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APPENDIX—SUPPLEMENTARY
MATERIAL

Using the facts that P (Zm,n = k|Ym = t, χ) = χt,k,
P (Ym = t|π) = πt, q(Ym = t| γm) = γm,t, and also
q(Zm,n = k| ϕm,n) =ϕm,n,k, P (Xm,n| Zm,n = k, β) =
P (Xm,n| βk), we can easily see that Lm can be rewrit-
ten as

Lm (γm, ϕm;π, χ, β) =
T∑

t=1

γm,t log πt +

Nm∑
n=1

T∑
t=1

K∑
k=1

γm,tϕm,n,k logχt,k

+

Nm∑
n=1

K∑
k=1

ϕm,n,k logP (Xm,n|βk)−
T∑

t=1

γm,t log γm,t

−
Nm∑
n=1

K∑
k=1

ϕm,n,k log ϕm,n,k.

Let us start with calculating first ϕ∗
m,n,k =

argmaxϕm,n,k
Lm. By introducing the λ Lagrange

multiplier, we have to solve the following equation.

0 =
∂

∂ϕm,n,k

[
Lm + λ

(
K∑

k=1

ϕm,n,k − 1

)]

=
T∑

t=1

γm,t logχt,k + logP (Xm,n|βk)− log ϕm,n,k

−1 + λ

Thus,

ϕ∗
m,n,k =

exp

(
T∑

t=1
γm,t logχt,k + logP (Xm,n|βk)

)
K∑
j=1

exp

(
T∑

t=1
γm,t logχt,j + logP (Xm,n|βj)

) .

The derivation of the optimal γ∗
m,t is similar, we just

have to find γ∗
m,t = argmaxγm,t Lm.

0 =
∂

∂γm,t

[
Lm + λ

(
T∑

t=1

γm,t − 1

)]

= log πt +

Nm∑
n=1

K∑
k=1

ϕm,n,k logχt,k − log γm,t

−1 + λ.

Hence,

γ∗
m,t =

exp

(
log πt +

N∑
n=1

K∑
k=1

ϕm,n,k logχt,k

)
T∑

τ=1
exp

(
log πτ +

N∑
n=1

K∑
k=1

ϕm,n,k logχτ,k

) .

We can use similar techniques to calculate the optimal
π∗ ∈ ST , as well.

0 =
∂

∂πt

[
M∑

m=1

Lm + λ

(
T∑

t=1

πt − 1

)]

=
1

πt

M∑
m=1

γm,t + λ.

Thus, we have that λ = −
T∑

t=1

M∑
m=1

γm,t, and

π∗
t =

M∑
m=1

γm,t

T∑
τ=1

M∑
m=1

γm,τ

.

To calculate the optimal χ∗
t,k we have to solve the fol-

lowing equation.

0 =
∂

∂χt,k

[
M∑

m=1

Lm + λ

(
K∑

k=1

χtk − 1

)]

=
1

χt,k

M∑
m=1

γm,t

Nm∑
n=1

ϕm,n,k + λ.

And hence,

χ∗
t,k =

M∑
m=1

γm,t

Nm∑
n=1

ϕm,n,k

K∑
j=1

M∑
m=1

γm,t

Nm∑
n=1

ϕm,n,j

.


