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Abstract
Sharpness of minima is a promising quantity
that can positively correlate with test error
for deep networks and, when optimized dur-
ing training, can improve generalization. How-
ever, standard sharpness is not invariant under
reparametrizations of neural networks, and, to fix
this, reparametrization-invariant sharpness defi-
nitions have been proposed, most prominently
adaptive sharpness (Kwon et al., 2021). But does
it really capture generalization in modern prac-
tical settings? We comprehensively explore this
question in a detailed study of various definitions
of adaptive sharpness in settings ranging from
training from scratch on ImageNet and CIFAR-
10 to fine-tuning CLIP on ImageNet and BERT
on MNLI. We focus mostly on transformers for
which little is known in terms of sharpness despite
their widespread usage. Overall, we observe that
sharpness does not correlate well with general-
ization but rather with some training parameters
like the learning rate that can be positively or
negatively correlated with generalization depend-
ing on the setup. Interestingly, in multiple cases,
we observe a consistent negative correlation of
sharpness with out-of-distribution error implying
that sharper minima can generalize better. Fi-
nally, we illustrate on a simple model that the
right sharpness measure is highly data-dependent,
and that we do not understand well this aspect
for realistic data distributions. Our code is avail-
able at https://github.com/tml-epfl/
sharpness-vs-generalization.

1. Introduction
Considering the sharpness of the training objective at a min-
imum has intuitive appeal: if the loss surface is slightly
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perturbed due to a train vs. test or out-of-distribution (OOD)
discrepancy, flat minima of deep networks should still have
low loss (Hochreiter & Schmidhuber, 1995; Keskar et al.,
2016). On the theoretical side, sharpness appears in general-
ization bounds (Neyshabur et al., 2017; Dziugaite & Roy,
2018; Foret et al., 2021) but this fact alone is not necessarily
informative for practical settings. For example, quantities
like the VC-dimension typically correlate negatively with
generalization contrary to what the generalization bound
might suggest (Jiang et al., 2020). Importantly, it has been
shown empirically that sharpness can also correlate well
with generalization in common deep learning setups (Keskar
et al., 2016; Jiang et al., 2020) which makes it a promising
generalization measure that can potentially distinguish well-
generalizing solutions. Additionally, empirical success of
training methods that minimize sharpness such as sharpness-
aware minimization (SAM) (Zheng et al., 2021; Wu et al.,
2020; Foret et al., 2021) further suggests that sharpness can
be an important quantity for generalization.

Motivation: why revisiting sharpness? Many works imply
or conjecture that flatter minima should generalize better
(Xing et al., 2018; Zhou et al., 2020; Cha et al., 2021; Park
& Kim, 2022; Lyu et al., 2022) for standard or OOD data.
However, standard sharpness definitions do not correlate
well with generalization (Jiang et al., 2020; Kaur et al., 2022)
which can be partially due to their lack of invariance under
reparametrizations that leave the model unchanged (Dinh
et al., 2017; Granziol, 2020; Zhang et al., 2021). Adaptive
sharpness appears to be more promising since it fixes the
reparametrization issue and is shown to empirically correlate
better with generalization (Kwon et al., 2021). However, the
empirical evidence in Kwon et al. (2021) and other works
that discuss sharpness (Keskar et al., 2016; Jiang et al.,
2020; Dziugaite et al., 2020; Bisla et al., 2022) is restricted
to small datasets like CIFAR-10 or SVHN. In addition, SAM
appears to be particularly useful for new architectures like
vision transformers (Chen et al., 2022) for which there has
been no systematic studies of sharpness vs. generalization.
Moreover, transfer learning is becoming the default option
for vision and language tasks but not much is known about
sharpness there. Finally, the relationship between sharpness
and OOD generalization is also underexplored. These new
developments motivate us to revisit the role of sharpness in
these new settings.
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Contributions. We aim to provide a comprehensive study
focusing specifically on adaptive sharpness in order to an-
swer the following fundamental question:

Can reparametrization-invariant sharpness capture
generalization in modern practical settings?

Towards this goal, we make the following contributions:

• We provide extensive evaluations of multiple
reparametrization-invariant sharpness measures for
(1) training from scratch on ImageNet and CIFAR-10
using transformers and ConvNets, and (2) fine-tuning
CLIP and BERT transformers on ImageNet and MNLI.

• We observe that sharpness does not correlate well with
generalization but rather with some training parameters
like the learning rate which can be positively or negatively
correlated with generalization depending on the setup.

• Interestingly, in multiple cases, we observe a consistent
negative correlation of sharpness with OOD generaliza-
tion implying that sharper minima can generalize better.

• Finally, we provide an analysis on a simple model where
we know the measure responsible for generalization. Our
analysis suggests that (1) different sharpness definitions
can capture totally different trends, and (2) the right sharp-
ness measure is highly data-dependent.

2. Related work
Here we discuss the most related papers to our work.

Systematic studies on sharpness vs. generalization. The
seminal work of Keskar et al. (2016) shows that the per-
formance degradation of large-batch SGD (LeCun et al.,
2012) is correlated with sharpness of minima. Neyshabur
et al. (2017) explore different generalization measure that
may explain generalization for deep networks suggesting
that sharpness can be a promising measure. Jiang et al.
(2020) perform a systematic study that shows a strong cor-
relation between sharpness and generalization on a large
set of CIFAR-10/SVHN models trained with many different
hyperparameters. Their experimental protocol is, however,
criticized in Dziugaite et al. (2020) since it can obscure
failures of generalization measures and instead should be
evaluated within the framework of distributional robustness.
Vedantam et al. (2021) discuss OOD generalization on small
datasets and evaluate a definition of sharpness which, how-
ever, does not correlate well with OOD generalization. Stutz
et al. (2021) study the relationship between sharpness and
generalization under ℓp-bounded adversarial perturbations.
Andriushchenko & Flammarion (2022) study reasons behind
the success of SAM and highlight the importance of using
sharpness computed on a small subset of training points.
Kaur et al. (2022) discuss that the maximum eigenvalue of

the Hessian is not always predictive to generalization even
for models obtained via standard training methods.

Reparametrization-invariant sharpness definitions. The
magnitude-aware sharpness of Keskar et al. (2016) mitigates
but does not completely resolve reparametrization invari-
ance. Liang et al. (2019) consider the Fisher-Rao metric
related to sharpness and invariant to network reparametriza-
tion. Petzka et al. (2021) propose a sharpness measure based
on the trace of the Hessian and show correlation for a small
ConvNet on CIFAR-10. Tsuzuku et al. (2020) suggest to
use a specifically rescaled sharpness inspired by the PAC-
Bayes theory and report high correlation with generalization
for ResNets on CIFAR-10. Most importantly for our work,
Kwon et al. (2021) introduce adaptive sharpness which is
reparametrization invariant, correlates well with generaliza-
tion, and generalizes multiple existing sharpness definitions.

Explicit and implicit sharpness minimization. The idea
that flat minima can be beneficial for generalization dates
back to Hochreiter & Schmidhuber (1995) and inspires mul-
tiple methods that optimize for more robust minima. These
methods optimize different criteria ranging from random
perturbations such as dropout (Srivastava et al., 2014) and
Entropy-SGD (Chaudhari et al., 2016) to worst-case pertur-
bations such as SAM (Foret et al., 2021) and its variations
(Kwon et al., 2021; Zhuang et al., 2022; Du et al., 2022).
Notably, Chen et al. (2022) suggest that SAM is particu-
larly helpful for vision transformers on ImageNet scale and
that standard transformers by default converge to very sharp
minima. Concurrently, works on the implicit bias of SGD
suggest implicit minimization of some hidden complexity
measures related to flatness of minima (Keskar et al., 2016;
Smith & Le, 2018; Xing et al., 2018). Izmailov et al. (2018)
propose to average weights during SGD to improve general-
ization and motivate it by sharpness reduction. Smith et al.
(2021) derive an implicit regularization term of SGD based
on the gradient norm. Sharpness-related quantities based
on the Hessian have been a focus of many recent works.
E.g., Cohen et al. (2021); Arora et al. (2022); Damian et al.
(2023) empirically and theoretically characterize the regime
of full-batch gradient descent where the maximum eigen-
value of the Hessian becomes inversely proportional to the
learning rate used for training. Blanc et al. (2020); Li et al.
(2021); Damian et al. (2021) discover implicit minimization
of the trace of the Hessian for label-noise SGD used as a
proxy of standard SGD. The common theme behind these
works is a focus on sharpness-related metrics as a tool to
better understand generalization for deep networks.

3. Adaptive Sharpness, its Invariances, and
Computation

In this section, we first provide background on adaptive
sharpness, then discuss its invariance properties for modern
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architectures, and propose a way to compute worst-case
sharpness efficiently.

3.1. Background on Sharpness

Sharpness definitions. We denote the loss on a set of train-
ing points S as LS(w) = 1

|S|
∑

(x,y)∈S ℓxy(w), where
ℓxy(w) ∈ R+ represents some loss function (e.g., cross-
entropy) on the training pair (x,y) ∈ S computed with the
network weights w. For arbitrary w ∈ Rp (i.e., not neces-
sarily a minimum), we define the adaptive average-case and
adaptive worst-case m-sharpness with radius ρ and with
respect to a vector c ∈ Rp as:

Sρ
avg(w, c) ≜ E S∼Pm

δ∼N (0,ρ2diag(c2))

LS(w + δ)− LS(w), (1)

Sρ
max(w, c) ≜ ES∼Pm max

∥δ⊙c−1∥p≤ρ
LS(w + δ)− LS(w),

where ⊙/−1 denotes elementwise multiplication/inversion
and Pm is the data distribution that returns m training pairs
(x,y). Both average-case and worst-case sharpness have
often been considered in the literature, and worst-case sharp-
ness is mostly determined to correlate better with generaliza-
tion (Jiang et al., 2020; Dziugaite et al., 2020; Kwon et al.,
2021), especially with a small m (i.e., |S|) in worst-case
sharpness (Foret et al., 2021). Using c = |w| leads to ele-
mentwise adaptive sharpness (Kwon et al., 2021) and makes
the sharpness invariant under multiplicative reparametriza-
tions that preserve the network, i.e., for any c ∈ Rp such
that f(w ⊙ c) = f(w) we have:

Sρ
max(w ⊙ c, |w ⊙ c|) =
ES max

∥δ⊙(|w|⊙c)−1∥p≤ρ
LS(w ⊙ c+ δ)− LS(w ⊙ c) =

ES max
∥δ′⊙|w|−1∥p≤ρ

LS((w + δ′)⊙ c)− LS(w ⊙ c) =

ES max
∥δ′⊙|w|−1∥p≤ρ

LS(w + δ′)− LS(w) = Sρ
max(w, |w|),

where we used the substitution δ′ := δ ⊙ c−1. Similarly,
one can show that Sρ

avg(w ⊙ c, |w ⊙ c|) = Sρ
avg(w, |w|).

Thus, this illustrates that the criticism of sharpness stated in
Dinh et al. (2017) does not apply to adaptive sharpness, and
there is no need to “balance” the network in a pre-processing
step like, e.g., done in Bisla et al. (2022).

