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Abstract

Recent studies of gradient descent with large step
sizes have shown that there is often a regime with
an initial increase in the largest eigenvalue of the
loss Hessian (progressive sharpening), followed
by a stabilization of the eigenvalue near the max-
imum value which allows convergence (edge of
stability). These phenomena are intrinsically non-
linear and do not happen for models in the con-
stant Neural Tangent Kernel (NTK) regime, for
which the predictive function is approximately
linear in the parameters. As such, we consider the
next simplest class of predictive models, namely
those that are quadratic in the parameters, which
we call second-order regression models. For
quadratic objectives in two dimensions, we prove
that this second-order regression model exhibits
progressive sharpening of the NTK eigenvalue to-
wards a value that differs slightly from the edge of
stability, which we explicitly compute. In higher
dimensions, the model generically shows similar
behavior, even without the specific structure of a
neural network, suggesting that progressive sharp-
ening and edge-of-stability behavior aren’t unique
features of neural networks, and could be a more
general property of discrete learning algorithms
in high-dimensional non-linear models.

1. Introduction

A recent trend in the theoretical understanding of deep learn-
ing has focused on the linearized regime, where the Neural
Tangent Kernel (NTK) controls the learning dynamics (Jacot
et al.,[2018} [Lee et al.,2019). The NTK describes learning
dynamics of all networks over short enough time horizons,
and can describe the dynamics of wide networks over large
time horizons. In the NTK regime, there is a function-space
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ODE which allows for explicit characterization of the net-
work outputs (Jacot et al., [2018; [Lee et al.l 2019; [Yang,
2021). This approach has been used across the board to gain
insights into wide neural networks, but it suffers a major lim-
itation: the model is linear in the parameters, so it describes
a regime with relatively trivial dynamics that cannot capture
feature learning and cannot accurately represent the types
of complex training phenomena often observed in practice.

While other large-width scaling regimes can preserve some
non-linearity and allow for certain types of feature learn-
ing (Bordelon & Pehlevanl 2022; Yang et al.| 2022), such
approaches tend to focus on the small learning-rate or
continuous-time dynamics. In contrast, recent empirical
work has highlighted a number of important phenomena aris-
ing from the non-linear discrete dynamics in training prac-
tical networks with large learning rates (Neyshabur et al.|
2017;|Gilmer et al.| 2022; |Ghorbani et al.l|[2019; |[Foret et al.|
2022). In particular, many experiments have shown the
tendency for networks to display progressive sharpening
of the curvature towards the edge of stability, in which the
maximum eigenvalue of the loss Hessian increases over
the course of training until it stabilizes at a value equal to
roughly two divided by the learning rate, corresponding
to the largest eigenvalue for which gradient descent would
converge in a quadratic potential (Wu et al., 2018} |Giladi
et al., 2020; |Cohen et al., [2022a:b)).

In order to build a better understanding of this behavior, we
introduce a class of quadratic regression models which dis-
play all the relevant phenomenology yet are simple enough
to admit numerical and analytic understanding. Models
of this type have been investigated previously in order to
understand other phemomena that occur beyond the NTK
regime (Zhu et al., [2022a; |Roberts et al., 2022). In a partic-
ular low-dimensional setting, we prove that the maximum
NTK eigenvalue converges to (near) the edge of stability,
and we demonstrate empirically that progressive sharpening
to the edge of stability occurs generically in the large dat-
apoint, large model limit. Finally, we conduct a numerical
analysis on the properties of a real neural network and use
tools from our theoretical analysis to show that edge-of-
stability behavior “in the wild” shows some of the same
patterns as the theoretical models.
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1.1. Concurrent work

Several concurrent works have investigated similar ques-
tions about edge of stability and have developed insights
that nicely complement the conclusions we develop here.

Zhu et al.|(2022b) propose a minimalist model in the form
of a degree-4 function (or degree-8 objective) and prove that
sharpness converges to a value close to, but not equal to,
the edge of stability. While these results are similar to our
results in the low-dimensional setting, we find that edge-of-
stability behavior can occur for degree-2 functions, and that
the final sharpness differs from the convergence threshold
by a precise problem-dependent amount which we calculate.

Damian et al.|(2022) develop an explanatory model for sta-
bilization of sharpness near the edge of stability based on
the nonlinear self-interaction of the top eigenmode of the
Hessian as well as its effective interaction with the other
eigenmodes. The low-dimensional dynamics capture the full
behavior over short timescales when the sharpness is near
the stability threshold, and closely resemble the differential
equations we develop in the low-dimensional limit of our
model. Our setup is somewhat less general, as it is restricted
to quadratic models, but it affords us some additional in-
sights beyond what was possible inDamian et al.|(2022). In
particular, we are able to prove that progressive sharpening
occurs generically in high-dimensional models, at least at
early times, and we find that the final curvature deviates by
a predictable amount from the convergence threshold.

