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Abstract

standard sparse regression problem that has applications in numerous domains such as compressed sensing
[12], model selection [29], medical imaging [21] among
others.

We propose kernel block restricted isometry property (KB-RIP) as a generalization
of the well-studied RIP and prove a variety of results. First, we present a “sumof-norms”-minimization based formulation of
the sparse recovery problem and prove that
under suitable conditions on KB-RIP, it recovers the optimal sparse solution exactly.
The Group Lasso formulation, widely used as
a good heuristic, arises naturally from the Lagrangian relaxation of our formulation. We
present an efficient combinatorial algorithm
for provable sparse recovery under similar assumptions on KB-RIP. This result improves
the previously known assumptions on RIP
under which a combinatorial algorithm was
known. Finally, we provide numerical evidence to illustrate that not only are our sumof-norms-minimization formulation and combinatorial algorithm significantly faster than
Lasso, they also outperforms Lasso in terms
of recovery.

Although, the problem of sparse regression is NP hard
in general [25], there is a rapidly growing body of literature designing efficient algorithms to solve the problem [14, 24, 4, 17] and deriving conditions under which
the problem can be solved optimally [8, 6, 12]. Fundamental advancement in this field came from the formalization of the restricted isometry property (RIP)
and results showing that if the RIP constants√(δ2s ) of
the matrix Φ satisfy some properties (δ2s < 2 − 1),
then the problem can be solved optimally by adding
an ℓ1 regularization penalty to the objective function.
In many cases, such as the multiple measurement vector problem [28], Group lasso [2], multi-factor ANOVA
designs [31] there is a natural grouping of components
of the vector x and the objective is to find a blocksparse solution. In these cases, the standard theory
of compressed sensing and ℓ1 -regularization cannot be
applied since the grouping typically introduces strong
correlations among the columns belonging to the same
group, thereby leading to poor RIP constants of the
matrix Φ.

Consider a system of linear equations of the form
y = Φx + e where y ∈ ℜm and Φ ∈ ℜm×n are given,
e ∈ ℜm is the (unknown) error with kek2 ≤ ǫ, and
x ∈ ℜn is a vector to be computed. The n components
of the vector x are grouped into k blocks. A solution
x is said to be s-block sparse if the components corresponding to the non-zero entries of x are contained
in at most s blocks. In the special case, when all the
blocks are of size unity, the problem reduces to the

In this paper, we define kernel block restricted isometry
property (KB-RIP) and show that under suitable conditions, optimal block-sparse solutions may be found
using a sum of norms ℓ2 penalty (also called mixed
ℓ1 /ℓ2 penalty). The Group lasso formulation [31, 2]
that has been very successful in finding block-sparse
solutions [30], naturally arises from the Lagrangian
relaxation of our objective function. Moreover, our
formulation gives a systematic method to choose the
Group lasso kernels thereby providing theoretical foundations to the Group lasso based methods.
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We also present an efficient combinatorial algorithm
and prove that our algorithm finds the optimal blocksparse solution under certain conditions on the KBRIP. This result provides improved conditions for

1

Introduction

296

Block-sparse Solutions using Kernel Block RIP and its Application to Group Lasso

X from measurements Y = ΦX, for a given sampling matrix Φ. The matrix X is assumed to have
at most s non-zero rows. Thus, not only each column of X is s-sparse, but in addition the non-zero
columns of X share a joint sparsity pattern. The matrix equation Y = ΦX can be transformed into a linear system by stacking the columns of X and Y as
vec(Y ) = (I ⊗ Φ)vec(X), where ⊗ denotes the tensor product. However note that this problem cannot
directly be solved via ℓ1 -minimization since vec(X) is
now required to satisfy a special “block” sparsity pattern.

guaranteed recovery of sparse solutions. We also
present numerical results demonstrating that, in addition to significantly better run-time performance, our
algorithms provide better recovery results as compared
to the other well-known algorithms for sparse recovery.
In Section 2 we present some important definitions including the definition of kernel-block RIP and relate
our results to the recent results on block-based sparse
recovery. In Section 3 we present our main theoretical
results. Numerical results are presented in Section 4
followed by conclusions in Section 5. All the main
proofs are in the supplementary material.