Connections between different sharpness definitions.
Here we generalize the analytical expressions of standard
sharpness for radius ρ → 0 that depend on the first- or
second-order terms which are frequently used in the liter-
ature (Blanc et al., 2020; Tsuzuku et al., 2020; Li et al.,
2021; Damian et al., 2021). For a thrice differentiable loss
L(w), the average-case elementwise adaptive sharpness can

be computed as (see App. A.1 for proofs):

Sρ
avg(w, |w|) =ES∼Pm

ρ2

2
tr(∇2LS(w)⊙ |w||w|⊤)

+O(ρ3). (2)

We note that the first-order term cancels out completely and
plays no role. This is not the case for worst-case adaptive
sharpness where we get for p = 2 the following expression
for every critical point that is not a local maximum:

Sρ
max(w, |w|) =ES∼Pm

ρ2

2
λmax(∇2LS(w)⊙ |w||w|⊤)

+O(ρ3), (3)

otherwise the first-order term dominates and we get
ρES∼Pm ∥∇L(w) ⊙ |w|∥2, which resembles the implicit
gradient regularization of Smith et al. (2021). Thus, worst-
case sharpness with a small radius captures different proper-
ties of the loss surface depending on whether w is close to
a minimum or not. We make use of these quantities in the
last section to discuss insights from simple models. For the
experiments, however, we evaluate a range of ρ where the
smallest ρ well-approximates the above quantities.

What do we expect sharpness to capture? We are looking
for a sharpness measure that can be predictive for generaliza-
tion meaning that it satisfies either of these two hypotheses:

• Strong hypothesis: sharpness is highly correlated with
generalization suggesting a possibility of a causal relation.

• Weak hypothesis: models with the lowest sharpness gen-
eralize well suggesting that sharpness might be sufficient
but not necessary for generalization.

To detect correlation, we follow the previous works by Jiang
et al. (2020); Dziugaite et al. (2020); Kwon et al. (2021) and
use the Kendall rank correlation coefficient:

τ(t, s) =
2

M(M − 1)

∑
i<j

sign(ti − tj) sign(si − sj) (4)

where t, s ∈ RM are vectors of test error and sharpness
values for M different models. We adopt a less demand-
ing setting than in the previous works of Neyshabur et al.
(2017); Jiang et al. (2020); Dziugaite et al. (2020), and only
compare models within the same loss surface motivated by
the geometric motivation behind sharpness. This restriction
rules out comparing models with different architectures (in-
cluding different width and depth) or measuring sharpness
on a different set of points since both changes would change
the loss surface. According to the same reason, we also do
not consider the ability of sharpness to capture robustness
to different amounts of noisy labels (unlike, e.g., Neyshabur
et al. (2017)). We always evaluate sharpness on the same
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training points taken without any data augmentations. More-
over, we always compare models trained with exactly the
same training sets but, at the same time, we allow the us-
age of algorithmic techniques such as data augmentation or
mixup for training.

3.2. Which Invariances Do We Need Sharpness to
Capture for Modern Architectures?

Throughout the paper, we focus on elementwise adap-
tive sharpness which, as we show, satisfies the main
reparametrization invariances for ResNets and ViTs. Let
us denote fw : Rd → RK a network with parameters
w, which returns the logits fw(x) ∈ RK for an input
x ∈ Rd. By a reparametrization invariance we mean a
function T : Rp → Rp such that for every w ∈ Rp and
x ∈ Rd it holds fw(x) = fT (w)(x). We briefly discuss
here that adaptive sharpness also stays invariant for modern
architectures like ResNets and ViTs involving normalization
layers and self-attention. Finally, we discuss how to treat
the scale-sensitivity of classification losses.

Adaptive sharpness for ResNets. A typical block
of a pre-activation ResNet between skip connec-
tions includes the following sequence of operations:
BN→ReLU→conv→BN→ReLU→conv where BN de-
notes BatchNorm. So we need to make sure that the
sharpness definition we use is invariant to transformations
that leave the network unchanged: (1) multiplication of
the affine BatchNorm parameters by α ∈ R+ and divi-
sion of the subsequent convolutional parameters by the
same α (since ReLU is positive one-homogeneous and
ReLU(αz)/α = ReLU(z)), and (2) multiplying the con-
volutional layer by any α ∈ R+ due to scale-invariance of
the subsequent BatchNorm layer. Both multiplicative invari-
ances are satisfied by elementwise adaptive sharpness since
Sρ
max(w ⊙ c, |w ⊙ c|) = Sρ

max(w, |w|) as shown above.

Adaptive sharpness for ViTs. A typical MLP block of
ViTs contains the following operations: LN→Linear
→GELU→Linear where LN denotes LayerNorm, and
pre-softmax self-attention weights are computed as
ZWQW

⊤
KZ⊤ where Z ∈ RP×D is the matrix of P D-

dimensional tokens. The network thus has the following
invariances to multiplication/division by α: (1) between
LN and Linear in MLP, (2) between WQ in WK in self-
attention, (3) between two Linear layers that have GELU
in-between for which GELU(αz)/α ≈ GELU(z). More-
over, at the beginning of the network there is a part of the
network which is invariant to the scale of the Linear layer
(Linear→LN). Similarly to ResNets, all these invariances
are multiplicative, so the argument about the invariance of
elementwise adaptive sharpness is the same.

Scale-sensitivity for classification losses. However, adap-
tive sharpness remains sensitive to the scale of the classifier,
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Figure 1: Sensitivity of adaptive sharpness to weight scaling
for a linear model that achieves zero training error.

meaning that the sharpness together with the cross-entropy
loss keep decreasing to zero after reaching zero training
error. This can be seen even for linear models for which
scaling the weight vector by a constant changes the adaptive
sharpness as shown in Fig. 1. To fix this issue, Tsuzuku et al.
(2020) propose to use normalization of the logits fw, i.e.:

f̃w(x) ≜
fw(x)√

1
K

∑K
i=1(fw(x)i − favg(x))2

, (5)

where favg(x) = 1
K

∑K
j=1 fw(x)j . This provably fixes the

scaling issue meaning that scaling the output layer by α ∈
R+ does not affect the logits. Moreover, this change can
make models having different training loss more comparable
to each other.

3.3. How to Compute Worst-Case Sharpness Efficiently?

Estimation of worst-case sharpness involves solving a con-
strained maximization problem typically using projected
gradient ascent which can be sensitive to its hyperparame-
ters, primarily the step size. To avoid doing extensive grid
searches over the hyperparameters of gradient ascent for
each model, we choose to use Auto-PGD (Croce & Hein,
2020) (see Algorithm 1 in Appendix for the precise formula-
tion). Auto-PGD is a hyperparameter-free method designed
to accurately estimate adversarial robustness by solving a
similar optimization problem to worst-case sharpness but
over the input space instead of the parameter space. As in
ℓ∞ and ℓ2 versions of Auto-PGD, for each gradient step,
we use gradient-sign and plain-gradient updates, respec-
tively, but we make them proportional to |w|, to better take
into account the geometry induced by elementwise adaptive
sharpness. We show in Sec. H.2 in Appendix that as few as
20 steps are typically sufficient to converge with Auto-PGD.

4. Sharpness vs. Generalization: Modern
Setup

The current understanding of the relationship between
sharpness and generalization is based on experiments on
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Figure 2: ViT-B/16 trained from scratch on ImageNet-1k. We show for 56 models from Steiner et al. (2021) the test error
on ImageNet and its OOD variants vs. worst-case ℓ∞ sharpness with (top) or without (bottom) normalization at ρ = 0.002.
The color indicates models trained with stochastic depth (sd) and dropout (do), markers and their size indicate the strength
of weight decay (wd) and augmentations (aug), and τ indicates the rank correlation coefficient from Eq. (4). Overall, the
correlation of sharpness with test error is either close to zero or even negative.

non-residual convolution networks and small datasets like
CIFAR-10 and SVHN (Jiang et al., 2020). We revisit here
this relationship for state-of-the-art transformers trained
from scratch on ImageNet-1k and CLIP / BERT fine-tuned
on ImageNet-1k / MNLI. We explore both in-distribution
(ID) and out-of-distribution (OOD) generalization due to the
common intuition that flatter models are expected to be more
robust (Cha et al., 2021). We focus on worst-case ℓ∞ adap-
tive sharpness with low m (256) since it appears to be one
of the most promising sharpness definitions (Kwon et al.,
2021). We compute sharpness with and without logit nor-
malization, and provide average-case sharpness for different
radii ρ in Appendix. We focus primarily on the relation-
ship between sharpness and test error but we also discuss
sharpness vs. generalization gap in Sec. B in Appendix.

Training on ImageNet-1k from scratch. To investigate
the relationship between sharpness and generalization for
large-scale settings, we evaluate ViT models from Steiner
et al. (2021), using ViT-B/16-224 weights. Those were
trained from scratch on ImageNet-1k for 300 epochs with
different hyperparameter settings, and subsequently fine-
tuned on the same dataset for 20.000 steps with 2 different
learning rates. The different hyperparameters include aug-
mentations, weight decay, and stochastic depth / dropout,
leading to a rich pool of 56 models with test errors ranging
from 21.8% to 37.2%. As shown in Figure 2 (first column),
neither the sharpness measure computed with nor without
logit normalization can effectively distinguish model per-
formance. Logit-normalized sharpness effectively separates
models with stochastic depth / dropout (sd/do from now
on) from those without by grouping them into two distinct

clusters (blue and orange). However, these clusters do not
correspond to a separation by test error. For the OOD tasks
(ImageNet-R, ImageNet-Sketch, ImageNet-A), within each
cluster, the models trained with higher weight decay yield
lower test error fairly consistently. However, this ranking
is not captured by sharpness, which only disentangles the
sd/do clusters. For sharpness without logit normalization,
the sd/do clusters are not well-separated. Surprisingly, there
is a consistent negative correlation between sharpness and
test error, both on ID and OOD data, i.e. the flattest models
tend to have the largest test error. Evaluation for other radii,
average-case sharpness measures (App. C) and for ViTs
pretrained on IN-21k and fine-tuned on IN-1k (App. D) sim-
ilarly suggest that sharpness does not consistently capture
generalization properties. When considering IN-1k and IN-
21k pre-trained models together (App. E) we even find simi-
lar or higher sharpness for significantly better-generalizing
models. Then, for none of the settings studied, we can
confirm either the strong or weak hypotheses.

Fine-tuning on ImageNet-1k from CLIP. We investi-
gate fine-tuning from CLIP (Radford et al., 2021), which
is a crucial approach due to the popularity of CLIP fea-
tures (Ramesh et al., 2022), its fast training time, and its
ability to achieve higher accuracy. We study the pool of clas-
sifiers obtained by Wortsman et al. (2022a) who fine-tuned
a CLIP ViT-B/32 model on ImageNet multiple times by ran-
domly selecting training hyperparameters such as learning
rate, number of epochs, weight decay, label smoothing and
augmentations. This set of 71 fine-tuned models, along with
the base model, allows us to study how well generalization
and training hyperparameters are captured by sharpness.
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Figure 3: Fine-tuning CLIP ViT-B/32 on ImageNet-1k. We show for 72 models from Wortsman et al. (2022a) the test error
on ImageNet or its variants (distribution shifts) vs worst-case ℓ∞ sharpness with (top) or without (bottom) normalization at
ρ = 0.002. Darker color indicates larger learning rate used for fine-tuning.

