed method. In Section 4.1, we present
the proposed total variation regularization and the theorem
of consistency (Theorem 2). In Section 4.2, we propose a
conceptually novel method based on Dirichlet distributions
for estimating the transition matrix. Overall, the proposed
method is illustrated in Fig. 1.

Let X ∈ X be the input feature, and Y ∈ {1, . . . , K}
the true label, where K is the number of classes. In fully
supervised learning, we can fit a discriminative model for
the conditional probability p(Y |X) using an i.i.d. sample of
(X, Y )-pairs. However, observed labels may be corrupted in
many real-world applications. Treating the corrupted label
as correct usually leads to poor performance (Arpit et al.,
2017; Zhang et al., 2017). In this work, we explicitly model
this label corruption process. We denote the noisy label by
Ye ∈ {1, . . . , K}. The goal is to predict Y from X based on
an i.i.d. sample of (X, Ye )-pairs.
2.2. Class-Conditional Noise (CCN)

Next, we formulate the class-conditional noise (CCN)
model (Natarajan et al., 2013; Patrini et al., 2017).
In CCN, we have the following assumption:
p(Ye |Y, X) = p(Ye |Y ).

(1)

That is, the noisy label Ye only depends on the true label Y
but not on X. Then, we can relate the noisy class-posterior
p(Ye |X) and the clean class-posterior p(Y |X) by
PK
p(Ye |X) = Y =1 p(Ye |Y )p(Y |X).
(2)

Note that the clean class-posterior p(Y |X) can be seen as
a vector-valued function p(Y |X = x) : X → ∆K−1 :=
[p(Y = 1|X = x), . . . , p(Y = K|X = x)]T , and so can
the noisy class-posterior p(Ye |X).1 Also, p(Ye |Y ) can be
written in matrix form: T ∈ T ⊂ [0, 1]K×K with elements
Tij = p(Ye = j|Y = i) for i, j ∈ {1, . . . , K}, where T is
the set of all full-rank row stochastic matrices. Here, T is
called a noise transition matrix. Then, with the vector and
matrix notation, Eq. (2) can be rewritten as
p(Ye |X) = T T p(Y |X).
(3)
Note that multiplying T is a linear transformation from the
simplex ∆ to the convex hull Conv(T ) induced by rows of
T ,2 which is illustrated in Fig. 2.

In the context of learning from noisy labels, we further
assume T to be diagonally dominant in the sense that Tii >
Tij for i 6= j. Although this formulation can be also used
for learning from complementary labels, where Tii = 0 or
Tii < Tij for i 6= j (Ishida et al., 2017; Yu et al., 2018).
∆K−1 denotes the (K − 1)-dimensional probability simplex.
The superscript in ∆K−1 is omitted hereafter.
2
Here, Conv(T ) is a shorthand for the convex hull of the set of
vectors {Ti |i = 1, . . . , K} within the simplex ∆.
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Figure 2. Illustrations of the noise transition matrix as a linear transformation ∆ → Conv(T ) when K = 3, including symmetric, pair
flipping, and general noises. The outer black triangle is the simplex ∆ and the inner colored triangle is the convex hull Conv(T ). Solid
lines are the decision boundaries of argmax and dotted lines are the ones after the transformation. Note that different transition matrices
affect the decision boundary differently. Adding symmetric noise does not change the decision boundary.

2.3. Learning with Known Noise Transition Matrix
If the ground-truth noise transition matrix T is known,
p(Y |X) is identifiable based on observations of p(Ye |X),
which means that different p(Y |X) must generate distinct
p(Ye |X). Therefore, we can consistently recover p(Y |X)
by estimating p(Ye |X) using the relation in Eq. (3) (Patrini
et al., 2017; Yu et al., 2018). However, if T and p(Y |X)
are both unknown, then they are both partially identifiable
because there could be multiple observationally equivalent
T and p(Y |X) whose product equals p(Ye |X). Thus, it is
impossible to estimate both T and p(Y |X) from p(Ye |X)
without any additional assumption.
b |X; W ) parameterized by W ∈ W be
Concretely, let p(Y
a differentiable model for the true label,3 and Tb ∈ T be
an estimator for the noise transition matrix. We consider a
b |X; W ) that contains
sufficiently large function class of p(Y
b |X; W ∗ ) =
the ground-truth p(Y |X), i.e., ∃W ∗ ∈ W, p(Y
p(Y |X) a.e. In practice, we use an expressive deep neural
b |X; W ).
network (Goodfellow et al., 2016) as p(Y

