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Abstract
Statistical analyses with composite hypotheses are
omnipresent in empirical sciences, and a decision-
theoretic account is required in order to formally con-
sider their practical relevance. A Bayesian hypothesis-
based decision-theoretic analysis requires the specifi-
cation of a prior distribution, the hypotheses, and a loss
function, and determines the optimal decision by mini-
mizing the expected posterior loss of each hypothesis.
However, specifying such a decision problem unam-
biguously is rather difficult as, typically, the relevant in-
formation is available only partially. In order to include
such incomplete information into the analysis and to
facilitate the use of decision-theoretic approaches in
applied sciences, this paper extends the framework
of hypothesis-based Bayesian decision making with
composite hypotheses into the framework of impre-
cise probabilities, such that imprecise specifications
for the prior distribution, for the composite hypothe-
ses, and for the loss function are allowed. Imprecisely
specified composite hypotheses are sets of parameter
sets that are able to incorporate blurring borders be-
tween hypotheses into the analysis. The imprecisely
specified prior distribution gets updated via general-
ized Bayes rule, such that imprecise probabilities of
the (imprecise) hypotheses can be calculated. These
lead – together with the (imprecise) loss function – to a
set-valued expected posterior loss for finding the opti-
mal decision. Beneficially, the result will also indicate
whether or not the available information is sufficient to
guide the decision unambiguously, without pretending
a level of precision that is not available.
Keywords: Decision Theory, Bayesian Statistics,
Composite Hypotheses, Imprecise Probabilities

1. Introduction

There is an increased awareness within the applied sciences
that it is important to consider the practical relevance of
an effect in addition to its statistical significance (see e.g.
Kirk, 1996). Implemented in hypothesis-based methodolo-
gies, this relates to specifying the hypotheses reasonably
w.r.t. their practical implications (see e.g. methods using
regions of practical equivalence (Kruschke, 2015, 2018)
or equivalence tests (Lakens, 2017; Lakens et al., 2018)).

Practical implications naturally depend on what results are
used for. Aptly put by Berger and Wolpert (1988, p. 55):
“But no matter what is meant by inference, if it is to be of
any value, then somehow it must be used, or acted upon,
and this does indeed lead back to the decision-theoretic
framework.” However, a decision-theoretic analysis (see
e.g. Berger, 1985) is typically avoided in applied sciences
(cp. e.g. the recommendation in Rouder et al., 2018, p. 110).
This might be explained by the fact that many required
quantities are very difficult to specify unambiguously, as
relevant information is typically available only partially.

In order to facilitate such a decision-theoretic analysis,
this paper intends to extend hypothesis-based analyses into
a decision-theoretic framework that allows for impartial
information to be included properly, building on the frame-
work of imprecise probabilities (see e.g. Augustin et al.,
2014a; Walley, 1991). Therefore, previous elaborations
on imprecise hypothesis-based Bayesian decision making
(Schwaferts and Augustin, 2019) shall be extended to com-
posite hypotheses.

The paper starts by presenting the precise framework
of hypothesis-based Bayesian decision making with com-
posite hypotheses in Section 2, which serves as basis for
its extension to the framework of imprecise probabilities
in Section 3 by allowing imprecisely specified prior distri-
butions (Section 3.1), composite hypotheses (Section 3.2),
and loss functions (Section 3.3). A schematic example is
provided in Section 4, followed by a discussion about scal-
ability (Section 5.1) and the conditional perspective (Sec-
tion 5.2), as well as by a brief outlook in Section 6.

2. Precise Hypothesis-Based Bayesian
Decision Making

Within the context of decision making (for an extensive
overview see Berger, 1985), the observed data x are com-
monly assumed to be parametrically distributed with den-
sity f (x|θ) and parameter θ ∈Θ. Although generalizations
to multidimensional parameters are possible, the parameter
θ is assumed to be a single real-valued scalar within this
paper to keep the notation simple.

In the Bayesian setting, there is a prior distribution πθ

on the parameter θ with density π(θ). In the presence of
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the observed data x, this prior distribution gets updated via
Bayes rule to the posterior distribution πθ |x with density

π(θ |x) = f (x|θ) ·π(θ)
f (x)

, (1)

where
f (x) =

∫
Θ

f (x|θ) ·π(θ)dθ (2)

is the marginal density of the data x, assumed to be strictly
positive for all x.