The leftmost column of Fig. 3 illustrates that worst-case ℓ∞
adaptive sharpness does not effectively predict which classi-
fiers have the lowest test error on ImageNet. Furthermore,
there is a consistent negative correlation between sharpness
and test error when evaluating classifiers on the distribution
shifts ImageNet-R (Hendrycks et al., 2021a), ImageNet-
Sketch (Wang et al., 2019) and ImageNet-A (Hendrycks
et al., 2021b) (second to fourth columns). We further notice
that, in contrast with ImageNet, higher test errors on these
datasets go in parallel with higher learning rates used for
fine-tuning (darker color in the plots). Indeed, smaller learn-
ing rates lead to smaller changes in the features of the base
CLIP model which are more robust to distribution shifts
since they were obtained from a much larger dataset than
ImageNet. Finally, similar observations hold for the other
sharpness definition and radii (App. F).

Fine-tuning on MNLI from BERT. We explore fine-tuning
from BERT (Devlin et al., 2019), to expand our analysis be-
yond vision tasks. To study the linguistic generalization of
multiple classifiers trained on the same dataset, McCoy et al.
(2020) have fine-tuned BERT 100 times on the Multi-genre
Natural Language Inference (MNLI) dataset (Williams et al.,
2018) varying exclusively the random seed across runs.
These random seeds affect the initialization of the classifier
and the scanning order of the training data for SGD. All
these classifiers achieve very similar in-distribution gener-
alization, i.e. on MNLI test points, but behave differently
on the out-of-distribution tasks represented by the HANS
dataset (McCoy et al., 2019). For example, in one of HANS
sub-domains the accuracy of the models ranges from 5% to
55%. We randomly choose 50 of the 100 available classi-
fiers, and compute the different measures of sharpness for

various radii. Fig. 4 shows how the worst-case ℓ∞ adaptive
sharpness, with and without logit normalization, correlates
with test error on MNLI and three HANS tasks. We observe
that the correlation is weak and does not exceed 0.04, even
for datasets like HANS lexical (second column) where test
errors vary significantly (between 45% and 95%). Moreover,
in some cases the correlation is weakly negative suggesting
that on average sharper models tend to generalize slightly
better. Results for other radii can be found in App. G.

Summary of the findings. To conclude, none of the settings
studied above support either the strong or weak hypotheses
about the role of sharpness. Contrary to our expectations,
CLIP models fine-tuned on ImageNet suggest that flatter so-
lutions consistently generalize worse on OOD data. Finally,
sharpness is not useful to distinguish different solutions
found by fine-tuning BERT on MNLI. All this evidence sug-
gests that the intuitive ideas about the generalization benefits
of flat minima are not supported in the modern settings.

5. Why Doesn’t Sharpness Correlate Well with
Generalization?

The goal of this section is to clarify the disconnect between
sharpness and generalization in the modern setup. We first
revisit sharpness in a controlled environment on CIFAR-10,
then explore the different sharpness definitions for a simple
model where generalization is well understood.

5.1. The Role of Sharpness in a Controlled Setup

Motivation. We consider three potential explanations for
why sharpness does not correlate well with generalization in
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Figure 4: Fine-tuning BERT on MNLI. We show for 50 models the error on MNLI or out-of-distribution domains (HANS
subsets) vs worst-case ℓ∞ sharpness with (top) or without (bottom) normalization at ρ = 0.0005. Darker color indicates
higher test error on MNLI.

the previous section: (1) the use of transformers instead of
typical convolutional networks, (2) the use of much larger
datasets (ImageNet vs. CIFAR-10), (3) the need to measure
sharpness closer to a global minimum. We thus train 200
ResNets-18 and 200 ViTs on CIFAR-10 in a setting similar
to Jiang et al. (2020) and Kwon et al. (2021), and evaluate
sharpness only for models that reach at most 1% training
error. This is in contrast to the ImageNet models from the
previous section that are not necessarily trained to ≈ 0%
training error as it is usually not necessary in practice. Being
closer to a global minimum ensures that the worst-case
sharpness captures more the curvature by preventing first-
order terms from dominating in Eq. 3.

Setup. We train models for 200 epochs using SGD with
momentum and linearly decreasing learning rates after a
linear warm-up for the first 40% iterations. We use the
SimpleViT architecture from the vit-pytorch library
which is a modification of the standard ViT (Dosovitskiy
et al., 2021) with a fixed positional embedding and global
average pooling instead of the CLS embedding. We vary
the learning rate, ρ ∈ {0, 0.05, 0.1} of SAM (Foret et al.,
2021), mixup (α = 0.5) (Zhang et al., 2018), and standard
augmentations combined with RandAugment (Cubuk et al.,
2020). We only show models that have ≤ 1% training error.

Observations. We benchmark 12 different sharpness def-
initions: ℓ2 vs. ℓ∞, average- vs. worst-case, standard vs.
adaptive, with vs. without logit normalization, and consider
different perturbation radii ρ. We report most of these results
in App. H and here highlight only ℓ∞ adaptive sharpness in
Fig. 5. We observe that for ResNets, there is a strong corre-
lation between sharpness and test error but only within each

subgroup of training parameters such as augmentations and
mixup. Importantly, sharpness does not correctly capture
generalization between different subgroups leading to low
positive or negative correlation (0.30 and −0.36). For ViTs,
we do not observe strong positive correlation even within
each subgroup (in fact, without logit normalization the cor-
relation is noticeably negative −0.68), and many models
with an order of magnitude difference in sharpness can have
the same test error. Moreover, we do not consistently ob-
serve that models with the lowest sharpness generalize best.
For OOD generalization on common image corruptions
(Hendrycks & Dietterich, 2019), the trend is even less clear
and the subgroups are mixed. We note that similar conclu-
sions hold for other sharpness radii ρ and definitions which
we show in App. H.4. Moreover, in App. H we also analyze
the role of data points used to evaluate sharpness (with and
without augmentations), number of iterations of Auto-PGD
for worst-case sharpness, and different m in worst-case m-
sharpness (Foret et al., 2021). In conclusion, even in this
controlled small-scale setup that includes more established
architectures like ResNets, we find no empirical support to
either the strong or weak hypothesis.

Sharpness captures the learning rate even when it is not
helpful to predict generalization. Prior works have shown
a robust link between the learning rate of first-order methods
and standard sharpness definitions such as λmax(∇2L(w))
and tr(∇2L(w)) (Cohen et al., 2021; Wu et al., 2022). How-
ever, the connection between the learning rate and adaptive
sharpness remains elusive, so we investigate it empirically
in Fig. 6. For both ResNets and ViTs, we observe a signifi-
cant negative correlation, especially within each subgroup
defined by the same values of augment × mixup. This is
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Figure 5: Training from scratch on CIFAR-10. Normalized and unnormalized ℓ∞ adaptive sharpness vs. standard and
OOD test error on common corruptions for ResNets-18 and ViTs. For other sharpness definitions (ℓ2/ℓ∞, average-/worst-
case, etc) and multiple sharpness radii ρ, see App. H.4.

ResNets-18 Vision transformers

10 2 10 1

Adaptive  worst-case sharpness (normalized)

10 1

100

Le
ar

ni
ng

 ra
te

= 0.001, = 0.28
 of SAM

0.0
0.05
0.1

Augment.
False
True

Mixup
False
True

10 24 × 10 3 6 × 10 3 2 × 10 2

Adaptive  worst-case sharpness (normalized)

10 2

10 1

Le
ar

ni
ng

 ra
te

= 0.0005, = 0.50
 of SAM

0.0
0.05
0.1

Augment.
False
True

Mixup
False
True

100 101

Adaptive  worst-case sharpness

10 1

100

Le
ar

ni
ng

 ra
te

= 0.004, = 0.63
 of SAM

0.0
0.05
0.1

Augment.
False
True

Mixup
False
True

100

Adaptive  worst-case sharpness

10 2

10 1

Le
ar

ni
ng

 ra
te

= 0.004, = 0.50
 of SAM

0.0
0.05
0.1

Augment.
False
True

Mixup
False
True

Figure 6: Training from scratch on CIFAR-10. Sharp-
ness negatively correlates with the learning rate, espe-
cially within each subgroup defined by the same values
of augment × mixup.

however not always a desirable property for predicting gen-
eralization. On the one hand, monotonically capturing the
learning rates can be useful in setting like training ResNets
from scratch (Li et al., 2019). On the other hand, large learn-
ing rates do not preserve the original features and can signif-
icantly harm OOD generalization for fine-tuning (Wortsman
et al., 2022b). We also see a negative correlation between
sharpness and learning rate for CLIP models fine-tuned on
ImageNet in Fig. 20, shown in App. F. However, for these
models, we do not have subgroups as clearly defined as for
the CIFAR-10 models so we cannot see a more fine-grained
trend. Finally, we note that whenever learning rates have

a beneficial regularization effect, it is closely tied to the
amount of stochastic noise in SGD (Jastrzebski et al., 2017;
Andriushchenko et al., 2023). This amount is equally deter-
mined by other hyperparameters like batch size, momentum
coefficient, or weight decay for normalized networks (see
Li et al. (2020) for a discussion on the intrinsic learning
rate). These parameters are commonly varied in studies on
sharpness vs. generalization (Jiang et al., 2020; Kwon et al.,
2021; Bisla et al., 2022) but all reflect essentially the same
underlying trend.

5.2. Is Sharpness the Right Quantity in the First Place?
Insights from Simple Models

Here, we study the link between sharpness and generaliza-
tion for sparse regression with diagonal linear networks for
which the ℓ1 norm of the solution is predictive of generaliza-
tion. This simple model suggests that sharpness measures
which are universally correlated with better generalization
across all possible data distributions simply do not exist.

Diagonal linear networks are defined as predictors ⟨x,β⟩
with parameterization β = u⊙ v for weights w = [ uv ] ∈
R2d. They have been widely studied as the simplest non-
trivial neural network (Woodworth et al., 2020; Pesme et al.,
2021). We consider an overparametrized sparse regression
problem for a data matrix X ∈ Rn×d and label vector y:

L(w) := ∥X(u⊙ v)− y∥22, (6)

for which the ground truth β∗ is a sparse vector (i.e., most
coordinates are zeros) and there exist many solutions w
such that L(w) = 0. Assuming whitened data X⊤X = I
and that w is a global minimum, the Hessian of the loss L
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simplifies to

∇2L(w) =

[
diag(v ⊙ v) diag(u⊙ v)
diag(u⊙ v) diag(u⊙ u)

]
.

We first consider standard definitions of local (i.e., ρ→ 0)
sharpness for which we have a closed-form expression. The
average-case local sharpness is equal to tr(∇2L(w)) =∑d

i=1 u
2
i + v2i while the worst-case local sharpness at a

minimum is λmax(∇2L(w)) = max
1≤i≤d

v2i +u2
i (see Sec. A.2

for details). Importantly, both average- and worst-case lo-
cal sharpness are not invariant under α-reparametrization
(αu,v/α) while the predictor β = u ⊙ v is. This fact
emphasizes the need for a measure of the sharpness that ad-
justs to the changing scale of the parameters as the adaptive
sharpness. Indeed, with the carefully selected elementwise
scaling ci =

√
|vi|/|ui| for 1 ≤ i ≤ d and ci =

√
|ui|/|vi|

for d < i ≤ 2d, we obtain for the average-case and worst-
case adaptive local sharpness

Sρ
avg(w, c) =

1

2

d∑
i=1

u2
i |vi|/|ui|+

1

2

d∑
i=1

v2i |ui|/|vi| = ∥β∥1,

Sρ
max(w, c) = max

1≤i≤d
|ui||vi| = ∥β∥∞.

