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Abstract

In this document, we detail further some
technical proofs not covered in the paper cor-
responding to this supplementary material.

1 Playing against an opponent using a
known model

1.1 Regret upper bounds against the best
history-class-based strategy

Theorem 1 In the case of a ®-constrained opponent,
using the ®-UCB algorithm with parameter o > 1/2,
we have the distribution-dependent bound:

4dalog(T)
D Sy v

cEH/PE(I(T))>0acA;A:(a)>0

R? < + Ac(a)eq

where 1.(T) = Zlel[h<t]:c, the per-class gaps
def

Acla) = pe(al) — pela), and the constant c, =
4 a+1/2

L+ log(a+1/2) (a—1§2)2

free bound (i.e. which does not depend on the gaps):

R$ < \/TAC(ZLa log(T") + ca)

We also have a distribution-

where C = |{c € |H/®|;E(I.(T)) > 0}| is the number
of classes that may be activated during the run.

Now, in the case of an arbitrary opponent, using P-
Ezxp8 algorithm, we have:

R$ < 3 Jrca log(A).

V2

Proof: ~®-UCB: The distribution-dependent bound
for ®-UCB is a direct application of the result of [2]
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for the algorithm UCB about 7,(t) def 22:1 To.—a
where a; is played by UCB, that states that E(7,(t)) <
4(212051(;) + ¢o. Indeed, we use the fact that R? =
Z:e’}-[/cb Rr(c) and thus remark that when a class ¢
is visited, then we play according to a UCB algorithm
for this class.

Thus, for the distribution-free bound, we have:

RE = 05T A@)E(r(1(T))
< Z Z VE(1(T)) /4o log(T) + ca
< Z Nenea N Nerrmiers
< \;ﬁ 40 10g(T) + Ca,
where we used that Y, 7(s) = s for all s, and

>.1(T) = T, and the Cauchy-Schwartz inequality
twice.

®-Exp3: The bound for ®-Exp3 follows from the
bound of the anytime version of the Exp3 algorithm.

Indeed we have
1.(T)

- A . log(A)
RS SZM; > g +7f7);
c i=1 I.(T)

we deduce the bound by setting nf = \/%. O

1.2 Lower bounds on the regret

Theorem 2 Let sup represents the supremum taken
over all ®-constrained opponents and inf the infimum
over all forecasters, then the stochastic ®-regret is
lower-bounded as:

1
sup inf sup R} > —VTAC.
;| H/P|=C algo o —opp 20

Now, let sup represents the supremum taken over all
possible opponents and inf the infimum over all fore-
casters, then the adversarial ®-regret is lower-bounded
as:
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sup  inf sup RT > —\/TAC
®;[1/B|=C 990 opp 20

Proof:  Let us fix the horizon T and the number of
classes C. We consider the opponent defined using the
specific class-function ® such that each class c is pe-
riodically visited every C' time steps, thus T'/C times.
Note that T = %C and that this is intuitively the
opponent that makes the algorithm switch between
classes the most.

Now we define more precisely the rewards output by
the opponent. Let us consider the stochastic bandits
such that for each class ¢, one arm a. is a Bernoulli
B((1+e€.)/2), and all others are B((1 —€.)/2).

Then by application of Lemma 2.2 in [2], for €. of

order %, we have in the Bandit information setting

the following inequality:

1
E _ > _
Sup MC(aC) ‘LLC(at) = S€e (1 A 2A log( 1 — €¢

Thus with the notations I.(T) = Zt !
t.(i) = min{¢; I.(¢ ) > i}, we deduce that:

a0 33 e

(ac)e c t=1
1.(T)

Zsup Z (eac) = pe(ae,y)) >

Since the a. are chosen by the opponent such that
each class is visited exactly I.(T) = T/C times, then
we deduce that the ®-pseudo-regret is lower-bounded

as:
p 33 el

(ac)e c t=1
1 (1—|-ec
e.lo
g1, \/2Ac

> dec<1

Thus, after some tedious computations to optimize e,
.1 /T 4 _
we finally get a lower bound of order: 55 /&A=

2—10\/ TAC. Note that this is valid only if €. ~ %

is small (less than 1), i.e. if the number of classes C
is smaller than a constant times % (and if this not the
case, the lower bound becomes obviously of order T').