Within a Bayesian analysis, results are derived from this
posterior distribution πθ |x exclusively, e.g. by considering
mean, median, or certain credibility intervals (see e.g. Kr-
uschke, 2015). If a research question contrasts different
theoretical positions, these need to be formalized as statisti-
cal hypotheses, which are then evaluated using the posterior
distribution. Formally, composite hypotheses

h0 : θ ∈Θ0 vs. h1 : θ ∈Θ1 (3)

are subsets Θ0,Θ1 ⊂Θ of the parameter space.
For the given prior distribution on θ and the observed

data x, the posterior probabilities of the hypotheses are

p(h0|x) := p(Θ0|x) =
∫

Θ0

π(θ |x)dθ , (4)

p(h1|x) := p(Θ1|x) =
∫

Θ1

π(θ |x)dθ , (5)

where we assume non-degenerated cases with p(h0|x)> 0
and p(h1|x)> 0.

Frequently, contrasting statistical hypotheses (and the
corresponding theoretical positions) is related to an applied
research question or some practical implications, being
formalized by a decision problem. Consider the case of a
decision between two actions a0 and a1 (as only two hy-
potheses are considered within this paper). A loss function

L : H ×A → R+
0 : (h,a) 7→ L(h,a) , (6)

with H = {h0,h1} being the hypothesis space and A =
{a0,a1} being the action space, quantifies the “badness” of
deciding for a ∈A if h ∈H is true.

Typically, deciding for a1 if h1 is true and for a0 if h0
is true is considered to be a correct decision, such that –
without loss of generality – the loss function can be stated
in regret form, in which deciding correctly has zero loss, i.e.
L(h1,a1) = L(h0,a0) = 0. The remaining values refer to
the type-I-error (L(h0,a1)) and the type-II-error (L(h1,a0))
and are assumed to be non-zero. In that, it is possible here
to specify the loss function L by one single quantity

k :=
L(h0,a1)

L(h1,a0)
, (7)

which specifies how bad the type-I-error is compared to
type-II-error (if deciding correctly has zero loss).

As the hypotheses (equation (3)) represent sets of pa-
rameters, the loss function L – which was defined on the
hypothesis space H and the action space A within this
paper (equation (6)) – might also be depicted w.r.t. the
parameter space Θ and the action space A , formally

Lθ : Θ×A → R+
0 : (θ ,a) 7→ Lθ (a) . (8)

An example of such a loss function in regret form w.r.t.
the hypotheses is illustrated in the context of the example
(Section 4) in Figure 1 (top).

With the expected posterior loss ρ : A → R+
0 :

a 7→ ρ(a) = L(h1,a) · p(h1|x)+L(h0,a) · p(h0|x) , (9)

the ratio of expected posterior losses

r : =
ρ(a1)

ρ(a0)
=

L(h0,a1) · p(h0|x)
L(h1,a0) · p(h1|x)

(10)

= k · p(h0|x)
p(h1|x)

(11)

allows to determine the set A ∗ of optimal actions (in the
context of the conditional Bayes decision principle Berger,
1985, p. 16)

A ∗ =


{a0} if r < 1
{a1} if r > 1
{a0,a1} if r = 1

. (12)

Both actions are optimal, if r = 1. In this case, one might
arbitrarily select one of the actions, as both actions have
exactly the same expected posterior loss and can, therefore,
be considered as practically equal.

3. Imprecise Hypothesis-Based Bayesian
Decision Making

Within the framework of hypothesis-based Bayesian deci-
sion theory, imprecision shall be investigated for the prior
distribution, the composite hypotheses, and the loss func-
tion, as an unambiguous precise specification of those quan-
tities appears to bear the most difficulties for applied scien-
tists (in contrast to precise data, likelihoods and parameters).
Nevertheless, an extension towards imprecise data, impre-
cise likelihoods (see e.g. Walley, 1991, ch. 8) and imprecise
parameters (for imprecise parameters in the context of sim-
ple hypotheses Schwaferts and Augustin, 2019) seems very
powerful and shall be considered in future developments.

