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Abstract
We introduce coherence conditions having a betting
scheme interpretation both for a numerical and a com-
parative conditional possibility assessment. The con-
ditional bets are considered under partially resolving
uncertainty and assuming consonance. This means
that we allow situations in which the agent may only
acquire the information that a non-impossible event
occurs, without knowing which is the true state of the
world. Further, he/she can only consider families of
nested non-impossible events in computing the gain
and has a systematically optimistic behavior. Both con-
ditions are proved to be equivalent to the existence of
a conditional possibility agreeing with an axiomatic
definition based on the algebraic product t-norm, that
extends, either numerically or comparatively (through
the induced comparative conditional possibility rela-
tion), the given assessment.
Keywords: Conditional possibility, betting scheme,
comparative conditional possibility, coherence

1. Introduction

Since their introduction by Zadeh [34], possibility measures
have gathered a lot of attention, mainly due to their key
role in fuzzy set theory and soft computing.

Possibility theory has been substantially developed by
Dubois and Prade [16] and is nowadays a well-established
uncertainty framework which is normally seen as an al-
ternative to probability theory. Actually there are several
links between the two frameworks: for example, possibility
measures can be characterized as upper envelopes of the
class of all de Finetti’s coherent extensions of a probability
measure under suitable logical conditions (see [17, 8, 9]).
Other probabilistic interpretations of possibility measures
exist, such as the one in terms of random sets [27], the one
in terms of large deviations [28], or the one in terms of
likelihood functions [19, 3].

Further, possibility theory can be reformulated inside the
Dempster-Shafer theory of evidence [13, 30], through the
notion of consonance, or inside the more general theory of
coherent lower/upper probabilities [32].

The concept of conditioning for possibility measures has
been largely debated in the related literature. Various defini-
tions of conditional possibility have been proposed (see, for
instance, [16, 11, 33]), mainly in analogy with probability
theory or by means of suitable rules of conditioning. An-
other alternative is to interpret a conditional possibility as
an upper conditional probability, i.e., as the upper envelope
of a particular class of conditional probabilities [18, 9].

Here, we adopt a different approach in which a condi-
tional possibility is axiomatically defined as a primitive
concept [1]. In this definition Π(·|·) is a function, whose
domain is a structured set of conditional events, so that
Π(E|H) can be defined for any pair of events (E,H), with
H 6= /0. Actually, there is an entire class of definitions, re-
ferred to as T -conditional possibility, parametrized by the
choice of the t-norm T , which is the operation express-
ing the link among Π(A|B), Π(B|C) and Π(A|C), when
A ⊆ B ⊆ C. The theory of T -conditional possibility has
been developed in a series of papers [21, 4, 7, 2], where
a notion of coherence for a partial assessment has been
introduced. Such notion of coherence is expressed in terms
of extendibility of a partial assessment to a T -conditional
possibility on a structured domain.

In this paper we focus on T -conditional possibilities,
where T is the algebraic product t-norm, that we simply
call conditional possibilities. This axiomatic definition is
a generalization of Dempster’s rule of conditioning for
plausibility functions [13].

We first consider a partial numerical assessment given
on an arbitrary set of conditional events and propose a
coherence condition having a betting scheme interpreta-
tion (namely, b-coherence). Such condition relies on the
principle of partially resolving uncertainty introduced by
Jaffray in [25]. Adopting such principle, we allow that
an agent may only acquire the information that an event
B 6= /0 occurs, without knowing which is the true state of
the world ω ∈ B. This amounts to consider a subset of
U = P(Ω) \ { /0} as the domain of the gain function in
a combination of bets. Further, we assume consonance
meaning that the agent in his/her mental speculation on the
gain in a combination of bets is allowed only to consider
subfamilies of U that can be increasingly ordered by set
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inclusion (namely, chains). Moreover, we assume a system-
atically optimistic behavior by taking 1U

A (B) = max
ω∈B

1A(ω)

as the reward for betting on A when we acquire the infor-
mation that B 6= /0 occurs. Here, 1A is the indicator of event
A, while 1U

A is referred to as upper generalized indicator.
Indeed, assuming a linear utility scale, 1A can be seen as a
gamble paying 1 monetary unit on every state of the world
ω ∈ A and 0 otherwise. Working under partially resolving
uncertainty, that is considering a gain defined on events
B 6= /0, the agent is optimistic since betting on A he/she
thinks to receive 1 monetary unit whenever B∩A 6= /0 and
0 only when B∩A = /0.

The b-coherence condition requires that for every finite
subfamily of conditional events we can find a chain whose
top element is the union of the involved conditioning events.
Moreover, for every possible combination of bets, the re-
sulting gain is asked not to be uniformly negative over
the chain. We show that b-coherence is equivalent to the
existence of a conditional possibility extending the given
assessment (namely, e-coherence).

Then, we consider a comparative assessment, expressed
by a pair of binary relations (-,≺) comparing conditional
events under the same conditioning event, in terms of their
conditional possibility. Also in this case we propose a co-
herence condition having a betting scheme interpretation
(namely, bc-coherence). Again we assume partially resolv-
ing uncertainty and consonance, as well as a systematically
optimistic behavior. The bc-coherence condition requires
the existence of fixed positive “penalty fees” to pay in case
of bets on strict comparisons. We require that, for every
finite subfamily of comparisons, we can find a chain whose
top element is the union of the involved conditioning events.
Moreover, for every possible combination of bets, the re-
sulting gain is asked not to be uniformly negative over
the chain. We show that bc-coherence is equivalent to the
existence of a conditional possibility inducing a compara-
tive conditional possibility relation that extends the given
assessment (namely, ec-coherence).

Both b-coherence and bc-coherence conditions provide
an operational tool to elicit subjective numerical or compar-
ative conditional possibility assessments. Further, we show
that they reveal to be necessary and sufficient conditions
for the extendibility of the given assessment to any larger
domain.