Then, let us consider the expected Kullback–Leibler (KL)
divergence as the learning objective:
h

i
b |X; W ) ,
L0 (W, Tb) := E
DKL p(Ye |X) TbT p(Y

When L(W, Tb) is empirically estimated and optimized
based on a finite sample of (X, Ye )-pairs, we can ensure
d
b |X)−
that TbT p(Y
→T T p(Y |X) as the sample size increases,
d

b |X)−
but we can not guarantee that p(Y
→p(Y |X) due to
non-identifiability.4 The latter holds only when the groundtruth T is used as Tb (Patrini et al., 2017).
2.4. Learning with Unknown Noise Transition Matrix

In real-world applications, the ground-truth T is usually
unknown. Some existing two-step methods attempted to
transform this problem to the previously solved one by first
estimating the noise transition matrix and then using it in
neural network training. Since it is rare to have both clean
labels Y and noisy labels Ye for the same instance X, several
methods are proposed to estimate T from only noisy data.

Existing methods usually rely on a separate set of anchor
points (Liu & Tao, 2015; Patrini et al., 2017; Yu et al., 2018;
Xia et al., 2019; Yao et al., 2020), which are defined as
follows:
Definition 1 (Anchor point). An instance x is called an
anchor point for class i if p(Y = i|X = x) = 1.
Based on an anchor point x for class i, we have

X∼p(X)

(4)
which is related to the expected negative log-likelihood or
the cross-entropy loss in the following way:
h
i
b |X; W ))
L(W, Tb) :=
E
− log(TbYeT p(Y
(5)
e ∼p(X,Y
e)
X,Y

= L0 (W, Tb) + H(Ye |X),

(6)

where the second term H(Ye |X) is the conditional entropy
of Ye given X, which is a constant w.r.t. W and Tb. Note
that L(W, Tb) is minimized if and only if L0 (W, Tb) = 0.
3

W is sometimes omitted to keep the notation uncluttered.

p(Ye |X = x) = T T p(Y |X = x) = Ti .

(7)

Thus, we can first estimate p(Ye |X) and then calculate the
value on anchor points to obtain an estimate of T . However,
if we cannot find such anchor points in real-world datasets
easily, the aforementioned method can not be applied.
A workaround is to detect anchor points from all noisy data,
assuming that they exist in the dataset. Further revision of
the transition matrix before (Yao et al., 2020) or during (Xia
et al., 2019) the second stage of training can be adopted to
improve the performance.
4 d

−
→ denotes the convergence in distribution.
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Figure 3. An example of overconfident predictions yield from neural networks. Notation: • Shape: true labels; • Color: observed labels;
• Location in the simplex: ground-truth/estimated probabilities; • Solid triangle: convex hull Conv(T ); • Dashed triangle: convex hull of
an estimated transition matrix; • Vertices of the triangle: anchor points. Without knowing T and the constraint that p(Ye |X) should be
within Conv(T ), a neural network trained with noisy labels tends to output high-confident (low-entropy) predictions outside of Conv(T ).
Therefore, T may be poorly estimated based on the overconfident noisy class-posterior.

Nevertheless, such two-step methods based on anchor points
face an inevitable problem — the estimation of the noisy
class-posterior p(Ye |X) using possibly over-parameterized
neural networks trained with noisy labels. We point out that
the estimation error could be high in this step because of the
overconfidence problem of deep neural networks (Guo et al.,
2017; Hein et al., 2019). If no revision is made, errors in
the first stage may lead to major errors in the second stage.
Figure 3 illustrates an example of the overconfidence. As
discussed in Section 2.2, p(Ye |X) should be within the
convex hull Conv(T ). However, without knowing T and
this constraint, a neural network trained with noisy labels
tends to output overconfident probabilities that are outside
of Conv(T ). Note that over-parameterized neural networks
trained with clean labels could also be overconfident and
several re-calibration methods are developed to alleviate
this issue (Guo et al., 2017; Kull et al., 2019; Hein et al.,
2019; Rahimi et al., 2020). However, in Appendix B we
demonstrate that estimating the noise class-posterior causes
a significantly worse overconfidence issue than estimating
the clean one. Consequently, transition matrix estimation
may suffer from poorly estimated noisy class-posteriors,
which leads to performance degradation.
In contrast to existing methods, our proposed method only
b |X) as an estimate of p(Ye |X) and
uses the product TbT p(Y
e
never estimates p(Y |X) directly using neural networks.

