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Appendices

A Definitions

A.1 Markov Decision Processes and Bellman Equation

A stationary MDP is a 5-tuple (S, A, R, T, ), where S, A, R are, respectively, the set of all system states, the
set of actions that can be taken and the set of rewards that may be issued, such that rZ,, denotes the reward of
the next state s’ given that the current state is s and the action is a. T is a set of matrices of dimension |S x S|,
one for each a € A such that T, denotes the probability of the next state s’ given that the current state is s

and the action is a. v € (0,1) denotes the discount factor.

Assumption 1. We assume that for every 3-tuple (s,a,s’) € S x A x S, the magnitude of the immediate reward,
|re.,| is bounded from above by Rpasz-

ss’

A stationary policy is a mapping 7 that assigns to each state s a probability distribution over the action space
A, one for each (s,a) € S x A such that m4(a) denotes the probability of the action a given the current state is s.
Given the policy 7, its corresponding value function V™ denotes the expected value of the long-term discounted
sum of rewards in each state s, when the action is chosen by policy . The goal is to find a policy 7* that attains
the optimal value function V*(s), such that V*(s) satisfies a Bellman equation:

V*(s) = H}FE:XZﬁS(a) ST (V) Vs € S. (1)

aceA s'eS
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A.2 Matrix notation

We find it convenient to use matrix and vector notation for analysis of theorem 1, 2 and 3. We begin by
re-defining the variables of the MDP. T and r are, respectively, a |S||A| x |S| transition matrix with entries
T(sa,s') =T% and a |S||A] x |S| reward matrix with entries r(sa,s’) = r%,. T is a |S||A| x 1 column vector of
expected rewards with entries T(sa) = > g Ty .

ss’

The policy can also be re-expressed as a |S||A| x 1 vector 7 with entries 7w(sa) = 75(a). In addition, it will be
convenient to introduce a |S| x |S||.A| matrix I, given by:

sy (a1) -+ s, (aga))

- Tsy(ar) - sy (aga)) ) | .

s (@1) -+ s 5, (a).4))

where IT consists of |S| row blocks, each of length |A|, which are arranged diagonally. The policy matrix IT is
related to the policy vector by 7w = IIT1 with 1 denotes a |S| x 1 vector of all 1s. Further, one can easily
verify that the matrix-product IIT gives the state to state transition matrix for the policy 7.

One can also present the value function in vector space. v™ is a |S| x 1 vector with entries v™(s) = V7 (s). The
Bellman equation (1) can now be re-expressed in matrix notation as:

Vi = Mo (T+7Tv"), (3)
where M, is the max operator on the |S||.A| x1 vector F-+yTv*, such that Mo (F+7Tv*)(s) = maxae (T(sa)+
YTv*(sa)).

Often it is convenient to associate value functions not with states but with state-action pairs. Therefore, we
introduce a |S||.A| x 1 vector of the action-values g™ whose entries q™ (sa) denotes the expected value of the sum
of future rewards for all state-action (s,a) € S x A, provided the future actions are chosen by the policy . q™
satisfies the following Bellman equation:

q" =T=q" =T +~TIIq", (4)

where we introduce the Bellman operator 7T and q™ denotes the fixed point of T .. The optimal q, q*, also
satisfies a Bellman equation:
Q=Tq" =7 +7TM.q", (5)

where we introduce the Bellman operator 7. g* denotes the fixed point of the operator T .