2

2.3

Preliminaries and Related Work

2.1

Blocking of the measurement matrix occurs naturally
in many more domains. For example, in multi-factor
ANOVA designs, one seeks to identify main factors and
the interactions that may predict the observations. In
such a case, it is desirable to group different interactions in a single block [31]. In feature selection, if
some features are very similar to each other (e.g., similar proteins in a gene interaction network [18]) the
corresponding columns may be grouped into a block.

The restricted isometry property

Most of the work on sparse regression is based on the
notion of the restricted isometry property.
Definition 2.1 (Restricted isometry property)
For any integer s ≥ 1, the isometry constant δs of
a matrix Φ is defined as the smallest real number
such that the following holds for all s-sparse vectors
x ∈ ℜn :
(1 − δs )kxk22 ≤ kΦxk22 ≤ (1 + δs )kxk22 .

For the block sparsification problems, Group Lasso regression models [31, 2, 23] are becoming very popular. This line of work points out the limitations of ℓ1
penalty and proposes an ℓ2 penalty to the standard
least square objective functions when the variables are
grouped into blocks. Consider a matrix Φ ∈ ℜm×n and
a partition B of its n columns into k blocks.
P Let each
block i contain ni ≥ 1 columns so that ki=1 ni = n.
Let Φi ∈ ℜm×ni denote the matrix Φ restricted to
block i. Similarly, for a vector x ∈ ℜn , let xi ∈ ℜni
denote the vector x restricted to block i. Unlike ℓ1 minimization, the group lasso models [31] are equivalent to the program:

(1)

One of the key results √
in the theory of compressed
2 − 1 [6] (or more recently
sensing is that
if
δ
<
2s
√
δ2s < 2(3− 2)/7 [16]) or δs +δ2s +δ3s < 1 and y = Φx∗
for a s-sparse vector x∗ , then x∗ is also the unique optimal solution to the following ℓ1 -minimization program
with ǫ = 0 [9, 6].
Minimize kxk1

subject to

ky − Φxk2 ≤ ǫ

(2)

where k · k1 and k · k2 represent the ℓ1 and ℓ2 norm operators respectively. In “noisy” version of the problem,
when x∗ satisfies ky − Φx∗ k2 ≤ ǫ, the optimal solution
to the convex program (2) satisfies kx − x∗ k2 ≤ Cǫ ,
where C is a small constant. In other words, the optimal solution to (2) is very close to the optimal sparse
solution. The program (2) is a convex optimization
problem (which reduces to a linear programming problem when ǫ = 0) and can be solved in polynomial time
using standard optimization techniques [19].
2.2

Group lasso

Minimize

k
X
i=1

kxi kKi

subject to

ky − Φxk2 ≤ ǫ (3)

or its Lagrangian relaxation
!
k
X
1
2
min
kxi kKi
ky − Φxk2 + λ
2
i=1
p
where kxi kKi = x⊤
i Ki xi for kernel matrices Ki . Not
knowing how to choose the kernels Ki , the practitioners often default to Ki = I, the identity
P matrix,
thereby minimizing the sum of ℓ2 -norms i kxi k2 as
part of the objective.

Failure of ℓ1 -minimization

Unfortunately, ℓ1 -minimization fails in scenarios where
different parts of the unknown vector share a joint or
correlated sparsity pattern. Consider, for concreteness, the multiple measurement vector (MMV) problem [22, 28] in which our goal is to recover a matrix

2.4

Block RIP

Eldar and Mishali [15] recently defined a blockrestricted isometry property for finding block-sparse
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i 6= 1. Note that |suppB (x)| = 1, i.e., x is 1-blocksparse. Now it is easy to see that

solutions. Consider a matrix Φ ∈ ℜm×n with partition B of columns into k blocks. For a positive integer
k, let [k] denote the set {1, 2, . . . , k}. Overloading the
notation a little bit, we now let suppB (x) denote the
set of blocks i ∈ [k] such that Φi xi 6= 0. A vector
x ∈ ℜn is called s-block-sparse with respect to B if
|suppB (x)| ≤ s.

kΦxk22
kΦ1 x1 k22
v ⊤ Φ⊤
1 Φ1 v
=
=
= λ.
2
2
⊤
kxk2
kx1 k2
v v
The lemma therefore follows from the definition of
block-RIP for this case. A similar argument holds
when the maximum in the definition of λ is achieved
for other blocks.