3. Motivation

In this section, we take a closer look at the class-conditional
label corruption process and construct an equivalence class
and a partial order for the noise transition matrix, which
motivates our proposed method. Concretely, we show that
the contraction property of the stochastic matrices leads to
a partial order of the transition matrices, which can be used
to find the “cleanest” clean class-posterior.

3.1. Transition Matrix Equivalence
Recall that T is the set of full-rank row stochastic matrices,
which is closed under multiplication. Based on this, we
first define an equivalence relation of an ordered pair of
transition matrices induced by the product:
Definition 2 (Transition matrix equivalence).
(U , V ) ∼ (U 0 , V 0 ) ⇔ U V = U 0 V 0 .
The corresponding equivalence class with a product W
is denoted by [W ]. Specially, for the identity matrix I,
[I] contains pairs of permutation matrices (P , P −1 ); for a
non-identity matrix W , [W ] contains at least two distinct
elements (W , I) and (I, W ) and possibly infinitely many
other elements.
Now, consider the equivalence class [T ] for the ground-truth
noise transition matrix T in our problem. Then, any element
(U , V ) ∈ [T ] corresponds to a possible optimal solution of
b |X; W ) = U T p(Y |X), given that
Eq. (5): Tb = V and p(Y
such a parameter W exists. Among possibly infinitely many
possibilities, only (I, T ) is of our central interest. However,
it is possible to get infinitely many other wrong ones, such
as (T , I), which corresponds to a model that predicts the
noisy class-posterior and chooses the transition matrix to be
the identity matrix I.
3.2. Transition Matrix Decomposition
Next, consider the reverse direction: if we obtain an optimal
b |X), is there a U such that
solution of Eq. (5), Tb and p(Y
b |X) = U T p(Y |X)? The answer is yes if there are
p(Y
anchor points for each class in the dataset, which can be
proved using the following theorem:
Theorem 1 (Transition matrix decomposition). For two
row stochastic matrices W , V ∈ T , if ∀p ∈ ∆, ∃q ∈ ∆,
s.t. W T p = V T q, then ∃ a row stochastic matrix U ∈ T ,
s.t. W = U V and ∀p ∈ ∆, q = U T p.
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Proof. Let p be ei and denote the corresponding q by qi
for i = 1, . . . , K. Then U = [q1 , . . . , qK ]T .
Here, ei is the i-th standard basis and p(Y |X = x) = ei
means that x is an anchor point for the class i. Consequently,
we can derive that if there are anchor points for each class
in the dataset, given an estimated transition matrix Tb and
b |X) from an optimal
an estimated clean class-posterior p(Y
solution of Eq. (5), we know that there is an implicit row
b |X) = U T p(Y |X). In
stochastic matrix U such that p(Y
b |X) may still contain classother words, the estimate p(Y
conditional label noise, which is described by U .

We point out that the existence of anchor points is a sufficient
but not necessary condition for the existence of the U above.
If anchor points do not exist, we may or may not find such
a U . Also note that we will not try to detect anchor points
from noisy data.
More importantly, we have no intention of estimating U
explicitly. In this work, we only use the fact that there is
a one-to-one correspondence between optimal solutions of
Eq. (5) and elements in the equivalence class [T ] under the
above assumption. Based on this fact, we can study the
equivalence class [T ] or the properties of the implicit U
instead, which is easier to deal with.
3.3. Transition Matrix as a Contraction Mapping
Next, we attempt to break the equivalence introduced above
by examining the characteristics of this consecutive classconditional label corruption process.
We start with the definition of the total variation distance
dTV (·, ·) between pairs of categorical probabilities:
dTV (p, q) :=

1
kp − qk1 ,
2

(8)

where k·k1 denotes the `1 norm. Then, from the theory of
Markov chains, we know that the mapping ∆ → Conv(U )
defined by p 7→ U T p is a contraction mapping over the
simplex ∆ relative to the total variation distance (Del Moral
et al., 2003), which means that ∀U ∈ T , ∀p, q ∈ ∆,
dTV (U T p, U T q) ≤ dTV (p, q).

