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Abstract
Attention-based graph neural networks (GNNs),
such as graph attention networks (GATs),
have become popular neural architectures for
processing graph-structured data and learning
node embeddings. Despite their empirical
success, these models rely on labeled data and
the theoretical properties of these models have
yet to be fully understood. In this work, we
propose a novel attention-based node embedding
framework for graphs. Our framework builds
upon a hierarchical kernel for multisets of sub-
graphs around nodes (e.g., neighborhoods) and
each kernel leverages the geometry of a smooth
statistical manifold to compare pairs of multisets,
by “projecting” the multisets onto the manifold.
By explicitly computing node embeddings with a
manifold of Gaussian mixtures, our method leads
to a new attention mechanism for neighborhood
aggregation. We provide theoretical insights
into generalizability and expressivity of our
embeddings, contributing to a deeper under-
standing of attention-based GNNs. We propose
both efficient unsupervised and supervised
methods for learning the embeddings. Through
experiments on several node classification
benchmarks, we demonstrate that our proposed
method outperforms existing attention-based
graph models like GATs. Our code is available at
https://github.com/BorgwardtLab/
fisher_information_embedding.

1. Introduction
Graph-structured data has gained significant attention in
various domains in recent years. To analyze this type of data
with graph relationships, graph neural networks (GNNs)
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have been widely used and have been shown to be powerful
tools. They have been successfully applied to broad classes
of application domains, such as drug discovery (Gaudelet
et al., 2021), protein design (Ingraham et al., 2019) and
social network analysis (Fan et al., 2019).

GNNs construct multilayer models and iteratively perform
neighborhood aggregation on previous layers to gener-
ate new node representations (Xu et al., 2018). A popu-
lar variant of GNNs, known as graph attention networks
(GATs) (Veličković et al., 2018), utilizes an attention mech-
anism for neighborhood aggregation. The attention mech-
anism of GATs generalizes traditional average and max
pooling of the representations of neighbors by performing
a data-dependent weighted average of neighbors. Despite
the empirical success of GATs, their theoretical properties
have not been fully explored. A deeper understanding of the
generalizability and expressivity of attention-based GNNs
is crucial for identifying limitations and developing more
advanced models. Additionally, GATs rely on labeled data,
making them less flexible than unsupervised node embed-
ding methods, e.g., these derived from trainable kernel meth-
ods (Chen et al., 2020).

Another important class of methods for dealing with the
complexity of graph-structured data is node and graph ker-
nels. Node kernels (Kondor & Vert, 2004; Smola & Kon-
dor, 2003) have demonstrated success in capturing the sim-
ilarity between two nodes in a graph by leveraging the
graph Laplacian. However, this class of kernels are known
to possess limitations, including high computational com-
plexity (Smola & Kondor, 2003) and challenges in gen-
eralizing across multiple graphs. In contrast, graph ker-
nels (Borgwardt et al., 2020; Kriege et al., 2020) rely on
the R-convolution framework, which computes local sim-
ilarities among substructures and aggregates these similar-
ities. Recent work has also identified limitations of this
framework and proposed approaches to overcome them. For
example, Togninalli et al. (2019) leverage optimal transport
to aggregate node embeddings obtained by the Weisfeiler-
Lehman (WL) process, in order to improve their ability to
capture complex characteristics of the graph. This kernel
was later extended to obtain graph embeddings that can
handle large-scale datasets (Kolouri et al., 2020). However,
these kernels or embeddings are based on unparameterized
node embeddings obtained by averaging the node represen-
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tations of neighbors, without any non-linearities. This can
restrict their ability to accurately predict node properties in
certain tasks.

In this work, we propose a novel class of attention-based
node embeddings to address the above limitations of existing
attention-based graph models. Our method approximates
multisets of node features with a class of smooth probability
distributions and compares pairs of distributions using a sta-
tistical divergence, specifically the Kullback–Leibler (KL)
divergence. By leveraging the geometry of the manifold of
the smooth distributions, we demonstrate that the divergence
can be approximated, locally at an anchor distribution, by
an embedding distance. Additionally, we show that the em-
beddings can be computed explicitly for a manifold of Gaus-
sian mixtures and that the resulting embedding of each node
leads to a new attention mechanism, providing theoretical in-
sights into the expressivity and generalizability of this class
of node embeddings. We propose efficient unsupervised
and supervised methods for learning the node embeddings,
using the same architecture. We validate our theoretical
findings on synthetic datasets. Our empirical evaluation fur-
ther shows that our proposed node embeddings can achieve
similar or even better performance compared to GATs on
several node classification benchmarks. To summarize, our
key contributions are:

• We introduce a new framework for node representation
learning based on hierarchical kernels for multisets.

• We propose a new general embedding, named Fisher in-
formation embedding (FIE), for probability measures
and multisets by approximating the KL divergence
on a smooth statistical manifold. We further provide
theoretical insights into the generalizability and ex-
pressivity of our embeddings, contributing to a deeper
understanding of attention-based GNNs.

• When restricting the analysis to Gaussian mixtures, we
demonstrate that FIE exhibits a closed form and can be
learned efficiently. We provide both unsupervised and
supervised methods for learning the node embeddings.

• Finally, we validate our theoretical findings on both
simulated and real-world data and demonstrate that
our methods achieve comparable or better results to
existing attention-based GNNs.