Definition 2.2 (Block RIP) The block isometry
constant δsBR of a matrix Φ with respect to block partitioning B is the smallest number such that

Any recovery result using block RIP requires the maximum absolute eigenvalue (and analogously the minimum eigenvalue) to be close to one.

(1 − δsBR )kxk22 ≤ kΦxk22 ≤ (1 + δsBR )kxk22
holds for all s-block-sparse x ∈ ℜn .

2.5

Extending the proof of Candes [6], they showed that
BR
if
√ the block isometry constant of Φ satisfies δ2s <
2 − 1, the optimum solution to the Group lasso program (3) with Ki = I for all i is also the optimum
s-block-sparse optimum solution when ǫ = 0. In case
ǫ > 0, the optimal solution to (3) is very close to the
optimal sparse solution.

We define the kernel block restricted isometry property
which is invariant to any linear transformation of the
blocks and therefore is insensitive to the conditioning
of the individual blocks.

Kernel block restricted isometry
property

Definition 2.3 (Kernel Block RIP) The
kernel
block isometry constant δsB of a matrix Φ with respect
to block partitioning B is the smallest number such
that

In a related work, Baraniuk et al. [3] defined a modelbased restricted isometry property which is a generalization of the block-RIP. For a specific case when
model-based RIP becomes equivalent to the block-RIP,
they showed that their combinatorial algorithm called
block-based CoSaMP finds the optimal s-block-sparse
BR
solution when δ4s
≤ 0.1.

(1 − δsB )

k
X
i=1

kΦi xi k22 ≤ kΦxk22 ≤ (1 + δsB )

k
X
i=1

kΦi xi k22

holds for all s-block-sparse x ∈ ℜn .

Our following result shows that the block-RIP is very
sensitive to the conditioning of the individual blocks
Φi of the matrix Φ. So, if the individual blocks of the
matrix Φ are poorly conditioned (which is expected
if the columns of a blocks are similar), the block-RIP
based algorithms become unsuitable for recovery.

When all blocks are singletons and all columns Φi have
unit ℓ2 norm, the above definition reduces to that of
the well-known isometry constants.
We argue that kernel block RIP captures the interblock interactions better than the block RIP. It is easy
to see that if the columns in Φi are orthogonal and
have unit ℓ2 norm, we have kΦi xi k2 = kxi k2 . In such
Pk
Pk
a case, i=1 kΦi xi k22 = i=1 kxi k22 = kxk22 and the
kernel block RIP becomes equivalent to the block RIP.
However if the columns of Φi are not orthonormal, the
ratio kxi k2 /kΦi xi k2 can be as large as the condition
number of Φi , i.e., it depends on how orthogonal the
columns of Φi are. Even worse, this ratio can be infinite if the columns of Φi are linearly dependent, e.g.,
if Φi has a repeated column. In other words, the block
isometry constants depend on the factors arising due
to ill conditioning of Φi . We remove this dependence
in kernel block RIP. Since the terms kΦi xi k2 appear
on the leftmost and rightmost sides in definition 2.3,
the kernel block isometry constants depend only on
the inter-block interactions, abstracting away the effects of ill conditioning of individual blocks. This is
formalized by the following result.