(9)

3.4. Transition Matrix Partial Order
Finally, based on this contraction property of the stochastic
matrices, we can introduce a partial order induced by the
total variation distance within the equivalence class [T ]:

0T

In this section, we present our proposed method. Overall,
the proposed method is illustrated in Fig. 1.
Summarizing our motivation discussed in Section 3, we
found that if anchor points exist in the dataset, estimating
both the transition matrix T and the clean class-posterior
p(Y |X) by training with the cross-entropy loss in Eq. (5)
b |X) = U T p(Y |X),
results in a solution in the form p(Y
where U is an unknown transition matrix (Theorem 1).
Then, we pointed out that the stochastic matrices have the
contraction property shown in Eq. (9) so that the “cleanest”
clean class-posterior has the highest pairwise total variation
defined in Eq. (8). Based on this fact, we can regularize the
predicted probabilities to be more distinguishable from each
other to find the optimal solution, as discussed below.
4.1. Total Variation Regularization
First, we discuss how to enforce our preference of more
distinguishable predictions in terms of the total variation
distance. We start with defining the expected pairwise total
variation distance:
R(W ) :=

E

E

[dTV (pb1 , pb2 )],

x1 ∼p(X) x2 ∼p(X)

b |X = xi ; W ),
where pbi := p(Y

0T

∀p, q ∈ ∆, dTV (U p, U q) ≤ dTV (U p, U q).

(10)

i = 1, 2.

Note that this data-dependent term depends on X but not
on Y nor on Ye .

Then, we adopt the learning objective in the KL-divergence
form in Eq. (4), combine it with the expected pairwise total
variation distance in Eq. (10), and formulate our approach
in the form of constrained optimization, as stated in the
following theorem:
Theorem 2 (Consistency). Given a finite i.i.d. sample of
(X, Ye )-pairs of size N , where anchor points (Definition 1)
e 0 (W, Tb) and R(W
e )
for each class exist in the sample, let L
b
be the empirical estimates of L0 (W, T ) in Eq. (4) and R(W )
in Eq. (10), respectively. Assume that the parameter space
W is compact. Let (W ◦ , Tb◦ ) be an optimal solution of the
following constrained optimization problem:
W

(U , V )  (U 0 , V 0 ) ⇔
T

4. Proposed Method

e ) s.t. L
e 0 (W, Tb) = 0.
max R(W

Definition 3 (Transition matrix partial order).

T

Note that (I, T ) is the unique greatest element because of
Eq. (9). Despite the fact that there could be incomparable
elements, we may gradually increase the total variation to
find (I, T ). Then, with the help of this partial order, it is
possible to estimate both p(Y |X) and T simultaneously,
which is discussed in the following section.

(11)

Then, Tb◦ is a consistent estimator of the transition matrix
d
b |X; W ◦ )−
T ; and p(Y
→p(Y |X) a.e. as N → ∞.
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The proof is given in Appendix C. Informally, we make use
of Theorem 1, the property of the KL-divergence, and the
contraction property of the transition matrix.
In practice, the constrained optimization in Eq. (11) can be
solved via the following Lagrangian (Kuhn et al., 1951):
e 0 (W, Tb) − γ R(W
e ),
L(W, Tb) := L

(12)

where γ ∈ R>0 is a parameter controlling the importance of
the regularization term. We call such a regularization term a
total variation regularization. This Lagrangian technique
has been widely used in the literature (Cortes & Vapnik,
1995; Kloft et al., 2009; Higgins et al., 2017; Li et al., 2021).
When the total variation regularization term is empirically
estimated and optimized, we can sample a fixed number of
pairs to reduce the additional computational cost.
4.2. Transition Matrix Estimation
Next, we discuss the estimation of the transition matrix T .
In contrast to existing methods (Patrini et al., 2017; Xia
et al., 2019; Yao et al., 2020), we adopt a one-step training
b |X) and Tb simultaneously.
procedure to obtain both p(Y