The issue of proposing a definition of subjective pos-
sibility has been already faced in the literature (see, e.g.,
[23, 12, 20]). In particular, in [23] a betting semantics is
proposed, essentially interpreting possibility assessments
in the context of imprecise probabilities. We stress that our
approach considers conditional possibility as a primitive
concept and provides a complete characterization of coher-
ence. The key feature of our betting schemes is that the
gain G of a combination of bets is not defined on the states
of the world ω’s but on non-impossible events B’s.

The paper is organized as follows. In Section 2 we recall
the axiomatic definition of conditional possibility. Section 3
deals with coherence of a numerical conditional possibility
assessment. Section 4 deals with coherence of a compara-
tive conditional possibility assessment. Finally, in Section 5
we draw conclusions and future perspectives.

2. Axiomatically Defined Conditional
Possibility

Throughout this paper we assume Ω = {ω1, . . . ,ωm} is a
finite non-empty set and denote by P(Ω) its power set,
while P(Ω)0 = P(Ω)\{ /0}.

A possibility measure is a function Π : P(Ω)→ [0,1]
satisfying:

(i) Π( /0) = 0 and Π(Ω) = 1;

(ii) Π(A ∪ B) = max{Π(A),Π(B)}, for every A,B ∈
P(Ω).

Every possibility measure Π is associated to a dual ne-
cessity measure N : P(Ω) → [0,1] defined, for every
A ∈P(Ω), as

N(A) = 1−Π(Ac). (1)

Possibility/necessity measures are particular plausibil-
ity/belief functions in the Dempster-Shafer theory of evi-
dence [13, 30]. Every possibility measure Π on P(Ω) is
completely characterized by the Möbius inverse of its dual
necessity measure N, i.e., by the function m : P(Ω)→
[0,1] defined, for every A ∈P(Ω), as

m(A) = ∑
B⊆A

(−1)|A\B|N(B). (2)

Indeed, given m, for every A ∈P(Ω), we have that

N(A) = ∑
B⊆A

m(A) and Π(A) = ∑
B∩A 6= /0

m(A). (3)

In general, the Möbius inverse of a belief function turns
out to satisfy the following properties

m( /0) = 0 and ∑
A∈P(Ω)

m(A) = 1. (4)

Hence, if we disregard m( /0) = 0, the Möbius inverse
m can be considered as a probability distribution over
U = P(Ω)0, giving rise to a probability measure over
P(U ). In particular, the elements of U where m is strictly
positive are called focal elements. As proved in [30, 24],
a belief function is a necessity measure if and only if the
corresponding Möbius inverse has nested focal elements,
that is they can be linearly ordered according to set inclu-
sion. Necessity/possibility measures are called consonant
belief/plausibility functions in [30] for this property.
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Consider H ∈ U . If H = {ωi1 , . . . ,ωih}, denote
by chains(U ,H) the collection of subfamilies of U
such that D = {D1, . . . ,Dh} ∈ chains(U ,H) if and
only if D1 = {ωiσ(1)}, D2 = {ωiσ(1) ,ωiσ(2)}, . . . ,Dh =

{ωiσ(1) , . . . ,ωiσ(h)} = H, where σ is a permutation of
{1, . . . ,h}. Notice that the elements of chains(U ,H) are in
one-to-one correspondence with permutations of elements
of H.

Every event A ∈P(Ω) is associated to the indicator
1A : Ω→{0,1}, where 1A(ω) = 1 if ω ∈A and 0 otherwise.
Further, the corresponding upper generalized indicator is
the function 1U

A : U →{0,1} defined, for every B ∈U , as

1U
A (B) = max

ω∈B
1A(ω). (5)

We consider the following axiomatic definition of con-
ditional possibility, introduced in [1] and further studied
in [21, 7, 2] under the name of T -conditional possibility,
where T is a t-norm. In this paper we restrict to the particu-
lar case in which T is the algebraic product.

Definition 1 Let H ⊆P(Ω)0 be an additive class, i.e.,
a non-empty family closed with respect to unions. A con-
ditional possibility is a function Π : P(Ω)×H → [0,1]
satisfying the following conditions:

(i) Π(E|H) = Π(E ∩H|H), for every E ∈ P(Ω) and
H ∈H ;

(ii) Π(·|H) is a possibility measure on P(Ω), for every
H ∈H ;

(iii) Π(E∩F |H)=Π(E|H)·Π(F |E∩H), for every H,E∩
H ∈H and E,F ∈P(Ω).

Further we say that a conditional possibility is full on P(Ω)
if H = P(Ω)0, i.e., if it is defined on the entire P(Ω)×
P(Ω)0.

Every conditional possibility Π(·|·) on P(Ω)×H
gives rise to a linearly ordered class {Π0, . . . ,Πk} of pos-
sibility measures on P(Ω) said H -minimal agreeing
class, associated to a class {H0

0 , . . . ,H
k
0} of elements of

H decreasingly ordered by set inclusion. We actually have
that conditional possibilities on P(Ω)×H are in one-to-
one correspondence with H -minimal agreeing classes on
P(Ω) (see [29]). Given a conditional possibility Π(·|·) set:

• Π0(·) = Π(·|H0
0 ) with H0

0 =
⋃

H∈H H;

• for α > 0, let Hα
0 =

⋃
{H ∈H : Πβ (H) = 0,β =

0, . . . ,α−1}, if Hα
0 6= /0, then Πα(·) = Π(·|Hα

0 ), and
the construction stops at index k such that Hk+1

0 = /0.

Vice versa, given {Π0, . . . ,Πk}, for every E|H ∈P(Ω)×
H , denoting by αH the minimum index in {0, . . . ,k} such
that ΠαH (H)> 0, it holds that

Π(E|H) =
ΠαH (E ∩H)

ΠαH (H)
. (6)

The notion of H -minimal agreeing class is analogous
to that of agreeing class of probabilities (and to the ensuing
notion of zero-layers) introduced by Coletti and Scozzafava
for conditional probabilities [3].

