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PROOF OF LEMMA 4

Recall that the estimated reward of expert i is defined
as

Ĝi
.
=

T∑
t=1

ŷi(t).

Also

σ̂i
.
=
√
KT +

1√
KT

T∑
t=1

v̂i(t)

and that

Û = max
i

(
Ĝi + σ̂i ·

√
ln(N/δ)

)
.

Lemma 4. Under the conditions of Theorem 2,

GExp4.P ≥

(
1− 2

√
K lnN

T

)
Û − 2

√
KT ln(N/δ)

−
√
KT lnN − ln(N/δ).

Proof. For the proof, we use γ =
√

K lnN
T .

We have

pj(t) ≥ pmin =

√
lnN

KT

and
r̂j(t) ≤ 1/pmin

so that

ŷi(t) ≤ 1/pmin and v̂i(t) ≤ 1/pmin.

Thus,

pmin

2

(
ŷi(t) +

√
ln(N/δ)

KT
v̂i(t)

)
≤ pmin

2
(ŷi(t) + v̂i(t))

≤ 1.

Let w̄i(t) = wi(t)/Wt. We will need the following in-
equality:

Inequality 1.
∑N
i w̄i(t)v̂i(t) ≤

K
1−γ .

As a corollary, we have

N∑
i

w̄i(t)v̂i(t)
2 ≤

N∑
i

w̄i(t)v̂i(t)
1

pmin

≤
√
KT

lnN

K

1− γ
.

Also, [1] (on p.67) prove the following two inequalities
(with a typo). For completeness, the proofs of all three
inequalities are given below this proof.

Inequality 2.
∑N
i=1 w̄i(t)ŷi(t) ≤

rjt (t)

1−γ .

Inequality 3.
∑N
i=1 w̄i(t)ŷi(t)

2 ≤ r̂jt (t)

1−γ .
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Now letting b = pmin

2 and c =
pmin

√
ln(N/δ)

2
√
KT

we have

Wt+1

Wt
=

N∑
i=1

wi(t+ 1)

Wt

=

N∑
i=1

w̄i(t) exp (bŷi(t) + cv̂i(t))

≤
N∑
i=1

w̄i(t) [1 + bŷi(t) + cv̂i(t)] (1)

+

N∑
i=1

w̄i(t)
[
2b2ŷi(t)

2 + 2c2v̂i(t)
2
]

= 1 + b

N∑
i=1

w̄i(t)ŷi(t) + c

N∑
i=1

w̄i(t)v̂i(t)

+2b2
N∑
i=1

w̄i(t)ŷi(t)
2 + 2c2

N∑
i=1

w̄i(t)v̂i(t)
2

≤ 1 + b
rjt(t)

1− γ
+ c

K

1− γ
+ 2b2

r̂jt(t)

1− γ
(2)

+2c2
√
KT

lnN

K

1− γ
.

Eq. (1) uses ea ≤ 1+a+(e−2)a2 for a ≤ 1, (a+b)2 ≤
2a2 + 2b2, and e − 2 < 1. Eq. (2) uses inequalities 1
through 3.

Now take logarithms, use the inequality ln(1 +x) ≤ x,
sum both sides over T , and we obtain

ln

(
WT+1

W1

)
≤ b

1− γ

T∑
t=1

rjt(t) + c
KT

1− γ

+
2b2

1− γ

T∑
t=1

r̂jt(t) + 2c2
√
KT

lnN

KT

1− γ

≤ b

1− γ
GExp4.P + c

KT

1− γ
+

2b2

1− γ
KÛ

+2c2
√
KT

lnN

KT

1− γ
.

Here, we used

GExp4.P =

T∑
t=1

rjt(t)

and

T∑
t=1

r̂jt(t) = K

T∑
t=1

1

K

K∑
j=1

r̂j(t) ≤ KĜuniform ≤ KÛ.

because we assumed that the set of experts includes
one who always selects each action uniformly at ran-
dom.

We also have ln(W1) = ln(N) and

ln(WT+1) ≥ max
i

(lnwi(T + 1))

= max
i

(
bĜi + c

T∑
t=1

v̂i(t)

)
= bÛ − b

√
KT ln(N/δ).

Combining then gives

bÛ − b
√
KT ln(N/δ)− lnN

≤
b

1−γGExp4.P + c KT1−γ + 2b2

1−γKÛ + 2c2
√

KT
lnN

KT
1−γ .

Solving for GExp4.P now gives

GExp4.P ≥ (1− γ − 2bK) Û −
(

1− γ
b

)
lnN

−(1− γ)
√
KT ln(N/δ)− c

b
KT

−2
c2

b

√
KT

lnN
KT

≥ (1− γ − 2bK) Û −
√
KT ln(N/δ) (3)

−1

b
lnN − c

b
KT − 2

c2

b

√
KT

lnN
KT

=

(
1− 2

√
K lnN

T

)
Û − ln(N/δ) (4)

−2
√
KT lnN −

√
KT ln(N/δ),

using γ > 0 in Eq. (3) and plugging in the definition
of γ, b, c in Eq. (4).

We prove Inequalities 1 through 3 below.

Let w̄i(t) = wi(t)/Wt.

Inequality 1.
∑N
i w̄i(t)v̂i(t) ≤

K
1−γ .

Proof.

N∑
i

w̄i(t)v̂i(t) =

N∑
i

w̄i(t)

K∑
j

ξij(t)

pj(t)

=

K∑
j=1

1

pj(t)

N∑
i

w̄i(t)ξ
i
j(t)

=

K∑
j=1

1

pj(t)

(
pj(t)− pmin

1− γ

)

≤
K∑
j=1

1

1− γ

=
K

1− γ
.
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Inequality 2.
∑N
i=1 w̄i(t)ŷi(t) ≤

rjt (t)

1−γ .

Proof.

N∑
i=1

w̄i(t)ŷi(t) =

N∑
i=1

w̄i(t)

 K∑
j=1

ξij(t)r̂j(t)


=

K∑
j=1

(
N∑
i=1

w̄i(t)ξ
i
j(t)

)
r̂j(t)

=

K∑
j=1

(
pj(t)− pmin

1− γ

)
r̂j(t)

≤ rjt(t)

1− γ
.

Inequality 3.
∑N
i=1 w̄i(t)ŷi(t)

2 ≤ r̂jt (t)

1−γ .

Proof.

N∑
i=1

w̄i(t)ŷi(t)
2 =

N∑
i=1

w̄i(t)

 K∑
j=1

ξij(t)r̂j(t)

2

=

N∑
i=1

w̄i(t)
(
ξijt(t)r̂jt(t)

)2
≤

(
pjt(t)

1− γ

)
r̂jt(t)

2

≤ r̂jt(t)

1− γ
.
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