Both 7 and T . are contraction mappings with the factor v (?, chap. 1). In other words, for any two vectors q
and q’, we have:

[Ta-Tdl, <7vla—dl [Tra = Txd oo <vla—dll, (6)
where || - ||oo denotes an Loo-norm on RISIAI
The operator O defined can be written in matrix notation as:
Op=p+T+~1yTM,p - EM,p. (7)

Here, p denotes a |S||A| x 1 vector of the action preferences. M,, is the soft-max operator on the vector p with
M, p(s) = M,P(s). 2 1is a |S||A| x |S| matrix given by:
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where = consists of |S| column blocks of 1s, each of length |A|, which are arranged diagonally. = transforms the
|S| x 1 vector M, p to the |S||A| x 1 vector EM,p with EM,p(sa) = M, p(s). Further, one can easily verify
that for any policy matrix defined by (2):

> m(s1a)

acA

2. m(s20)

acA

=
o
I
I
-
&

> m(sis1a)

acA
where I is a |S] x |S| identity matrix.

We know that lim,_,. M,p = Mp. Further, It is not difficult to show that the following inequality holds for
[Mocp — Mypl|

Lemma 1. Let p be a |S||A| X 1 vector of action preferences and n be a positive constant, then an upper bound
for |Myp — Muopl|, can be obtained as follows:

1
[Myp — Mupl|, < Elog(lfll)-

Proof. (sketch) First, we note that M,p — Myp = M,(p — Myp) < 0. Then we apply equation (12)
of the main article to each entries of p — Mqp. Now, one can easily show that £,(p — Msp)(s) < 0
for all s € S. This combined with the fact that for the probability distribution 7: H(s) < log(|.A|) derive
0< Mop—-—M,;p< %log(|A|). The result then follows by taking the sup-norm. O

Defining p,, as the action preference resulted by the n*! iteration of (7), we have:

Pn=Pn-1+T+7TM;pr1 —EM;pPr_1

_ —_ ) n:15273a"') (10)
= Pn-1 +Tr+ ’YTHn—lpn—l - ':'Hn—lpn—l

where pg = p and II,, is a policy distribution matrix associated with the policy distribution vector ,, given by:

mn(sa) = %, V(s,a) €S x A, (11)

and Z(s) = ) _,c 4 exp (nPn(sa)) is the normalization factor.
B Proof of Lemma 1 of The Main Article
The optimal value value function is defined as follows:

Vz(s) = max > msla Z ss/+7V:(S’))%KL(MII7—T5)] (12)

The maximization in (12) can be performed in closed form using Lagrange multipliers:

M) = Som(@) ST 18 +9VE () = ZKL (mil17) = [Z”S ]

acA s'eS acA

The necessary condition for the extremum with respect to 7y is:

oL (s, )\ . 1 1 ms(a)
0=———= “om(a) Zsé, ssf—i—vV,r(s))—;——log(_ ))—)\s.

1\ 5o
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So, the solution is:

1y Ty (re +7VZ(s")

s'eS

7s(a) = Ts(a) exp (—nAs — 1) exp , Vs e S. (13)

The Lagrange multipliers can be solved from the constraints:

1= m(a) =exp(—nAs — 1) > 7a(a)exp|n Y T% (rey + Vi ()

3

acA acA s'€S
1
log ZT(S a) exp UZT ré, +VE(S)) | — = (14)
ac€A s'eS n
By plugging (14) in to (13) we have:
Ts(a)exp|n 32 Tiy (rog + VVQ‘(S’))]
s'eS
mo(a) = © , Y(s,a) € S x A. (15)
> ms(a)exp|n 30 To, (riy +9Vz(s'))
acA s'eS

Substituting policy (15) in (12), we obtain:

1og Z 7s(a) exp

acA

772 T;ls’ (T?S/ + ’YV; (S/))‘| .

s'eS
C Proof of Theorem 1

This section provides a formal analysis of the convergence behavior of DPP. Our objective is to establish a rate
of convergence for the value function of the policy induced by DPP.

Our main result is that at iteration n of DPP we have:

1
ld™ — 4" |loc < O, where op =0 (—) . (16)

n

Here, ™ is a vector of the action-values under the policy 7, and 7, is the policy induced by DPP at iteration
n. Equation (16) implies that, asymptotically, the policy induced by DPP, « = lim,,_, o 7, converges to the
optimal policy 7*.