—[h-, and

— Me at))ﬂc:[h<t] =

ZI

— Ue at))]lc_[h<f

The second part of the Theorem can be proved using
the same construction. ]

S€e 1+e,
))-

2 Playing against an opponent using a
pool of models

We first remind the result of [1] relating the cumulative
reward of the Exp4 algorithm to the one of the best
expert on top of which it is run. We have:

Lemma 1 For any v € (0,1], for any family of ex-
perts which includes the uniform expert, one has

T T
max D Eyer (ri(a)) = Ea,.ar (O relar)
t=1 t=1
e~y Al

In our case, since the ¢/ are not fixed in advance but
are random variables, we can not apply this Lemma
directly and need to adapt it. Based on the proof of
[1], we can prove the following bound:

Lemma 2 For any v € (0,1], for any family of ex-
perts which includes the uniform expert such that all
expert advices are adapted to the filtration of the past,
one has

T T
m(?xz Eay,...oae1 (]Ea~§f (re(a))) — Eahv--,aT(Z re(ag))
t=1 t=1
Al
<(e— 1T+ og(|9])
Y
Proof: Indeed, by construction of the algorithm, the

beginning of the original proof from [1] applies and
gives

T T
Dorile) 2 (1=9) 3 Euvg(Fule)) - Algff@)
T
—(e— 2)% SN fia),
t=1acA

where 74(a) = 7;(&3) To,—a-

Now, we use the fact that ¢/(a) is adapted to the fil-
tration of the past (which we denote F'~1) and the
property that E(7:(a)|F'=1) = E(r¢(a)|F~1) to de-
duce that

E(E,. ¢ (71(a)) = E() E(F(a)e(a)|F)
acA
= B E(F(a)|F el (a)
acA
= E()_E(ri(a)|F e (a))
acA
= E(Y E(r(a)¢l(a)|F1))
acA

= E(E,g(ri(a)))
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On the other hand, since by assumption the uniform
expert belongs to the set of considered experts, we also
have

%E(Z > #a) = ) E(Bawv(a)(ri(a)
t=1acA t=1
T
< max z_; E(Ea~5§ (re(a))),

where U(A) denotes the uniform distribution over the
set of actions A. This concludes the proof. O

We now define the best model of the pool 6* to be

0* = argmax  sup E(i [rt(g([h<t])) — Tt(at)D,

0€0  gH/PsA N3

We then define for any class ¢ € H/®y«, the action

a’ dof argmax, fi.(a) that corresponds to the best

history-class-based strategy. Thus we can also write

ap = afh«]s*'
2.1 The rebel bandit setting

We now introduce the setting of Rebel bandits that is
interesting by itself. It will be used in order to compute
the model-based regret of the Exp4 algorithm. In this
setting, we consider that at time ¢ the player 6 pro-
poses a distribution of probability ¢/ over the arms,
but he/she actually receives the reward correspond-
ing to an action drawn with another distribution, say
q:- This will be the distribution of probability pro-
posed by the meta algorithm. We now analyze the
(P-constrained) Exp3 and UCB algorithms in this set-
ting and bound the corresponding rebel-regret define
by:

Definition 1 (Rebel regret) The Rebel-regret of the al-
gorithm that proposes at time t the distribution ff but
in the game where the action a; ~ q; is played instead
18:

RED) = D Earvvcars (relaiy_y,.) = Fagp (re(a)) ).

t=1T

2.2 ®-Exp3 in the Rebel bandit setting

We now consider using Exp4 on top of ®-contrained al-
gorithms. We first use the experts ®y-Exp3 for 6 € ©
with a slight modification on the definition of the func-
tion [§(a). Indeed since the action a; are driven ac-
cording to the meta algorithm and not ®y-Exp3, we

redefine 1¢(a) = 1;7"(’@()‘1)]1%:@]1%@]9:0 so as to get un-

biased estimate of r(a) for all a. We now provide a
bound on the Rebel-regret of the ®*-Exp3 algorithm.

REE) < 3 3 adda) [

Theorem 3 The ®y--Fxp3 algorithm in the Rebel
bandit setting where q;(a) > & for all a, and choos-

ing the parameter nfg(i) =4/ 61%.(’4) satisfies

RI(0") < 2 T@logA'

The proof of this Theorem is reported in the main
paper. We now combine Lemma 2 and Theorem 3 to
get the final bound:

Theorem 4 For any opponent, the adversarial ®g-
regret of Expl/FExp3 is bounded as

R = O(T*/3(AC 10g(4))"* 10g(|0])/2),

where C' = maxgeeg |H/Py| is the mazimum number of
classes for models 6 € ©.

Proof: Indeed we can apply Theorem 3 using Exp4
meta algorithm with § = %. Thus we get:

T
R? = ZEal,m,atq(Tt<afh<t]9*)_Eathtrt(at))
t=1
Al
< RO+ (e — VT + 2108(OD

< 9 |TAC log A + T+ Alog(|®|).
Y Y

= /3 /2
We thus choose 7 = (ACIOg(‘g)Tl)l/lfg“@Dl to con-

clude. 0

2.3 ©-UCB in the Rebel-bandit setting

Similarly, a bound on the Rebel-regret of the &*-UCB
algorithm can be derived assuming that we consider a
d*-constrained opponent with ®* = & ¢ dg.