2. Quadratic regression model

We begin by defining our basic quadratic regression

model. Given a P-dimensional parameter vector , the
D-dimensional output f( ) is given by
- 1
f()=y+G~ +3Q(;: ): (M

Here y is a D-dimensional vector, GisaD P -dimensional
matrix, and QisaD P P- dimensional tensor sym-
metric in the last two indices - that is, Q( ; ) takes two P -
dimensional vectors as input, and outputs a D-dimensional
vector verifying Q( ; ) = ~Q .IfQ =0, the model
corresponds to linear regression. We can recoverthe D P-

dimensional Jacobian J = @f=@ using
of 0%f
Gi= ;Qij=——1J3=G+ V)
i @ - Q ij @ .0 ; Q(;)

2

Any model can be converted into a quadratic regression
model by a second-order Taylor expansion around any dif-
ferentiable point. Quadratic expansions of shallow MLPs
have been previously studied (Bai & Lee} 2020; |Zhu et al.|
20224), and the perturbation theory for small Q is studied

in|Roberts et al. (2022). Other related models are detailed
in Appendix [A] We will provide evidence that even random,
unstructured quadratic regression models lead to edge of
stability (EOS) behavior.

In this work we focus on the MSE loss setting. More explic-
itly, given a D-dimensional target vector ¥, the loss L( )
can be written in terms of the residualsz=F( ) ¥:

1 X 1 X 2

— 1 .
L()_E z? > y 9+GT +§Q(, )
3)

As we will show, in this setting the dynamics can be written
in function space in terms of z and J alone.

3. Low-dimensional dynamics

We begin by focusing on the dynamics for D = 1 - a single
datapoint. Without loss of generality, we can write the loss
function as:

L()= Q E (4)

N =
N =

foraP P matrix Q and scalar E which define the prob-
lem. We will analyze the dynamics in terms of the (scalar)
residual z = % “Q E andthel P dimensional
Jacobian J = @z=@ . In particular, we will be interested
in the dynamics of the scalar curvature JJ~ (the neural

tangent kernel, or NTK).

3.1. Gradient flow

We first consider gradient flow (GF) dynamics of the loss L
with respect to the parameters . Given a scaling factor ,
the GF dynamics are given by

0z >
_ = L= _— = = E :
r 28 > Q Q:
The dynamics of z and J close:
z= A3z, JI= z2JQ: (6)

The curvature is a scalar, described by the NTK JJ=. In
these coordinates, we have E = JQ*J™ 2z, where Q™
denotes the Moore-Penrose pseudoinverse.

We can make some coordinate transformations to simplify
the dynamics. We define:

2= z; T(k)= JQKI™: (7)

We note that T(0) = JJ™ - that is, the curvature normal-
ized by the scaling factor. The dynamical equations are:

%z zT (0); dTik)

it ——= = 2zT(k+1): (8)

d
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Figure 1.D =1 loss landscapk () as a function of the parameterswhereP = 2;E =0 andQ has eigenvaluesand 0:1. The GD
trajectories (initialized afl:5; 4:32), marked with an x) converge to minima with larger curvature than at initialization and therefore
show progressive sharpening (left). The two-step dynamics, in which we consider only even iteration numbers, exhibit fewer oscillations
near the edge of stability (right).

In order to study edge of stability behavior, we need inid{andscape is the square of a hyperbolic parabaloid (Figure
tializations which allow the curvaturg(0) to increase over 1, left). As suggested by the gradient ow analysis, this
time - a phenomenon known @sogressive sharpening causes some trajectories to increase their curvature before
Progressive sharpening has been shown to be ubiquitowsnvergence. The nal curvature naturally depends on both
in machine learning models (Cohen et al., 2022a), so anthe initialization and learning rate. One of the challenges in
useful phenomenological model should show it as well. Inanalyzing the gradient descent dynamics is that they rapidly
Appendix B.1, we con rm that the model shows progressiveand heavily oscillate around minima for large learning rates.

sharpening over a range of initial conditions. One way to mitigate this issue is to consider only every
other step (Figure 1, right). We will use this observation
3.2. Gradient descent to analyze the gradient descent (GD) dynamics directly to

nd con gurations where these trajectories show edge-of-

We will now show that for gradient descent (GD) dynamicsstability behavior.

with learning rate , there is a family of initializations where

theD = 1 quadratic regression model shoedge of stabil- Léet  be the parameters at stepThe gradient descent
ity (EOS) behavior. For this model, we de ne EOS behaviorequations are given by:

as a setting where the dynamics causgs. , the maxi-

mum eigenvalue value of the NT&I >, to remain close e Q¢ EQ: (9
to the critical value2= . This critical value corresponds

to the largest learning rate where the dynamics convergdd thez T coordinates, the gradient descent equations
exponentially near a minimum of the loks This boundary ~Pecome (Appendix B.2):

corresponds t@ (0) = 2 - hence the interpretation @f(0) 1,

as the rescaled curvature. Zo &= HT(0)+ S(Z)T(D) (10)
We will show that there is a family of models such that, for Ts1 (k)  Ti(k)= zQ@Ti(k+1) =zTi(k+2)):
any distance, there is a model which leads to EOS conver- (12)

gence to that distance away from the edge of stability - for o _ -
any initialization in a non-trivial volume of initializations. If Q isinvertible, E  E = T( 1) 2z By de nition