To derive (16) one needs to relate ™ to the optimal g*. Unfortunately, finding a direct relation between q™
and g* is not an easy task. Instead, we can relate g™ to q* via an auxiliary q/, which we define later in this
section. In the remainder of this section, we first express r,, in terms of q2. Then, we obtain an upper bound
on the normed error Hqﬁ -q* Hoo in lemma 2. Finally, we use these two results to derive a bound on the normed

error [[q™ —q|,
In order to express 7r,, in terms of g2, we expand the corresponding action preference p,, by recursive substitution
of (10):
Pn =Pn-1+ T+ 7Tl _1pp—1 — EIL,—1Pn—1
=Pn—2+2r +YTIL,_opy—2 — EIl,_opp—2 + YTIL,_1pp—2 + yTIL, 1T
+ 2T, T, _opp_2 — YTIL, 1 EII,_sp,_o — EIL,,_1pp_2 — EII,_|T (17)
—EIL, 1 TIl,;, _9pp—2 + EIL, 1EIL, 2pn-—2
= 2F +yTIL,_1T + pp—2 + YT, 1pn—2 + v*TIL, 1 TI,,_op,_o — EIL, T
—EM,_1pp_2 —v=IL, 1TII, op,_2 by (9).
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Equation (17) expresses p,, in terms of p,,—o, where in the last step we have canceled some terms because of (9).
To express py, in terms of pg, we proceed with the expansion of (10):

n—1 k n k
T _ k N\= k .
po=nt+ Y =k ([[_ Ty ) +po+ > (T[T, )po

_EM,_, [(n —1)F+ ZZ:(n By ( ij:l THn,j,l)F}

n—1 k
— 21,1 (po + Zk:l ’Yk< i1 Tanjfl)pO)

(18)
n—1 k n—1 k
R k A7) — k—1 N7
—n(r—i— Zk:l ~ (szl THn_])r) 'yzkzl k~y (szl THn_J)r—i—po
n k n—2 k
k - _ k )=
+ Zk:1 v (szl TH"ﬂ')pO —(n = DEIM, (r * Zk:1 v (szl Tl'[n,],l)r)
n—2 k n—1 k
- k—1 I k .
+ElLn- [7 Zk:l Ry ( j=1 TH”ﬂ*l)r Po Zk:1 7 ( j=1 TH"ﬂ*l)pO} '
We define the auxiliary action-values q? = T + 22;11 R ( ?leHn_j)f and qf = po +
>one Yo ([T5, TIL, ) po and write (18) as:
dq; = Ody— =
Pn = nq} — 7S 4 qf — EIL,_, ((n a5+ qffl) = nq;, + ¢, — Ed, (19)
oy oy
Here, ¢, = qf —~9q: /0 is a |S||A| x 1 vector bounded by:
lealle < T R+ 7 ol 12,3 (20)
Cnlloo = Cmax = 77 5 {lmax 7~ IPofloos n=1»=129---,
R C ) e C )

and d,, =IL,_1((n —1)q}_, —v9qis_,/0v+dE_;) is a |S| x 1 vector. From its definition, it is easy to see that
q;;x satisfies the following Bellman equation:

q) =t +T,_1q;_,. (21)

Note the difference between (21) and (4): whereas q™ evolves according to a fixed policy 7, q evolves according
to a policy that evolves according to DPP.