We first note that both definitions of adaptive sharpness are
invariant under α-reparametrization as they only depend on
the predictor β. However, average and worst-case sharp-
ness do not capture the same properties of β. In particular,
∥β∥1 is a generalization measure that correctly captures the
sparsity of the linear predictor which is a good indicator
of generalization for a sparse β∗. In contrast, ∥β∥∞ is a
generalization measure that is more suitable to capture how
uniform the weights of β are which is a good predictor of
generalization for a dense β∗. Finally, we note that using
c = w in adaptive sharpness would instead lead to ∥β∥22
and ∥β∥2∞ that would have a different interpretation. This
simple model highlights that the sharpness definition that
correlates well with generalization is data-dependent and in
general Savg and Smax capture very different trends.

To further illustrate this point, we train 200 diagonal linear
networks to 10−5 training loss on a sparse regression task
(d = 200 with 90% sparsity) with different learning rates
and random initializations. We show the results in Fig. 7
which illustrate that (1) ∥u ⊙ v∥1 is approximated well
by 1

2 tr(∇̃2L(w)), (2) tr(∇̃2L(w)) correlates better than
tr(∇2L(w)) so the adaptive part is important, (3) the rela-
tionship between tr(∇̃2L(w)) and λmax(∇̃2L(w)) can be
even reverse showing that different sharpness definitions
capture totally different trends. We also note that even with
the right definition of sharpness, the correlation is not perfect
(around τ = 0.8) and there is always some non-negligible
gap in predicting the test loss. Overall, we conclude that
finding a sharpness definition that correlates well with gen-
eralization requires understanding both the role of the data
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Figure 7: Different generalization measures for diagonal
linear networks. ∇̃2 denotes the rescaled Hessian corre-
sponding to adaptive sharpness.

distribution and its interaction with the architecture. It is
possible in very simple cases but appears extremely chal-
lenging for complex architectures like vision transformers
on complex real-world datasets like ImageNet.

6. Conclusions
Our results suggest that even reparametrization-invariant
sharpness is not a good indicator of generalization in the
modern setting. While there definitely exist restricted set-
tings where correlation between sharpness and generaliza-
tion is significantly positive (e.g., for ResNets on CIFAR-10
with a specific combination of augmentations and mixup),
it is not true anymore when we compare all models jointly.
Moreover, the correlation, even within subgroups of models
defined by augmentations, is much lower for vision trans-
formers. Thus, we believe it is important to rethink the
intuitive understanding of sharpness based on the geometric
intuition about the shift of the loss surface. Moreover, our
findings suggest that one should avoid blanket statements
like “flatter minima generalize better” since even when they
are only intended to imply correlation, their correctness still
depends on a number of factors such as data distribution,
model family, or initialization schemes (i.e., random vs.
from pretrained weights).
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Appendix
The appendix is organized as follows:

• Sec. A: omitted derivations for sharpness when ρ→ 0, first for the general case and then specifically for diagonal
linear networks.

• Sec. B: figures with correlation between sharpness and generalization gap. We observe a similar trend between
sharpness and generalization gap as between sharpness and test error which is reported in the main part.

• Sec. C: additional figures about ViTs from Steiner et al. (2021) trained with different hyperparameter settings on
ImageNet-1k. We observe that different sharpness variants are not predictive of the performance on ImageNet and
the OOD datasets, typically only separating models by stochastic depth / dropout, but not ranking them according to
generalization, and often even yielding a negative correlation with OOD test error.

• Sec. D: figures about ViTs from Steiner et al. (2021) pre-trained on ImageNet-21k and then fine-tuned on ImageNet-1k.
The observations are very similar to those for training on ImageNet-1k from scratch: sharpness variants are not
predictive of the performance on ImageNet, and they often lead to a negative correlation with OOD test error.

• Sec. E: figures for combined analysis of ViTs from Steiner et al. (2021) both with and without ImageNet-21k pre-
training. We find the better-generalizing models pretrained on ImageNet-21k to have significantly higher worst-case
sharpness and roughly equal or higher logit-normalized average-case adaptive sharpness, underlining that the models’
generalization properties resulting from different pretraining datasets are not captured.

• Sec. F: additional details and figures for CLIP models fine-tuned on ImageNet. We observe that sharpness variants
are not predictive of the performance on ImageNet and ImageNet-V2. Moreover, there is in most cases a negative
correlation with test error in presence of distribution shifts which is likely to be related to the influence that the
learning rate has on sharpness.

• Sec. G: additional details and figures for BERT models fine-tuned on MNLI. We find that all sharpness variants we
consider are not predictive of the generalization performance of the model, and in some cases there is rather a weak
negative correlation between sharpness and test error on out-of-distribution tasks from HANS.

• Sec. H: additional details and ablation studies for CIFAR-10 models. We analyze the role of data used to evaluate
sharpness, the role of the number of iterations in Auto-PGD, the role of m in m-sharpness, and the influence of
different sharpness definitions and radii on correlation with generalization. Overall, we conclude that none of the
considered sharpness definitions or radii correlates positively with generalization nor that low sharpness implies good
performance of the model.

Also, for the sake of convenience, we provide in Table 1, Table 2, Table 3, and Table 4 a summary of correlation coefficients
τ between sharpness and generalization for all our experiments (except ablation studies).
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ImageNet-1k models trained from scratch
Rank correlation coefficient τ

Sharpness LogitNorm ρ IN IN-v2 IN-R IN-Sketch IN-A ObjectNet
Worst-case ℓ∞ Yes 0.001 0.09 0.08 0.10 0.10 -0.06 0.04
Worst-case ℓ∞ Yes 0.002 0.08 0.08 0.09 0.09 -0.07 0.03
Worst-case ℓ∞ Yes 0.004 -0.11 -0.11 -0.06 -0.06 -0.23 -0.16
Worst-case ℓ∞ No 0.001 -0.42 -0.43 -0.27 -0.28 -0.45 -0.45
Worst-case ℓ∞ No 0.002 -0.42 -0.42 -0.27 -0.27 -0.41 -0.45
Worst-case ℓ∞ No 0.004 -0.34 -0.34 -0.20 -0.20 -0.36 -0.36
Avg-case ℓ∞ Yes 0.05 0.46 0.44 0.38 0.42 0.31 0.39
Avg-case ℓ∞ Yes 0.1 0.44 0.43 0.39 0.43 0.29 0.39
Avg-case ℓ∞ Yes 0.2 0.42 0.42 0.39 0.42 0.29 0.38
Avg-case ℓ∞ No 0.05 -0.55 -0.56 -0.40 -0.42 -0.57 -0.60
Avg-case ℓ∞ No 0.1 -0.44 -0.43 -0.28 -0.32 -0.47 -0.47
Avg-case ℓ∞ No 0.2 0.13 0.15 0.26 0.23 0.05 0.11

ImageNet-1k models fine-tuned from IN-21k
Rank correlation coefficient τ

Sharpness LogitNorm ρ IN IN-v2 IN-R IN-Sketch IN-A ObjectNet
Worst-case ℓ∞ Yes 0.001 -0.49 -0.49 -0.44 -0.33 -0.53 -0.46
Worst-case ℓ∞ Yes 0.002 -0.48 -0.48 -0.46 -0.33 -0.51 -0.44
Worst-case ℓ∞ Yes 0.004 -0.45 -0.43 -0.41 -0.33 -0.45 -0.42
Worst-case ℓ∞ No 0.001 -0.13 -0.09 -0.05 0.05 -0.13 -0.09
Worst-case ℓ∞ No 0.002 -0.10 -0.03 -0.01 0.11 -0.07 -0.02
Worst-case ℓ∞ No 0.004 -0.10 -0.01 -0.01 0.11 -0.06 0.00
Avg-case ℓ∞ Yes 0.05 -0.11 -0.08 -0.11 -0.07 -0.06 -0.06
Avg-case ℓ∞ Yes 0.1 -0.12 -0.11 -0.14 -0.10 -0.09 -0.08
Avg-case ℓ∞ Yes 0.2 -0.25 -0.24 -0.25 -0.23 -0.25 -0.24
Avg-case ℓ∞ No 0.05 -0.02 -0.04 -0.03 -0.02 -0.05 -0.06
Avg-case ℓ∞ No 0.1 -0.07 -0.10 -0.08 -0.08 -0.11 -0.10
Avg-case ℓ∞ No 0.2 -0.11 -0.11 -0.10 -0.11 -0.12 -0.13

ImageNet-1k models fine-tuned from CLIP
Rank correlation coefficient τ

Sharpness LogitNorm ρ IN IN-v2 IN-R IN-Sketch IN-A ObjectNet
Worst-case ℓ∞ Yes 0.001 -0.04 -0.16 -0.23 -0.26 -0.25 -0.36
Worst-case ℓ∞ Yes 0.002 0.04 -0.10 -0.39 -0.28 -0.41 -0.47
Worst-case ℓ∞ Yes 0.004 -0.08 -0.19 -0.12 -0.16 -0.17 -0.27
Worst-case ℓ∞ No 0.001 0.19 0.09 -0.37 -0.06 -0.57 -0.48
Worst-case ℓ∞ No 0.002 0.20 0.08 -0.51 -0.18 -0.58 -0.51
Worst-case ℓ∞ No 0.004 0.02 -0.05 -0.51 -0.27 -0.45 -0.33
Avg-case ℓ∞ Yes 0.001 -0.03 -0.18 -0.36 -0.34 -0.33 -0.46
Avg-case ℓ∞ Yes 0.002 -0.21 -0.32 -0.02 -0.27 -0.06 -0.21
Avg-case ℓ∞ Yes 0.004 -0.19 -0.21 0.26 -0.03 0.23 0.06
Avg-case ℓ∞ No 0.001 0.13 -0.01 -0.62 -0.26 -0.67 -0.60
Avg-case ℓ∞ No 0.002 0.06 0.03 -0.34 -0.12 -0.50 -0.37
Avg-case ℓ∞ No 0.004 0.19 0.21 -0.12 0.09 -0.21 -0.08

Table 1: A summary of correlation between sharpness and generalization for all experiments on ImageNet. We boldface
entries with |τ | > 0.5 suggesting a reasonably strong correlation. LogitNorm stands for logit normalization and IN stands
for ImageNet.
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MNLI models fine-tuned from BERT
Rank correlation coefficient τ

Sharpness LogitNorm ρ MNLI HANS-L HANS-S HANS-C
Worst-case ℓ∞ Yes 0.0005 0.04 -0.09 -0.14 -0.21
Worst-case ℓ∞ Yes 0.001 -0.09 -0.09 -0.13 -0.18
Worst-case ℓ∞ Yes 0.002 0.05 -0.09 -0.14 -0.17
Worst-case ℓ∞ No 0.0005 0.04 -0.24 -0.22 -0.07
Worst-case ℓ∞ No 0.001 0.04 -0.13 -0.15 -0.15
Worst-case ℓ∞ No 0.002 -0.11 -0.15 -0.12 -0.13
Avg-case ℓ∞ Yes 0.1 -0.35 -0.46 -0.28 0.17
Avg-case ℓ∞ Yes 0.2 -0.37 -0.48 -0.28 0.24
Avg-case ℓ∞ Yes 0.4 0.01 -0.29 -0.27 0.05
Avg-case ℓ∞ No 0.1 -0.34 -0.31 -0.23 0.13
Avg-case ℓ∞ No 0.2 -0.34 -0.58 -0.39 0.16
Avg-case ℓ∞ No 0.4 0.04 -0.16 -0.09 0.05