3.1. Imprecise Prior Distribution

A Bayesian analysis requires the specification of a prior dis-
tribution on the parameter. However, it is often impossible
to determine one single precise prior distribution describing
adequately the extent and homogeneity of the knowledge
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at hand (e.g. Augustin et al., 2014b, Section 7.2). This im-
possibility is further illustrated by the fact that even the
interpretation of a prior distribution is not unambiguously
agreed on, with interpretations as knowledge (e.g. in Jaynes,
2003) or information (e.g. in Berger, 1985) or degrees of be-
lief (e.g. in Jeffreys, 1961) or uncertainty (e.g. in Kruschke,
2015) about the parameter before observing the data. In-
stead, following the framework of imprecise probabilities
(Walley, 1991), a set of prior distributions is considered
to be more suitable. This set shall be denoted by Πθ and
referred to as imprecise prior distribution. It constitutes a
quantity of its own and represents the prior situation. This
imprecise prior gets updated after observing the data x to
an imprecise posterior distribution

Πθ |x =
{

πθ |x
∣∣πθ ∈Πθ

}
, (13)

where each posterior distribution πθ |x is obtained via Bayes
rule (equation (1)) from one of the prior distributions
πθ ∈Πθ . Updating such a set of prior probabilities element
by element is very natural in the context of Bayesian sensi-
tivity analyses and so-called robust Bayesian approaches
(e.g. Rios Insua and Ruggeri, 2000). Moreover, it can be
justified by Walley’s general coherence theory (Walley,
1991, Chapter 6ff.), where equation (13) is deduced from
Walley’s generalized Bayes rule.1

The resulting posterior distribution Πθ |x represents the
posterior situation (given the prior Πθ and the data x) and
underlies all further derivations in a Bayesian analysis.

3.2. Imprecise Composite Hypotheses

If two theoretical positions should be contrasted with each
other, these need to be formalized as statistical hypotheses.
However, determining which parameter values correspond
to which theoretical position might not be unambiguous for
all parameter values θ . To account for this, a hypothesis
should comprise not only a single set of parameters (as in
equation (3)) but a set of parameter sets. Denote these sets
of parameter sets as

[Θ]0 := {Θ0 ⊂Θ |Θ0 reasonable under H0} (14)
[Θ]1 := {Θ1 ⊂Θ |Θ1 reasonable under H1} , (15)

where [Θ]0 contains all parameter sets Θ0 that are reason-
able for one hypothesis and [Θ]1 contains all parameter sets
Θ1 that are reasonable for the other hypothesis.

These sets are considered as entities on their own and
formalize the theoretical positions that should be contrasted
with each other, considering the available information as is.

Accordingly, the respective imprecisely specified hy-
potheses are

H0 : θ ∈ [Θ]0 vs. H1 : θ ∈ [Θ]1 . (16)

1. See, in particular, the corresponding lower envelope theorem (Wal-
ley, 1991, Section 6.4.2) and (Walley, 1991, Section 7.8.1) on the
coherence of envelopes of standard Bayesian inference.

This notation can be read as: The imprecise hypothesis H0
states that the parameter θ is of a set Θ0, which itself is
only vaguely defined by [Θ]0 (H1 analogously).

The crucial difference between precise hypotheses (equa-
tion (3)) and imprecise hypotheses (equation (16)) is that
in the precise case, a certain parameter value θ might be
assigned to either one hypothesis, the other hypothesis,
both hypotheses (such that hypotheses are overlapping), or
no hypothesis (such that this parameter value is not con-
sidered at all), while in the imprecise case, the assignment
of a certain parameter value θ to the hypotheses might be
any combination of these four options. Also note that the
imprecise parameter sets [Θ]0 and [Θ]1 are different from⋃

Θ0∈[Θ]0

Θ0 = {θ ∈Θ |θ ∈Θ0,Θ0 ∈ [Θ]0} (17)

⋃
Θ1∈[Θ]1

Θ1 = {θ ∈Θ |θ ∈Θ1,Θ1 ∈ [Θ]1} , (18)

which would represent two – most likely overlapping –
precise hypotheses, and not two imprecisely specified hy-
potheses. Precise overlapping composite hypotheses imply
that there is certainty that some parameter values θ ∈ Θ

are contained in both hypotheses, while the imprecise com-
posite hypotheses state that there is uncertainty to which
hypothesis some parameter values might be attributed. In
that, latter hypotheses inherit far less requirements on the
available information for their specification.

