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SUPPLEMENTARY MATERIAL A: PROOF OF THEOREM 1

Proof. To simplify the notations, let gU
′
s

θq(k)
= 1
M

∑M−1
j=0 g

Us+j−2(K−k)
θq(k)

and ḡ
U
′
s

θq(k)
= 1
M

∑M−1
j=0 ḡ

Us+j−2(K−k)
θq(k)

. According to
Assumption 1, the following inequality holds:

f(θUs+1) ≤f(θUs) + (ḡUsθ )T (θUs+1 − θUs) +
L

2

∥∥∥θUs+1 − θUs
∥∥∥2
2
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(ḡUsθq(k))
Tg

U
′
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θq(k)
+
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∥∥∥gU ′sθq(k)∥∥∥22 (1)

which can be further developed such that

f(θUs+1) ≤ f(θUs)− γs
K∑
k=1

(ḡUsθq(k))
T (g
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′
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θq(k)
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2
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K∑
k=1
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− ḡUsθq(k))
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∥∥∥ḡUsθq(k)∥∥∥22 + Q̃1 + Q̃2 (2)

where

Q̃1 =
Lγ2s

2

K∑
k=1

∥∥∥gU ′sθq(k) − ḡUsθq(k)∥∥∥22, Q̃2 = (Lγ2s − γs)
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k=1

(ḡUsθq(k))
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′
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− ḡUsθq(k)).

The expectation of Q̃1 is bounded by
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2
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U
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∥∥∥2
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}
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K∑
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∥∥∥ḡU ′sθq(k) − ḡUsθq(k)∥∥∥22
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∥∥∥2
2

}
+ Lγ2s

K∑
k=1
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≤Lγ2sEx

{∥∥∥gU ′sθ ∥∥∥2
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}
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M
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M
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where the first inequality follows from ‖x + y‖22≤ 2‖x‖22+2‖y‖22. The second inequality is from E{‖ε − E{ε}‖22} ≤
E{‖ε‖22} − ‖E{ε}‖22≤ E{‖ε‖22} due to gradient unbiasedness (i.e., Ex{g

U
′
s

θq(k)
} = ḡ

U
′
s

θq(k)
). The last inequality follows from

Assumption 2, and P̃1 is bounded by

P̃1 =
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1
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with the first inequality coming from Assumption 1. On the other hand, the expectation of Q̃2 is bounded by

Ex{Q̃2} =− (γs − Lγ2s )Ex
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K∑
k=1
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ḡ
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2
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where the second equality follows by the unbiased gradient using SGD, and the inequality comes from ±xTy ≤ 1
2‖x‖

2
2+ 1

2‖y‖
2
2.

Taking the expectation of both sides in Eq. (2) and substituting Q̃1 and Q̃2, the inequality is rewritten as

Ex{f(θUs+1)} ≤f(θUs)−
(
γs −

Lγ2s
2

) K∑
k=1

∥∥∥ḡUsθq(k)∥∥∥22 +
AL

M
γ2s + Lγ2s P̃1 +

γs − Lγ2s
2

K∑
k=1

∥∥∥ḡUsθq(k)∥∥∥22 +
γs − Lγ2s

2
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=f(θUs)− γs
2

∥∥∥ḡUsθ ∥∥∥2
2

+
γs + Lγ2s

2
P̃1 +
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M
γ2s

≤f(θUs)− γs
2

∥∥∥ḡUsθ ∥∥∥2
2

+
γs + Lγ2s

2
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K∑
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d̄k +
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M
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2

∥∥∥ḡUsθ ∥∥∥2
2

+ γ2s

(AL
M

+
γs + Lγ2s

2
L
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M2

K∑
k=1

d̄k

)
≤f(θUs)− γs

2

∥∥∥ḡUsθ ∥∥∥2
2

+ γ2s
AL

M

(
1 +

1

M

K∑
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where the last inequality follows from Lγs ≤ 1 such that γs+Lγ
2
s

2 L = 1
2 (Lγs + (Lγs)

2) ≤ 1. The proof is now completed.