Finally, we express r,, in terms of g/*. By plugging (19) in (11) and taking in to account that 2d,,(sa) = d,(s),
we obtain:

_exp (77 (nqﬁ(sa) + cn(sa) — dn(s))) _exp (77 (nq;;‘(sa) + cn(sa)))
ma(sa) = 70 = 705) , (s,a) € S x A, (22)

where Z'(s) = Z(s) exp (nd,,(s)) is the normalization factor. Equation (22) establishes the relation between 7,
and q2. To relate g/} and q* we state the following lemma, that establishes a bound on Hqﬁ — q*HOO:

Lemma 2 (A bound on ||q? —q*||o0)- Let assumption 1 hold, |A| denotes the cardinality of A and n be a positive
integer, also, for keeping the representation succinct, assume that both ||T|| . and ||pol,, are bounded from above
by some constant L > 0, then the following inequality holds:

an —a*||.. <4

where &% is given by:
1—7)2%1 A + 2L L
51 ) ( ) Og(| |)/77 ) n—1

! n(l—)* -~

(23)
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Proof.

lat — a7, (frk-lqs,m - Tl ) + T el -

o0

3

LI L"M‘

< ’T’“’qu_kﬂ — quﬁ_kHoo + T Al (24)
k
<D A A = Tan—gll o +9" 7 latt —at| by (6).
k=1
For 1 <k <n-—1 we obtain:
Hqg—kﬂ - Tq;;tk”oo =7 HTHn_kq;;‘fk - TMooqgkaoo by (21) and (5) (25)
<~ ||Hn_kqﬁ7k — Mooqﬁfk ||OO by Holder’s inequality.
By monotonicity property for any action-value vector q and distribution matrix IT we have:
Zﬂ' sa)q(sa)<Mooq(s), Vs € S. (26)
acA
By comparing (26) with (25), we obtain:
H‘ﬁszﬂ - qufknoo < max (Mool 1 (s) — TLi_rq;)_1(s))
Cn—k Cmax
< ymaxe( Moo (@lp + 25 ) (5) + 25 T, 4 (s))
Cn—k ’YCmax
=7 || Mo (qn Kt k) —Hn—kQS_l —
27
S ~y Moo( Aﬁ Cn—];) _ Hn k( )H 2’70de ( )
= Cnk ) _ A n—k M
=7 [Matn- k)<qn L kz) M°°<q”k+n—k:)Hoo+ n—k
1 2 max
<7 og(lAD/n +2¢ by lemma 1.
n—=k
By substitution of (27) in (24), we obtain:
A «— 7 27” 'L
lazt — a[|.. < (og(LAD /1 + 2emax) Y ——+ : (28)
k=1
It is not difficult to show that Y7} n”—fk < 2v/(n(1 —7)?). Combining this with (28) yields:
log(|.Al)/n + 2¢ _
A« <9 max | o n—1
o — '], < n(l— )2 +2 11—~
(1 —v)*log(JA])/n + 2L L
<2 29T —— by (37
<2y nd— ) MRS y (37)
O

Equation (22) expresses the policy 7, in terms of the auxiliary q/'. Lemma 2 provides an upper bound on the
normed-error ||q — q* - We use these two results to derive a bound on the normed-error |[q™ — q*||
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We start by noting that q™" is obtained by infinite application of the operator 7 ., to an arbitrary initial
q-vector, for which we take q*, then:

m

>(Tha ~T5 Ta')

k=1

tm 3|74 o - T T
k=1

la™ —q"[l, = lim

m—r oo

o0

IN

m—oo 0o

IN

m—r oo

tim Y [ Trat ~ Tl by (6) (29)
k=1

IN

1 * *
—— | Twa ~ T
-7

’y * *
= T g" — TMea
-7

IN

ﬁ I, q" — Mooq*Hoo by Holder’s inequality.

Along similar lines with the proof of lemma 2, we obtain:

* ’y * *
—q' < T4 [T1,9" — Mooq™||,
’y * *
T A (Mocq”(s) — II,q*(s))

Ty

lla

IN

ﬁ [Igleagc (Mooq;?(s) —II,q" (s)) + 54 by lemma 2
Cn

< T2 (M (a+ 52) () - ()

v ﬁ (o + ) by (37)

e (o) ()|
1—7v n n /oo
+—— (20, +
1—v
Cp Cp
© e (a5 (e )
17’)/ n o)

n

2Cmax )
n

+—— (20, +
1—v

1
L=y nn

- (Ll A 2 o by (37)

v [ =7)log(JA])/n + 2L (1 —~)*log(|A])/n+ 2L no1 L
B Y T B B w
- [ (1 —~)*log(|A])/n + 2L no1 L
—1,7_4 n(l—)* B =

2Cmax )
n

IN

2 max
Q] by lemma 1
n

This completes the proof.