Theorem 5 The ®y«-UCB algorithm in the Rebel
bandit setting where g:(a) > § for all a, and provided
a > 1/2, satisfies

m0A(a)?
3R2alogT

cEH/DP*raFal

We also have the distribution-free bound:

4alog(T) St o
§ “ 32alog(T)’

Proof: ~ We write by the action proposed by the &-
UCB algorithm at time ¢, and a; the action effec-
tively played according to distribution ¢;. We in-
troduce the notations: I.(T) = Ethl Ijp_,)=c, then
t.(1) = min{t; I.(t) = i} and for all @ € A, I.(T,a) =

RIL(0%) < VTC*A
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Zle I ,j=cla,=a- The proof mainly follows the lines
of [2]. Note that by definition, we want to bound the
following term:

1%(T)

Z]Ibt a

RAL(0%)

=22 Ada M

Step one. Decompose the event by = a. Let us con-
sider a time ¢ for which [h<¢] = ¢. Then let us consider
a sub-optimal arm a such that A.(a) > 0. Thus it ap-
pears that b; = a if one of the following conditions
holds:

(1) ﬂt,c(ac) < ﬂc(ac)
(2) figc(a) > pc(a)

(3) Acla) < 2, /%

Indeed, otherwise we would have

ﬂc(ac) > /J/c(a/c) = Mc(a) + Ac(a/>
alogI.(t) _ .
> e 9,/ 29850 5 4 ().
> pela) + Tit—t1a =" (a)
Thus we introduce the quantity u.(a) = 456185;)2, and

deduce that:

Step 3. Thus we focus on the first term E(i.(a)) of
(2). Since we know that ¢:(a) > d for all a,t, we thus
deduce that:

E(ic(a)) = 22720 Plic(a) > 1) <
lo+ X272, P(V7 < LIZ(t2(5), a) < uc(a))
lo+ 300, P(Vi <157, Loy y=a = G2 (@) < ue(a) = 55).

Now by property of martingale difference sequences,
we deduce by setting Iy = ""C—m)—' that:

<

E(ic(a)) < loJrZeXp 2(1 — 19)%6%1)
1= zo
lo)?
R N L)
1=lo
where we introduced the quantity o® = g-. Thus
we deduce that:
(o) <70y 7 ()
o= 8\ uc(a)

Step 4. Finally, by combining (3), (4) with (2) and
(1), we deduce the following distribution-dependent
bound on the rebel regret:

E( Y Ti=a) SE( Y Injorort2(t-10)<uc(a)- 7 (p* [Zalog( ) | [m6A(a)? }
+t=a or(2)orl? a)<uce(a R 9 A ol
i= i=1 Z Z 25 32« logT—i—C
CEH/q)*a#(l*
Step 2. Now since I?(.,a) is an increasing function o 4 a+1/24\2
of time (note though, that it does not increase by one where ¢o = 1+ log(a+1/2) (a—1/2) We deduce

each time b; is proposed...), we can define the stopping
time 7.(a) = min{t; I?(t,a) > u.(a)}, or equivalently
the stopping instant i.(a) = min{s;1%(t%(i),a) >
ue(a)}. Thus we deduce that:

1°(T) 12(T)
E( ) Iy—a) <EGe(@) +E( > Inyore) (2)
i=1 i:iz:(a)+1

Now we can bound the second term of (2) by a con-
stant depending only on «, by an easy peeling argu-
ment (we refer to Section 2.2 of [2]):

I3(T) 13(T) log i 1
E( Y. Inere) < 2]E< > (m+ )W)
i=ic(a)+1 i=ic(a)+1 @
3
where 8 = a+1/2

Then, we also have, by integration by parts:

1201)
2 [ (

2B( > (

i=ic(a)+1

log i 1
log1/p * )iMO‘)

logt
log1/B

+ 1) 25 )t

IN

4
log(1/8)(2Ba—1)2"

the distribution-free bound by the same argument
as for Theorem 1, remarking that \/g ,/i@fég); <
/

\/ 32a lgg(T) = Ca 0

This enables us to deduce the following Theorem, that
we prove using the same method as that of Theorem 4
but for the stochastic ®g-regret of Expd/UCB.