For a symmetric matrix A ∈ ℜn×n , let λmax (A) denote
the maximum absolute eigenvalue of A.
Lemma 2.1 Consider a matrix Φ ∈ ℜm×n with partition B of columns into k blocks Φi ∈ ℜm×ni for i ∈ [k].
Let
k

λ = max{λmax (Φ⊤
i Φi )}
i=1

be the maximum absolute value of any eigenvalue of
Φ⊤
i Φi for any block Φi . Then for any s ≥ 1, we have
δsBR ≥ λ − 1.
BR
Proof. Since δs+1
≥ δsBR for all s ≥ 1, it is enough
BR
to show that δ1 ≥ λ − 1. Suppose the maximum
in the definition of λ is achieved for i = 1. Thus
n1
be the unit-norm eigenλ = λmax (Φ⊤
1 Φ1 ). Let v ∈ ℜ
vector corresponding to the maximum eigenvalue. Define a vector x ∈ ℜn as x1 = v and xi = 0 for all
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Lemma 2.2 Consider a matrix Φ ∈ ℜm×n with partition B of columns into k blocks Φi ∈ ℜm×ni for i ∈ [k].
Let Ti ∈ ℜni ×ni be any invertible matrix for i ∈ [k].
Define a matrix Ψ ∈ ℜm×n with partition B of columns
into k blocks Ψi = Φi Ti ∈ ℜm×ni for i ∈ [k]. Then
for any s ≥ 1, the Kernel block RIP constant δsB (Φ)
of Φ is exactly same as the Kernel block RIP constant
δsB (Ψ) of Ψ.

3

Our Results

3.1

Exact convex relaxation

We now state our first main result giving an equivalence between the ℓ0 and the following ℓ2 minimization
problem.
Theorem 3.1 (Exact convex√relaxation) Let Φ
B
be a matrix satisfying δ2s
< 2 − 1 for an integer
s and blocks B and assume that there exists an
s-block-sparse x such that y = Φx. Then the problem
of computing such a solution is equivalent to solving
the following ℓ2 -minimization problem:

Proof. Since Ti is invertible, for any u ∈ ℜni , there
exists v ∈ ℜni such that u = Ti v. Thus for any sblock-sparse vector x, there exists an s-block sparse
vector y such that Φi xi = Ψi yi for i ∈ [k], and vice
versa. The lemma now follows from the definition of
the Kernel block RIP constants.

min

k
X
i=1

kΦi xi k2

subject to

y = Φx.

(4)

Note a crucial difference in this theorem – the previous results (except [15]) have shown equivalence between ℓ0 and ℓ1 minimizations under RIP. For kernel
block RIP, however, it
Pkturns out that the “natural”
ℓ1 -minimization min{ i=1 kΦi xi k1 | y = Φx} is not
equivalent to the ℓ0 -minimization. However when all
the blocks are singletons and have unit norm, the kernel block RIP becomes identical to RIP and the ℓ0 ,
ℓ1 , and ℓ2 minimizations all become equivalent.1 The
proof of Theorem 3.1, which is based on a reduction to
the block RIP and a theorem of Eldar and Mishali [15],
is outlined in the supplementary material.

Unlike block RIP, the kernel block RIP constants of a
matrix Φ may be small even if some of its blocks are
not full rank. In this case, if the support of a solution
x contains at least one such block, then there are infinite block sparse solutions. All these solutions may
be obtained by adding vectors in the null space of the
non-zero blocks, to a block sparse solution. To find one
such solution, the dependent columns of each of the
sub-matrices Φi may be removed until all of them become full rank. This makes the solution unique which
may be found by our algorithms described in the later
sections. Once a block sparse solution is found, all
the block sparse solutions may be obtained by adding
vectors in the null space of the non-zero blocks. Therefore, in rest of this paper, we assume that each of the
submatrix Φi is full rank.

3.2

Relationship with group lasso

Note that the group lasso program (3) with ǫ = 0
becomes equivalent to our program (4) if we define
kernels as Ki = Φ⊤
i Φi . Thus our work gives a structured method and a theoretical justification to select
the kernels Ki used in group lasso based regression.
Moreover, the combinatorial Algorithm 1 proposed below may also be a useful, computationally efficient alternative to the convex optimization problem of group
lasso for model selection with grouped variables.

Consider the MMV problem of computing a matrix X
with at most s non-zero rows such that Y = ΦX. It is
easy to see that with respect to the appropriate blocking B of the columns, the block isometry constants of
the matrix I ⊗Φ are identical to the isometry constants
of Φ. Therefore a variety of known results regarding
RIP [10, 7] directly apply for block RIP of the underlying matrix in MMV.