Additionally we will show that this initialization volume is  Tt(0) = JtJ7 =  maxt is the (rescaled) NTK eigen-
uniform across models in a natural set of coordinates. ~ Vvalue. In these coordinates, EOS behavior corresponds to

) ) ) dynamics which keepy (0) near the valu@ asz goes ta0.
We will prove this form of EOS irD = 1 model, and

nd empirical evidence that this holds for for largz as [N the remainder of this section, we will focus on the= 2
well. Note that we de ne the EOS with respect to the maxi-case. As we will see, this lets us write the dynamics in terms
mum NTK eigenvalue instead of the maximum loss HessiarPf zandT (0) (the residuals and curvature) alone.
eigenvalue from (Cohen et al., 2022a); see Appendix A.1

for discussion of why this is appropriate for MSE loss. ~ 3.2.1. REDUCTION TO CATAPULT DYNAMICS

WhenQ has both positive and negative eigenvalues, the los# the eigenvalues o aref !;! g, andE = 0, the model
becomes equivalent to a single hidden layer linear network
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Figure 2.Left: plotting curvature foD =1, P = 2 model shows EOS behavior for various step sizes$ 10 ). Middle: plotting
every other iterate, we see that a variety of initializations (black x's), trajectories i (0) space stay near the nullclig; f -(2)) - the
curve wherex+, 2 = 0. Arrows represent direction of dynamical ows. Right: Changing variablgs3oT (0) f:(2) shows quick
concentration to a curve of near-constant, small, neggtive

with one training datapoint (Appendix A.2) - also known For small , there are trajectories wherg,a« is initially

as the catapult phase dynamics. This model doesn't exhibiéway from2=but converges towards it (Figure 2, left) - in
sharpening or edge-of-stability behavior (Lewkowycz et al. other words, EOS behavior. We used a variety of step sizes
2020). We can prove thisintle  T(0) coordinates. but initialized at pairs initialized at paifsz o; T ¢(0)) to

We assume without loss of generality that the eigenvalue§hOW the universality of the-T (0) coordinates.

aref 1;1g - which can be accomplished by rescalimg In order to quantitatively understand the progressive sharp-
We can rewrite the dynamics in terms®&nd the curvature ening and edge of stability, it is useful to look at the two-step
T(0) only (Appendix B.3): dynamics. One additional motivation for studying the two-
1 step dynamics follows from the analysis of gradient descent
Zqa &= #I(0)+ f(ztz)(Zzt + E) (12) onlinear least squares (i.e., linear model) with a large step
2 size . For every coordinat€, the one-step and two-step
dynamics are

Tt+l (0) Tt(o) = 22{(221 + E) + ZtZTt(O): (13) ~I+l ~t - ~t and ~t+2 —-t - (1 )2—~-t (16)

ForE'=0, we can see thaign(  T(0)) = sign(T:(0) - 4), While the dynamics converge fok 2,if > 1the one-

as in (Lewkowycz et al., 2020) - so convergence implies 4 . . -
strictly decreasing curvature. FBr6 0, there is a region step dynamics alternate sign when approaching minimum,

yvhereas the the two-step dynamics maintain the sigh of

there is still no EOS behavior - > starts away fron2=, and the trajectories exhibit no oscillations.

there is no mechanism to stabilize it near the edge. Likewise, plotting every other iterate in the two parameter
model more clearly demonstrates the phenomenology. For
3.2.2. EDGE OF STABILITY REGIME small , the dynamics shows the distinct phases described in

In this section, we consider the case in whigthas two _(Li et al., 2022): an initial increase if(0), a slow increase
. ' o i in z then a decrease ih(0), and nally a slow decrease of
eigenvalues - one of which is large and positive, and the ' "' . . : .
other one small and negative. Without loss of generality, WeiLWhlle T(0) remains neag (Figure 2, middle).
assume that the largest eigenvalu€ois 1. We denote the  Unfortunately, the two-step version of the dynamics de ned
second eigenvalue by , for 0 < 1. With this notation by Equations 14 and 15 are more complicated — they are
we can write the dynamical equations (Appendix B.3) as 3rd order inT (0) and9th order inz; see Appendix B.4 for
1 a more detailed discussion. However, we can analyze the
Zqa 7= 7T (0)+ E(ztz)((l )T:(0)+ (2% + E)) dynamics ag goes td0. In order to understand the mech-
(14)  anisms of the EOS behavior, itis useful to understand the
nullclinesof the two step dynamics. The nullclines are the
curves(z; f »(2)) and(z; f1 (2)) consisting of initializations
T (?]) T0) = 2a((@2a+E)+(1 i )T:(0)) such thatandT (0), respectively, are unchanged after two

+22 O+ ( D(TO) E 27) : steps.
(15)  We de ne the multinomialp,(2; T) andpr (z; T) such that
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Figure 3.GD dynamics in the quadratic regression model. Loss functions are monotonic for sr(laltt). For larger ,, nal max is
higher (right). As sharpening drives max near2, non-linear effects induce EOS behavior.