Gradient-based estimation. First, note that the learning
objective Eq. (12) is differentiable w.r.t. Tb. As a baseline,
it is sufficient to use gradient-based optimization for Tb.
In practice, we apply softmax to an unconstrained matrix
in RK×K to ensure that Tb ∈ T . Then, Tb is estimated
by optimizing L(W, Tb) using stochastic gradient descent
(SGD) or its variants (e.g., Kingma & Ba (2015)).
Dirichlet posterior update. The additional total variation
regularization term Eq. (10) is irrelevant to Tb so we are free
to use other optimization methods besides gradient-based
methods. To capture the uncertainty of the estimation of T
during different stages of training, we propose an alternative
derivative-free approach that uses Dirichlet distributions to
model T . Concretely, let the posterior of T be
Tbi ∼ Dirichlet(Ai )

(i = 1, . . . , K),

(13)

where Ai ∈ RK
>0 is the concentration parameter. Denote
the confusion matrix by C ∈ NK×K
, where its element Cij
≥0
is the number of instances that are predicted to be Yb = i via
b |X; W ) but are labeled as Ye = j in the
sampling Yb ∼ p(Y
noisy dataset. In other words, we use a posterior of p(Ye |Yb )
to approximate p(Ye |Y ) during training.

Then, inspired by the closed-form posterior update rule for
the Dirichlet-multinomial conjugate (Diaconis & Ylvisaker,
1979):
A(posterior) = A(prior) + C (observation) ,

(14)

we update the concentration parameters A during training
using the confusion matrix C via the following update rule:
A ← β1 A + β2 C,

(15)

where β = (β1 , β2 ) are fixed hyperparameters that control
the convergence of A. We initialize A with an appropriate
diagonally dominant matrix to reflect our prior knowledge
of noisy labels. For each batch of data, we sample a noise
transition matrix Tb from the Dirichlet posterior and use it
in our learning objective in Eq. (12).

The idea is that the confusion matrix C at any stage during
training is a crude estimator of the true noise transition
matrix T , then we can improve this estimator based on
information obtained during training. Because at earlier
stage of training, this estimator is very crude and may be
deviated from the true one significantly, we use a decaying
factor β1 close to 1 (e.g., 0.999) to let the model gradually
“forget” earlier information. Meanwhile, β2 controls the
variance of the Dirichlet posterior during training, which is
related to the learning rate and batch size. At early stages,
the variance is high so the model is free to explore various
transition matrices; as the model converges, the estimation
of the transition matrix also becomes more precise so the
posterior would concentrate around the true one.

5. Related Work
In addition to methods using the noise transition matrix
explicitly and two-step methods detecting anchor points
from noisy data (Patrini et al., 2017; Yu et al., 2018; Xia
et al., 2019; Yao et al., 2020) introduced in Sections 1 and 2,
in this section we review related work in learning from noisy
labels in a broader sense.
First, in CCN, is it possible to learn a correct classifier
without the noise transition matrix? Existing studies in
robust loss functions (Ghosh et al., 2017; Zhang & Sabuncu,
2018; Wang et al., 2019; Charoenphakdee et al., 2019; Ma
et al., 2020; Feng et al., 2020; Lyu & Tsang, 2020; Liu &
Guo, 2020) showed that it is possible to alleviate the label
noise issue even without estimating the noise rate/transition
matrix, under various conditions such as the noise being
symmetric (the RCN model in binary classification (Angluin
& Laird, 1988)). Further, it is proven that the accuracy
metric itself can be robust (Chen et al., 2021). However, if
the noise is heavy and complex, robust losses may perform
poorly. This motivates us to evaluate our method under
various types of label noises beyond the symmetric noise.
Another direction is to learn a classifier that is robust against
label noise, including training sample selection (Malach &
Shalev-Shwartz, 2017; Jiang et al., 2018; Han et al., 2018b;
Wang et al., 2018; Yu et al., 2019; Wei et al., 2020; Mirzasoleiman et al., 2020; Wu et al., 2020) that selects training
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(a) Clean

(b) Symm.

(c) Pair

(d) Pair2

(e) Trid.

(f) Rand.