Table 2: A summary of correlation between sharpness and generalization for all experiments on MNLI for models fine-tuned
from BERT. We boldface entries with |τ | > 0.5 suggesting a reasonably strong correlation. LogitNorm stands for logit
normalization.
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ResNets-18 trained from scratch on CIFAR-10
Rank correlation coefficient τ

Sharpness LogitNorm ρ CIFAR-10 CIFAR-10-C
Standard avg-case ℓ2 No 0.05 0.14 0.04
Standard avg-case ℓ2 No 0.1 0.26 0.19
Standard avg-case ℓ2 No 0.2 0.28 0.21
Standard avg-case ℓ2 No 0.4 0.28 0.20
Standard worst-case ℓ2 No 0.25 0.17 0.10
Standard worst-case ℓ2 No 0.5 0.24 0.16
Standard worst-case ℓ2 No 1.0 0.25 0.18
Standard worst-case ℓ2 No 2.0 0.22 0.14
Adaptive avg-case ℓ2 No 0.05 -0.37 -0.46
Adaptive avg-case ℓ2 No 0.1 -0.50 -0.53
Adaptive avg-case ℓ2 No 0.2 -0.42 -0.41
Adaptive avg-case ℓ2 No 0.4 -0.31 -0.31
Adaptive worst-case ℓ2 No 0.25 -0.36 -0.39
Adaptive worst-case ℓ2 No 0.5 -0.42 -0.36
Adaptive worst-case ℓ2 No 1.0 -0.27 -0.17
Adaptive worst-case ℓ2 No 2.0 -0.17 -0.07
Adaptive avg-case ℓ2 Yes 0.05 0.18 0.07
Adaptive avg-case ℓ2 Yes 0.1 0.07 -0.04
Adaptive avg-case ℓ2 Yes 0.2 -0.14 -0.26
Adaptive avg-case ℓ2 Yes 0.4 -0.43 -0.58
Adaptive worst-case ℓ2 Yes 0.25 0.19 0.14
Adaptive worst-case ℓ2 Yes 0.5 0.07 0.00
Adaptive worst-case ℓ2 Yes 1.0 -0.13 -0.22
Adaptive worst-case ℓ2 Yes 2.0 -0.52 -0.58
Standard avg-case ℓ∞ No 0.1 0.16 0.08
Standard avg-case ℓ∞ No 0.2 0.28 0.21
Standard avg-case ℓ∞ No 0.4 0.28 0.20
Standard avg-case ℓ∞ No 0.8 0.28 0.20
Standard worst-case ℓ∞ No 0.0005 0.29 0.23
Standard worst-case ℓ∞ No 0.001 0.30 0.24
Standard worst-case ℓ∞ No 0.002 0.30 0.24
Standard worst-case ℓ∞ No 0.004 0.29 0.23
Adaptive avg-case ℓ∞ No 0.1 -0.36 -0.47
Adaptive avg-case ℓ∞ No 0.2 -0.53 -0.56
Adaptive avg-case ℓ∞ No 0.4 -0.41 -0.41
Adaptive avg-case ℓ∞ No 0.8 -0.20 -0.18
Adaptive worst-case ℓ∞ No 0.001 -0.36 -0.42
Adaptive worst-case ℓ∞ No 0.002 -0.05 -0.10
Adaptive worst-case ℓ∞ No 0.004 0.25 0.20
Adaptive worst-case ℓ∞ No 0.008 0.26 0.24
Adaptive avg-case ℓ∞ Yes 0.1 0.18 0.07
Adaptive avg-case ℓ∞ Yes 0.2 0.05 -0.06
Adaptive avg-case ℓ∞ Yes 0.4 -0.23 -0.37
Adaptive avg-case ℓ∞ Yes 0.8 -0.46 -0.62
Adaptive worst-case ℓ∞ Yes 0.001 0.30 0.18
Adaptive worst-case ℓ∞ Yes 0.002 0.29 0.16
Adaptive worst-case ℓ∞ Yes 0.004 0.21 0.07
Adaptive worst-case ℓ∞ Yes 0.008 -0.04 -0.19

Table 3: A summary of correlation between sharpness and generalization for all experiments on CIFAR-10 for ResNets-18
trained from scratch. We boldface entries with |τ | > 0.5 suggesting a reasonably strong correlation. LogitNorm stands for
logit normalization.
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Vision transformers trained from scratch on CIFAR-10
Rank correlation coefficient τ

Sharpness LogitNorm ρ CIFAR-10 CIFAR-10-C
Standard avg-case ℓ2 No 0.005 -0.45 -0.54
Standard avg-case ℓ2 No 0.01 -0.39 -0.49
Standard avg-case ℓ2 No 0.02 -0.20 -0.31
Standard avg-case ℓ2 No 0.04 -0.08 -0.20
Standard worst-case ℓ2 No 0.025 -0.59 -0.62
Standard worst-case ℓ2 No 0.05 -0.37 -0.43
Standard worst-case ℓ2 No 0.1 -0.16 -0.24
Standard worst-case ℓ2 No 0.2 -0.12 -0.20
Adaptive avg-case ℓ2 No 0.1 -0.45 -0.50
Adaptive avg-case ℓ2 No 0.2 -0.45 -0.45
Adaptive avg-case ℓ2 No 0.4 -0.42 -0.47
Adaptive avg-case ℓ2 No 0.8 -0.10 0.08
Adaptive worst-case ℓ2 No 0.5 -0.64 -0.53
Adaptive worst-case ℓ2 No 1.0 -0.32 -0.19
Adaptive worst-case ℓ2 No 2.0 -0.11 -0.01
Adaptive worst-case ℓ2 No 4.0 -0.07 -0.03
Adaptive avg-case ℓ2 Yes 0.1 -0.18 -0.31
Adaptive avg-case ℓ2 Yes 0.2 -0.28 -0.40
Adaptive avg-case ℓ2 Yes 0.4 -0.39 -0.46
Adaptive avg-case ℓ2 Yes 0.8 -0.44 -0.52
Adaptive worst-case ℓ2 Yes 0.25 -0.21 -0.12
Adaptive worst-case ℓ2 Yes 0.5 -0.24 -0.17
Adaptive worst-case ℓ2 Yes 1.0 -0.22 -0.19
Adaptive worst-case ℓ2 Yes 2.0 -0.14 -0.11
Standard avg-case ℓ∞ No 0.01 -0.44 -0.54
Standard avg-case ℓ∞ No 0.02 -0.35 -0.45
Standard avg-case ℓ∞ No 0.04 -0.17 -0.28
Standard avg-case ℓ∞ No 0.08 -0.04 -0.14
Standard worst-case ℓ∞ No 0.00001 -0.61 -0.63
Standard worst-case ℓ∞ No 0.00002 -0.46 -0.51
Standard worst-case ℓ∞ No 0.00004 -0.25 -0.31
Standard worst-case ℓ∞ No 0.00008 -0.16 -0.22
Adaptive avg-case ℓ∞ No 0.1 -0.45 -0.53
Adaptive avg-case ℓ∞ No 0.2 -0.46 -0.50
Adaptive avg-case ℓ∞ No 0.4 -0.45 -0.44
Adaptive avg-case ℓ∞ No 0.8 -0.41 -0.47
Adaptive worst-case ℓ∞ No 0.0005 -0.68 -0.63
Adaptive worst-case ℓ∞ No 0.001 -0.43 -0.40
Adaptive worst-case ℓ∞ No 0.002 -0.26 -0.23
Adaptive worst-case ℓ∞ No 0.004 -0.18 -0.18
Adaptive avg-case ℓ∞ Yes 0.1 -0.11 -0.23
Adaptive avg-case ℓ∞ Yes 0.2 -0.16 -0.29
Adaptive avg-case ℓ∞ Yes 0.4 -0.31 -0.42
Adaptive avg-case ℓ∞ Yes 0.8 -0.40 -0.47
Adaptive worst-case ℓ∞ Yes 0.0005 -0.20 -0.23
Adaptive worst-case ℓ∞ Yes 0.001 -0.22 -0.26
Adaptive worst-case ℓ∞ Yes 0.002 -0.29 -0.34
Adaptive worst-case ℓ∞ Yes 0.004 -0.39 -0.44

Table 4: A summary of correlation between sharpness and generalization for all experiments on CIFAR-10 for ViTs trained
from scratch. We boldface entries with |τ | > 0.5 suggesting a reasonably strong correlation. LogitNorm stands for logit
normalization.
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A. Omitted Proofs
A.1. Asymptotic Analysis of Adaptive Sharpness Measures

For the convenience of the reader we repeat here quickly the definitions of adaptive sharpness measures. Let LS(w) =
1
|S|

∑
(x,y)∈S ℓxy(w) be the loss on a set of training points S. For arbitrary weights w (i.e., not necessarily a minimum),

then the average-case and worst-case m-sharpness is defined as:

Sρ
avg,p(w, c) ≜ E S∼Pm

δ∼N (0,ρ2diag(c2))

LS(w + δ)− LS(w) Sρ
max,p(w, c) ≜ ES∼Pm max

∥δ⊙c−1∥p≤ρ
LS(w + δ)− LS(w),

where ⊙/−1 denotes elementwise multiplication/inversion and Pm is the data distribution that returns m training pairs
(x,y).

If c = |w| then the perturbation set is
∥∥δ ⊙ |w|−1

∥∥
p
≤ ρ. We first introduce a new variable γ = δ⊙ |w|−1 and do a Taylor

expansion around w:

LS(w + δ) = LS(w + γ ⊙ |w|) = LS(w) + ⟨∇LS(w), |w| ⊙ γ⟩+ 1

2

〈
γ ⊙ |w|,∇2LS(w)γ ⊙ |w|

〉
+O(∥γ∥3p),

where∇2LS(w) denotes the Hessian of LS at w.

Proposition 1. Let LS ∈ C3(Rs), S be a finite sample of training points (xi, yi)
n
i=1 and let Pm denote the uniform

distribution over subsamples of size m ≤ n from S. Then we define for p ≥ 1, q ∈ R such that 1
p + 1

q = 1, then it holds

lim
ρ→0

Sρ
max,p(w, |w|)

=ES∼Pm



∥∇LS(w)⊙ |w|∥q ρ+O(ρ2) if ∇LS(w)⊙ |w| ≠ 0,

ρ2

2 max
γ ̸=0

〈
γ,

(
∇2LS(w)⊙(|w||w|T )

)
γ

〉
∥γ∥2

p

+O(ρ3) if ∇LS(w)⊙ |w| = 0 and

∇2LS(w)⊙ (|w||w|T ) not negative definite

O(ρ3) if ∇LS(w)⊙ |w| = 0 and
∇2LS(w)⊙ (|w||w|T ) is negative definite

Proof. We get

max
∥γ∥p≤ρ

LS(w + γ ⊙ |w|)− LS(w) = max
∥γ∥p≤ρ

⟨∇LS(w), |w| ⊙ γ⟩+ 1

2

〈
γ ⊙ |w|,∇2LS(w)γ ⊙ |w|

〉
+O(∥γ∥3p)

= max
∥γ∥p≤ρ

⟨∇LS(w)⊙ |w|,γ⟩+ 1

2

〈
γ,

(
∇2LS(w)⊙ (|w||w|T )

)
γ
〉
+O(∥γ∥3p)

If ∇LS(w)⊙ |w| ≠ 0, then the first order term dominates for ρ sufficiently small and we get

max
∥γ∥p≤ρ

⟨∇LS(w)⊙ |w|,γ⟩ = max
∥γ∥p≤ρ

∥∇LS(w)⊙ |w|∥q ∥γ∥p = ρ ∥∇LS(w)⊙ |w|∥q .