Although these formulations of imprecisely specified
hypotheses might be employed in statistical analyses with-
out being embedded into the decision theoretic context,
this paper focuses on their use for guiding decisions. Then,
imprecisely specified hypotheses might also be expressed
by an imprecision in the parameter-based loss function Lθ

(equation (8)), as illustrated in Figure 1 (center).
In order to obtain the (imprecise) posterior probabili-

ties P(H0|x) and P(H1|x) of the imprecise hypotheses H0
and H1 using the imprecise posterior distribution Πθ |x,
one might consider each combination of the distributions
πθ |x ∈Πθ |x and the parameter sets Θ0 ∈ [Θ]0 or Θ1 ∈ [Θ]1,
respectively, using equations (4) and (5):

P(H0|x) =
{

p(h0|x)
∣∣Θ0 ∈ [Θ]0,πθ |x ∈Πθ |x

}
(19)

P(H1|x) =
{

p(h1|x)
∣∣Θ1 ∈ [Θ]1,πθ |x ∈Πθ |x

}
. (20)

The (imprecise) ratio between these two imprecise quan-
tities is[

P(H0|x)
P(H1|x)

]
:=
{

p(h0|x)
p(h1|x)

∣∣∣∣ p(hi|x) ∈ P(Hi|x), i = 0,1
}
(21)

with supremum

P := sup
[

P(H0|x)
P(H1|x)

]
(22)

and infimum

P := inf
[

P(H0|x)
P(H1|x)

]
. (23)
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3.3. Imprecise Loss Values

Typically, the value k (see equation (7)), which completely
specifies the loss function (as in Section 2), is difficult to
specify unambiguously as a precise value due to insufficient
information. An imprecise loss function, however, allows
to consider a set K of reasonable values for k (illustrated in
Figure 1, bottom).

The imprecise ratio of expected posterior losses is a set

R :=
{

r = k · p(h0|x)
p(h1|x)

∣∣∣∣ k ∈ K,
p(h0|x)
p(h1|x)

∈
[

P(H0|x)
P(H1|x)

]}
(24)

that considers all obtainable ratios r of expected posterior
losses (equation (11)) that arise within the imprecisely spec-
ified setting.

With the supremum K := supK and infimum K := infK
of K, the imprecise ratio of expected posterior losses R is
bounded by

R := supR = K ·P (25)
R := infR = K ·P , (26)

as all these quantities are non-negative.
Now, the set A ∗ of optimal actions is

A ∗ =


{ } if R < 1 < R
{a0} if 1≤ R,1 < R
{a1} if R < 1,R≤ 1
{a0,a1} if R = R = 1

. (27)

The case with R = R depicts the precise case (as in Sec-
tion 2) generalized within the imprecise framework. For
R < 1 < R, the available information is not sufficient to un-
ambiguously declare one of the actions as optimal. There-
fore, the set A ∗ of optimal actions is empty and the deci-
sion should be withheld. If so, further information about
the imprecisely specified quantities might be obtained, such
that they can be specified more precisely (i.e. by smaller
sets), or additional data might be collected, allowing to
obtain a less imprecise ratio of expected posterior losses R
to obtain an optimal action unambiguously.

In a sense, one might say to be “indecisive” if A ∗ = { }
or if A ∗ = {a0,a1}, as both cases do not yield a single
optimal action. However, these cases are fundamentally
different. In the first case, there is not enough information
to declare one action as superior, in the second case, there
is enough information to state that both actions should be
rated as practically equal. In that, we want to emphasize
that an action is to be considered optimal within this paper,
if there is enough information available to declare it as
superior or practically equal to the other action (or actions;
for the more general case see Section 5.1).

4. Example
Does drug Z help to treat the symptoms of disease D, mea-
sured on scale S? Respective actions are

a0: do not administer drug Z to patients with disease D

a1: administer drug Z to patients with disease D

To assess this question, a team of investigators plans to
run an experiment, in which a number n = 100 of patients
with disease D are treated with drug Z and the change s j
( j = 1, . . . ,100) of their symptoms on a metric scale S is
measured.

Previous investigations showed that treating patients with
disease D with a placebo did not increase the symptoms and
the standard deviation of the change in symptoms on scale S
was 15. Therefore (and for the sake of simplicity within this
example), the changes s j ( j = 1, . . . ,100) are modelled as
(independent and identically) normally distributed random
quantities S j

iid∼ N(δ ,(15)2), where the effect parameter
δ ∈ ∆ =R represents the difference in change of symptoms
compared to the zero-change of the placebo.