Z+s  Z = P(%;Ti) andTi1 (0)  Ti(0) = pr(%;Ty). The intuition from the lowest order terms can be formalized,
Thenf »(2) andf 1 (2) obey the implicit equations: and gives us a prediction ifn;;  y; = =2, conrmed

02 (0e(2: F2(2)): pr (2 f,(2)) = 0 : by the following the.orem (proof in. Appendi* B.6): .

) ) ] _ (17)  Theorem 3.1. Consider a quadratic regression model with

pr (p(z: 11 (2)); pr (2:77(2))) = O D =1,P =2,E =0, andQ with eigenvalue$ ; 1g.
These expressions are polynomials cubit,i(g) andf r (2)  There exists an. > 0 and an -independent neighborhood
respectively - so there are three possible solutiorsgmes U 2 R3 such that for0 < < . and all initializations
to 0. We are particularly interested in the solution thatsuch that(z,; max (0); ) 2 U, sharpness converges to a
goes througle = 0, T(0) = 2 - that is, the critical point value near the edge of stability:

corresponding to EOS. Jmmax (=2 =2)= + O( 2). (20)
Calculations detailed in Appendix B.4 show that the distance '

between the two nuliclines is linear inso they become  Therefore, unlike the catapult phase model, the small
close as goes to0. (Figure 2, middle). In addition, the provably has EOS behavior - whose mechanism is well-

trajectories stay nedr. - which gives rise to EOS behavior. ynderstood by the y coordinate transformation.
This suggests that the dynamics are slow near the nuliclines,
and trajectories appear to be approaching an attractor. W,

can nd the structure of the attractor by changing variablesE' High dimensional dynamics

toy: Ti(0) fx(z) -the distance from thenulicline.  |n this section we analyze the dynamics for lafye We

We can build intuition by expanding the dynamics to lowestfocus on randomly initialize€, and prove that progressive
order inzandy. A direct calculation in Appendix B.5 gives Sharpening is ubiquitous. We then demonstrate that the
us the approximation: quadratic regression model shows edge of stability behavior

over a range of initializations.

Zuz & =2yik + O(Yiz) + O(yizf) (18)
Vier Vi = 2(4 3 +4 %)y 47+ O(F+y*z) 4.1 Gradient ow dynamics
(19)

The gradient ow dynamics on an MSE loss functibrcan
We immediately see thatchanges slowly for smajl - since  be written generally as
we chose coordinates whezgg, % =0 wheny =0. We @ (2)
can also see that., Vy; isO( ) fory; =0 - so for small _= =
, they dynamics is slow too. Moreover, we see that the . ] @ . )
coef cient of the z? term is negative - the changesztend vv.hereJ'ls theD P-dlme.nsmnal Jacobian, ards theD-.
to drivey (and thereford (0)) to decrease. The coef cient dimensional vector of residual¢ ) . For the quadratic
of they; term is negative as well; the dynamicsyofendsto ~ Fégression model, the dynamicszrandJ once again close:
be contractive. The key is that the contractive behavior takes

J7z: (21)

yto anO( ) xed point at a rate proportional t&?, while z=J-= 17z 1= QUz): (22)
the dynamics of are proportional to. This suggests a WhenQ = 0 (linearized regime)J is constant, the dynam-
separation of timescaleszf , Wherey rstequilibrates ics are then linear ia, and are controlled by the eigenstruc-

to a xed value, and the& converges t® (Figure 2, right). ture oftheD D matrixJJ~, the empirical NTK.
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Figure 4.~,/~% phase planes for quadratic regression models, for vaboaadP . Models were initialized wit00 random seeds for
each~,, ~; pair and iterated until convergence. For each pajr-> we plot the median max 0f the NTKJ” J. For intermediate-,,
where both sharpening and non-lingastynamics occur, trajectories tend to converge sg of the NTK is nea2= (EOS).

We are interested in settings where progressive sharpenirrgtio of the magnitudes of the termrg,_ , is proportional to
occurs under GF. We can study the dynamics of the maxjzjj» and . A calculation in Appendix C.2 shows that, for
imum eigenvalue nox of JJ> at early times for random random rotationally invariant initializations, we have:
initializations. In Appendix C.1, we prove the following

|
. .. gt 122
theorem: r Eli} QU520 35203l ~ _ 1
Theorem 4.1. Letz, J, andQ be initialized with i.i.d. ele- NL Elj J0J3 zoji2] 2 7
ments with zero mean and variances 2, and1 respec- (27)

tively, with distributions invariant to rotation in data and \here the initialization statistics are de ned as in Theorem
parameter space, and have nite fourth moments. Lgk 4.1, This con rms that increasing the learning rate and
be the largest eigenvalue a8~ . In the limit of largeD  the residual magnitudgzjj increases the deviation of the

andP, with xed ratio D=P, at initialization we have dynamics from GF, and reveals that the amount of non-

Elmoc O] = 0: E o O1EL max @)= 2 (23) oo isinsensitvetd.