3.3

In compressed sensing, the kernel block RIP gives more
flexibility in designing the encoding matrix Φ. In application areas such as MRI [21, 20] a truly random
sampling of phase space, which is almost guaranteed
to generate matrix Φ satisfying RIP [10, 8], is very demanding on the magnetic field gradient coils of the system [20]. It is desirable to design the phase space sampling scheme that does not require very fast changes
to the magnetic field gradients. The kernel block RIP
requires fewer constraints in designing the MRI acquisition sequence.

A fast combinatorial algorithm

The ℓ2 -minimization problem (4) is a convex program which may be solved in polynomial time using standard convex optimization techniques [19]. Despite polynomial time guarantee, the run-time of these
solvers may be unacceptably large especially for large
1

Note that when all blocks are singletons, the ℓ2 minimization (4) is not equivalent to the “usual” ℓ2 minimization min{kxk2 | y = Φx} but is equivalent to
min{kxk1 | y = Φx} assuming that all columns of Φ have
unit norm.
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problem sizes. Our next contribution is a combinatorial algorithm to solve the ℓ0 minimization
to an arbi√
trary precision. Let φ = (1 + 5)/2 ≈ 1.618 denote
the golden ratio.

Thus, in

Definition 3.1 Let HsB : ℜn → ℜn be a function
that sets all but s blocks i with the largest values of
kΦi xi k to zero. More precisely, for x ∈ ℜn , let π be
a permutation of [k] such that kΦπ(1) xπ(1) k ≥ · · · ≥
kΦπ(k) xπ(k) k. Then the vector HsB (x) is a vector x′
where x′π(i) = xπ(i) for i ≤ s and x′π(i) = 0 for i ≥ s+1.

4

x ← HsB (x̂).
end for
Output x.

Φ⊤
i (y − Φx)

for all i ∈ [k].

where

2kyk22 t
·α
λmin

iterations the algorighm

Numerical Results

• Block L2: The group lasso with identity kernel
matrices (see [15]),
• Lasso/LARS: The classical lasso regression using
LARS [14],
Let x∗ represent the optimal solution and x represent the solution found by the algorithm. Recall that
supp(x) represents the support, i.e., the set of indices
of non-zero components, of the vector x. The following
performance metrics are used for the comparison.

or

B
δ3s
<

1
≈ 0.618,
φ

• Precision: The fraction of non-zero entries in x
that are also non-zero in x∗ , i.e., the precision of
x is |supp(x) ∩ supp(x∗ )|/|supp(x)|.

and y = Φx∗ for some s-block-sparse vector x∗ ∈ ℜn .
In t iterations, Algorithm 1 computes an s-block-sparse
vector x ∈ ℜn satisfying
kx∗ −xk22 ≤

m

• Kernel block L2: The group lasso with kernels
proposed in this paper (Section 3.2),

Theorem 3.2 Let Φ be a matrix with blocks B satisfying
1
≈ 0.357
3·φ

2kyk22
ǫ·λmin

• Block IHT: Algorithm 1 proposed in this paper.

Let λmin (A) denote the minimum absolute eigenvalue
of the matrix A. Let λmin = minki=1 {λmin (Φ⊤
i Φi )}.

B
δ2s
<√



In this section we compare the performance of four
algorithms on a class of randomly generated matrices.
These algorithms include

Algorithm 1 Block Iterative Hard Thresholding
(Block IHT) Algorithm
Initialize x ← 0.
for t iterations do
x̂ ← (x̂1 , . . . , x̂k ) where,
−1

C · log

finds a solution satisfying kx∗ − xk22 ≤ ǫ, where C =
−1/ log(α). Note that logrithmic dependence between
the number of iterations, the desired accucary ǫ and
the minimum absolute condition number λmin implies
that a small number of iterations is needed to get very
close to the optimal solution. The above combinatorial
approach not only improves the running time significantly, but also improves the conditions on the kernel
B
B
block RIP constants δ2s
and δ3s
for which problem can
be solved combinatorially, even when all the blocks are
singletons, i.e., even in the special case of RIP constants.