Remark 2 The notion of H -minimal agreeing class does
not coincide, in general, with that of H -reduced T -nested
class introduced in [2] by generalizing [7]. The essential
difference in between the two concepts is that more possibil-
ity measures are needed to represent a T -conditional possi-
bility Π(·|·) if T is not a strictly monotone t-norm. This hap-
pens since the equation Πα(E ∩H) = T (Π(E|H),Πα(H))
may not have a unique solution, even if Πα(H)> 0.

Every H -minimal agreeing class of possibility measures
{Π0, . . . ,Πk} on P(Ω) gives rise to an linearly ordered
class {m0, . . . ,mk} of Möbius inverses of the dual necessity
measures. In particular, since every Πα satisfies Πα(Hα

0 ) =
1 and Πα((Hα

0 )c) = 0, we have that for every Πα there
exists a (possibly non-unique) family D ∈ chains(U ,Hα

0 )
containing the focal elements of mα . This implies that, for
every A ∈P(Ω), it holds that

Πα(A) = ∑
B∈U

1U
A (B) ·mα(B) = ∑

D∈D
1U

A (D) ·mα(D), (7)

where the first equality has been established in [31] (see
also [22]). The previous expression holds, in particular, for
an unconditional possibility Π(·) on P(Ω), that can be
regarded as a conditional possibility defined on P(Ω)×
{Ω}, for which Π(·) = Π(·|Ω) = Π0(·).

3. Numerical Conditional Possibility
Assessments

We consider a finite non-empty set G ⊆P(Ω)×P(Ω)0

of conditional events together with a numerical conditional
possibility assessment Π : G → [0,1]. Further, we denote
by E (G ) = {H ∈P(Ω)0 : E|H ∈ G }.

The following condition expresses the coherence of an
assessment Π in terms of its extendibility to a conditional
possibility.

Definition 3 An assessment Π : G → [0,1] is said to
be e-coherent if there exists a conditional possibility
Π′ : P(Ω)×H → [0,1], where H is the additive class
obtained closing E (G ) with respect to unions, such that
Π′|G = Π.

The following condition expresses the coherence of an
assessment Π through a suitable form of betting scheme.

Definition 4 An assessment Π : G → [0,1] is said to be b-
coherent if for every finite F = {E1|H1, . . . ,En|Hn} ⊆ G ,
there exists D ∈ chains(U ,H0) with H0 =

⋃n
i=1 Hi, such
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that for every λ1, . . . ,λn ∈ R, the function G : D → R de-
fined, for every D ∈D , as

G(D) =
n

∑
i=1

λi ·
[
1U

Ei∩Hi
(D)−Π(Ei|Hi) ·1U

Hi
(D)
]

(8)

satisfies max
D∈D

G(D)≥ 0.

The function G introduced in Definition 4 can be re-
garded as the gain in a combination of conditional bets
assuming partially resolving uncertainty and consonance.
Adopting the partially resolving uncertainty principle [25],
we allow that an agent may only acquire the information
that an event B 6= /0 occurs, without knowing which is the
true state of the world ω ∈ B. This amounts to consider a
subset of U as the domain of the gain function in a combi-
nation of bets. Further, consonance means that the agent in
his/her mental speculation on the gain in a combination of
bets is allowed only to consider chains whose top element
is H0. Moreover, we assume a systematically optimistic
behavior since the upper generalized indicator 1U

Ei∩Hi
(D)

returns 1 monetary unit whenever D∩Ei ∩Hi 6= /0 and 0
only when D∩Ei ∩Hi = /0. An analogous remark holds
for 1U

Hi
(D). We have that the single bet on Ei|Hi has stake

λi and unit amount Π(Ei|Hi). The bet is called off if no
information on the occurrence of Hi is obtained in the con-
sidered chain. The b-coherence condition requires that there
exists a chain D such that for every combination of bets on
the considered conditional events the gain is not uniformly
negative over D (no sure loss).

Theorem 5 For a numerical conditional possibility as-
sessment Π : G → [0,1], the following statements are equiv-
alent:

(i) Π is e-coherent;

(ii) Π is b-coherent.

Proof (i) =⇒ (ii). If Π is e-coherent, then there is a
conditional possibility on Π′ : P(Ω)×H → [0,1] ex-
tending Π, where H is the additive class obtained clos-
ing E (G ) with respect to unions. For every finite F =
{E1|H1, . . . ,En|Hn} ⊆ G , let H0 =

⋃n
i=1 Hi. Then Π(·|H0)

is a possibility measure on P(Ω) whose dual neces-
sity measure has Möbius inverse m. Since Π(H0|H0) =
1 and Π(Hc

0 |H0) = 0, there exists D = {D1, . . . ,Dh} ∈
chains(U ,H0) containing the focal elements of m. Con-
sider the matrix A = [ai j] ∈ R(n+1)×h with

ai j = 1U
Ei∩Hi

(D j)−Π(Ei|Hi) ·1U
Hi
(D j),

a(n+1) j = 1U
H0
(D j) = 1,

and the vector b = [0, . . . ,0,1]T ∈ R(n+1)×1. Setting x =
[m(D1), . . . ,m(Dh)]

T ∈ Rh×1, we have that x is a solution
of the following system

S :
{

Ax = b,
x≥ 0.

By Farkas’ lemma [26], the above system S has solution
if and only if the following system has no solution

S ∗ :
{

yA≤ 0,
yb > 0,

where y = [λ1, . . . ,λn,yn+1] ∈ R1×(n+1) and yb = yn+1. It
holds that yA ∈ R1×h and, for j = 1, . . . ,h, the jth column
of constraint yA≤ 0 is

n

∑
i=1

λi · [1U
Ei∩Hi

(D j)−Π(Ei|Hi) ·1U
Hi
(D j)]+ yn+1 ≤ 0.

Therefore, for every λ1, . . . ,λn ∈R and yn+1 > 0 there must
exist at least an index j ∈ {1, . . . ,h} such that (yA) j > 0.
Hence, the non-solvability of S ∗ is equivalent, for every
λ1, . . . ,λn ∈ R, to

max
j∈{1,...,h}

G(D j)≥ 0,

where we set

G(D j) =
n

∑
i=1

λi · [1U
E1∩Hi

(D j)−Π(Ei|Hi) ·1U
Hi
(D j)].