Otherwise we have to consider
max

∥γ∥p≤ρ

1

2

〈
γ,

(
∇2LS(w)⊙ (|w||w|T )

)
γ
〉
.

If ∇2L(w)⊙ (|w||w|T ) is negative definite, then the maximum is zero attained at γ = 0. In the other case, we get

max
∥γ∥p≤ρ

1

2

〈
γ,

(
∇2LS(w)⊙ (|w||w|T )

)
γ
〉
=

ρ2

2
max
γ ̸=0

〈
γ,

(
∇2LS(w)⊙ (|w||w|T )

)
γ
〉

∥γ∥2p
.
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This almost finishes the proof. Finally, it holds

lim
ρ→0

Sρ
max,p(w, |w|) = lim

ρ→0
ES∼Pm

[
max

∥γ∥p≤ρ
LS(w + γ ⊙ |w|)− LS(w)

]
,

= ES∼Pm

[
lim
ρ→0

max
∥γ∥p≤ρ

LS(w + γ ⊙ |w|)− LS(w)

]
where for the last step we have used that ES∼Pm

is the expectation over all possible subsamples of size m and thus boils
down to a finite sum for which we can drag the limit inside.

We note that for p = 2 it holds q = 2 and

max
γ ̸=0

〈
γ,

(
∇2LS(w)⊙ (|w||w|T )

)
γ
〉

∥γ∥22
= λmax

(
∇2LS(w)⊙ (|w||w|T )

)
,

which is the result used in the main paper.

Proposition 2. Let LS ∈ C3(Rs), S be a finite sample of training points (xi, yi)
n
i=1 and let Pm denote the uniform

distribution over subsamples of size m ≤ n from S. Then

lim
ρ→0

2

ρ2
Sρ
avg(w, |w|) = ES∼Pm

[
tr(∇2LS(w)⊙ |w||w|⊤)

]
+O(ρ)

Proof. Let us consider the loss without the subcript for clarity. Then we consider

Eδ∼N (0,ρ2diag(c2)) LS(w + δ)− LS(w)

When plugging in the Taylor expansion of the loss, we see that

Eδ∼N (0,ρ2diag(c2))LS(w + δ)− LS(w)

=Eγ∈N (0,ρ2I)

[
⟨∇LS(w), |w| ⊙ γ⟩+ 1

2

〈
γ ⊙ |w|,∇2LS(w)γ ⊙ |w|

〉
+O(∥γ∥32)

]
=
1

2
Eγ∈N (0,ρ2I)

[ 〈
γ ⊙ |w|,∇2LS(w)γ ⊙ |w|

〉 ]
+O(ρ3)

=
1

2
Eγ∈N (0,ρ2I)

[ 〈
γ,

(
∇2LS(w)⊙ |w||w|T

)
γ
〉 ]

+O(ρ3)

=
ρ2

2
tr(∇2LS(w)⊙ |w||w|⊤) +O(ρ3)

where we use that the components of γ are independent and have zero mean and thus the first order term vanishes and for
the second order term only the diagonal entries remain which are equal to the variance ρ2. Finally, we take the expectation
with respect to Pm. As in the proof of Proposition 1 we can drag the limit inside as the expectation with respect to Pm

corresponds to a finite sum.

A.2. Derivations for Diagonal Linear Networks

Hessian for diagonal linear networks. Denote r = X(u⊙ v)− y, V = diag(v), U = diag(u), then the Hessian of the
loss ∇2L(w) for diagonal linear networks is given by:

L(w) =

[
V X⊤XV V X⊤XU + diag(X⊤r)

V X⊤XU + diag(X⊤r) UX⊤XU

]
. (7)

It is easy to verify that the data-dependent terms disappear due to the assumption of whitened data X⊤X = I and zero
residuals r at a minimum. Thus, we arrive at a much simpler expression for the Hessian:

L(w) =

[
diag(v ⊙ v) diag(v ⊙ u)
diag(v ⊙ u) diag(u⊙ u)

]
, (8)
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Maximum eigenvalue for diagonal linear networks. Since the Hessian has a simple block structure, we can rearrange the
rows and columns coherently and get a block-diagonal structure as follows

v21 v1u1 0 . . . 0
v1u1 u2

1 0 . . . 0
0 0 . . . . . . 0
. . . . . . . . . . . . . . .
0 . . . 0 v2d vdud

0 . . . 0 vdud u2
d

 (9)

where eigenvalues of each 2 × 2 submatrix are u2
i + v2i and 0. Thus, λmax = max

1≤i≤d
v2i + u2

i by using the property of

block-diagonal matrices.
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B. Correlation Between Sharpness and Generalization Gap
Throughout the paper we focused on correlation between sharpness and test error, but it is natural to ask if the picture differs
if we consider correlation between sharpness and generalization gap, i.e., the difference between the test error and training
error. We note that in the experiments on CIFAR-10 in Section 5.1, since we consider only models with ≤ 1% training
error and since the test error is significantly larger than 1%, the behavior of generalization gap vs. sharpness has to be
almost identical to that of test error vs. sharpness. For other datasets, however, the training error is not necessarily close to 0,
thus in Figure 8 and Figure 9, we additionally plot the generalization gap vs. sharpness (and side-by-side the test error vs.
sharpness for the sake of convenience) for the ImageNet experiments. We observe only small differences in the correlation
values which do not alter the conclusions about the relationship of sharpness and generalization.
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Figure 8: ViT-B/16 trained from scratch on ImageNet-1k. We show side-by-side the test error and generalization gap
(Gen. Gap) for 56 models from Steiner et al. (2021) on ImageNet and its OOD variants vs. worst-case ℓ∞ sharpness with
(top) or without (bottom) normalization at ρ = 0.002. The color indicates models trained with stochastic depth (sd) and
dropout (do), markers and their size indicate the strength of weight decay (wd) and augmentations (aug), and τ indicates the
rank correlation coefficient.
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With logit normalization
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Figure 9: Fine-tuning CLIP ViT-B/32 on ImageNet-1k. We show side-by-side the test error and generalization gap
(Gen. gap) for 72 models from Wortsman et al. (2022) on ImageNet and its OOD variants vs. worst-case ℓ∞ sharpness with
(top) or without (bottom) normalization at ρ = 0.002. Darker color indicates larger learning rate used for fine-tuning.
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C. ImageNet-1k Models Trained from Scratch from (Steiner et al., 2021): Extra Details and
Figures

Experimental details. As explained in the main paper, the ViT-B/16-224 weights were trained on ImageNet-1k for 300
epochs with different hyperparameter settings, and subsequently fine-tuned on the same dataset for 20.000 steps with 2
different learning rates (0.01 and 0.03). The pretraining hyperparameters include 7 augmentation types (none, light0, light1,
medium0, medium1, strong0, strong1), which we group into (none, light, medium, strong) in the plots. Weight decay was
either 0.1 or 0.03, and dropout and stochastic depth were either both set to 0 or both set to 0.1. We evaluated the resulting 56
configurations. The model weights can be obtained from https://github.com/google-research/vision_
transformer.

Sharpness evaluation. For sharpness evaluation we use 2048 data points from the training set split in 8 batches: we
compute sharpness on each of them and report the average. For worst-case sharpness we use Auto-PGD for 20 steps (for
each batch) with random uniform initialization in the feasible set, while for average-case sharpness we sample 100 different
weights perturbations for every batch. We use the same sharpness evaluation for all ImageNet-1k and MNLI models. For
convenience we restate the algorithm of Auto-PGD in Algorithm 1: it follows the original version presented in Croce &
Hein (2020) while using the network weights w as optimization variables instead of the input image components. In Alg. 1
we denote f the target objective function (cross-entropy loss on the batch of images in our experiments), S the feasible set
of perturbations and PS the projection onto it. Also, η and W are fixed hyperparameters (we keep the original values), and
the two conditions in Line 13 can be found in Croce & Hein (2020).

Algorithm 1 Auto-PGD

1: Input: objective function f , perturbation set S, w(0), η, Niter, W = {w0, . . . , wn}
2: Output: wmax, fmax
3: w(1) ← PS

(
w(0) + η∇f(w(0))

)
4: fmax ← max{f(w(0)), f(w(1))}
5: wmax ← w(0) if fmax ≡ f(w(0)) else wmax ← w(1)

6: for k = 1 to Niter − 1 do
7: z(k+1) ← PS

(
w(k) + η∇f(w(k))

)
8: w(k+1) ← PS

(
w(k) + α(z(k+1) −w(k)) + (1− α)(w(k) −w(k−1))

)
9: if f(w(k+1)) > fmax then

10: wmax ← w(k+1) and fmax ← f(w(k+1))
11: end if
12: if k ∈W then
13: if Condition 1 or Condition 2 then
14: η ← η/2 and w(k+1) ← wmax
15: end if
16: end if
17: end for

Extra figures. For each sharpness definition we show for three values of ρ the correlation between test error on ImageNet
(in-distribution) and on the various distribution shifts. In particular, we use worst-case ℓ∞ adaptive sharpness with (Fig. 10)
and without (Fig. 11) logit normalization, and average-case adaptive sharpness with (Fig. 12) and without (Fig. 13) logit
normalization. For all figures the color shows stochastic depth / dropout, the marker size corresponds to augmentation
strength, and the marker type to weight decay. In addition to the OOD-datasets from the main paper, we here report the
results for ImageNet-V2 (Recht et al., 2019) and ObjectNet (Barbu et al., 2019). ImageNet-V2 consists in a new test set for
ImageNet models and is sampled from the same image distribution as the existing validation set: then, the performance
of the classifiers on it are highly correlated to that on ImageNet validation set, and ImageNet-V2 cannot be considered a
distribution shift in the same sense as the other datasets. In general, we observe that sharpness variants are not predictive of
the performance on ImageNet and the OOD datasets, typically only separating models by stochastic depth / dropout, but not
ranking them according to generalization properties, and often even yielding a negative correlation with OOD test error. The
only case where low sharpness indicates low test-error is for logit-normalized average-case adaptive sharpness on ImageNet
and ImageNet-v2. For the remaining OOD datasets, however, there are always models with low sharpness and larger test
error.
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Worst-case ℓ∞ adaptive sharpness with logit normalization
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Figure 10: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Worst-case ℓ∞ adaptive sharpness without logit normalization
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Figure 11: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Average-case adaptive sharpness with logit normalization
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Figure 12: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Average-case adaptive sharpness without logit normalization
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Figure 13: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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D. Fine-tuning of ImageNet-1k Models Pretrained on ImageNet-21k from Steiner et al. (2021):
Extra Figures and Details

Experimental details. All hyperparameter settings are identical to those explained in Appendix C, only the pretraining
dataset is ImageNet-21k instead of ImageNet-1k. Since two of the models showed close to 100% test error, we did not
evaluate them, resulting in 54 instead of 56 models.