Our combinatorial algorithm is presented in Algorithm 1. This is very similar to the iterative hard
thresholding algorithm [4, 17] which updates the current solution by moving along the gradient of the leastsquare error objective function. The hard thresholding
step of [4] is replaced by the block-based hard thresholding function defined as follows.

x̂i = xi + Φ⊤
i Φi

l

and

ky−Φxk22 ≤ 2kyk22 ·αt

• Recall.: The fraction of non-zero entries in x∗
that are also non-zero in x, i.e., the recall of x
is |supp(x) ∩ supp(x∗ )|/|supp(x∗ )|.
• Normalized error: The ℓ2 norm of the error vector
divided by the ℓ2 norm of x∗ , i.e., the normalized
error of x is kx − x∗ k2 /kx∗ k2 .

h
i
√
B
B
α = φ · min{ 3 · δ2s
, δ3s
} .

The algorithm initially computes and stores the in−1
verses (Φ⊤
for i ∈ [k], and computes one matrixi Φi )
−1
⊤
vector product with the matrices Φ, Φ⊤
i , and (Φi Φi )
in each iteration.

• Normalized residue: The ℓ2 norm of the error in
the observation vector divided by the ℓ2 norm of y,
i.e., the normalized residue of x is ky−Φxk2 /kyk2 .

The proof of this theorem is given in the supplementary material.

• CPU time taken: The time taken to compute the
solution.
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Each random instance is generated as follows. Let
N (0, 1) denote the normal distribution with zero mean
and unit variance. Let U (d) denote the distribution on
vectors in ℜd where each entry is independently drawn
from N (0, 1). We obtain an m× n matrix Φ as follows.
First, the columns of Φ are grouped into equal-sized
blocks of size b. Half of the blocks are categorized
as “uncorrelated blocks” and the other half as “correlated blocks”. The columns in the uncorrelated blocks
are independently drawn from U (m). For the correlated blocks, the first column is independently drawn
from U (m). Each subsequent column in that block is
generated by adding the first column to a constant α
times a vector independently drawn from U (m). All
the columns are subsequently scaled to have unit ℓ2
norm.

Block IHT
Kernel block L2
Block L2
Lasso/LARS

1.2

Precision (naive)

1

0.8

0.6

0.4

0.2

0

2

5

10

20
Sparsity (s)

50

70

100

Figure 1: Precision without post-processing

To generate an s-block-sparse vector x∗ , a set of s
blocks is selected randomly. For each of the selected
blocks Φi , a random unit norm vector, uniformly distributed over the column space of Φi is picked. This
vector is scaled by a scalar drawn from N (0, 1) to obtain yi . The corresponding 1-block-sparse xi such that
∗
yi = Φi xi , was
P vectors y and x are
P computed.∗ The
given by y = i yi and x = i xi .

Block IHT
Kernel block L2
Block L2
Lasso/LARS

1.2

Recall (naive)

1

All the algorithms were implemented using the Matlab software. The implementation of “Lasso/LARS”
was taken from the SparseLab package [13]. The implementation of “Block L2” regression (or group lasso)
was taken from [1]. We modified it to implement “Kernel block L2”. We also implemented “Block IHT” using Matlab.

0.8

0.6

0.4

0.2

0

For the results presented here, we work with m =
500, n = 1000, b = 2, α = 0.1. The sparsity parameter s takes seven different values ranging from 2 to
100. For each of these values, one hundred random
instances of the problem are generated. Each instance
is solved using each of the four methods described earlier and the performance metrics for each run are computed. To ensure a reasonable run-time, the maximum
number of iterations in each of the algorithms is set
to 100s. Even with this setting, Lasso/LARS takes
a large amount of time for large values of s. So, the
maximum number of iterations for Lasso/LARS is set
to 5s + 100.