We can see this phenomenology in the dynamics of the GD
whereE denotes the expectation ovgrJ, andQ atinitial-  equations (Figure 3). Here we plot different trajectories
ization. for random initializations of the type in Theorem 4.1 with

D =60,P =120,and =1.As . increases, so does the
Much like intheD =1 case, Theorem 4.1 suggests that it is cyrvature ay (as suggested by Theorem 4.1), and when
easy to nd initializations that show progressive sharpening , js O(1), the dynamics is non-linear (as predictedrRy )

- and increasing ; makes sharpening more prominent.  and EOS behavior emerges. This suggests that the second

term in Equation 25 is crucial for the stabilization Qfax -

4.2. Gradient descent dynamics . s .
We can con rm this more generally by initializing over vari-

We now consider nite-step size gradient descent (GD) dyous ,D, P, ,,and ; over multiple seeds, and plotting

namics. The dynamics for are given by: the resulting phase diagram of the nalax reached. We
N can simplify the plotting with some rescaling of parameters
t+1 = v Jize: (24)  and initializations. In the rescaled variables
In this setting, the dynamical equations can be written as 2= 72 F= 1=23. (28)
1 . . . .
Zti zi= Wiz + 5 2Q(J7 z;J7zt) (25)  the dynamics are equivalent to Equations 25 and 26 with

= 1. Asinthez T(0) model of Equations 56-57,
N max N the rescaled coordinates is equivalent tQnax
Jur Je= QQ{zi;): (26)  in the unscaled coordinates. We can also de ne rescaled

If Q = 0, the dynamics reduce to discrete gradient descerifitidlizations forz andJ. If we set

in a quadratic potential - which converges i < 2=. =
) i 968 fhex 2= =20 y===(OP)™;  (29)

One immediate question is: when does tRén Equation 25

affect the dynamics? Given that it scales with higher powerghen we havey,. = ~, which allows for easier comparison

of andz than the rst term, we can conjecture that the acrosqD; P) pairs.

6
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Figure 5.A FCN trained on CIFAR shows multiple cycles of sharpening and edge-of-stability behayitie projection of the training
setresidual§ (X; ) Y onto the top NTK eigenmode;, increases in magnitude and oscillates arodifeft). Plotting dynamics
every two steps removes high frequency oscillations (middle). The largest eigenyatuesses the edge of stability multiple times, but
the second largest eigenvalug remains below the edge of stability (right). Dynamics is similar for Hessian eigenvalues (dashed).

Using this initialization scheme, we can plot the nal value critical line nax = 2= line.

Of max reached as a function 6f and-~; for 100indepen- There is evidence that low-dimensional features of a

dent random initializations for each, ~ pair (Figure 4). guadratic regression model could be used to explain some

We see that the key IS for. = z tobeO(1) - c_:orrespond- ._aspects of EOS behavior. We empirically compute the the
ing to both progressive sharpening and non-linear dynamics

near initialization. In particular, initializations with small second derivative of the outptix; ) by automatic differ-

~; values which converge at the EOS correspond to trajece-m'at'on'. We denote b( ; ) the resulting tensor. We can
. . o use matrix-vector products to compute the spectrum of the
tories which rst sharpen, and then settle negex =2=.

Large. and rge- tynamcsaverge. There = asman JEIGL v3 9L )i = pecton or e o
band of initial~; over a wide range of, which have nal v ! y

2= : these correspond to models initialized near(Figure 6, left). This gure reveals that the spectrum does
thn:xEOS wﬁich stay near it not shift much from ste3200to 3900 (the range of our

plots). This suggests th@ doesn't change much as these
This suggests that progressive sharpening and edge of sE©S dynamics are displayed. We can also seeGhist
bility aren't uniquely features of neural network models, much larger in the/; direction than a random direction.

a_nd COL_JId be a more general property of learning in hlgh-Let ybedenedasy = 1 2. Plotting the two-step
dimensional, non-linear models.

dynamics ofz; versus2yz we see a remarkable agree-
ment (Figure 6, middle). This is the same form that the
5. Connection to real world models dynamics ofztakes in our simpli ed model. It can also be
found by iterating Equation 25 twice with xed Jacobian for

= 3 2 and discarding terms higher order inThis
suggests that during this particular EOS behavior, much like
in our simpli ed model the dynamics of the eigenvalue is
more important than any rotation in the eigenbasis.

In this section we conduct numerical experiments in “real
world” models, and compare the behavior to our theory o
simpli ed models. Following (Cohen et al., 2022a), we
trained a2-hidden layettanh network using the squared
loss on5000examples from CIFAR10 with learning rate
10 2 - a setting which shows edge of stability behavior.The dynamics of is more complicatedy;+>  y; is an-
Close to the onset of EOS, we approximately computedicorrelated withz? but there is no low-order functional