Extra figures. Like in Appendix C we show each sharpness definition for three values of ρ and its the correlation to test
error on ImageNet (in-distribution) and on the various distribution shifts. The observations are very similar to those on
ImageNet-1k pretraining: sharpness variants are not predictive of the performance on ImageNet and the distribution shift
datasets, typically only separating models by stochastic depth / dropout, and often even yielding a negative correlation with
OOD test error.
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Worst-case ℓ∞ adaptive sharpness with logit normalization
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Figure 14: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Worst-case ℓ∞ adaptive sharpness without logit normalization
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Figure 15: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Average-case adaptive sharpness with logit normalization
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Figure 16: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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Average-case adaptive sharpness without logit normalization
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Figure 17: Correlation of sharpness with generalization on ImageNet for different ρ and for different distribution shifts.
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E. ImageNet Models both Pretrained on ImageNet-1k and ImageNet-21k from Steiner et al.
(2021)

For completeness, we here show for two sharpness definitions the models pretrained on ImageNet-21k and ImageNet-1k
together. We find the better-generalizing models pretrained on ImageNet-21k to have significantly higher worst-case
sharpness, and roughly equal or higher logit-normalized average-case adaptive sharpness, underlining that the models
generalization properties resulting from different pretraining datasets are not captured.
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Worst-case ℓ∞ adaptive sharpness without logit normalization
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Figure 18: Correlation of sharpness with generalization on ImageNet-1k for different ρ and for different distribution shifts.
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Average-case adaptive sharpness with logit normalization
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Figure 19: Correlation of sharpness with generalization on ImageNet-1k for different ρ and for different distribution shifts.
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F. Fine-tuning CLIP Models on ImageNet: Extra Details and Figures
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Figure 20: Fine-tuning CLIP ViT-B/32 on ImageNet-1k. Sharpness negatively correlates with the size of learning rate for
fine-tuning, both with (left) and without (right) using logit normalization. For worst-case sharpness ρ = 0.002 is used, for
average-case sharpness ρ = 0.1.

Experimental details. We take advantage of the models fine-tuned by Wortsman et al. (2022a) from a pre-trained CLIP
ViT-B/32, with randomly sampled training hyperparameters (see random search setup in Wortsman et al. (2022a)), for which
the evaluation of ImageNet validation set and distribution shifts are provided.

Extra figures. For each sharpness definition we show for three values of ρ the correlation between test error on ImageNet
(in-distribution) and on the various distribution shifts. In particular, we use worst-case ℓ∞ adaptive sharpness with (Fig. 21)
and without (Fig. 22) logit normalization, and average-case adaptive sharpness with (Fig. 23) and without (Fig. 24) logit
normalization. For all figures we represent with colors represent the size of the learning rate used for fine-tuning (darker
color means larger learning rate). In addition to the datasets shown in Sec. 4, we here report the results for ImageNet-V2
(Recht et al., 2019) and ObjectNet (Barbu et al., 2019). ImageNet-V2 consists in a new test set for ImageNet models and is
sampled from the same image distribution as the existing validation set: then, the performance of the classifiers on it are
highly correlated to that on ImageNet validation set, and ImageNet-V2 cannot be considered a distribution shift in the same
sense as the other datasets. In general, we observe that sharpness variants are not predictive of the performance on ImageNet
and ImageNet-V2. Moreover, there is in most cases a negative correlation with test error in presence of distribution shifts.
We hypothesize that this is related to the influence that the learning rate has on sharpness (see Fig. 20), i.e. lower values lead
to sharper models.
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Worst-case ℓ∞ adaptive sharpness with logit normalization
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Figure 21: Correlation of sharpness with varying ρ with generalization on ImageNet for different distribution shifts.
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Worst-case ℓ∞ adaptive sharpness without logit normalization
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Figure 22: Correlation of sharpness with varying ρ with generalization on ImageNet for different distribution shifts.
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Average-case adaptive sharpness with logit normalization
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Figure 23: Correlation of sharpness with varying ρ with generalization on ImageNet for different distribution shifts.
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Average-case adaptive sharpness without logit normalization
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Figure 24: Correlation of sharpness with varying ρ with generalization on ImageNet for different distribution shifts.
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G. Fine-tuning on MNLI: Extra Details and Figures
Experimental details. The models from McCoy et al. (2020) we use are BERT fine-tuned with initialization weights
of bert-case-uncased. The in-distribution test error is computed on the MNLI matched development set, that
is a classification task with three classes. As out-of-distribution datasets we use three categories of HANS considered
“Inconsistent with heuristic” (see McCoy et al. (2020): Lexical overlap, on which the classifiers show the largest variance in
test error, Subsequence and Constituent. In this case, there are only two possible classes.

Extra figures. For each sharpness definition we show for three values of ρ the correlation between test error on MNLI
(in-distribution) and on various HANS subsets (out-of-distribution). In particular, we use worst-case ℓ∞ adaptive sharpness
with (Fig. 25) and without (Fig. 26) logit normalization, and average-case adaptive sharpness with (Fig. 27) and without
(Fig. 28) logit normalization. For all figures we represent with darker colors the models with higher test error on MNLI. In
general, all sharpness variants we consider are not predictive of the generalization performance of the model, and in some
cases (e.g. Fig. 28) there is rather a weak negative correlation between sharpness and test error on out-of-distribution tasks.
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Worst-case ℓ∞ adaptive sharpness with logit normalization
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Figure 25: Correlation of sharpness with varying ρ with generalization on MNLI for different distribution shifts.
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Worst-case ℓ∞ adaptive sharpness without logit normalization
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Figure 26: Correlation of sharpness with varying ρ with generalization on MNLI for different distribution shifts.
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Average-case adaptive sharpness with logit normalization

0.026 0.028 0.030 0.032
0.152

0.154

0.156

0.158

0.160

0.162

M
NL

I t
es

t e
rro

r

rho=0.1 =-0.35

0.24 0.26 0.28 0.30
0.152

0.154

0.156

0.158

0.160

0.162

rho=0.2 =-0.37

0.72 0.73 0.74 0.75 0.76
0.152

0.154

0.156

0.158

0.160

0.162

rho=0.4 =0.01

0.026 0.028 0.030 0.032

0.5

0.6

0.7

0.8

0.9

HA
NS

 le
xi

ca
l t

es
t e

rro
r

rho=0.1 =-0.46

0.24 0.26 0.28 0.30

0.5

0.6

0.7

0.8

0.9

rho=0.2 =-0.48

0.72 0.73 0.74 0.75 0.76

0.5

0.6

0.7

0.8

0.9

rho=0.4 =-0.29

0.026 0.028 0.030 0.032

0.90

0.92

0.94

0.96

0.98

HA
NS

 su
bs

eq
ue

nc
e 

te
st

 e
rro

r rho=0.1 =-0.28

0.24 0.26 0.28 0.30

0.90

0.92

0.94

0.96

0.98

rho=0.2 =-0.28

0.72 0.73 0.74 0.75 0.76

0.90

0.92

0.94

0.96

0.98

rho=0.4 =-0.27

0.026 0.028 0.030 0.032
Average-case adaptive sharpness

0.80

0.85

0.90

0.95

HA
NS

 c
on

st
itu

en
t t

es
t e

rro
r

rho=0.1 =0.17

0.24 0.26 0.28 0.30
Average-case adaptive sharpness

0.80

0.85

0.90

0.95

rho=0.2 =0.24

0.72 0.73 0.74 0.75 0.76
Average-case adaptive sharpness

0.80

0.85

0.90

0.95

rho=0.4 =0.05

0.154

0.156

0.158

0.160

0.162

M
NL

I t
es

t e
rro

r

0.154

0.156

0.158

0.160

0.162

M
NL

I t
es

t e
rro

r

0.154

0.156

0.158

0.160

0.162

M
NL

I t
es

t e
rro

r

0.154

0.156

0.158

0.160

0.162

M
NL

I t
es

t e
rro

r

Figure 27: Correlation of sharpness with varying ρ with generalization on MNLI for different distribution shifts.
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Average-case adaptive sharpness without logit normalization
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Figure 28: Correlation of sharpness with varying ρ with generalization on MNLI for different distribution shifts.
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H. Training from Scratch on CIFAR-10: Extra Details and Figures
Extra details. We train 200 ResNet-18 and 200 ViT models for 200 epochs using SGD with momentum and linearly
decreasing learning rates after a linear warm-up for the first 40% iterations. We found that adding such warm-up to SGD
allows us to bridge the gap between SGD and Adam training for ViTs. We use the SimpleViT architecture from the
vit-pytorch library which is a modification of the standard ViT (Dosovitskiy et al., 2021) with a fixed positional
embedding and global average pooling instead of the CLS embedding. We use a ViT model with 4× 4 patches, depth of 6
blocks, with 16 heads, embedding size 512, and MLP dimension of 1024. We sample the learning rate from the log-uniform
distribution in the range [0.005, 0.5] for ViTs and [0.05, 5.0] for ResNets. We sample uniformly ρ ∈ {0, 0.05, 0.1} of
SAM (Foret et al., 2021), with probability 50% mixup (α = 0.5) (Zhang et al., 2018), and with probability 50% standard
augmentations combined with RandAugment (with parameters N = 2, M = 14) (Cubuk et al., 2020). We use 2× repeated
augmentations to reduce the augmentation variance from RandAugment (Fort et al., 2021). For CIFAR-10 models, we only
show sharpness for well-trained models that have ≤ 1% training error. We note that this selection criterion leaves more
ResNets than ViTs on the figures below.

Sharpness evaluation. For sharpness evaluation we use 1024 data points from the training set split in 8 batches: we
compute sharpness on each of them and report the average. For worst-case sharpness we use Auto-PGD for 20 steps (for
each batch) with random uniform / Gaussian initialization in the feasible set depending on the ℓ∞ vs. ℓ2 norm of sharpness.
For average-case sharpness, we sample 100 different weights perturbations for every batch.

Extra figures. We present additional figures in Sec. H.1 on the role of data used to evaluate sharpness, in Sec. H.2 on the
role of the number of iterations in Auto-PGD to estimate sharpness, in Sec. H.3 on the role of m in m-sharpness, and in
Sec. H.4 on the influence of different sharpness definitions and radii on correlation with generalization.