A prior distribution for δ is difficult to determine. Al-
though the investigators agree that a normal distribution
δ ∼ N(µ,σ2) might be reasonable (with µ ∈M and σ ∈ Σ,
such that the hyperparameter space is M×Σ), they disagree
slightly about the specification of the hyperparameters. Af-
ter some discussions they determine that the set

Πδ =
{

N(µ,σ2)
∣∣µ ∈ [3,12],σ ∈ [10,20]

}
(28)

covers all different opinions about the hyperparameters,
and decide to use it as imprecise prior distribution.

Further, determining whether (a1) or not (a0) to adminis-
ter drug Z to treat disease D for which effect values δ is not
easy. The investigators try to consider the consequences of
different scenarios, but these cannot be outlined unambigu-
ously as this is a new field of research and some essential
information is still pending from other investigations. They
can agree that it is safe to assume that effects δ smaller
than δ = 5 do not justify administering the drug Z due to
adverse effects, and that effects δ larger than δ = 8 do
justify administering the drug Z as the benefits outweigh
the adverse effects. For effect values within [δ ,δ ] = [5,8]
the situation is less obvious. Therefore, they decide to use
the imprecise composite hypotheses

H0 : δ ∈ [∆]0 vs. H1 : δ ∈ [∆]1 (29)

with

[∆]0 :=
{

∆0 = (−∞, δ̃ ]
∣∣∣ δ̃ ∈ [5,8]

}
(30)

[∆]1 :=
{

∆1 = [δ̃ ,∞)
∣∣∣ δ̃ ∈ [5,8]

}
. (31)

Weighting potential adverse effects against possible ben-
efits of the drug Z is challenging, due to impartial informa-
tion about the adverse effects. After considering different
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cases, the investigators determine that a loss function with
k ∈ K = [K,K] = [3,15] might represent the current knowl-
edge about the consequences of drug Z quite well.

This specification of K is sufficient for the remaining
analyses, however, as illustration, consider that the loss
function might also be expressed more extensively by re-
lating it directly to the parameter δ (compare equation (8))
via the imprecise specifications (Figure 1, bottom)

Lδ (a0) =


{0} if δ < 5
{0,1} if 5≤ δ ≤ 8
{1} if 8 < δ

(32)

and

Lδ (a1) =


[3,15] if δ < 5
{0}∪ [3,15] if 5≤ δ ≤ 8
{0} if 8 < δ

. (33)

Also note, that by using this depiction, the loss function
Lδ (a) might also be interpreted – for each action a∈A – as
an imprecise gamble (illustrations in Figure 1), bridging to
the mathematical foundation of the framework of imprecise
probabilities in the spririt of Walley (1991) (see also e.g.
Quaeghebeur, 2014; Miranda and de Cooman, 2014).

Now, the investigators perform the experiment, obtain
the data s = (s1, . . . ,s100), and estimate the effect size (with
the in-sample mean) to be δ̂ = m(s) = 10.03.

Updating the imprecise prior Πδ using the generalized
Bayes rule (in this case element-wise using the Bayesian
normal-normal model with known sample variance) results
in the imprecise posterior distribution

Πδ |s =
{

N(µ,σ2)
∣∣ (µ,σ) ∈F

}
, (34)

where F is the set (within the hyperparameter space M×Σ)
as displayed in Figure 2. It can be seen that, compared to
the prior distribution Πδ , the posterior distribution Πδ |s
is extremely narrowed down. This is because there is no
prior-data-conflict (see e.g. Walter and Augustin, 2009)
and the study is highly informative with n = 100 patients,
such that the data s might easily overwhelm the initial prior
uncertainty expressed by Πδ .

With the stated hypotheses (equation (29)), the imprecise
posterior probabilities P(H0|s) and P(H1|s) are bounded
by

0.0003≤ P(H0|s)≤ 0.103 (35)
0.897≤ P(H1|s)≤ 0.9997 , (36)

leading to ratios

0.0003 = P≤ P(H0|s)
P(H1|s)

≤ P = 0.115 . (37)

Together with K the imprecise ratio R of expected poste-
rior losses is characterized by

R = 0.0009 and R = 1.725 . (38)