MNIST

MAE
CCE
GCE
Forward
T-Revision
Dual-T
TVG
TVD

98.72(0.09)
99.21(0.04)
99.12(0.06)
99.18(0.05)
99.20(0.06)
99.16(0.05)
99.16(0.06)
99.18(0.07)

98.00(0.14)
98.13(0.16)
98.41(0.12)
98.00(0.24)
98.01(0.14)
98.58(0.12)
98.55(0.09)
98.56(0.08)

91.46(7.40)
94.70(0.64)
93.79(1.04)
94.37(1.00)
94.19(0.78)
99.06(0.07)
94.26(0.59)
99.09(0.08)

89.79(6.11)
94.86(0.67)
94.06(0.63)
94.84(0.53)
95.24(0.74)
99.03(0.06)
95.42(0.44)
99.00(0.07)

96.22(3.87)
96.78(0.22)
96.60(0.14)
96.54(0.29)
96.76(0.15)
99.04(0.05)
97.78(0.56)
99.03(0.08)

34.07(31.98)
95.68(1.31)
96.28(0.93)
95.95(1.49)
96.62(0.70)
98.79(0.17)
97.67(0.84)
98.82(0.11)

CIFAR10

MAE
CCE
GCE
Forward
T-Revision
Dual-T
TVG
TVD

66.47(4.76)
91.87(0.19)
89.25(0.17)
91.87(0.15)
91.72(0.18)
91.75(0.18)
91.61(0.14)
91.00(0.13)

57.23(4.15)
75.71(0.57)
83.68(0.29)
76.18(0.63)
75.51(0.59)
82.85(0.42)
82.60(0.38)
83.03(0.24)

44.29(2.23)
65.54(0.66)
71.49(1.18)
65.42(0.92)
65.49(0.97)
80.86(1.03)
89.78(0.16)
88.47(0.29)

42.43(1.66)
65.23(0.85)
69.66(0.57)
65.65(1.11)
65.70(0.66)
79.61(1.20)
88.36(0.24)
86.96(0.35)

43.43(2.69)
76.07(0.61)
82.14(0.41)
76.41(0.50)
76.18(0.80)
88.11(0.28)
88.07(0.25)
87.44(0.16)

26.95(5.45)
70.44(1.98)
78.07(2.16)
70.86(2.19)
71.22(1.62)
84.33(2.11)
86.19(0.52)
85.86(0.46)

CIFAR100

Table 1. Accuracy (%) on the MNIST, CIFAR-10, and CIFAR-100 datasets. We reported “mean (standard deviation)” of 10 trials.

MAE
CCE
GCE
Forward
T-Revision
Dual-T
TVG
TVD

11.23(1.02)
70.58(0.29)
57.10(0.85)
70.58(0.28)
70.47(0.26)
70.56(0.28)
70.02(0.30)
69.93(0.21)

7.89(0.67)
42.94(0.47)
48.66(0.58)
44.32(0.64)
46.52(0.57)
55.92(0.60)
57.33(0.42)
52.54(0.45)

6.94(1.11)
44.00(0.71)
45.27(0.85)
44.17(0.57)
44.08(0.42)
46.22(0.72)
45.68(0.85)
56.02(0.82)

6.60(0.74)
41.37(0.27)
43.67(0.94)
42.07(0.55)
42.01(0.52)
44.74(0.65)
44.38(0.72)
49.18(0.53)

7.45(0.55)
46.55(0.54)
50.98(0.33)
47.48(0.40)
47.59(0.60)
61.68(0.51)
54.23(0.53)
62.45(0.44)

7.15(0.98)
42.41(0.48)
48.66(0.63)
43.15(0.53)
45.33(0.40)
57.92(0.50)
59.85(0.61)
53.95(0.47)

examples during training, learning with rejection (El-Yaniv
& Wiener, 2010; Thulasidasan et al., 2019; Mozannar & Sontag, 2020; Charoenphakdee et al., 2021) that abstains from
using confusing instances, meta-learning (Shu et al., 2019;
Li et al., 2019), and semi-supervised learning (Nguyen et al.,
2020; Li et al., 2020). These methods exploit the training
dynamics, characteristics of loss distribution, or information
of data itself instead of the class-posteriors. Then, the CCN
assumption in Eq. (1) might not be needed but accordingly
these methods usually have limited consistency guarantees.
Moreover, the computational cost and model complexity of
these methods could be higher.
For the CCN model and noise transition matrix estimation,
recently, the idea of solving the class-conditional label noise
problem using a one-step method was concurrently used by
Li et al. (2021), aiming to relax the anchor point assumption.
They adopt a different approach based on the characteristics
of the noise transition matrix, instead of the properties of
the clean class-posterior used in our work. Li et al. (2021)
has the advantage that their assumption is weaker than ours.
However, the additional term on the transition matrix might
be incompatible with derivative-free optimization, such as
the Dirichlet posterior update method proposed in our work.