1, the largest eigenvalue dfl >, and its corresponding form in terms ofy andz; (Appendix D.2). We can get
eigenvectow; using a Lanczos method (Ghorbani et al.,some insight into the stabilization by plotting the ratio of
2019; Novak et al., 2019). We usg to computez; = 2Q1(Jz1v1;Jz1v1) (the non-linear contribution to the
v7 z, wherez is the vector of residual§(X; ) Y for  dynamics from ther; direction) and 1z; (the linearized
neural network functioff, training inputsx , labelsY , and  contribution), and compare it to the dynamics/qfFigure
parameters. The EOS behavior in the NTK is similar to 6, right). The ratio is small during the initial sharpening,
the EOS behavior de ned with respect to the full Hessian inbut become®©(1) shortly before the curvature decreases
(Cohen et al., 2022a) (Figure 5, left and right). Once againfor the rst time. It remainsO(1) through the rest of the
plotting the trajectories at every other step gets rid of thelynamics. This suggests that the non-linear feedback from
high frequency oscillations (Figure 5, middle). Unlike the the dynamics of the top eigenmode onto itself is crucial to
D =1, P =2 model, there are multiple crossings of the understanding the EOS dynamics.
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Figure 6.Q is approximately constant during edge-of-stability dynamics for FCN trained on CIFAR10 (left). Projection onto largest

eigendirectionv; (blue and orange) is larger than projection onto random direction (green). Two step diffézence  (z1):

is well approximated byz;y (middle), leading order term of models with xed eigenbasis. Non-linear dynamical contribution
2Q1(Jz1v1;dzav1) is small during sharpening, but becomes large immediately preceding decrease in top eigenvalue (right) - as is the

case in the simple model.

6. Discussion the CIFAR model, the two-step dynamics is slowly vary-
ing in bothz; and ax . The quantitative comparisons of
these small changes may help uncover any universal mecha-
The main lesson to be learned from the quadratic regressiofisms/canonical forms that explain EOS behavior in other
models is that behavior like progressive sharpening (for bottgystems and scenarios.

GF and GD) and edge-of-stability behavior (for GD) may

be common features of high-dimensional gradient-base@.2. Future work

training of non-linear models. Indeed, these phenomene) . I
L . i . One avenue for future work is to quantitatively understand
can be revealed in simple settings without any connection

. o : ) . progressive sharpening and EOS behavior in the quadratic
to deep learning models: with mild tuning our simpli ed ; .
: . regression model for largeé andP. In particular, comput-
model, which corresponds fiodatapoint an@ parameters . o . -
. : ) ... ing the nal deviation2 max N the edge-of-stability
can provably show EOS behavior. This combined with . . - ; X
rleglme as a function of,, ;, andD=P remains an inter-

the analysis of the CIFAR model suggest that the general . :
; : . o esting open question. It would also be useful to understand
mechanism may have a low-dimensional description.

how higher order terms affect the training dynamics - par-
Quadratic approximations of real models quantitatively carticularly the details of the oscillations arougd-= 2.

capture the early features of EOS behavior (the initial re-. . .
_ ) Finally, our analysis has not touched on the feature learning
turn to max < 2= ), but do not necessarily capture the

; . . f th l. Inth i i |
magnitude and period of subsequent oscillations — these raspects of the model. In the quadratic regression model,

quire higher order terms (Appendix D.3). Nevertheless, theeature learning is encoded in the relationship between

quadratic approximation does correctly describe much Oeriﬁsﬂiiﬂrgﬂg IaLrJ':]hdee:g::]lgir:]sh;]%\lzgtr\]/qvj;?gst?hee
the qualitative behavior, including the convergence @fx 9 ) 9

N . ) dynamics of these two quantities may provide a quantitative
to a limiting two-cycle that oscillates arou@d , with an : . : L
- o basis for understanding feature learning which is comple-
average valueelow2= . In the simpli ed two-parameter

- : . : mentar xisting theoretical approaches (Rober I
model, it is possible to analytically predict the nal value entary to existing theoretical approaches (Roberts etal,

at convergence, and indeed we nd that it deviates slightlyzozz; Bordelon & Pehlevan, 2022; Yang etal., 2022).
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A. Connection to other models
A.1. Hessian versus NTK maximum eigenvalue

In this work we focus on EOS dynamics of the largest eigenvalue of the NTK, rather than the Hessian as in (Cohen et al.,
2022a). We note that a version of Theorem 3.1 is true for the maximum Hessian eigenvalue as well. In general, the Hessian
can be written as

L L
@@@ =L @@é S+ 37 g & (30)
For squared loss in particular, we have
@@@;O =1 @@é0+ AL (31)

As the loss gradient goes @ the Hessian eigenvalues approach the eigenvalués'of whose non-zero eigenvalues are
the same as those of the empirical NTKT . Since the theorem involves behaviorzagoes to convergence, the maximum
NTK and maximum Hessian eigenvalues are equal in the limit, and the same EOS behavior applied in both cases.

For the higher dimensional models (quadratic regression model and fully connected network on CIFAR10), our experiments
show that the maximum NTK eigenvalue shows edge of stability behavior. The CIFAR model is the same as the one in
(Cohen et al., 2022a) which was used to illustrate the edge of stability in terms of the maximum Hessian eigenvalues.
Therefore we focused on the NTK version of EOS in our paper, as we found it more amenable to theoretical analysis and
explanation.

There are almost certainly cases where EOS behavior is displayed in the Hessian eigenvalues but not the NTK eigenvalues,
particularly in cases where the loss is highly non-isotropic in the outputs (t%, is far from a multiple of the identity

matrix). As pointed out in previous works in these cases even the Hessian-based EOS is more dif cult to analyze (Cohen
et al., 2022a). We leave understanding of EOS with more complicated loss functions for future work.