SUPPLEMENTARY MATERIAL B: PROOF OF THEOREM 2

Proof. By moving γs
2

∥∥∥ḡUsθ ∥∥∥2
2

and Ex{f(θUs+1)} to the LHS and the RHS of Eq. (24) respectively, and multiplying both sides
by 2, we have

γs

∥∥∥ḡUsθ ∥∥∥2
2
≤ 2(f(θUs)− Ex{f(θUs+1)}) + 2γ2s

AL

M

(
1 +

1

M

K∑
k=1

d̄k

)
. (4)
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Take full expectation on both sides of Eq. (4), and it leads to

γsE{
∥∥∥ḡUsθ ∥∥∥2

2
} ≤ 2(E{f(θUs)} − E{f(θUs+1)}) + 2γ2s

AL

M

(
1 +

1

M

K∑
k=1

d̄k

)
. (5)

By summing both sides of Eq. (5) from 0 to S − 1, and dividing it by TS =
∑S−1
s=0 γs, it becomes

1

TS

S−1∑
s=0

γsE{
∥∥∥ḡUsθ ∥∥∥2

2
} ≤ 2(f(θ0)− E{f(θUS )})

TS
+

2ALM

(
1 + 1

M

∑K
k=1 d̄k

)∑S−1
s=0 γ

2
s

TS

≤ 2(f(θ0)− f(θ∗))

TS
+

2ALM

(
1 + 1

M

∑K
k=1 d̄k

)∑S−1
s=0 γ

2
s

TS
.

where the last inequality comes from f(θ∗) ≤ E{f(θUS )}.

SUPPLEMENTARY MATERIAL C: PROOF OF THEOREM 3

Proof. We start the proof from Eq. (5) as the constant learning rate is a special case in Theorem 2. By setting γs = γ, Eq.
Eq. (5) is rewritten as

E{
∥∥∥ḡUsθ ∥∥∥2

2
} ≤ 2(E{f(θUs)} − E{f(θUs+1)})

γ
+ 2γ

AL

M

(
1 +

1

M

K∑
k=1

d̄k

)
. (6)

Summing both sides of Eq. (6) from s = 0 to S − 1 and dividing them by S, it leads to

1

S

S−1∑
s=0

E{
∥∥∥ḡUsθ ∥∥∥2

2
} ≤ 2(f(θ0)− E{f(θUS )})

γS
+ 2γ
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M

(
1 +

1

M

K∑
k=1

d̄k

)
≤ 2(f(θ0)− f(θ∗))

γS
+ 2γ
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M

(
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1

M

K∑
k=1

d̄k

)
. (7)

Substituting γ = ε

√
M(f(θ0)− f(θ∗))/

(
SAL(1 + (1/M)

∑K
k=1d̄k)

)
into Eq. (7), the RHS becomes

2(f(θ0)− f(θ∗)) + 2γ2SAL
(

1 + (1/M)
∑K
k=1 d̄k

)
/M

γS
=

(2 + 2ε2)(f(θ0)− f(θ∗))

Sε

√
M(f(θ0)− f(θ∗))/

(
SAL(1 + (1/M)

∑K
k=1d̄k)

)
=

(2 + 2ε2)

ε

√
AL(f(θ0)− f(θ∗))

(
1 + (1/M)

∑K
k=1 d̄k

)
/(MS).

Since the LHS of Eq. (7) is the average of E{
∥∥∥ḡUsθ ∥∥∥2

2
} for s = 0, 1, . . . , S − 1, we have

min
t∈{0,1,...,S−1}

E{
∥∥∥ḡUsθ ∥∥∥2

2
} ≤ (2 + 2ε2)

ε

√
AL(f(θ0)− f(θ∗))

(
1 + (1/M)

∑K
k=1 d̄k

)
/(MS)

which completes the proof.