H.1. The Role of Data Used for Sharpness Evaluation

We emphasize that for all experiments, we evaluate sharpness on the original training set (CIFAR-10, ImageNet or MNLI)
without augmentations. However, one may wonder how sensitive this choice is compared to evaluation on the augmented
training set, particularly in presence of strong data augmentations such as RandAugment (Cubuk et al., 2020) used for
training of some models. To test this, in Fig. 29, we compare adaptive average-case sharpness computed on the original
training set and on augmented training set of CIFAR-10 for ResNets-18. We find that the overall trend is nearly the same
for small ρ and differs more strongly for larger ρ where the overall correlation with generalization becomes significantly
negative (−0.74 for the largest ρ) on augmented data. In addition, a side-by-side comparison of sharpness on standard vs.
augmented training shows that the relationship between them does not deviate too much from a linear trend, especially when
considering separately models trained with and without augmentations.
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (normalized) for ResNets-18 on original training data
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (normalized) for ResNets-18 on augmented training
data
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A side-by-side comparison of sharpness on original vs. augmented training data
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Figure 29: Adaptive average-case ℓ∞ (uniform perturbations) sharpness (normalized) for ResNets-18 on original vs.
augmented CIFAR-10 training data for ResNets-18 for different radii ρ.
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H.2. The Role of the Number of Iterations in Auto-PGD

Here we aim to justify the choice of 20 iterations of Auto-PGD in our experiments. In Fig. 30, we present results for adaptive
worst-case ℓ∞ sharpness (normalized) for ResNets-18 on CIFAR-10 for 20, 50, 100, and 200 iterations. We can see that the
sharpness values are not visibly affected by increasing the number of iterations and the overall trend stays exactly the same.

Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (20 iterations)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (50 iterations)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (100 iterations)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (200 iterations)
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Figure 30: Adaptive worst-case ℓ∞ sharpness (normalized) for different number of iterations in Auto-PGD vs. test error
on CIFAR-10 for ResNets-18 for different radii ρ.
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H.3. The Role of m in m-Sharpness

Foret et al. (2021) suggested that a lower m in m-sharpness, i.e., the batch size used for maximizing sharpness, can lead to a
higher correlation with generalization in some settings. We note that we have already used a small m for all our experiments
(m = 128 on CIFAR-10 and m = 256 on ImageNet and MNLI), but here we check additionally whether even smaller m
change the trend. Fig. 31 shows the results sharpness for adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 and
ViTs on CIFAR-10 for m ∈ {16, 32, 64, 128}. We can see that different m only slightly affects the sharpness values and the
overall trend stays unaffected.
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (m = 32)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (m = 64)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ResNets-18 (m = 128)
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Figure 31: Adaptive worst-case ℓ∞ sharpness (normalized) for different m in m-sharpness vs. test error on CIFAR-10 for
ResNets-18 for different radii ρ.
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Adaptive worst-case ℓ∞ sharpness (normalized) for ViTs (m = 16)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ViTs (m = 32)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ViTs (m = 64)
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Adaptive worst-case ℓ∞ sharpness (normalized) for ViTs (m = 128)
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Figure 32: Adaptive worst-case ℓ∞ sharpness (normalized) for different m in m-sharpness vs. test error on CIFAR-10 for
ViTs for different radii ρ.

50



A Modern Look at the Relationship between Sharpness and Generalization

H.4. The Role of Different Sharpness Definitions and Radii

Here we present results for 12 different sharpness definitions:

• standard average-case ℓ2 (Gaussian perturbations) sharpness without logit normalization,

• standard worst-case ℓ2 sharpness without logit normalization,

• adaptive average-case ℓ2 (Gaussian perturbations) sharpness without logit normalization,

• adaptive worst-case ℓ2 sharpness without logit normalization,

• adaptive average-case ℓ2 (Gaussian perturbations) sharpness with logit normalization,

• adaptive worst-case ℓ2 sharpness with logit normalization,

• standard average-case ℓ∞ (uniform perturbations) sharpness without logit normalization,

• standard worst-case ℓ∞ sharpness without logit normalization,

• adaptive average-case ℓ∞ (uniform perturbations) sharpness without logit normalization,

• adaptive worst-case ℓ∞ sharpness without logit normalization (shown in the main part for a single ρ),

• adaptive average-case ℓ∞ (uniform perturbations) sharpness with logit normalization,

• adaptive worst-case ℓ∞ sharpness with logit normalization (shown in the main part for a single ρ).

We evaluate a wide range of radii for each sharpness definition to make sure that we do not miss the right scale of sharpness.
We present results first for ResNets and then for ViTs.

Observations for ResNets. For ResNets, we observe that many sharpness definitions can successfully capture correlation
with standard generalization within each subgroup defined by the values of augment × mixup. In particular, on average,
adaptive sharpness shows a better correlation with generalization within each subgroup, and the best correlation within
each subgroup is achieved by ℓ∞ adaptive worst-case sharpness with logit normalization for a small ρ. In many cases,
the correlation of sharpness with OOD generalization on CIFAR-10-C is noticeably lower compared to the correlation
of sharpness with standard generalization. Overall, we see that there is no coherent global trend of correlation with
generalization that would apply to all models at once. We also observe that for some sharpness definitions, the flattest models
generalize best (for adaptive worst-case ℓ2 sharpness with normalization for the smallest ρ and for adaptive worst-case ℓ∞
sharpness without normalization for the largest ρ) but this appears to be unsystematic and there exist nearly equally flat
solutions that generalize much worse.

Observations for ViTs. For ViTs, in contrast to ResNets, we do not observe a consistent correlation with generalization
even within subgroups. The only exception is the subgroup of points with augmentations where multiple definitions of
sharpness tend to correlate with generalization and capture the effect of larger learning rate. We think it is likely due to
the fact that with heavy augmentations optimizing the training objective to smaller values is helpful for generalization,
while without augmentations all runs have converged within 200 epochs and the learning rate plays no visible role for
generalization there. Globally, when taken over all models, the correlation with standard generalization is close to 0 and
tends to slightly decrease when we measure OOD generalization on CIFAR-10-C. Finally, we note that there are no cases
where the flattest ViT models achieve the best generalization. Thus, even our weak hypothesis about the role of sharpness is
not confirmed here.
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Standard average-case ℓ2 (Gaussian perturbations) sharpness (unnormalized) for ResNets-18
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Standard worst-case ℓ2 sharpness (unnormalized) for ResNets-18
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Figure 33: Average and worst-case ℓ2 standard sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Adaptive average-case ℓ2 (Gaussian perturbations) sharpness (unnormalized) for ResNets-18
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Adaptive worst-case ℓ2 sharpness (unnormalized) for ResNets-18
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Figure 34: Average and worst-case ℓ2 adaptive sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Adaptive average-case ℓ2 (Gaussian perturbations) sharpness (normalized) for ResNets-18
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Adaptive worst-case ℓ2 sharpness (normalized) for ResNets-18
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Figure 35: Average and worst-case ℓ2 adaptive sharpness definitions (normalized) vs. test error and OOD test error (common
corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Standard average-case ℓ∞ (uniform perturbations) sharpness (unnormalized) for ResNets-18
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Standard worst-case ℓ∞ sharpness (unnormalized) for ResNets-18
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Figure 36: Average and worst-case ℓ∞ standard sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (unnormalized) for ResNets-18
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Figure 37: Average and worst-case ℓ∞ adaptive sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (normalized) for ResNets-18
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Figure 38: Average and worst-case ℓ∞ adaptive sharpness definitions (normalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ResNets-18 for different radii ρ.
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Standard average-case ℓ2 (Gaussian perturbations) sharpness (unnormalized) for ViTs
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Figure 39: Average and worst-case ℓ2 standard sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ViTs for different radii ρ.
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Adaptive average-case ℓ2 (Gaussian perturbations) sharpness (unnormalized) for ViTs
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Figure 40: Average and worst-case ℓ2 adaptive sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ViTs for different radii ρ.
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Adaptive average-case ℓ2 (Gaussian perturbations) sharpness (normalized) for ViTs

10 24 × 10 3 6 × 10 3

Adaptive  avg-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

Te
st

 e
rro

r

 = 0.1 ( = 0.18)

2 × 10 2 3 × 10 2 4 × 10 2 6 × 10 2

Adaptive  avg-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 0.2 ( = 0.28)

10 1 2 × 10 1 3 × 10 14 × 10 1

Adaptive  avg-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 0.4 ( = 0.39)

4 × 10 1 5 × 10 1 6 × 10 1 7 × 10 18 × 10 1

Adaptive  avg-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 0.8 ( = 0.44)

log2 LR
7.5
6.0
4.5
3.0
1.5

Augment.
False
True

Mixup
False
True

10 24 × 10 3 6 × 10 3

Adaptive  avg-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

Te
st

 e
rro

r (
co

rru
pt

io
ns

)

 = 0.1 ( = 0.31)

2 × 10 2 3 × 10 2 4 × 10 2 6 × 10 2

Adaptive  avg-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 0.2 ( = 0.40)

10 1 2 × 10 1 3 × 10 14 × 10 1

Adaptive  avg-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 0.4 ( = 0.46)

4 × 10 1 5 × 10 1 6 × 10 1 7 × 10 18 × 10 1

Adaptive  avg-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 0.8 ( = 0.52)

log2 LR
7.5
6.0
4.5
3.0
1.5

Augment.
False
True

Mixup
False
True

Adaptive worst-case ℓ2 sharpness (normalized) for ViTs

10 27 × 10 38 × 10 39 × 10 3

Adaptive 2 worst-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

Te
st

 e
rro

r

 = 0.5 ( = 0.21)

2 × 10 2 3 × 10 2 4 × 10 2

Adaptive 2 worst-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 1.0 ( = 0.24)

10 16 × 10 2 2 × 10 1 3 × 10 1

Adaptive 2 worst-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 2.0 ( = 0.22)

2 × 10 1 3 × 10 14 × 10 1 6 × 10 1

Adaptive 2 worst-case sharpness (normalized)

0.100

0.125

0.150

0.175

0.200

0.225

0.250

0.275

 = 4.0 ( = 0.14)

log2 LR
7.5
6.0
4.5
3.0
1.5

Augment.
False
True

Mixup
False
True

10 27 × 10 38 × 10 39 × 10 3

Adaptive 2 worst-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

Te
st

 e
rro

r (
co

rru
pt

io
ns

)

 = 0.5 ( = 0.12)

2 × 10 2 3 × 10 2 4 × 10 2

Adaptive 2 worst-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 1.0 ( = 0.17)

10 16 × 10 2 2 × 10 1 3 × 10 1

Adaptive 2 worst-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 2.0 ( = 0.19)

2 × 10 1 3 × 10 1 4 × 10 1 6 × 10 1

Adaptive 2 worst-case sharpness (normalized)

0.36

0.38

0.40

0.42

0.44

0.46

 = 4.0 ( = 0.11)

log2 LR
7.5
6.0
4.5
3.0
1.5

Augment.
False
True

Mixup
False
True

Figure 41: Average and worst-case ℓ2 adaptive sharpness definitions (normalized) vs. test error and OOD test error (common
corruptions) on CIFAR-10 for ViTs for different radii ρ.
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Standard average-case ℓ∞ (uniform perturbations) sharpness (unnormalized) for ViTs
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Figure 42: Average and worst-case ℓ∞ standard sharpness definitions (unnormalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ViTs for different radii ρ.
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (unnormalized) for ViTs
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Adaptive worst-case ℓ∞ sharpness (unnormalized) for ViTs
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Figure 43: Average and worst-case ℓ∞ adaptive sharpness definitions (unnormalized) and OOD test error (common
corruptions) on CIFAR-10 for ViTs for different radii ρ.
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Adaptive average-case ℓ∞ (uniform perturbations) sharpness (normalized) for ViTs
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Adaptive worst-case ℓ∞ sharpness (normalized) for ViTs
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Figure 44: Average and worst-case ℓ∞ adaptive sharpness definitions (normalized) vs. test error and OOD test error
(common corruptions) on CIFAR-10 for ViTs for different radii ρ.
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