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Supplementary Material

6 Auxiliary Lemmas: Proof of
Lemma 3

Proof. We can rewrite (6) as an optimization problem
over the ℓ1/ℓ2 ball of radius C for some C(λn) < ∞.

Since λn > 0, by KKT conditions,
∥∥∥Θ̃\r

∥∥∥
1,2

= C for

all optimal primal solution Θ̃\r.

By definition of the ℓ1/ℓ2 subdifferential, we know that

for any column u ∈ V \{r}, we have
∥∥∥(Ẑ\r

)
u

∥∥∥
2
≤

1. Considering the necessary optimality condition

∇ℓ
(
Θ̂\r

)
+ λnẐ\r = 0, by complementary slackness

condition, we have
⟨
Θ̃\r, Ẑ\r

⟩
− C =

⟨
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\r, Ẑ\r

⟩
−∥∥∥Θ̃\r

∥∥∥
1,2

= 0. Now if for an arbitrary column u ∈

V \{r}, we have
∥∥∥(Ẑ\r

)
u

∥∥∥
2
< 1 and

(
Θ̃\r

)
u
̸= 0 then

this would contradict the condition that
⟨
Θ̃\r, Ẑ\r

⟩
=∥∥∥Θ̃\r

∥∥∥
1,2

.

For this restricted problem, if the Hessian sub-matrix
is positive definite, then the problem is strictly convex
and it has a unique solution.

7 Derivatives of the Log-Likelihood
Function

In this section, we point out the key properties of the
gradient, Hessian and derivative of the Hessian for the
log-liklihood function. These properties are used to
prove the concentration lemmas.

7.1 Gradient

By simple derivation, we have

∂

∂θ∗rt;ℓk
ℓ(i)(Θ\r;D)
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x
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.

It is easy to show that EΘ∗
\r

[
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ℓ(i)(Θ\r;D)
]
= 0

andVar
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)
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4 . With i.i.d assumption

on drawn samples, we have Var
(
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)
=
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(

1
n

∑n
i=1

∂
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ℓ(i)(Θ\r;D)

)
≤ 1

4n . Hence, for a

fixed t ∈ V \{r} by Jensen’s inequality,
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Considering the terms associated with θ∗rt;ℓk’s in the
gradient vector of the log-likelihood function, for a
fixed t ∈ V \{r}, only m − 1 (out of (m − 1)2) val-
ues are non-zero. By a simple calculation, we get
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t∈V \{r}

∥∥∥∥∥ ∂

∂θ∗rt;ℓk
ℓ(i)(Θ\r;D)

∥∥∥∥∥
2
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By Azuma-Hoeffding inequality, we get
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,

for all t ∈ V \{r}. Using the union bound, we get
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(12)

7.2 Hessian

For the Hessian of the log-likelihood function, we have
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Consider the zero-mean random variable
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Notice that Var
(
Z

(i)
t1ℓ1k1;t2ℓ2k2

)
≤ 1 and consequently,

by i.i.d assumption, Var
(

1
n

∑n
i=1 Z

(i)
t1ℓ1k1;t2ℓ2k2

)
≤ 1

n .



On Learning Discrete Graphical Models using Group-Sparse Regularization

Hence, for fixed values t1, ℓ1, k1 and t2 ∈ S2 ⊆ V \{r},
we have
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This radom variable, for fixed values t1, ℓ1, k1
and a fixed t2, is bounded and in particular,∥∥∥ 1
n
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2
≤ 2. By Azuma-Hoeffding in-

equality and the union bound,
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(14)
Similar analysis as (13) combined with the ineqality
Λmax(·) ≤ ∥·∥∞,2, shows that
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We also need a control over the deviation of the inverse
sample Fisher information matrix from the inverse of
its mean. We have
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By part (B1) in Lemma 1, we have
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Hence, we get,
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7.3 Derivative of Hessian

We want to bound the rate of the change for the ele-
ments of Hessian matrix. Let
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Recall the definition of η(·) from section 7.2. We have
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For any t3 ∈ V \{r}, each entry is bounded by
1
2 and there are only m − 1 non-zero entries for
each k3. Hence, for any t3, one can colculde that∥∥∥ ∂
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8 Proof of Lemma 1