(ii) =⇒ (i). Suppose Π is b-coherent. Let H be the ad-
ditive class obtained closing E (G ) with respect to unions,
whose top element is H0

0 =
⋃

H∈E (G ) H. We show that b-
coherence implies the existence of a H -minimal agreeing
class {Π0, . . . ,Πk} on P(Ω) corresponding to a condi-
tional possibility Π′(·|·) on P(Ω)×H that extends Π.

Let n0 = cardG and F0 = G = {E1|H1, . . . ,En0 |Hn0}.
Proceeding as in the last part of the proof of the converse
implication, we have that b-coherence implies the existence
of D0 = {D1, . . . ,Dh0} ∈ chains(U ,H0

0 ) such that the fol-
lowing system has no solution

S ∗
0 :
{

y0A0 ≤ 0,
y0b0 > 0,

where y0 = [λ1, . . . ,λn0 ,yn0+1] ∈ R1×(n0+1),
b0 = [0, . . . ,0,1]T ∈R(n0+1)×1 and A0 = [ai j]∈R(n0+1)×h0

with

ai j = 1U
Ei∩Hi

(D j)−Π(Ei|Hi) ·1U
Hi
(D j),

a(n0+1) j = 1U
H0

0
(D j) = 1.

In turn, by Farkas’ lemma, the non-solvability of S ∗
0 is

equivalent to the solvability of the following system

S0 :
{

A0x0 = b0,
x0 ≥ 0,

where x0 = [x1, . . . ,xh0 ]
T ∈Rh0×1. Defining m0 : P(Ω)→

[0,1] by setting m0(D j) = x j, for j = 1, . . . ,h0, and 0 oth-
erwise, we get the Möbius inverse of a necessity mea-
sure whose dual is a possibility measure Π0 such that
Π0(H0

0 ) = 1, Π0((H0
0 )

c) = 0, and

Π0(Ei∩Hi)−Π(Ei|Hi) ·Π0(Hi) = 0.
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Thus, if Π0(Hi)> 0 we have that

Π0(Ei∩Hi)

Π0(Hi)
= Π(Ei|Hi).

For α > 0, let Iα = {i ∈ {1, . . . ,n0} : Πβ (Hi) =
0,β = 0, . . . ,α − 1}. If Iα = /0 the construction
stops, otherwise let Hα

0 =
⋃

i∈Iα Hi and set Fα =
{Ei|Hi}i∈Iα where nα = cardFα . Fix the enumeration
Fα = {Ek1 |Hk1 , . . . ,Eknα

|Hknα
}. Again, we have that b-

coherence implies the existence of Dα = {D1, . . . ,Dhα
} ∈

chains(U ,Hα
0 ) such that the following system has no so-

lution

S ∗
α :
{

yα Aα ≤ 0,
yα bα > 0,

where yα = [λ1, . . . ,λnα
,ynα+1] ∈ R1×(nα+1), bα =

[0, . . . ,0,1]T ∈ R(nα+1)×1 and Aα = [ai j] ∈ R(nα+1)×hα

with

ai j = 1U
Eki∩Hki

(D j)−Π(Eki |Hki) ·1
U
Hki

(D j),

a(nα+1) j = 1U
Hα

0
(D j) = 1.

In turn, by Farkas’ lemma, the non-solvability of S ∗
α is

equivalent to the solvability of the following system

Sα :
{

Aα xα = bα ,
xα ≥ 0,

where xα = [x1, . . . ,xhα
]T ∈ Rhα×1. Defining mα :

P(Ω)→ [0,1] by setting mα(D j) = x j, for j = 1, . . . ,hα ,
and 0 otherwise, we get the Möbius inverse of a necessity
measure whose dual is a possibility measure Πα such that
Πα(Hα

0 ) = 1, Πα((Hα
0 )c) = 0, and

Πα(Eki ∩Hki)−Π(Eki |Hki) ·Πα(Hki) = 0.

Thus, if Πα(Hki)> 0 we have that

Πα(Eki ∩Hki)

Πα(Hki)
= Π(Eki |Hki).

Let k be the first index such that Ik+1 = /0. Then
{Π0, . . . ,Πk} is by construction a H -minimal agreeing
class corresponding to a conditional possibility Π′(·|·) on
P(Ω)×H that extends Π.

By identifying every unconditional event E with the
conditional event E|Ω, the b-coherence condition for an
unconditional assessment Π : G → [0,1] with G ⊆P(Ω)
reduces to: for every finite F = {E1, . . . ,En} ⊆ G , there
exists D ∈ chains(U ,Ω), such that for every λ1, . . . ,λn ∈
R, the function G : D → R defined, for every D ∈D , as

G(D) =
n

∑
i=1

λi ·
[
1U

Ei
(D)−Π(Ei)

]
(9)

satisfies max
D∈D

G(D) ≥ 0. In particular, Theorem 5 guar-

antees that every b-coherent unconditional assessment
Π : G → [0,1] can be extended to a possibility measure
Π′ : P(Ω)→ [0,1].