Theorem 6 Assume that we consider a ®*-
constrained opponent with ®* € &g, then the
stochastic ®g-regret of Exp4/UCB is bounded as:

RY = O((T4)/(@log(T)) "/ log(|0))/2),

where C = |H/®*| is the number of classes of the
model ®* of the opponent.

3 Approximation error of the models

The following result sheds light on a specific term that
appears to be an approximation term of the true model
0* by other models 6.
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Theorem 7 For any (pi(0)):,0 € [0,1], thus for any
meta algorithm run on top of Exp8 algorithm and de-
fined with q(a) = Y, p(0)&!(a) and decreasing coef-

p2(9)fte(at)

T n?
M 2P}
ficient n?, the following holds true: Ry < ZZ ar 2 (1 —re(ar)) @2 (ar) )
1(7) -
nte( ) log A T
R <E(YD Y @ 3> o S (SR, (W (0 [hadle) — WL (o)
9 ceb i=1 0 ceo tI(12(T)) )

t=1

Eq, (Zt,[hﬂ]f, (afne,). ))) .

+Zzu’lf Z Ty ( [h«e()]) g(i)(ag))ptg(i)(e))-

Oceéczl

The term on the second line is actually a mixture of
approximation errors of each model, and it seems it
can not be reduced without further assumption on the
quality of the models.

Proof: The proof is in four steps.
Step 1. Rewrite the regret to make appear the prob-

Step 3. Introduce the equivalence classes. We now
consider the term in the right hand side of the above
equation defined with ¥ functions. Note that we do
not change the bound on the term Rr by considering
the sum over the 6 such that p,(6) > 0.

Let us introduce the follovvlng notations I?(t) =

Yo Lemin oI, 0)>0 and t2(i) = min{t; I2(t) = i},
Thus we can write:

abilities £ (a). We first introduce:

)IPPI 1(‘1’f 1(77?»[h<t] ) = UL (7, [hetlo) ) Lp0)>0

B

Ry = re(agae,).) — re(ar)
t=1 el = Zo Zcee Z te(l (nfe(iy ) \Ilte( )(77,59() )
T
— ZZE“ ~q (MH - ) = 2025602 ( £9(3) (77%)(1 +1° c) — ‘I’tg(i)(mg(i)’c)
t t a At=0[h 4]
0 =1 wla) Wi ro oy (i o oy ©)-
_ Tt(at)ft (at)pe(0)

qi(ay) Now, by definition of W? the last term of this
3 o sum, _\I/fg(lg(T)) (nfﬁ(Ig(T))’ ¢), is equal to the following
Now we have : If ., (a) = (1—7",:(&))5‘((1)}1% aleo=[hoi]o»  quantity
thus taking the expectation over a; for each time ¢, we +9(1°(T))
have: logA 1 1 NS -
ave ~ T n - H log(z Z eXP(*U Z lg,c(a’)))7
Rr =321 Ea, (re(ap,). — ri(ar)) a s=1

T £ (0 7
= D91 Eat(i((at))ﬂar =Ah g ltg,[h<t]9(a’[h<t]*)))

T (0 f a
+ 29 Zt:l Eat (Ea"’gf (ltv[h<t]9 (a)) - " (Qt)(fat() )> :

where n = nfg( 10(1)) which can be upper bounded by
logA + Zs— 2(1)) la .(a) for any given a = ag.

Step 4. Now since ntg() < 77t9( )41 and \Ilte(z)( c)
is increasing for all 0, ¢, we deduce from the previous

equations that:

We can simplify the above expression since

9 (q,
(Pt(e) ) = Eat(Pt(G)Et( )) = pe(0).

t\ge(ag) M= hoylw qt(at)

Step 2. Decompose the term E, o (ZN? (hod)o (@) 0 12(T) (0)¢° " )( a)
t ) t +

~ 77,59 ptﬂ
order to use the definition of /. Indeed, one can upper ~ Br Z Z Z Z () Zte @) T (@)
bound this term by 0 ce i=1 a qeo (i) (@

P Yy et
0 cco TtIIL(T))

i
, angt o (L, (@)?)
(12 (T)

- Lo s e, @F @) S ey

0 ceo ¢ t=1

IN

log A
Ea~§f ([f,[h<t]9 (a)) <

]Eat (if,c(a’f) - [ta,c(a[h<t]* ))

Now we conclude by taking the expectation, seeing
exp(—n? S (@) that Pt9(1 (0)&0¢iy < @9(s)(a), and that by definition
S exp(=nf 118y, (@) (lo (@) = (1 = ri(a?))pe(0)leein_,),-

tity Wi(n,e) = +log(§ 3, exp(—n i, 10 (a)) so 0
that the previous regret term writes:

Thus, since by definition we have that &/(a) =

we can introduce the quan-
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