(B1) By variational representation of the smallest
eigenvalue, we have
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for all y ∈ R(m−1)2dr with ∥y∥2 = 1 and in particular
for the unit-norm minimal eigenvalue of Qn

SrSr
. Hence,
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(B2) We can write
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Considering assumption (A3), ∥T0∥∞,2 < 1−2α√
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The last inequality follows from (14) and (16) with
high probability. Setting C̄min = min (Cmin, 1), by ap-
plying the union bound,
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For the second term, we have∥∥∥(Qn
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The last inequality follows from (14) with high proba-
bility. Hence, we have

P
[∥∥∥(Qn

Sc
rSr

−Q∗
Sc
rSr

) (
Q∗

SrSr

)−1
∥∥∥
∞,2

> ϵ

]

≤2exp

−
(
ϵ
√
n− (1+Cmin)

√
dr

Cmin

)2
8

+log
(
(m−1)2(p−1−dr)

).
For the third term, we have∥∥∥(Qn
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The last inequality follows from (14) and (17). Hence,
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The result follows by substituting ϵ with α
3
√
dr
.

(B3) We can write

P [Λmax (J n) > Dmax + ϵ]

≤ P

[∥∥∥∥∥ 1n
n∑

i=1

(
J (i) − J ∗

)∥∥∥∥∥
F

> ϵ

]
.

Consequently, same analysis as part (B1) gives the
result.

This concludes the proof of the Lemma.

9 Sufficiency Lemmas for Pairwise
Dependencies

Lemma 5. The constructed candidate primal-dual

pair
(
Θ̂\r, Ẑ\r

)
satisfy the conditions of the Lemma 3
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with probability 1−c1 exp(−c2n) for some positive con-
stants c1, c2 ∈ R.

Proof. Using the mean-value theorem, for some Θ̄\r in

the convex combination of Θ̂\r and Θ∗
\r, we have
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\r;D
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(
Θ∗

\r;D
)

︸ ︷︷ ︸
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︸ ︷︷ ︸
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.

We can rewrite these set of equations as two sets of
equations over Sr and Sc

r . By Lemma 1, the Hessian
sub-matrix on Sr is invertible with high probability
and thus we get
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Notice that

∥∥∥∥(Ẑ\r

)
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∥∥∥∥
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)
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∥∥∥∥
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∥∥∥
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∥∥∥
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∥∥∥
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α
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+

α
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)
− 1
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2
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The second inequality holds with high probability aco-
ording to Lemma 1 and Lemma 6.

Lemma 6. For quantities defined in the proof of
Lemma 5, the following inequalities hold:

P
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∥∥∥
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
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∥∥∥
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α
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√
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Proof. The first inequality follows directly from
(12), for ϵ = α

4(2−α)λn − m−1
2
√
n
, provided that

λn ≥ 2(2−α)
α

m−1√
n
. This probability goes to zero, if

λn ≥ 8(2−α)
α

(√
log(p−1)

n + m−1
4
√
n

)
.

Before we proceed, we want to point out a tech-
nical fact that we will use it through the rest
of the proof. For λn achieves the lower bound
mentioned above, any positive value K and

n ≥ 1
K2

64(2−α)2

α2

(√
log(p− 1) + m−1

4

)2
d 2
r , we

have λndr ≤ K. Hence, we can assume λndr is less
than any fixed constant K for sufficiently large n.

In order to bound Rn
\r, we need to bound∥∥∥∥(Θ̂\r

)
Sr

−
(
Θ∗

\r
)
Sr

∥∥∥∥
∞,2

, using the technique used in

Rothman et al. [28]. Let G : R(m−1)2dr → R be a
function defined as

G
(
(U)Sr

)
:= ℓ

((
Θ∗

\r
)
Sr
+(U)Sr

;D
)
−ℓ
((

Θ∗
\r
)
Sr

;D
)

+λn

(∥∥∥(Θ∗
\r
)
Sr

+(U)Sr

∥∥∥
1,2
−
∥∥∥(Θ∗

\r
)
Sr

∥∥∥
1,2

)
.