6. Experiments
In this section, we present experimental results to show that
the proposed method achieves lower estimation error of
the transition matrix and consequently better classification
accuracy for the true labels, confirming Theorem 2.
6.1. Benchmark Datasets
We evaluated our method on three image classification
datasets, namely MNIST (LeCun et al., 1998), CIFAR10, and CIFAR-100 (Krizhevsky, 2009). We used various
noise types besides the common symmetric noise and pair
flipping noise.
Concretely, noise types include: (a) (Clean) no additional
synthetic noise, which serves as a baseline for the dataset
and model; (b) (Symm.) symmetric noise 50% (Patrini et al.,
2017); (c) (Pair) pair flipping noise 40% (Han et al., 2018b);
(d) (Pair2 ) a product of two pair flipping noise matrices with
noise rates 30% and 20%. Because the multiplication of
pair flipping noise matrices is commutative, it is guaranteed
to have multiple ways of decomposition of the transition
matrix; (e) (Trid.) tridiagonal noise (see also Han et al.,
2018a), which corresponds to a spectral of classes where
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(a) Clean

(b) Symm.

(c) Pair

(d) Pair2

(e) Trid.

(f) Rand.

MNIST

Forward
T-Revision
Dual-T
TVG
TVD

0.00(0.00)
0.03(0.02)
0.12(0.02)
2.36(0.01)
2.06(0.12)

34.14(3.03)
32.94(3.22)
7.12(0.99)
1.47(0.13)
1.96(0.17)

39.71(0.15)
39.87(0.08)
3.90(0.66)
39.29(0.03)
2.12(0.21)

41.98(0.82)
41.50(0.50)
3.59(0.58)
32.17(0.93)
2.12(0.10)

38.33(0.93)
38.39(1.34)
3.11(0.88)
14.11(5.21)
1.92(0.11)

30.45(2.16)
29.35(1.85)
10.63(0.90)
7.33(4.25)
2.13(0.22)

CIFAR-10

Forward
T-Revision
Dual-T
TVG
TVD

0.00(0.00)
0.03(0.03)
0.81(0.04)
0.64(0.01)
7.87(0.10)

47.63(0.35)
43.05(0.36)
2.99(0.23)
3.17(0.19)
6.90(0.18)

39.09(0.28)
39.13(0.22)
19.37(0.45)
1.56(0.13)
8.46(0.17)

41.70(0.32)
40.80(0.30)
16.84(0.61)
2.16(0.22)
8.70(0.24)

35.63(0.81)
34.82(0.67)
4.60(0.31)
1.94(0.18)
7.06(0.14)

45.52(0.65)
43.05(0.52)
8.80(1.57)
2.24(0.26)
7.98(0.38)

CIFAR-100

Table 2. Average total variation (×100) on the MNIST, CIFAR-10, and CIFAR-100 datasets. We reported “mean (standard deviation)”
of 10 trials.

Forward
T-Revision
Dual-T
TVG
TVD

0.00(0.00)
0.46(0.05)
3.10(0.08)
1.59(0.02)
21.98(0.11)

48.62(0.11)
31.58(0.46)
17.10(0.18)
13.11(0.10)
26.46(0.15)

39.81(0.03)
39.45(0.03)
33.26(0.20)
37.79(0.30)
29.47(0.26)

43.57(0.04)
42.77(0.06)
33.79(0.26)
38.83(0.34)
31.34(0.30)

40.92(0.07)
40.01(0.09)
23.56(0.43)
30.80(0.51)
23.86(0.22)