D Proof of Theorem 2

First, we show that there exists a limit for p,, in infinity. Then, we compute this limit. Before we proceed with
the proof we review the following assumption and corollary from the main article
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Assumption 2. We assume that MDP has a unique deterministic optimal policy 7* given by:

1 a = a*(s)

™" (sa) = { 0 otherwise ’ Vs €5,

where a*(s) = argmaxae4 q*(sa).
Corollary 1. The following relation holds in limit:
lim " =q*, V(s,a) €S x A.

n—-+oo

The convergence of p,, to a limit can be established by proving the convergence of all the terms in RHS of (19).

We have already proven the convergence of g2 to q* in lemma 2. Then, the convergence of dq2 / 0v to 0q* / 0

is immediate. Corollary 1 together with assumption 2 yields the convergence of m,, to 7*. The convergence of
P to some limit gP then follows. Accordingly, there exists a limit for p,,.

Now, we compute the limit of p,. Combining corollary 1 with (19) and taking in to account that v* = IT*q*
yields:

lim p,(sa) = lim [nq* (sa) — Wﬁ%gysa) +qP(sa) — (n—1)v*(s) + 78\2"55) —qP(sa™)

n—oo n—o0

= lim n(q*(sa) — v*(s))

n—oo

+7(8\;§s) 3 aq;isa)
_ { v*(s) a=a*(s)

—oo  otherwise

) + 4 (sa) — @ (sa”) + v* (5)

E Proof of Theorem 3

This section provides a formal theoretical analysis of the performance of dynamic policy programming in the
presence of approximation error. Each iteration of approximate dynamic programming can be characterized
by (30). Our objective is to establish a Lo,-norm performance loss bound of the policy induced by approximate
DPP.

Pn = Pn-1 +Tr+ ’YTM'r]pn—l - EM'r]pn—l +€p—1

_ —_— ’ TL:1,2,3,"', (30)
= Pn-1 +r+ ’YTHn—lpn—l - ':'Hn—lpn—l + €n—1

Our main result that at iteration n of approximate dynamic policy programming, we have:

l[a™ —a"[[oc < 6n, (31)

where:

n

(1 —7)*log(lA])/n +4L L 2y ks
Op = 4y + 49" + Y TREE.
n(l—~)® (1—7)? 1*72

with &, = Hl/kz Zj:():,%l €;|| . Here, g™ is a vector of the action-values under the policy =, and m,, is the
o0

policy induced after n iteration of approximate DPP.

To relate q* with g™, we can relate Q™" to q* via an auxiliary qﬁ, which we define later in this section. In the
remainder of this section, we first express 7, in terms of ¢ in lemma 3. Then, we obtain an upper bound on
the normed error Hqﬁ — q*HOO in lemma 4. Finally, we use these two results to derive (31).

We begin our analysis with the following lemma:
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Lemma 3. Let n be a positive integer and pg denotes the initial action preferences. Also, lets define the auziliary
action-value functions q* and P as:

qf =t+e&+ Y ([T ) F+ensw) oS =po+ Yy 7 ([]i=iTH.-;)po (32)
k=0 k=1

with €, = 27;01 el/n, then we have:

aq“ 3q“
A n P —_ A n—1 P
n =N —Y— + 7._."']._.[»”, (nfl - + ) 33

Proof. In order to express 7, in terms of q, we expand the corresponding action preference p,, by recursive
substitution of (30):