Example 1 Let Ω= {ω1,ω2,ω3} and consider the assess-
ment Π(A|Ω) = Π(A|B) = Π(B|Ω) = 1

5 , where A = {ω1}
and B = {ω1,ω2}. We show that such assessment is not b-
coherent by referring to a combination of bets involving the
three conditional events. At this aim take H0 = Ω, therefore
chains(U ,H0) = {D1, . . . ,D6} where

D1 = {{ω1},{ω1,ω2},Ω} D2 = {{ω1},{ω1,ω3},Ω}
D3 = {{ω2},{ω1,ω2},Ω} D4 = {{ω2},{ω2,ω3},Ω}
D5 = {{ω3},{ω1,ω3},Ω} D6 = {{ω3},{ω2,ω3},Ω}

For λ1,λ2,λ3 ∈ R, let λi, j = λi + λ j and λ1,2,3 = λ1 +
λ2 +λ3. Consider the gain function Gk on every Dk:

D1 {ω1} {ω1,ω2} Ω

G1
4
5 λ1,2,3

4
5 λ1,2,3

4
5 λ1,2,3

D2 {ω1} {ω1,ω3} Ω

G2
4
5 λ1,2,3

4
5 λ1,2,3

4
5 λ1,2,3

D3 {ω2} {ω1,ω2} Ω

G3 − 1
5 λ1,2 +

4
5 λ3

4
5 λ1,2,3

4
5 λ1,2,3

D4 {ω2} {ω2,ω3} Ω

G4 − 1
5 λ1,2 +

4
5 λ3 − 1

5 λ1,2 +
4
5 λ3

4
5 λ1,2,3

D5 {ω3} {ω1,ω3} Ω

G5 − 1
5 λ1,3

4
5 λ1,2,3

4
5 λ1,2,3

D6 {ω3} {ω2,ω3} Ω

G6 − 1
5 λ1,3 − 1

5 λ1,2 +
4
5 λ1,2,3

4
5 λ1,2,3

Choosing λ1,λ2,λ3 such that λ1,2,3 < 0, we have that
max
D∈Dk

Gk(D)< 0 for k = 1,2. Choosing λ1,λ2,λ3 such that

λ1,2,3 < 0 and λ3 < 1
4 λ1,2, we have that max

D∈Dk
Gk(D) < 0

for k = 3,4. Choosing λ1,λ2,λ3 such that λ1,2,3 < 0 and
λ1,3 > 0, we have that max

D∈D5
G5(D)< 0. Finally, choosing

λ1,λ2,λ3 such that λ1,2,3 < 0, λ3 <
1
4 λ1,2 and λ1,3 > 0, we

have that max
D∈D6

G6(D)< 0. Therefore the assessment Π is

not b-coherent.
On the other hand, the assessment is immediately seen

not to be e-coherent as it cannot exist a conditional possi-
bility Π′ extending Π since

Π(A|Ω) 6= Π(A|B) ·Π(B|Ω).

The next result shows that b-coherence (e-coherence) is
a necessary and sufficient condition for the extendibility of
an assessment Π on G to a full conditional possibility Π′

on P(Ω). As a by-product, such result assures that every b-
coherent (e-coherent) unconditional possibility assessment
can be extended to a full conditional possibility on P(Ω).
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Theorem 6 Let Π : G → [0,1] be a numerical conditional
possibility assessment. Then Π can be extended to a full
conditional possibility Π′ on P(Ω) if and only if Π is
b-coherent (e-coherent).

Proof The only if part is trivial since if Π can be ex-
tended to a full conditional possibility on P(Ω), then it
is e-coherent and, so, b-coherent. Thus, we only prove the
if part. By the equivalence between b-coherence and e-
coherence proved in Theorem 5, there exists a conditional
possibility defined on P(Ω)×H extending Π, where H
is the additive class obtained closing E (G ) with respect
to unions. In turn, Theorem 4 in [7] assures that such con-
ditional possibility can be extended to a full conditional
possibility Π′ on P(Ω).

4. Comparative Conditional Possibility
Assessments

Let B ⊆P(Ω) be a non-empty set of events and H ∈
P(Ω)0. Consider a pair of binary relations (-H ,≺H) on
B×{H} expressing a comparative conditional possibility
assessment of an agent.

For every E|H,F |H ∈B×{H}, E|H -H F |H stands
for “E is no more possible than F under the hypothesis
that H occurs”, and E|H ≺H F |H stands for “F is more
possible than E under the hypothesis that H occurs”, respec-
tively. As usual, E|H ∼H F |H denotes the equipossibility
judgment E|H -H F |H and F |H -H E|H. It is natural to
have ≺H⊆-H \ ∼H since, at an initial stage of judgment,
the agent may not have decided yet if E|H ≺H F |H or
E|H ∼H F |H and so he/she sets E|H -H F |H.

The relation -H is complete if, for every E|H,F |H ∈
B×{H}, either E|H -H F |H or F |H -H E|H, and transi-
tive if, for every E|H,F |H,G|H ∈B×{H}, E|H -H F |H
and F |H -H G|H implies E|H -H G|H. Finally, -H is a
weak order if it is complete and transitive.

Obviously, if -H is complete then we assume, as usual,
that ≺H coincides with the asymmetric part of -H , i.e.,
E|H ≺H F |H if and only if E|H -H F |H and ¬(F |H -H
E|H), so, we do not need to refer to the pair (-H ,≺H), as
we can work with -H alone.

In the following no property (such as completeness or
transitivity) is required for -H or ≺H .

Definition 7 A pair (-H ,≺H) of relations on a set
B × {H} of conditional events is called strengthened
(conditional) relation if, for every E|H,F |H ∈B×{H},
E|H ≺H F |H implies E|H -H F |H and ¬(F |H -H E|H),
and the relation ≺H is not empty.

Note that, the existence of at least a strict comparison is
easily met, possibly by adding the non-triviality condition
/0|H ≺H Ω|H.

In what follows we consider an arbitrary non-empty set
of conditional events G ⊆P(Ω)×P(Ω)0 and denote
again by E (G ) = {H ∈ P(Ω)0 : E|H ∈ G } the corre-
sponding set of conditioning events related to G .

We assume that the agent is able to provide a family of
strengthened relations

{(-H ,≺H) : H ∈ E (G )}, (10)

each one defined on G ∩(P(Ω)×{H}). Denote by (-,≺)
the pair of relations on G defined as

- =
⋃
{-H : H ∈ E (G )}, (11)

≺ =
⋃
{≺H : H ∈ E (G )}, (12)

that we continue to call strengthened relation, since ≺⊆-
\ ∼ and ≺ is not empty, where ∼ is the symmetric relation
induced by -.

Notice that a strengthened relation (-,≺) on G com-
pares only events under the same conditioning event. In
what follows we refer to a strengthened relation (-,≺) on
G as a comparative conditional possibility assessment.

