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1 Inductive proofs of predictive
distributions

We begin with some preliminary definitions, then pro-
ceed to prove the consistency of the predictive distri-
butions.

Definition 1.1. Define Nodes(T) as a function re-
turning the identification numbers of all the nodes in
tree T, i.e., if T = (¢, Ta, Ty, 7.), then

[ 0T =0,

Nodes(T') = { {c} UNodes(T,) U Nodes(T}) else.
Definition 1.2. Define Parent(T, k) as a function re-
turning identification number of the immediate parent
of node k in a BHCC tree T, i.e.,

Parent(T, k) =

0 if k is root of T,
{|T. = (¢, Tk, Tpy7c) VT = (¢, To, Tk, re) } else.

Definition 1.3. Define Path(7, k) as a function re-
turning identification numbers of all the nodes in the
path from the root to node k£ in a BHCC tree T, i.e.,

(0 if {k} N Nodes(T') = 0,
{k} UPath(T, Parent(T, k)) else.

Definition 1.4. Define w(T, k) as the posterior prob-
ability that £(7};) forms a view and merging other sub-
trees to T}, does not yield a view:

w(T, k) =rg H

cePath(T,k)—{k}

Path(T, k) = {

(1 —re).

Lemma 1.5. The quantity defined in Equation 10 in
the paper has a lower bound:

max(u)

>, I w

u€Ptns(T,) v=1

Tc,k mu:U|X.,u:v,DPM)7 (1)

where the partitioning w is represented in the form of
a vector of indicator variables, max(u) is the number
of clusters in partitioning w, and k is the node in T,
such that the two vectors uw = v and L(Ty) have the
same set of dimensions.
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Proof. We show a proof by induction. If ¢ is the
leaf node, Ptns(T;) = (c¢), max(u) = 1, k = ¢
and w(T.,¢) = r. = 1, thus Equation 1 becomes
p(x| X (1,), DPM) which is equal to the quantity in
Equation 10 in the paper. Thus the lemma is true in
the base case.

Our inductive hypothesis is that the lemma holds for
the two subtrees T, and Tp. That is,

P(@ )Xoty Ta) >

max(u’)

> I

u'€Ptns(T,) v'=1

Ta, k mu/:u/ |X.,u/:’U'7 DPM)

and same for p(xz(1,)| X (1), Tp); Also note that
W(Ta, k) > (1 —r)w(Ty, k') = w(Te, k'),
and same for w(Ty, k). Therefore

(1 =re)p(xor)|Xer), Ta)p(® o) | Xem,), Tv) >

max(u’)

> I @@ k)p(@w—u | X =, DPM)x
u/E€Ptns(T,) v'=1
max(u'")
Yoo I @@k )p@ws - | X e, DPM)
u’’€Ptns(Ty) v’=1
max(u)

=D 11

uw€Ptns(T,) XPtns(Ty) v=1

w(Te, B)p(Tu=v]| X w=v, DPM)

(2)

Meanwhile, for the trivial partitioning (£(T.)) (recall-
ing that (L£(T.)) represents the partitioning where all
dimensions in £(7T¢) are assigned to the same cluster),
we have max(u) = 1, k = ¢ and w(T,,¢) = r.. Thus
for w = (L(Te))

max(u)

El W(Te, k)p(Tu—y]| X sy, DPM) @)

= rep(@e(r,)| X, o(1.), DPM)
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By definition, Ptns(T,.) = (L(T.)UPtns(Ty,) x Ptns(T}).
Therefore combining the results from Equation 2 and
3, we see the lemma is true. O

Lemma 1.6. The quantity defined in Equation 11 in
the paper is equal to the quantity:

Z w(Te, k)p(y|X. £(1,), DPM) (4)
keNodes(T¢)

which sums over the prediction w.r.t. all the nodes in
T. weighted by the posterior of the nodes.

Proof. We show a proof by induction. If ¢ is a leaf
node, then T, = T, = () and r. = 1. By definition,
p(YIX. cr). Te) = p(YlX. £(r,), DPM); Meanwhile,
Nodes(T.) = {c}, w(T.,¢) = r. = 1, L(T.) = {c},
thus Equation 4 becomes p(y|X. z(z.), DPM). Thus
the lemma is true in the base case.

Our inductive hypothesis is that Equation 4 holds for
the two subtrees T, and Ty, i.e.,

PWIX o) Ta) = Y
keNodes(T,)

and same for Tp. Meanwhile, by definition, (1 —
re)w(To, k) = w(Te, k) and same for Tp; and r. =
w(Te, ¢). Therefore,

pYIX. £(1.), Te) = w(Te, )p(y| X. £(1,), DPM)+

Z w(Te, k)p(y|X. £(1y,), DPM)+
k€Nodes(Ty)

Z w(TCak)p(y|X,[,(Tk)aDPM)
keNodes(T})

Further notice Nodes(T.) = {c} U Nodes(Ty) U
Nodes(T}), thus the lemma is true. O

Lemma 1.7. The quantity defined in Equation 13 in
the paper is equal to the quantity:

Z w(Te, k)p(Xij|X. £(z,,), DPM)  (5)
kePath(Ts.j)

which sums over the prediction w.r.t. the nodes on the
path from root to dimension j, weighted by the poste-
rior of the nodes.

Proof. We show a proof by induction. If ¢ is a
leaf node, Path(T.,j) = {c} N {j}, w(Tec) =
re = 1, L(T.) = {c}, thus Equation 5 becomes
p(Xi 41X £er), DPM) x [{c} N {j}| which is also the
case in Equation 13 in the paper (T, = Tp = () and
re = 1). Thus the lemma is true in the base case.

w(Ta, k)p(Y|X. £ (1), DPM)

Our inductive hypothesis is that Equation 5 holds for
the two subtrees T, and Ty, i.e.,

P(Xij|X. cery, Ta) =

Z w(Ta, k)p(Xi ;| X. £(1), DPM)
kePath(T,,j)

and same for Tp. Meanwhile, by definition, (1 —
re)w(Te, k) = w(Te, k) and same for Tp; and r. =
w(Te, ¢). Therefore,

P(Xi | X 1y, Te) =
w(Te, )p(Xi ;X £er,), DPM) x [{j} N L(T.) |+

Z w(Te, k)p(Xi ;X c(1y), DPM)+
kEPath(T,,j)

Z w(Te, k)p(Xi;|X. c(1,), DPM)
kEPath(T},j)

Assume j is a leaf node of subtree T,, then
Path(Ty, j) = 0, Path(T,,j) = {c} UPath(T,,J) and
{7} N L(T.)| = 1, thus the lemma is true. O