Prn =Pn-1 + T +T1L,_1pn—1 — ElL,_1pn—1 + €11
=pPn-2+€p—2+2r +yTII, _2py—2 +YTIL, 26,2 — EII,,_ops—2 +YTII,,_1pp—_2
+9*TH,, -1 TIL,—2pn—2 + YT, 1 F — 4 TIL, 1 EL,—opn—2 — I, 1Py—2
—ZIl,,_1€,_ o — ZII,, 1T — yEII,,_1TIL,, _opn_2 + EII,,_1ZEI1, opn_2 + €,_1
= 2F + T, T+ pn_s + +7TI,_1pn_o + V>TIL,_1 T, _spn_s — EII,,_ T
—EIl,_1pn—2 —vEIL, 1 TIl, opn—2o+€p—1+ €2+ YTII, 26,2 —EII,_1€,_2

Equation (34) expresses p,, in terms of p,—o, where in the last step we have canceled some terms because of (9).
To express py, in terms of pg, we proceed with the expansion of (30):

Pn = Z:;; (n—k)y* ( Hj:l TH"_j)f + Z::O 7k( j:1 TH"_j)pO
+ Z:;; 7’“( ::1 THn*j) Zzok_l € — EIL,_, Z:j(n By ( H:Zl Tnn,j,l)f
— B, ( Z:;; o4 ( Hj:1 THn—j—1)P0 + ZZ: o4 Hj:1 TIL, ;4 Z;:Ok_Q el)
- ”Z:;ol 7k( j:l TH"_j)f —7 ZZ: ]kal( j:1 TH"_j)f
> H:Zl T, )en k-7 Y kot (szl TIL, ;)& (35)
+ ZZ:O ’yk( j:1 TH"_j)pO — (n=DEM, ZZ;OQ 7k( j:l TH"_j_l)f
—(n—1EI, Z:;OQ o ( szl THn—j—l)En—k—1
+EI, ZZ;? kit ( j:1 THn*j*l) €En—k—1
n—2 k n—1 k
+ B [7 Zk:l kvk_l( j=1 TH"_j_l)f B Zk:o 7k( j=1 TH"_j_l)pO}

Equation (33) then follows by comparing (35) with (32). O

It is easy to see that q2, defined in lemma 3, satisfies the following Bellman equation:
qf =T+ 9T, 1q) | + & (36)

Note the difference between (36) and (4): whereas q™ evolves according to a fixed policy 7, q/ evolves according
to a policy that evolves according to approximate DPP.
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For brevity we introduce the new variables ¢, = qf — ’yaqﬁ/a'yl and d, =1II,,_4 ((n ~Daq? | - 'yaqﬁ_l/a'y +
q,lj_l) and re-express (33) as:

Pn = nqﬁ +c, — 2d, (38)

Finally, we express 7, in terms of q/'. By plugging (33) in (11) and taking in to account that 2d,(sa) = d,(s),
we obtain:
exp (n(nq; (sa) + en(sa) — dn(s)))
Z(s)
_oxp (n (nai(sa) + cn(sa)))
Z'(s) ’

mn(sa) =
(s,a) € S x A, (39)

where Z'(s) = Z(s)exp (dn(s)) is the normalization factor. Equation (39) establishes the relation between =,
and qﬁ. To relate qﬁ and q*, we state the following lemma, that establishes a bound on ||q;;x - q* ||OO:

Lemma 4 ( L., bound on q? — q*). Let assumption 1 hold and q defined according to (32). Let |A| denotes
the cardinality of A and n be a positive integer, also, for keeping the representation succinct, assume that both
IIT||, and ||poll,, are bounded from above by some constant L > 0, then the following inequality holds:

where 82 is given by:
1 —)*log(|A])/n +4L o L ks
62 = 27( 42y T Y 4R (40)
et 8>
with &, = ”Eklloo'
Proof.
n—1
a — || = (Tk*lqﬁ_kﬂ - quﬁ_k) +7" at — '
k=1 0o
n—1
< |Tat T+ T e - (41)
k=1
n—1
<Y At = Tap gl 9" et —at]l by (6).
k=1