The following definition introduces a notion of coher-
ence in terms of representability of all weak and strict
comparisons in (-,≺). Notice that this is a comparative
version of Definition 3 in which we require that (-,≺) can
be extended by a comparative conditional possibility -′ in-
duced by a conditional possibility Π : P(Ω)×H → [0,1].
We stress that the relation -′ is actually a weak order
on P(Ω)×H defined setting, for every E|H,F |K ∈
P(Ω)×H ,

E|H -′ F |K⇐⇒Π(E|H)≤Π(F |K), (13)

thus -′ compares also conditional events under different
conditioning events. In analogy with the numerical case,
we say that -′ is full on P(Ω) if it is induced by a full
conditional possibility Π on P(Ω).

Definition 8 A comparative assessment (-,≺) on G is
said to be ec-coherent if there exists a conditional possibil-
ity Π : P(Ω)×H → [0,1], where H is the additive class
obtained closing E (G ) with respect to unions, such that,
for every E|H,F |H ∈ G ,{

E|H - F |H =⇒Π(E|H)≤Π(F |H),

E|H ≺ F |H =⇒Π(E|H)< Π(F |H).
(14)

The following definition introduces a coherence notion
analogous to that in Definition 4.

Definition 9 A comparative assessment (-,≺) on G is
said to be bc-coherent if for every strict comparison
E|H ≺ F |H there exists a fixed real number δ(E|H,F |H) > 0
such that, for every finite number of comparisons E1|H1 -
F1|H1, . . . ,En|Hn - Fn|Hn, there exists D ∈ chains(U ,H0)
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with H0 =
⋃n

i=1 Hi, assuring that for every λ1, . . . ,λn ≥ 0,
and setting δi = δ(Ei|Hi,Fi|Hi) if Ei|Hi ≺ Fi|Hi and 0 other-
wise, the function G : D → R defined, for every D ∈ D ,
as

G(D) =
n

∑
i=1

λi ·
[
1U

Fi∩Hi
(D)−1U

Ei∩Hi
(D)−δi ·1U

Hi
(D)
]
(15)

satisfies max
D∈D

G(D)≥ 0.

The above condition requires the existence of a pos-
itive real number δ(E|H,F |H) for every strict comparison
E|H ≺ F |H, to be interpreted as a “penalty fee” for betting
on it. Also in this case, the function G introduced in Defini-
tion 9 can be regarded as the gain in a combination of con-
ditional bets assuming partially resolving uncertainty and
consonance, plus a systematically optimistic behavior. We
have that the single bet on Ei|Hi - Fi|Hi has non-negative
stake λi and assumes to bet in favor of the more possible
conditional event and against the less possible conditional
event. Further, the agent accepts to pay a “penalty fee” if
the comparison is strict. The bet is called off if no informa-
tion on the occurrence of Hi is obtained in the considered
chain. The bc-coherence condition requires that there exists
a chain D such that for every combination of bets on the
considered comparisons the gain is not uniformly negative
over D (no sure loss).

We stress that, Definition 9 provides a betting scheme
interpretation even if the condition is not purely qualitative.
A purely qualitative characterization of a coherent condi-
tional comparative possibility relation has been given in [5]
in the case T = min.

Theorem 10 For a comparative conditional possibility as-
sessment (-,≺) on G , the following statements are equiv-
alent:

(i) (-,≺) is ec-coherent;

(ii) (-,≺) is bc-coherent.

Proof (i) =⇒ (ii). If (-,≺) is ec-coherent, then there
is a conditional possibility on Π : P(Ω)×H → [0,1]
representing all the weak and strict comparisons in (-,≺),
where H is the additive class obtained closing E (G ) with
respect to unions.

For every strict comparison E|H ≺ F |H, let δ(E|H,F |H) =
Π(F |H)−Π(E|H). For every finite number of compar-
isons E1|H1 - F1|H1, . . . ,En|Hn - Fn|Hn, let H0 =

⋃n
i=1 Hi

and set δi = δ(Ei|Hi,Fi|Hi) if Ei|Hi ≺ Fi|Hi and 0 other-
wise. Then Π(·|H0) is a possibility measure on P(Ω)
whose dual necessity measure has Möbius inverse m.
Since Π(H0|H0) = 1 and Π(Hc

0 |H0) = 0, there exists a
D = {D1, . . . ,Dh} ∈ chains(U ,H0) containing the focal
elements of m. Consider the matrices A = [a1 j]∈R1×h and
B = [bi j] ∈ Rn×h with

a1 j = 1U
H0
(D j) = 1,

bi j = 1U
Fi∩Hi

(D j)−1U
Ei∩Hi

(D j)−δi ·1U
Hi
(D j).

Setting x = [m(D1), . . . ,m(Dh)]
T ∈Rh×1, we have that x is

a solution of the following system

S :

 Ax > 0,
Bx≥ 0,
x≥ 0.

By the Motzkin’s theorem of the alternative [26], the
above system S has solution if and only if the following
system has no solution

S ∗ :

 yA+ zB≤ 0,
y,z≥ 0,
y 6= 0,

where y = [y1] ∈ R1×1 and z = [λ1, . . . ,λn] ∈ R1×n. There-
fore, for every y1 > 0 and λ1, . . . ,λn ≥ 0 there must exist
at least an index j ∈ {1, . . . ,h} such that (yA+ zB) j >
0. Moreover, since (yA) j = y1 for every j ∈ {1, . . . ,h},
then the non-solvability of S ∗ is equivalent, for every
λ1, . . . ,λn ≥ 0, to the existence of j ∈ {1, . . . ,h} such that
(zB) j ≥ 0, which, in turn, is equivalent to

max
j∈{1,...,h}

G(D j)≥ 0,

where we set

G(D j) =
n

∑
i=1

λi ·
[
1U

Fi∩Hi
(D j)−1U

Ei∩Hi
(D j)−δi ·1U

Hi
(D j)

]
.