2

5

10

20
Sparsity (s)

50

70

100

Figure 2: Recall without post-processing
with its precision. However, the mean recall values of
all the other algorithms are significantly higher than
their corresponding precision values. The mean recall
is almost always 1 for Kernel block L2 and is very close
to one for Block L2 algorithm.
It turns out that all the algorithms except Block IHT
return a large number of non-zero entries in x. A good
fraction of these entries are very close to zero. For a
fair comparison of the algorithms we modify the final solution by choosing top s blocks according to the
largest ℓ2 norms. The problem is then solved exactly
(by the method of least squares) for the matrix Φ restricted to these s blocks. This solution has exactly s
non-zero blocks and hence precision and recall values
are identical. All the performance metrics are recomputed for the new solution.

Figure 1 compares the precision of all the algorithms
for different values of s. Overall, the precision of Block
IHT is significantly better than the other methods.
When s ≤ 10, Block IHT always recovers the correct
solution for all the hundred random instances of the
problem. In contrast, the mean precision of all the
other algorithms is less than 0.4 even for small values of s. Figure 2 compares the recall performance of
these algorithms. The recall of Block IHT is consistent

Figures 3 and 4 respectively compare the precision and
normalized error after post-processing. Now, Kernel
block L2 always outperforms all the other algorithms
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Block IHT
Kernel block L2
Block L2
Lasso/LARS
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Figure 5: Normalized residue (ky − Φxk/kyk)

Figure 3: Precision (= recall) after post-processing

15

1.2

Block IHT
Kernel block L2
Block L2
Lasso/LARS

Block IHT
Kernel block L2
Block L2
Lasso/LARS

CPU time taken (sec.)

1

*

||x − x ||

0.8

0.6

10

5

0.4

0.2

0

0
2

5

10

20
Sparsity (s)

50

70

100

2

5

10

20
Sparsity (s)

50

70

100

Figure 6: (f) CPU time taken (sec.)

Figure 4: Normalized error after post-procesing

except Block IHT increase. In fact, the run-time of
Lasso becomes many orders of magnitude higher than
the rest for s = 100. The fastest algorithm is Block
IHT followed by Kernel block L2 and Block L2, respectively.

on both the metrics, and significantly so for large values of s. The Block IHT performs almost perfect recovery as long as the sparsity parameter s is at most
50 whereas the recovery properties of Block L2 and
Lasso/LARS are worse. Figure 5 shows the normalized residues for all the algorithms. It is instructive
to note that the normalized residues are always less
than the corresponding normalized errors. In fact, for
Block L2 and Lasso, there were many instances when
the residue was close to zero, but the normalized error
was significantly high. In these instances, the algorithms Block L2 and Lasso appear to have found the
correct solution, whereas in reality the solution was
far from the correct one. Once again, Kernel block L2
outperforms all the other algorithms significantly.

For all the instances the recovery properties of our algorithm, Kernel block L2, are found to be better than
the rest of the algorithms. Its run-time is better than
the state-of-the-art algorithms Lasso/LARS and Block
L2, next only to the proposed combinatorial algorithm
Block IHT. For small values of s, the recovery properties of Block IHT are very good too.

5

Finally Figure 6 compares the run-time of the algorithms. When the sparsity parameter is small, the runtimes of all the algorithms are comparable. However,
as s is increased, the run-times of all the algorithms

Conclusions

In this paper we presented two algorithms, Kernel
block L2 and Block IHT, to solve the sparse regression problem that are most suitable for instances where
columns of the measurement matrix Φ can be naturally
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grouped into blocks. Such instances arise naturally in
many settings such as MMV or regression problems
where groups of feature vectors are correlated.

ence on Wavelet Applications in Signal and Image
Processing, 2004.
[8] E. J. Candès, J. K. Romberg, and T. Tao. Robust
uncertainty principles: Exact signal reconstruction from highly incomplete frequency information. IEEE Transactions on Information Theory,
52(2):489–509, 2006.
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state-of-the art algorithms (lasso and group-lasso) in
terms of recovery properties as well as run-times. Our
first algorithm, Kernel block L2 (Theorem 3.2), recovers correct solution for a larger class of problems as
compared to lasso, group-lasso, and Block IHT. On the
other hand, the run-time of Block IHT (Algorithm 1) is
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