Foralll e N :2<1[<n—1 we obtain:

lais = Tat||l, = |7 (TILg = TMaeq?) + &1, by (36) and (5)

< || T — TMaeqi||  + 141 (42)
<~ Hquf1 — MooqlAHOO + E1+1 by Holder’s inequality.
'Note that:
o1 _ 1
n < max — max max T~ 00 = 1,4,9, ",
lenllo < cmas = (=33 (R + mas) + 75 ol n=1,23 (37)

with €max = maxg—1,23,... ||€x||,
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Taking in to account that MooqlA > qulA (s) we obtain:

lak: — Tai'|] < vmax (Moeqi' (s) — Thai' (5)) + &1

C Cmax _
< vglea§<<Mm (qf‘ + Tl) (8)+—— ~ quf‘(S)) + &141

C max
=M (o + ) Mt + 25
c c 2 Cmax | _ (43)
<ol Mefat + ) —mfalt+ )|+ =
C C 2 Cmax _
= | Mu(a + 5) = Mo (at + )|+ TS v an
log(|.A + 2Cmax
<y e(l |)/Zn ¢ + &1 by lemma 1.
By substitution of (43) in (41), we obtain:
nfl n 1L n -
an qa ||OO < (log(|A| 77+2cmax JrZ’y"_ e, (44)
k=1 k=1
It is not difficult to show that 37—} n”—jk < 2v/(n(1 —7)?). Combining this with (44) yields:
1Og(|-’4|)/77+26m X 1 L - —k=
A * a; n—1 n—k
q — a2 T2V ) YT e
o - ], < 2SN =103
(1 —~)?log(|A])/n +4L oL ks
<2y F 29" ——+ )y "G,
n(l—7)* 1—~ ,;
O

Equation (39) expresses the policy 7, in terms of the auxiliary qﬁ. Lemma 4 provides a upper-bound on the
normed-error ||q;! — q* ||OO We use these two results to derive a bound on the normed-error |[q™ — q*||

We start by noting that q™~ is obtained by infinite application of the operator 7T, to an arbitrary initial
g-vector, for which we take q*, then:

N % 1 k * k— *
Hqﬂ' —-q Hoo — w}gnoo Z(Tﬂnq —Tﬂ_anq )
k=1 oo
< . k *
k=1
. k—1 * *
< n}gnoo;’y ITr.a" = Tda | by (6) (45)

IN

1 * *
—— | Twa ~ T
-7

,y * *
1 HTan - TMooq Hoo
-7

IN

ﬁ I, q" — Mooq*Hoo by Holder’s inequality.
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Along similar lines with the proof of lemma 4, we obtain:

* ’y * *
la™ = a'lloe = 77 Thna” = Mood™l

n

1_
1 jvgleag (Mooq'(s) — ILuq"(s))
= 1 17 [glgg(MOOqﬁ(S) - an*(s)) + 5721} by lemma 4
< —max (Mo (@ + <) (5) — T (5))
T 1—ses " n
s () by (37)
1—7 n
SN
L=~ n n /lleo
2 max
+ L(Q&fl y Zlmax )
1*’)/ n
Cn Cp,
la™ — g < % HMOO (q;‘ + ;) ~1I, <qu + _)H

0 ( 2 2cmax)
_ 25 e
+ 1—x nt n
Cn Cp

= 7 Mo (w4 50 = Man (a2 + )

n
2 max
1 . (25’21 : )

— n
-1 2 max
< [ loe(lA]) + 252 + Q] by lemma 1
11—~ nny n
v [ =7)?log(AD/n+4L
= 20 by (37
v [ 0= log(AN /4L o LS,
= 4 4 — +2 .
-7 n(l—~)* T ;7 o

This completes the proof of theorem 3.
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