By optimality of Θ̂\r, it is clear that
(
Û
)
Sr

=(
Θ̂\r

)
Sr

−
(
Θ∗

\r
)
Sr
minimizes G. Since G(0) = 0 by

construction, we have G
((

Û
)
Sr

)
≤ 0. Suppose there

exist an ℓ∞/ℓ2 ball with radius Br such that for any∥∥∥(U)Sr

∥∥∥
∞,2

= Br, we have that G
(
(U)Sr

)
> 0. Then,

we can claim that

∥∥∥∥(Û)
Sr

∥∥∥∥
∞,2

≤ Br; because if, in

contrary, we assume that
(
Û
)
Sr

is outside the ball,
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then for an appropriate choice of t ∈ (0, 1), the point

t
(
Û
)
Sr

+(1− t)0 lies on the boundary of the ball. By

convexity of G, we have

G

(
t
(
Û
)
Sr

+ (1− t)0

)
≤ tG

((
Û
)
Sr

)
+(1− t)G (0)

≤ 0.

This is a contradiction to the assumption of the
positivity of G on the boundary of the ball.

Let (U)Sr ∈ R(m−1)2dr be an arbitrary vector with∥∥∥(U)Sr

∥∥∥
∞,2

= 5
Cmin

λn. Applying mean value theorem

to the log liklihood function, for some β ∈ [0, 1], we
get

G
(
(U)Sr

)
=
⟨(

W\r
)
Sr

, (U)Sr

⟩
+

⟨
(U)Sr

,∇2ℓ

((
Θ∗

\r

)
Sr

+ β (U)Sr
;D

)
(U)Sr

⟩
+ λn

(∥∥∥∥(Θ∗
\r

)
Sr

+ (U)Sr

∥∥∥∥
1,2

−
∥∥∥∥(Θ∗

\r

)
Sr

∥∥∥∥
1,2

)
.

(19)
We bound each of these three terms individually. By
Cauchy-Schwartz inequality, we have

∣∣∣⟨(W\r
)
Sr

, (U)Sr

⟩∣∣∣ ≤ ∥∥∥(W\r
)
Sr

∥∥∥
∞,2

∥∥(U)Sr

∥∥
1,2

≤ α

4(2− α)
λndr

5

Cmin
λn

≤ 5

4Cmin
drλ

2
n.

Moreover, by triangle inequality,

λn

(∥∥∥∥(Θ∗
\r

)
Sr

+ (U)Sr

∥∥∥∥
1,2

−
∥∥∥∥(Θ∗

\r

)
Sr

∥∥∥∥
1,2

)
≥ −λn

∥∥(U)Sr

∥∥
1,2

≥ − 5

Cmin
drλ

2
n.

To bound the other term, notice that by Tailor expan-

sion, we get

Λmin

(
∇2ℓ

((
Θ∗

\r

)
Sr

+ β (U)Sr
;D

))
≥ min

β∈[0,1]
Λmin

(
∇2ℓ

((
Θ∗

\r

)
Sr

+ β (U)Sr
;D

))
≥ Λmin

(
Q∗

SrSr

)
−max
β∈[0,1]

Λmax

⟨∂∇2ℓ (ΘSr ;D)

∂ΘSr

∣∣∣∣∣(
Θ∗

\r

)
Sr
+β(U)Sr

, (U)Sr

⟩
≥ Cmin −

(
max

t3∈V \{r}

∥∥∥∥ ∂

∂θrt3;ℓ3k3

ηℓ1ℓ2

(
x(i)
)∥∥∥∥

2

√
dr

)
Λmax(ℑ∗)

√
dr
∥∥(U)Sr

∥∥
∞,2

,

(20)
where, η(·) is defined in Section 7.2. We know that
Λmax(ℑ∗) = Λmax(J ∗) as a property of Kronecher
product. By (18) and assumption on the maximum
eigenvalue of J ∗, we have

Λmin

(
∇2ℓ

((
Θ∗

\r

)
Sr

+ β (U)Sr
;D

))
≥ Cmin − m− 1√

2
drDmax

∥∥(U)Sr

∥∥
∞,2

≥ Cmin − m− 1√
2

drDmax
5

Cmin
λn

≥ Cmin

2

(
λndr ≤ C2

min√
50(m− 1)Dmax

)
.

Hence, from (19), we get

G
(
(U)Sr

)
≥ dr

5

Cmin
λ2
n

(
−1

4
+

5

2
− 1

)
> 0.