(ii) =⇒ (i). Suppose (-,≺) is bc-coherent. Let H be
the additive class obtained closing E (G ) with respect to
unions, whose top element is H0

0 =
⋃

H∈E (G ) H. We show
that bc-coherence implies the existence of a H -minimal
agreeing class {Π0, . . . ,Πk} on P(Ω) corresponding to a
conditional possibility Π(·|·) on P(Ω)×H representing
all weak and strict comparisons in (-,≺).

Let R0 = {(E|H,F |H) ∈ G 2 : E|H - F |H} and set
n0 = cardR0. Consider an enumeration of all compar-
isons E1|H1 - F1|H1, . . . ,En0 |Hn0 - Fn0 |Hn0 and set δi =
δ(Ei|Hi,Fi|Hi) if Ei|Hi ≺ Fi|Hi and 0 otherwise. Proceeding
as in the last part of the proof of the converse implica-
tion, we have that bc-coherence implies the existence of
D0 = {D1, . . . ,Dh0} ∈ chains(U ,H0

0 ) such that the follow-
ing system has no solution

S ∗
0 :

 y0A0 + z0B0 ≤ 0,
y0,z0 ≥ 0,
y0 6= 0,

where y0 = [y1] ∈ R1×1, z0 = [λ1, . . . ,λn0 ] ∈ R1×n0 , A0 =
[a1 j] ∈ R1×h0 and B0 = [bi j] ∈ Rn0×h0 with

a1 j = 1U
H0

0
(D j) = 1,
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bi j = 1U
Fi∩Hi

(D j)−1U
Ei∩Hi

(D j)−δi ·1U
Hi
(D j).

In turn, by the Motzkin’s theorem of the alternative, the
non-solvability of S ∗

0 is equivalent to the solvability of the
following system

S0 :

 A0x0 > 0,
B0x0 ≥ 0,
x0 ≥ 0,

where x0 = [x1, . . . ,xh0 ]
T ∈Rh0×1. Defining m0 : P(Ω)→

[0,1] by setting m0(D j) =
x j

∑
h0
r=1 xr

, for j = 1, . . . ,h0, and 0

otherwise, we get the Möbius inverse of a necessity measure
whose dual is a possibility measure Π0 such that Π0(H0

0 ) =
1, Π0((H0

0 )
c) = 0, and

Π0(Fi∩Hi)−Π0(Ei∩Hi)−δi ·Π0(Hi)≥ 0.

Thus, if Π0(Hi)> 0 we have that

Π0(Fi∩Hi)

Π0(Hi)
− Π0(Ei∩Hi)

Π0(Hi)
≥ δi.

For α > 0, let Iα = {i ∈ {1, . . . ,n0} : Πβ (Hi) =
0,β = 0, . . . ,α − 1}. If Iα = /0 the construction
stops, otherwise let Hα

0 =
⋃

i∈Iα Hi and set Rα =
{(Ei|Hi,Fi|Hi)}i∈Iα where nα = cardRα . Fix the enumera-
tion Ek1 |Hk1 - Fk1 |Hk1 , . . . ,Eknα

|Hknα
- Fknα

|Hknα
and set

δi = δ(Eki |Hki ,Fki |Hki )
if Eki |Hki ≺ Fki |Hki and 0 otherwise.

Again, we have that bc-coherence implies the existence of
Dα = {D1, . . . ,Dhα

} ∈ chains(U ,Hα
0 ) such that the fol-

lowing system has no solution

S ∗
α :

 yα Aα + zα Bα ≤ 0,
yα ,zα ≥ 0,
yα 6= 0,

where yα = [y1]∈R1×1, zα = [λ1, . . . ,λnα
]∈R1×nα , Aα =

[a1 j] ∈ R1×hα and Bα = [bi j] ∈ Rnα×hα with

a1 j = 1U
Hα

0
(D j) = 1,

bi j = 1U
Fki∩Hki

(D j)−1U
Eki∩Hki

(D j)−δi ·1U
Hki

(D j).

In turn, by the Motzkin’s theorem of the alternative, the
non-solvability of S ∗

α is equivalent to the solvability of the
following system

Sα :

 Aα xα > 0,
Bα xα ≥ 0,
xα ≥ 0,

where xα = [x1, . . . ,xhα
]T ∈ Rhα×1. Defining mα :

P(Ω) → [0,1] by setting mα(D j) =
x j

∑
hα
r=1 xr

, for j =

1, . . . ,hα , and 0 otherwise, we get the Möbius inverse of a
necessity measure whose dual is a possibility measure Πα

such that Πα(Hα
0 ) = 1, Πα((Hα

0 )c) = 0, and

Πα(Fki ∩Hki)−Πα(Eki ∩Hki)−δi ·Πα(Hki)≥ 0.

Thus, if Πα(Hki)> 0 we have that

Πα(Fki ∩Hki)

Πα(Hki)
−

Πα(Eki ∩Hki)

Πα(Hki)
≥ δi.

Let k be the first index such that Ik+1 = /0. Then
{Π0, . . . ,Πk} is by construction a H -minimal agreeing
class corresponding to a conditional possibility Π(·|·) on
P(Ω)×H representing all weak and strict comparisons
in (-,≺).

Also in the comparative case, by identifying every
unconditional event E with the conditional event E|Ω,
the bc-coherence condition for an unconditional assess-
ment (-,≺) on G with G ⊆P(Ω) reduces to: for every
strict comparison E ≺ F there exists a fixed real number
δ(E,F) > 0 such that, for every finite number of comparisons
E1 - F1, . . . ,En - Fn, there exists D ∈ chains(U ,Ω), as-
suring that for every λ1, . . . ,λn ≥ 0, and setting δi = δ(Ei,Fi)

if Ei ≺ Fi and 0 otherwise, the function G : D →R defined,
for every D ∈D , as

G(D) =
n

∑
i=1

λi ·
[
1U

Fi
(D)−1U

Ei
(D)−δi

]
(16)

satisfies max
D∈D

G(D)≥ 0.

Notice that, a weak order - on an algebra of events
G ⊆P(Ω) is bc-coherent if and only if it is a comparative
possibility relation in the sense of Dubois [15].