A.2. One-hidden layer linear network

Consider a one hidden layer network with a scalar output:
f(x) = v” Ux (32)
wherex is an input vector of lengthl, U isaK N dimensional matrix, and is aK dimensional vector. We note that

@t(x) . @) _,. @f(x) _

@@ @;@y @@ !
where j is the Kroenecker delta. For a xed training set, this second derivative is constant; therefore, the one-hidden layer
linear network is a quadratic regression model of the type studied in Section 4.

Xk (33)

In the particular case of a single datapointve can compute the eigenvectors of @enatrix. Let(w; W ) be an eigenvector
of Q, representing the andU components respectively. The eigenvector equations are

! Wi = Xm ij ij (34)
"Wim = Xm ij Wi (35)
Simplifying, we have:
I'w = WX (36)
W = wx” (37)

We have two scenarios. The rstis thiat= 0. In this case, we hawe = 0, andW is a matrix withx in its nullspace. The
latter condition gives uM constraints oMM N equations - for atotal dfi (N 1) of ourM (N + 1) total eigenmodes.

If I 8 0, then combining the equations we have the conditions:

12w = (X X)W (38)

10
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12W = Wxx ~ (39)
This givesud = P X X. We know from Equation 37 th&V is low rank. Therefore, we can guess a solution of the form
W i = € x> (40)

where theg; are theM coordinate vectors. This suggests that we have
w i =("x e (41)
This gives us our naBM eigenmodes.

We can analyze the initial values of of th¢! ;) as well. The components of the Jacobian can be written as:

3 @@;f) = Ui X (42)
(30)jm gfjfn) = VjXm (43)

From this form, we can deduce thhis orthogonal to th€® modes. We can also compute the conserved quantityd  dte
the total weight in the positive eigenmodes, drfdbe the total weight in the negative eigenmodes. A direct calculation
shows that

132 J?%)=2f(x) (44)

which implies thaE = 0.

Therefore, thﬁ single-hidden layer linear model on one datapoint is equivalent to the quartic loss modetWwitand
eigenvalues = x X.

A.3. Connection to (Bordelon & Pehlevan, 2022)

Since the one-hidden layer linear model has cons@arthe models in Section F.1 of (Bordelon & Pehlevan, 2022) fall
into the quadratic regression class. In the case of Section F.1.1, Equation 67, we can make the mafipind tonadel
explicit. The dynamics are equivalent to said model with a single eigenVglifave make the identi cations

=~z; Hy = J&; O:lozT;y: E=2 (45)

A.4. Connection to NTH

The Neural Tangent Hierarchy (NTH) equations extend the NTK dynamics to account for changes in the tangent kernel by
constructing an in nite sequence of higher order tensors which control the non-linear dynamics of learning (Huang & Yau,
2020). Truncation of the NTH equations3at order is related to, but not the same as the quadratic regression model, as we
will show here.

The3rd order NTH equation describes the change in the tangent k&iriel Considerthd D  D-dimensional kernel
K3 whose elements are given by

@z @z
K = — 3 Ji +—-IJ; J 46
( 3) @i@j i i @i@j i Jj ( )
where repeated indices are summed over. In the NTH, for squared loss the change in th& NiBkgiven by
d JJ” = (K3) z 47
dt - 3

For xed Q = %, this equation is identical to the GF equations for the NTK in the quadratic regression model. We

note thatKs is not constant under the quadratic regression model. Conversely, foan,e@% is not constant either.
Therefore, the two methods can be used to construct different low-order expansions of the dynamics.

11
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B. 2 parameter model
B.1. Progressive sharpening under gradient ow

Given the rescaled variables

z= z; T(k)= JQKJ™: (48)
we get the dynamical equations
dz _ o dT(k) _ )
- £T(0); i 27T(k+1) : (49)

We can show that there are initializations which show progressive sharpening at late times - that is, incfédse in
Consider an initialization where thig(k) are non-negative for evdq and non-positive for odH. In this case, given the
dynamical equations, thE(k) don't change sign. I > 0, thenT (0) is hon-decreasing at all times.

One example of such an initialization is the case where the eigenval@saa , and thel are initialized with more
weight in the negative eigenmodes than the positive ones. There are many other families of initializations with this property.
B.2. Derivation of function space dynamical equations

Consider the gradient descent equations:

t+1 t = rL:é ”Q E Q : (50)

We can derive the T dynamics as follows. We can re-write the update equation as

t+1 v= r L= zJ: (51)
The change iz can be written as
2= >Q o+ % > Q (52)
Substituting, we have:
z= zJ)7 + ;ZZJQJ > (53)
We also have
J= zJQ (54)
We can also write:
( JQkJ>): ZZJQk+1J> " 222JQk+2J> (55)

Converting to thee T coordinates, the gradient descent equations become:

e m= AT+ SEITW) (56)
() T = m@ELK+D) AT(k+2): (57

B.3. Derivation of 2T (0) equations

We can use the conserved quanHtyo write the dynamics in terms @fandT (0) only. Without loss of generality, let the

eigenvalues aréand ,with 1 1. (We can achieve this by rescaligg Recall the dynamical equations
1
2u &= aT(0)+ S(E)T() (58)
Ttv1(0) Te(0) = =z((2T(1) =Ti(2) (59)