We can colclude that∥∥∥∥(Θ̂\r

)
Sr

−
(
Θ∗

\r

)
Sr

∥∥∥∥
∞,2

≤ 5

Cmin
λn. (21)

with high probability. With similar analysis on the
maximum eigenvalue of the derivative of Hessian as in
(20), it is easy to show that∥∥∥Rn

\r

∥∥∥
∞,2

λn

≤ 1

λn

m− 1√
2

drDmax

∥∥∥∥(Θ̂\r

)
Sr

−
(
Θ∗

\r

)
Sr

∥∥∥∥2
∞,2

≤ m− 1√
2

drDmax
25

C2
min

λn

≤ α

4(2− α)
,

provided that λndr ≤ C2
min

50
√
2(m−1)Dmax

α
2−α .
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10 Proof of Lemma 4

(D1) By variational representation of the smallest
eigenvalue, we have

Λmin

([
∇2ℓ

(
Θ̄∗

P ;D
)]

SrSr

)

≥ Λmin

([
∇2ℓ

(
Θ̄∗

\r;D
)]

SrSr

)
− Λmax

([
∇2ℓ

(
Θ̄∗

\r;D
)]

SrSr

−
[
∇2ℓ

(
Θ̄∗

P ;D
)]

SrSr

)
≥ Cmin(1 + γ)

− Λmax

([
∇2ℓ

(
Θ̄∗

\r;D
)]

SrSr

−
[
∇2ℓ

(
Θ̄∗

P ;D
)]

SrSr

)
.

In the second inequality, we used the result of
Lemma 1, i.e., the inequality holds with probability
stated in Lemma 4. By Tailor expansion, for some
β ∈ [0, 1], and by (23), we get

Λmax

([
∇2ℓ

(
Θ̄∗

\r;D
)]

SrSr

−
[
∇2ℓ

(
Θ̄∗

P ;D
)]

SrSr

)

≤ Λmax

⟨∂
[
∇2ℓ

(
Θ̄;D

)]
SrSr

∂Θ̄

∣∣∣∣∣
Θ̄∗

\r−βΘ̄∗
Pc

, Θ̄∗
P c

⟩
≤
∥∥∥∇ηℓ1ℓ2

(
x(i)
)∥∥∥

∞
Dmax

∥∥Θ̄∗
P c

∥∥
1

= γCmin.

Note that
∥∥∇ηℓ1ℓ2

(
x(i)
)∥∥

∞ ≤ 1 for η(·) defined in
section 7.3. The last inequality holds as a result of
Lemma 1 with the probability stated in Lemma 4.
Hence, the result follows.

(D2) We can write

∇2ℓ
(
Θ̄∗

P ;D
)
Sc
rSr

(
∇2ℓ

(
Θ̄∗

P ;D
)
SrSr

)−1

=

3∑
i=0

Ti,

where,

T0 = ∇2ℓ
(
Θ̄∗

\r;D
)
Sc
rSr

(
∇2ℓ

(
Θ̄∗

\r;D
)
SrSr

)−1

T1 = ∇2ℓ
(
Θ̄∗

\r;D
)
Sc
rSr((

∇2ℓ
(
Θ̄∗

P ;D
)
SrSr

)−1

−
(
∇2ℓ

(
Θ̄∗

\r;D
)
SrSr

)−1
)

T2 =
(
∇2ℓ

(
Θ̄∗

P ;D
)
Sc
rSr

−∇2ℓ
(
Θ̄∗

\r;D
)
Sc
rSr

)
(
∇2ℓ

(
Θ̄∗

\r;D
)
SrSr

)−1

T3 =
(
∇2ℓ

(
Θ̄∗

P ;D
)
Sc
rSr

−∇2ℓ
(
Θ̄∗

\r;D
)
Sc
rSr

)
((

∇2ℓ
(
Θ̄∗

P ;D
)
SrSr

)−1

−
(
∇2ℓ

(
Θ̄∗

\r;D
)
SrSr

)−1
)
.

By Lemma 1, we have that ∥T0∥∞,1 ≤ 1−τ√
dr

with the

probability stated in Lemma 4. For the second term,
we have

∥T1∥∞,2

≤∥T0∥∞,2Λmax

∇2ℓ
(
Θ̄∗

\r;D
)
SrSr

−∇2ℓ
(
Θ̄∗

P ;D
)
SrSr︸ ︷︷ ︸

T12



Λmax

(∇2ℓ
(
Θ̄∗

P ;D
)
SrSr

)−1

︸ ︷︷ ︸
T13


≤ 1− τ√

dr
γCmin

1

Cmin
=

1− τ√
dr

γ.