Figure 1: Loss Function. Loss values for both actions a0
(black) and a1 (gray) are depicted for varying
effect values δ . The top plot illustrates a precise
loss function in regret form with δ̃ = 8 (boundary
between hypotheses) and k = 3. The center plot
illustrates how using imprecisely specified hy-
potheses with δ̃ ∈ [5,8] can also be expressed by
an imprecisely specified loss function, although
k = 3 is still precise (please note the overlapping
lines at Lδ (a) = 0). The bottom plot adds an im-
precisely specified k ∈ [3,15], leading to the loss
function of the example (Section 4). Both the
top and center plot are included to illustrate the
extension of the precise case into the imprecise
framework.
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Figure 2: Prior and Posterior Distribution. The gray area
(top plot) depicts the set of hyperparameters
(µ,σ) ∈ M × Σ for the normal distributions
N(µ,σ2) that define the imprecise prior dis-
tribution Πδ . This set is bounded by the val-
ues (3,10), (3,20), (12,10), and (12,20). Up-
dating the respective distributions leads to nor-
mal distributions with parameters (9.87,1.48),
(9.99,1.49), (10.07,1.48), and (10.04,1.49), re-
spectively, being extremal elements of the set F
of hyperparamters that define the imprecise pos-
terior distribution. This set is depicted as black
area in the top plot bottom-right and enlarged
in the bottom plot. Please note the substantial
difference in scales between both plots and that
this posterior set is not convex (despite its ap-
pearance).

As R< 1<R, the investigators cannot state an unambigu-
ous conclusion with the obtained data s and the available
vague information.

Some time later, other investigations about the adverse
effects of drug Z were finalized showing that the adverse
effects are rather mild. This allows the investigators to
specify the loss function more precisely by K = [3,5] and
the imprecise ratio R of expected posterior losses narrows
down to lie between

R = 0.0009 and R = 0.575 , (39)

now permitting to state a1 as the optimal action, as R < 1.
Accordingly, the investigators recommend to administer
drug Z to treat patients with disease D.

R code to replicate the example is provided electroni-
cally.

5. Discussion

5.1. Scalability

The elaborations within this paper were restricted towards
a framework that uses only two hypotheses and, therefore,
only two actions. While this is currently the most used
framework for hypothesis-based analyses in applied sci-
ences, the considerations within this paper might naturally
be scaled towards using multiple hypotheses and actions.

In fact, the depicted case (with only two hypotheses
and actions) that determines the optimal action(s) (equa-
tion (27)) by considering the ratio R of expected posterior
losses (equation (24)) might be considered as a special case
in the context of interval dominance in the imprecise deci-
sion theoretic framework. This shall be illustrated within
the context of the example (Section 4).

As outlined in equations (32) and (33), the loss function
might also be viewed w.r.t. the parameter δ , such that the
conditions in these multi-case equations are determined
by the hypothesis specifications and the values by the ac-
tual consequences of the decision. Naturally, additional
hypotheses and actions can easily be incorporated using
this formulation (although the applied scientists might have
more values to specify).

These conditions need to be evaluated w.r.t. the poste-
rior distribution Πδ |s, determining the (imprecise) posterior
probabilities to be bounded by

0.0003≤ P(δ < 5|s) ≤ 0.0005 (40)
0.0806≤ P(5≤ δ ≤ 8|s)≤ 0.1024 (41)
0.8970≤ P(8 < δ |s) ≤ 0.9189 . (42)

The expected posterior loss ρδ : A → R+
0 :

a 7→ ρδ (a) =
∫

∆

Lδ (a) ·π(δ |s)dδ (43)
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is now based on the parameter-based loss function Lδ (in
contrast to the hypothesis-based loss function L as in equa-
tion (6)), and needs to consider that Lδ is an imprecise quan-
tity and that π(δ |s) denotes the probability densities of the
imprecise posterior Πδ |s. Respective values are bounded by

0.897 ≤ ρδ (a0)≤ 1.021 (44)
0.0009≤ ρδ (a1)≤ 1.544 . (45)

Interval dominance (see e.g. Huntley et al., 2014) com-
pares interval-valued expected posterior losses. Then, an
action is declared dominated if there exists another action
that has an interval-valued expected posterior loss being
strictly less. Such a dominated action can be ruled out. In
line with the considerations about optimal actions in Sec-
tion 3.3, we consider an action as optimal (in the context of
interval dominance) if it dominates or practically equals2

every other action. If there are other actions that cannot
be dominated by an action, information is lacking to treat
this action as superior and it should not be considered as
optimal. In the case considered here, ρδ (a0) lies within the
range of ρδ (a1), so neither expected posterior loss interval
dominates the other one. Thus, no action proves itself as
superior.