We will nd substitutions forT (1) andT (2) in terms ofzandT (0). Recall that we have

T( 1)= E+22 (60)

12
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Figure 7.Phase portraits for symmetric model. Arrows indicate signs of changesaimd T, and grey area represents disallowed
coordinates. Dynamics are run from an evenly spaced grid of initializations, and the nal value of the cufv@uie recorded.
Nullclines representingi+1 % =0 (blue) andT:+1 (0) T:(0) =0 (orange) depend of. Trajectories show progressive sharpening
but no edge-of-stability effect (right).

whereE is conserved throughout the dynamics (and indeed is a property of the landscape). We will use this de nition to
solve forT (1) andT (2).

SinceP =2, we canwriteT( 1) = bT(0) + aT(1), for coef cientsa andbwhich are valid for all combinations df. If
J()=0,wehaveb=1 a. lfJ(1)=0,wehavel = (1 a)+ 2a.Solving, we have:

T( )=@ aT(@0)+ aT(1)fora= 1 (61)

The restrictions on translate ta 2 ( 1;1). In terms of the conserved quantly= T( 1) 2% we have:

T( )= E+22 (62)

In order to convert the dynamics, we need to solvelf(t) andT (2) in terms ofT (0) andz We have:

TQ1)= g(T( D+(a 1T(O)= é E+2z+(a 1)T(0) (63)

We also have
TQ=T0+ 5% (10 E 29 (64

This gives us
i m= ATO+ 5 @@ DTO+2%+E) (65

Tiva (0)  Te(0) = 221(221+E+(a DT (0)+ z¥ Ti(0) + (Te(0) E  2z) (66)

a2
If = (thatis,a= ') we recover the equations from the main text.

The non-negativity 082 gives us constraints on the valueszadndT. Fora > 1 (small negative second eigenvalue), the
constraints are:
T>2z2+E; T> (22+ E)=a (67)

This is an upward-facing cone with vertexzat E=2 (Figure 8, left). Fom < 1, the constraints are
(2z2+ E)=a<T < 22+ E (68)

This is a sideways facing cone with vertexzat E=2 (Figure 8, right). We see that in this case, there is a limited set of
values ofT to converge to. Indeed, f@& = 0, there is no convergence excepld0) = 0. This why we focus on the case
of one positive and one negative eigenvalue.

13
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We can also solve for the nullclines - the curves where eithgr # = 0 (blue in Figure 8), offi+1 (0) T:(0) =0
(orange in Figure 8). The nullcling; f »(2)) for zis given by

_ H2z+ E)
f2(z) = m (69)
The nulicline(z; f 1 (2)) for T(0) is given by
fr(2)= L (70)

(a2 a+1)z 2ala 1)
The linez= 0 is also a nullcline.

For the symmetric model= 1, the structure of the nullclines determines the presence or lack of progressive sharpening.
ForE = 0, there is no sharpening; the phase portrait (Figure 7, left) con rms this as the nullcliéOndivides the space

into two halves, one which converges, and the other which doesn't. However,EvBeh, the nullclines split, and there

is a small region where progressive sharpening can occur (Figure 7, middle). However, there is still no edge-of-stability
behavior in this case - there is no region where the trajectories cluster pgar 2= (Figure 7, right).

Figure 8.Phase planes @ = 1, P = 2 model. Grey region corresponds to parameters forbidden by positivity constraiits 0.
For > 0, allowed region is smaller and intersegts 0 at a small range only. Nullclines can be solved for analytically.

B.4. Two-step dynamics

The two-step difference equations can be derived by iterating Equations 14 and 15. We have

Zio  Z = Po(z; )+ pu(&; )Ti(0) + pa(z; )T(0)? + ps(z; )Ti(0)° (71)

T2  Ti(0) = G(z; )+ tu(z; )T0) + k(&; )Ti(0) + w(z; )Ti(0)° (72)

Here thep; andg are polynomials ire, maximumSth order inzand6th order in . They can be computed explicitly but we
choose to omit the exact forms for now.

Numerical simulation of the dynamics for smalleveals an edge of stability effect (Figure 9). We see that the distribution
of nal values of T for random initializations has a peak nda0) = 2 (right). By plotting the two-step dynamics, we can
see that the two-step nullclines which go inlt@) = 2 almost coincide (left). By studying these nuliclines, we will be able
to understand the edge of stability effect.

For xed , we can solve for the two-step nullclines%., % =0) and theT nuliclines (T;+2 (0) T(0) = 0) using
Cardano's formula to solve fdF as a function of. In particular, each nullcline equation has a solution that goes through
#=0,T(0) = 2, independent of. This is the family of solutions that we will focus on.

Let(2;f~ (2)) be the nullcline of, and let(z; ft. (2)) be the nulicline off (0). We will show that theT values of the
nuliclines, as a function afand , is differentiable around =0, =0.
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