49.06(0.10)
39.49(0.26)
22.59(0.23)
16.47(0.18)
35.37(0.30)

adjacent classes are easier to be mutually mislabeled, unlike
the unidirectional pair flipping; and (f) (Rand.) random
noise constructed by sampling a Dirichlet distribution and
mixing with the identity matrix to a specified noise rate. See
Appendix E for details.
Methods. We compared the following methods:
(1) (MAE) mean absolute error (Ghosh et al., 2017)
as a robust loss; (2) (CCE) categorical cross-entropy
loss; (3) (GCE) generalized cross-entropy loss (Zhang
& Sabuncu, 2018); (4) (Forward) forward correction
(Patrini et al., 2017) based on anchor points detection;
(5) (T-Revision) transition-revision (Xia et al., 2019) where
the transition matrix is further revised during the second
stage of training; (6) (Dual-T) dual-T estimator (Yao
et al., 2020) that uses the normalized confusion matrix
to correct the transition matrix; (7) (TVG) total variation
regularization with the gradient-based estimation of T ; and
(8) (TVD) the one with the Dirichlet posterior update.
Models. For MNIST, we used a sequential convolutional
neural network (CNN) and an Adam optimizer (Kingma
& Ba, 2015). For both CIFAR-10 and CIFAR-100, we
used a residual network model ResNet-18 (He et al., 2016)
and a stochastic gradient descent (SGD) optimizer with
momentum (Sutskever et al., 2013).
Hyperparameters. For the gradient-based estimation, we
initialized the unconstrained matrix with diagonal elements
of log(0.5) and off-diagonal elements of log(0.5/(K − 1)),
so after applying softmax the diagonal elements are 0.5.
For the Dirichlet posterior update method, we initialized

the concentration matrix with diagonal elements of 10 for
MNIST and 100 otherwise and off-diagonal elements of 0.
We set β = (0.999, 0.01) and γ = 0.1. We sampled 512
(the same as the batch size) pairs in each batch to calculate
the pairwise total variation distance. Other hyperparameters
are provided in Appendix E.
Evaluation metrics. In addition to the test accuracy, we
reported the average total variation to evaluate the transition
matrix estimation, which is defined as follows:
K
K
K
1 X
1 X1X
dTV (Ti , Tbi ) =
Tij − Tbij ∈ [0, 1].
K i=1
K i=1 2 j=1

Results. We ran 10 trials for each experimental setting
and reported “mean (standard deviation)” of the accuracy
and average total variation in Tables 1 and 2, respectively.
Outperforming methods are highlighted in boldface using
one-tailed t-tests with a significance level of 0.05.
In Table 1, we observed that the proposed methods performs
well in terms of accuracy. Note that a baseline method
Dual-T also showed superiority in some settings, which
sheds light on the benefits of using the confusion matrix.
However, as a two-step method, their computational cost
is at least twice ours. In Table 2, we can confirm that in
most settings, our methods have lower estimation error of
the transition matrix than baselines, sometimes by a large
margin. For better reusability, we fixed the initial transition
matrix/concentration parameters across all different noise
types. If we have more prior knowledge about the noise, a
better initialization may further improve the performance.
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7. Conclusion

Table 3. Accuracy (%) on the Clothing1M dataset.

Forward

T-Revision

Dual-T

TVD

69.91

69.96

69.97

70.67

71.65
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2 3 87 1 2
1
2 1 94
1 1 1 1
2 1
1 4 2
86

Noisy Label

1.0

We have introduced a novel method for estimating the noise
transition matrix and learning a classifier simultaneously,
given only noisy data. In this problem, the supervision
is insufficient to identify the true model, i.e., we have a
class of observationally equivalent models. We address
this issue by finding characteristics of the true model under
realistic assumptions and introducing a partial order as a
regularization. As a result, the proposed total variation
regularization is theoretically guaranteed to find the optimal
transition matrix under mild conditions, which is reflected
in experimental results on benchmark datasets.
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Figure 4. Estimated transition matrix (×100) on Clothing1M.
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6.2. Real-World Dataset
We also evaluated our method on a real-world noisy label
dataset, Clothing1M (Xiao et al., 2015). Unlike some previous work that also used a small set of clean training data
(Patrini et al., 2017; Xia et al., 2019), we only used the 1M
noisy training data. We followed previous work for other settings such as the model and optimization. We implemented
data-parallel distributed training on 64 NVIDIA Tesla P100
GPUs by PyTorch (Paszke et al., 2019). See Appendix E
for details.
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