Example 2 Let Ω, A and B as in Example 1 and consider
an assessment (-,≺) such that B|Ω - A|Ω, /0|Ω ≺ A|Ω,
A|B ≺ Ω|B. We refer to a combination of bets involving
the three given comparisons. Let H0 = Ω and consider
chains(U ,H0) = {D1, . . . ,D6} as in Example 1. For this
assessment to be bc-coherent there must exist fixed posi-
tive numbers δ( /0|Ω,A|Ω) and δ(A|B,Ω|B) to be interpreted as

“penalty fees” for betting on strict comparisons. Let δ1 = 0,
δ2 = δ( /0|Ω,A|Ω) and δ3 = δ(A|B,Ω|B), and denote δi = 1−δi.

Consider the gain function Gk on every Dk:

D1 {ω1} {ω1,ω2} Ω

G1 λ2δ2−λ3δ3 λ2δ2−λ3δ3 λ2δ2−λ3δ3
D2 {ω1} {ω1,ω3} Ω

G2 λ2δ2−λ3δ3 λ2δ2−λ3δ3 λ2δ2−λ3δ3
D3 {ω2} {ω1,ω2} Ω

G3 −λ1−λ2δ2 +λ3δ3 λ2δ2 +λ3δ3 λ2δ2−λ3δ3
D4 {ω2} {ω2,ω3} Ω

G4 −λ1−λ2δ2 +λ3δ3 −λ1−λ2δ2 +λ3δ3 λ2δ2−λ3δ3
D5 {ω3} {ω1,ω3} Ω

G5 −λ2δ2−λ3δ3 λ2δ2−λ3δ3 λ2δ2−λ3δ3
D6 {ω3} {ω2,ω3} Ω

G6 −λ2δ2 −λ1−λ2δ2 +λ3δ3 λ2δ2−λ3δ3

Choosing λ1,λ2,λ3 ≥ 0 such that λ3 > max
{

δ2
δ3

λ2,0
}

,

we have that max
D∈Dk

Gk(D) < 0 for k = 1,2,5. Choosing
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λ1,λ2,λ3 ≥ 0 such that λ3 > max
{

δ2
δ3

λ2,0
}

and λ1 >

max{−λ2δ2 +λ3δ3,0}, we have that max
D∈Dk

Gk(D) < 0 for

k = 3,4. Choosing λ1,λ2,λ3 ≥ 0 such that λ2 > 0, λ3 >

max
{

δ2
δ3

λ2,0
}

and λ1 > max{−λ2δ2 +λ3δ3,0}, we have

that max
D∈D6

G6(D) < 0. This implies that there cannot ex-

ist positive δ( /0|Ω,A|Ω) and δ(A|B,Ω|B) satisfying Definition 9.
Therefore the assessment (-,≺) is not bc-coherent.

On the other hand, the assessment is immediately seen
not to be ec-coherent since every conditional possibility Π

representing the given comparisons is such that Π(A|Ω) =
Π(B|Ω)> 0 and Π(A|B)< 1, therefore

Π(A|Ω) 6= Π(A|B) ·Π(B|Ω).

The next result shows that bc-coherence (ec-coherence)
is a necessary and sufficient condition for the extendibil-
ity of an assessment (-,≺) on G to a full comparative
conditional possibility -′ on P(Ω) induced by a full con-
ditional possibility Π on P(Ω). As a by-product, such
result assures that every bc-coherent (ec-coherent) compar-
ative unconditional possibility assessment can be extended
to a full comparative conditional possibility on P(Ω).

Theorem 11 Let (-,≺) on G be a comparative condi-
tional possibility assessment. Then (-,≺) can be extended
to a full comparative conditional possibility -′ on P(Ω)
if and only if (-,≺) is bc-coherent (ec-coherent).

Proof The only if part is trivial since if (-,≺) can be
extended to a full comparative conditional possibility -′

on P(Ω), then it is ec-coherent and, so, bc-coherent. Thus,
we only prove the if part. By the equivalence between bc-
coherence and ec-coherence proved in Theorem 10, there
exists a conditional possibility defined on P(Ω)×H rep-
resenting all the weak an strict comparisons in (-,≺),
where H is the additive class obtained closing E (G ) with
respect to unions. In turn, Theorem 4 in [7] assures that
such conditional possibility can be extended to a full condi-
tional possibility on P(Ω). Finally, such full conditional
possibility induces the searched full comparative condi-
tional possibility -′ on P(Ω).

5. Conclusions
We introduce two coherence conditions (namely, b-
coherence and bc-coherence) for numerical and compara-
tive conditional possibility assessments, proving they are
equivalent to the extendibility of the given assessment to
a numerical or comparative conditional possibility defined
on a structured domain. Both conditions provide an opera-
tional tool to elicit a subjective numerical or comparative
conditional possibility assessment and rule the extension
of the given assessment to any larger domain.

The generalization of the present results to arbitrary sets
of conditional events will be the aim of future research.
Another possible generalization, limited to the comparative
case, consists in allowing comparisons of conditional events
under different conditioning events. Further, the proposed
conditions can be reformulated interpreting events as purely
logical entities, that is by referring to abstract Boolean
algebras, as in de Finetti’s approach to probability.

We point out that, if in Definitions 4 and 9 we define
the gain G on U0 = {B ∈ U : B ⊆ H0} and require that
max
B∈U0

G(B) ≥ 0, then we assume that the agent bets under

partially resolving uncertainty but not under consonance. In
this case, it is possible to show (see [10]) that the resulting
coherence conditions refer to the axiomatic definition of
conditional plausibility function given in [6]. In analogy, if
in Definitions 4 and 9 we define the gain G on C0 = {{ω} ∈
U : ω ∈ H0} and require that max

{ω}∈C0
G({ω}) ≥ 0, then

we assume that the agent bets under completely resolving
uncertainty. In this case, the resulting coherence conditions
refer to the axiomatic definition of conditional probability
due to Dubins [14].
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