We used the result of (D1) for Λmax (T13) ≤ 1
Cmin

.

For the third term, we have

∥T2∥∞,2 ≤

∥∥∥∥∥∥∥∥∥∇
2ℓ
(
Θ̄∗

\r;D
)
Sc
rSr

−∇2ℓ
(
Θ̄∗

P ;D
)
Sc
rSr︸ ︷︷ ︸

T21

∥∥∥∥∥∥∥∥∥
∞,2

Λmax


(
∇2ℓ

(
Θ̄∗

\r;D
)
SrSr

)−1

︸ ︷︷ ︸
T22


≤ γCmin

1

Cmin(1 + γ)

=
γ

1 + γ
.

For the fourth term, we have

∥T3∥∞,2 ≤ ∥T21∥∞,2 Λmax (T22) Λmax (T12) Λmax (T13)

≤ γCmin
1

Cmin(1 + γ)
γCmin

1

Cmin

≤ γ2

1 + γ
.

Putting all piences together, we get the result.

(D3) The result follows directly from Lemma 1.

This concludes the proof of Lemma.

11 Sufficiency Lemmas for Higher
Order Dependencies

Lemma 7. The constructed candidate primal-dual

pair
(
Θ̂\r, Ẑ\r

)
satisfy the conditions of the Lemma 3
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with probability 1−c1 exp(−c2n) for some positive con-
stants c1, c2 ∈ R.

Proof. Using the mean-value theorem, for some Θ̄\r in

the convex combination of Θ̂\r and Θ̄∗
P , we have

∇2ℓ
(
Θ̄∗

P ;D
) [

Θ̂\r − Θ̄∗
P

]
= ∇ℓ

(
Θ̂\r;D

)
−∇ℓ

(
Θ̄∗

P ;D
)

+
(
∇2ℓ

(
Θ̄∗

P ;D
)
−∇2ℓ

(
Θ̄\r;D

)) [
Θ̂\r − Θ̄∗

P

]
= −λnẐ\r −∇ℓ

(
Θ̄∗

P ;D
)︸ ︷︷ ︸

W̄n
\r

+
(
∇2ℓ

(
Θ̄∗

P ;D
)
−∇2ℓ

(
Θ̄\r;D

)) [
Θ̂\r − Θ̄∗

P

]
︸ ︷︷ ︸

R̄n
\r

.

We can rewrite these set of equations as two sets of
equations over Sr and Sc

r . By Lemma 4, the Hessian
sub-matrix on Sr is invertible with high probability
and thus we get

∇2ℓ
(
Θ̄∗

P ;D
)
Sc
rSr

(
∇2ℓ

(
Θ̄∗

P ;D
)
SrSr

)−1

(
−λn

(
Ẑ\r

)
Sr

−
(
W̄n

\r

)
Sr

+
(
R̄n

\r

)
Sr

)
= −λn

(
Ẑ\r

)
Sc
r

−
(
W̄n

\r

)
Sc
r

+
(
R̄n

\r

)
Sc
r

.

Notice that

∥∥∥∥(Ẑ\r

)
Sr

∥∥∥∥
∞,2

= 1 and hence, we get

∥∥∥∥(Ẑ\r

)
Sc
r

∥∥∥∥
∞,2

≤

(
1+

∥∥∥∥∇2ℓ
(
Θ̄∗

P ;D
)
Sc
rSr

(
∇2ℓ

(
Θ̄∗

P ;D
)
SrSr

)−1
∥∥∥∥
∞,2

√
dr

)

∥∥∥W̄n

\r

∥∥∥
∞,2

λn
+

∥∥∥R̄n
\r

∥∥∥
∞,2

λn
+ 1

− 1

≤ (2− α)

(
α

4(2− α)
+

α

4(2− α)
+ 1

)
− 1

= 1− α

2
< 1.

The second inequality holds with high probability ac-
cording to Lemma 4 and Lemma 8.