If, as in the example, additional information were gath-
ered to narrow k down to be within [3,5], the expected
posterior loss ρδ (a1) of action a1 is then bounded by

0.0009≤ ρδ (a1)≤ 0.514 , (46)

now being completely below the expected posterior loss
ρδ (a0) of action a0. Action a1 dominates action a0 and is
thus considered to be optimal. Apparently, these are the
same results as in Section 4 and R code to replicate these
numbers is provided electronically.

This illustrates that the framework depicted within this
paper can be considered as a special case of the imprecise
Bayesian decision theoretic framework using the concept
of interval dominance and the conditional Bayes principle,
which might be easily extended to additional hypotheses
and actions. By being restricted to this special case of only
two hypotheses and actions, a simple regret form of the
loss function can be used, allowing to determine the opti-
mal action easily via the ratio of expected posterior losses.
This allows to extend hypothesis-based analysis into the im-
precise decision theoretic framework without exceedingly
complicated mathematical formulas, a fact that might be
welcomed by applied scientists.

5.2. Conditional Perspective

A rigorous conditional perspective was taken within this
Bayesian decision-theoretic approach: The prior gets up-
dated first to the posterior before considering the decision

2. As depicted in Section 2, an action practically equals another action
if their expected posterior losses are precise and with identical value.

problem and finding the optimal action based on this pos-
terior distribution. However, there is also a different, i.e.
unconditional, decision-theoretic approach, which starts by
finding an optimal decision function (mapping all possible
data sets to optimal actions) by minimizing the prior risk.
This approach takes all potentially observable data sets into
account, and focuses on the actually observed data only
as a second step, evaluating the decision function at the
concretely observed sample. Within the precise case, both
approaches yield eventually the same optimal action (cp.
e.g. Berger, 1985, p. 159). This is, however, not necessarily
true within the imprecise case (Augustin, 2003),3 see also
(Seidenfeld, 1994) in a related game theoretic context, –
a fact that breathes new life into an old debate between
the conditional and the frequentist point of view. The exis-
tence of this decision-theoretic dynamic inconsistency in
the context of point-wise updating set-valued distributions
requires the applied scientists to reason about whether to
use the conditional or the unconditional perspective in their
analyses. However, the conditional perspective is gener-
ally considered to be the preferred point of view within
Bayesian statistics, as it does not consider other potential
data sets that were not observed (Jeffreys, 1961). The argu-
mentation by Berger (1985, p. 160, notation adapted, italics
preserved)

Note that, from the conditional perspective to-
gether with the utility development of the loss,
the correct way to view the situation is that
of minimizing [ρ(a)]. One should condition on
what is known, namely [x] (...), and average the
utility over what is unknown, namely θ . The de-
sire to minimize [the prior risk] would be deemed
rather bizarre from this perspective.

carries over to the rigorous generalization developed here,
at least as long as single experiments with a single decision
are considered.

6. Outlook
Within this paper, the hypothesis-based Bayesian decision-
theoretic framework with composite hypotheses was ex-
tended to include imprecise specifications of the prior dis-
tribution, the hypotheses, and the loss function. These three
quantities are expected to be the most difficult to specify
in current applied sciences, if a hypothesis-based decision-
theoretic Bayesian analysis is intended. Therefore, their
imprecise extension might provide a useful framework for
applied scientists.

3. The proof of the equivalence of prior risk and posterior loss essentially
relies on the interchangeability of integrals over the parameter space
and the sample space, which is no longer valid if also maxima/minima
of distributions have to be considered in between. This suggests that
similar dynamic inconsistencies may occur as soon as imprecise
losses are considered.
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This approach might also be seen as an extension to the
Bayes factor (Gönen et al., 2005; Kass and Raftery, 1995;
Rouder et al., 2018), a quantity involved in updating prior
probabilities of hypotheses to their posterior probabilities
(as in Section 2, equations (4) and (5)) and interpreted
as quantification of the evidence within the data w.r.t. the
hypotheses. This extension covers the ability to include
actions and a (hypothesis-based) loss function into the sta-
tistical analysis (such that the practical implication of the
study can be considered on a formal level) and the opportu-
nity to treat impartial information about the prior (see also
Ebner et al., 2019), the hypotheses, and the loss function
as it is, without requiring a level of precision that is not
available.

Appendix A. R Code

R code to replicate the example is provided electronically.
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