Lemma 8. For quantities defined in the proof of

Lemma 7, the following inequalities hold:

P


∥∥∥W̄n

\r

∥∥∥
∞,2

λn
>

α

4(2− α)


≤ 2 exp

(
−

((
α

4(2−α)λn−1
2

∥∥Θ̄∗
P c

∥∥
1

)√
n−m−1

2

)2
4

+ log(p− 1)

)

P


∥∥∥R̄n

\r

∥∥∥
∞,2

λn
>

α

4(2− α)


≤ 2 exp

(
−

((
α

4(2−α)λn−1
2

∥∥Θ̄∗
P c

∥∥
1

)√
n−m−1

2

)2
4

+ log(p− 1)

)
.

Proof. By simple derivation, we have

∂

∂θ̄∗rt;ℓk
ℓ(i)(Θ̄P ;D) = I

[
x
(i)
t = k

]
(
I
[
x(i)
r = ℓ

]
− PΘ̄∗

P

[
Xr = ℓ | X\r = x

(i)
\r

])
.

It is easy to show that

EΘ̄∗
\r

[
∂

∂θ̄∗rt;ℓk
ℓ(i)(Θ̄P ;D)

]
= PΘ̄∗

\r

[
Xr = ℓ | Xt = k,X\r,t = x\r,t

]
− PΘ̄∗

P

[
Xr = ℓ | Xt = k,X\r,t = x\r,t

]
≤
∥∥Θ̄∗

P c

∥∥
1

max
β∈[0,1]

∥∥∥∇PΘ̄∗
\r− βΘ̄∗

Pc

[
Xr=ℓ |Xt= k,X\r, t=x\r, t

]∥∥∥
∞

≤ 1

4

∥∥Θ̄∗
P c

∥∥
1
,

where, with abuse of notation Θ̄∗
\r − βΘ̄∗

P c repre-

sents the matrix Θ̄∗
\r purturbed only on the en-

tries corresponding to Θ̄∗
P c . Also, one can show

that Var
(

∂
∂θ∗

rt;ℓk
ℓ(i)(Θ\r;D)

)
≤ 1

4 . Consequently,

with i.i.d assumption on drawn samples, we have

Var
(

∂
∂θ̄∗

rt;ℓk

ℓ(Θ\r;D)
)

≤ 1
4n . For a fixed t ∈ V \{r}
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by Jensen’s inequality,

EΘ∗
\r

[∥∥∥∥∥ ∂

∂θ̄∗rt;ℓk
ℓ(Θ\r;D)

∥∥∥∥∥
2

]

≤

√√√√√EΘ∗
\r

∥∥∥∥∥ ∂

∂θ̄∗rt;ℓk
ℓ(Θ\r;D)

∥∥∥∥∥
2

2


≤ 1

2

√
(m− 1)2

n
+
∥∥Θ̄∗

P c

∥∥2
1

≤ m− 1

2
√
n

+
1

2

∥∥Θ̄∗
P c

∥∥
1
.

We have maxt∈V \{r}

∥∥∥ ∂
∂θ̄∗

rt;ℓk

ℓ(i)(Θ\r;D)
∥∥∥
2
≤

√
2 for

all i and hence, by Azuma-Hoeffding inequality and
the union bound, we get

P

∥∥∥∥∥ ∂

∂θ̄∗rt;ℓk
ℓ(Θ\r;D)

∥∥∥∥∥
∞,2

>
m− 1

2
√
n

+
1

2

∥∥Θ̄∗
P c

∥∥
1
+ ϵ


≤ 2 exp

(
−ϵ2

4
n+ log(p− 1)

)
.

For λn ≥ 8(2−α)
α

(
m−1
4
√
n
+ 1

4

∥∥Θ̄∗
P c

∥∥
1

)
, the result

follows.

In order to bound R̄n
\r, we need to control the estima-

tion error
(
Θ̂\r

)
Sr

−
(
Θ̄∗

P

)
Sr
. Let H : R(m−1)2dr → R

be a function defined as

H(USr ) := ℓ
((

Θ̄∗
P

)
Sr

+ USr ;D
)
− ℓ

((
Θ̄∗

P

)
Sr

;D
)

+ λn

(∥∥∥(Θ̄∗
P

)
Sr

+ USr

∥∥∥
1,2

−
∥∥∥(Θ̄∗

P

)
Sr

∥∥∥
1,2

)
.

By optimality of Θ̂\r, it is clear that U
∗ =

(
Θ̂\r

)
Sr

−(
Θ̄∗

P

)
Sr

minimizesH. SinceH(0) = 0 by construction,

we have H(U∗) ≤ 0. Suppose there exist an ℓ∞/ℓ2
ball with radius Br such that for any ∥U∥∞,2 = Br,
we have that H(U) > 0. Then, we can claim that
∥U∗∥∞,2 ≤ Br. See proof of Lemma 6 for more dis-

cussion on this proof technique. Let U0 ∈ R(m−1)2dr

be an arbitrary vector with ∥U0∥∞,2 = 5
Cmin

λn. We
have

H(U0) := ℓ
((

Θ̄∗
P

)
Sr

+ U0;D
)
− ℓ

((
Θ̄∗

P

)
Sr

;D
)

+ λn

(∥∥∥(Θ̄∗
P

)
Sr

+ U0

∥∥∥
1,2

−
∥∥∥(Θ̄∗

P

)
Sr

∥∥∥
1,2

)
.

(22)
We bound each of these three terms individually. Ap-
plying mean value theorem to the log liklihood func-

tion, for some β ∈ [0, 1], we get

ℓ
((

Θ̄∗
P

)
Sr

+ U0;D
)
− ℓ

((
Θ̄∗

P

)
Sr

;D
)

=

⟨(
W̄n

\r

)
Sr

, U0

⟩
+
⟨
U0,∇2ℓ

((
Θ̄∗

P

)
Sr
+ βU0;D

)
U0

⟩
.

Note that α
4(2−α)λn ≤ 1

4λn and hence, by our bound

on W̄n
\r and Cauchy-Shwartz inequality, we have∣∣∣∣⟨(W̄n

\r

)
Sr

, U0

⟩∣∣∣∣ ≤ ∥∥∥∥(W̄n
\r

)
Sr

∥∥∥∥
∞,2

∥U0∥1,2

≤ λn

4
dr ∥U0∥∞,2

≤ 5

4Cmin
λ2
ndr.

To bound the other term, by Tailor expansion, we get

Λmin

(
∇2ℓ

((
Θ̄∗

P

)
Sr
+ βU0;D

))
≥ min

β∈[0,1]
Λmin

(
∇2ℓ

((
Θ̄∗

P

)
Sr
+ βU0;D

))
≥ Λmin

(
∇2ℓ

((
Θ̄∗

P

)
Sr
;D
))

−max
β∈[0,1]

Λmax

⟨∂∇2ℓ
((

Θ̄P

)
Sr
;D
)

∂
(
Θ̄P

)
Sr

∣∣∣∣∣
(Θ̄∗

P )Sr
+βU0

, U0

⟩
≥ Cmin

− max
t3∈V \{r}

∥∥∥∥∥∂ηℓ1ℓ2
(
x(i)
)

∂θ̄rt3;ℓ3k3

∥∥∥∥∥
2

dr Λmax(ℑ∗) ∥U0∥∞,2

≥ Cmin − m− 1√
2

drDmax ∥U0∥∞,2

≥ Cmin

2

(
λndr ≤ C2

min√
50(m− 1)Dmax

)
.

(23)
Here, we used the fact that Λmax(ℑ∗) = Λmax(J ∗) as
a property of Kronecher product and also our assump-
tion on the maximum eigenvalue of J ∗. By triangle
inequality,

λn

(∥∥Θ̄∗
P + U0

∥∥
1,2

−
∥∥Θ̄∗

P

∥∥
1,2

)
≥ −λn ∥U0∥1,2
≥ −λndr ∥U0∥∞,2

≥ −5λ2
ndr

Cmin
.

Hence, from (22), we get H(U0) ≥ 5λ2
ndr

4Cmin
> 0 and

hence, ∥∥∥∥(Θ̂\r

)
Sr

−
(
Θ̄∗

P

)
Sr

∥∥∥∥
∞,2

≤ 5

Cmin
λn, (24)

with high probability. With similar analysis as in 23,
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we have∥∥∥R̄n
\r

∥∥∥
∞,2

λn

≤ 1

λn

m− 1√
2

drDmax

∥∥∥∥(Θ̂\r

)
Sr

−
(
Θ∗

\r

)
Sr

∥∥∥∥2
∞,2

≤ m− 1√
2

drDmax
25

C2
min

λn

≤ α

4(2− α)
,

provided that λndr ≤ C2
min

50
√
2(m−1)Dmax

α
2−α .