We will present related work in Section 2. In Section 3,
we introduce a general multilayer kernel embedding for
nodes where each kernel operates on multisets of node fea-
tures (e.g., neighborhoods of nodes). In Section 4, we show
how to define such a kernel for multisets, by transforming
multisets to probability distributions through maximum like-
lihood estimation and comparing probability distributions

through a kernel defined on the manifold of parametric dis-
tributions. In Section 5, we validate the effectiveness of our
node embeddings on both simulated and real-world datasets.

2. Related work
This paper focuses on node embedding methods and general
set pooling methods. We present and discuss in this section
recent work in both fields.

Node embedding methods Our method provides an unsu-
pervised node embedding approach, which is a popular and
well-established method for graph-structured data. Some
well-known unsupervised node embedding methods include
DeepWalk (Perozzi et al., 2014) and node2vec (Grover &
Leskovec, 2016), which extract node representations by per-
forming random walks on the graph. In Rozemberczki et al.
(2021), information from random walks at different scales
was pooled to produce the embeddings. Additionally, in
Abu-El-Haija et al. (2018), the authors proposed a node em-
bedding method with attention-driven random walks. The
method presented in Xu et al. (2019) proposed structural
node embeddings that were learned by matching two distinct
graphs using the optimal transport framework. In Zhu et al.
(2021), the authors presented a node embedding that mapped
nodes to their embeddings according to both positional prox-
imity and structural similarity criteria. A simple yet effective
node embedding can be extracted using the WL algorithm
for graph isomorphism (Shervashidze et al., 2011; Togni-
nalli et al., 2019), which used a message-passing framework
to refine the either categorical or continuous node attributes.
Chen et al. (2020) proposed a kernel embedding for nodes
based on sum aggregations of path features. In contrast, our
approach defines a kernel embedding for arbitrary multisets
beyond simple sum aggregation, including multisets of path
features by Chen et al. (2020).

Set pooling methods One of the essential components in
message-passing-based graph learning methods is pooling
information from node neighborhoods, which often involves
pooling a (multi)set of features. One of the first methods to
provide an encoding for sets was DeepSets (Zaheer et al.,
2017), which transformed the elements of the set with a
neural network and pooled them using either their sum or
average. Other methods include optimal transport-based
pooling (Mialon et al., 2020; Kim, 2021) and trainable set
embeddings based on the sliced-Wasserstein distance (Nade-
rializadeh et al., 2021). Set pooling is also used to provide
graph-level embeddings, typically by pooling node embed-
dings. For example, WEGL (Kolouri et al., 2020) obtained
a graph embedding by representing the set of node em-
beddings as a probability distribution and computing an
embedding based on the Wasserstein distance to a reference
distribution. Additionally, in Cheng & Xu (2022), the au-
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thors unified some existing global pooling methods, such
as mean, max, and attention pooling, under the framework
of optimal transport by finding an optimal transport plan
between the samples of the sets and the features of the em-
beddings.

3. A general framework for node learning
In this section, we present our node embedding framework
for graphs, discuss its link to previous work and provide
insights into its expressivity and generalizability.

3.1. Multisets and kernels for multisets

A multiset is a generalized notion of a set that allows multi-
ple instances of its elements. By abuse of notation, we will
use the same notation as for a set. Here, we handle multisets
of features in Rd living in

X d =
{
x | x = {x1, . . . ,xn} such that

x1, . . . ,xn ∈ Rd for some n ≥ 1
}
.

The cardinality of a multiset, denoted by | · | is defined
as the number of elements by summing the multiplicities.
Here, we assume that we have access to a kernel defined
on the space of multisets Kms : X d × X d → R and its
exact or approximate embedding ψms : X d → Rp such
that Kms(x,x

′) ≈ ⟨ψms(x), ψms(x
′)⟩ through, e.g., the

Nyström approximation (Williams & Seeger, 2000). We
will describe in Section 4.2 how to define such a kernel
on the space of multisets. It is worth noting that Kms can
be the composition of multiple kernels, and the resulting
embedding ψms can be obtained by composing the kernel
mappings.

3.2. A multilayer kernel for nodes and graphs

Let us denote by G = (V, E , a) a graph with vertices V and
edges E associated with node attributes a : V → Rd0 . For
any node v ∈ V , we denote by SG(v) a certain multiset of
subgraphs in S rooted at v in G and assume that there exists
an injective mapping h from S to Rd1/2 that represents any
subgraph in S as a d1/2-dimensional vector where d1/2 de-
notes some hidden dimension. We denote by h(SG(v)) the
multisets in X d1/2 consisting of the images of any subgraph
in SG(v) under h. Then, for any two nodes v and v′ in two
graphs G and G′, we can define a class of kernels based on
the previously defined multiset kernel:

K(1)(v, v′) := K(1)
ms (h(SG(v)), h(SG′(v′))) . (1)

An (approximate) embedding for the above kernel is given
by ψ1(v) := ψ

(1)
ms (h(SG(v))) ∈ Rd1 . This results in a new

graph with the same set of vertices and edges but a different

attribute function G1 = (V, E , ψ1 : V → Rd1). Repeat-
ing this process T times results in a sequence of graphs
G1,G2, . . . ,GT , where each graph Gt carries a new node
embedding ψt : V → Rdt . A final graph-level embedding
can also be obtained using a new multiset kernel, by view-
ing a graph as a multiset of node embeddings. Finally, a
multilayer kernel between two nodes can be defined as:

K(v, v′) :=
T∑
t=0

⟨ψt(v), ψt(v′)⟩Rdt , (2)

where ψ0 = a. This class of kernels includes several pre-
vious graph kernels such as Chen et al. (2020) and Morris
et al. (2022).

3.2.1. EXAMPLES OF SG AND h

Neighborhoods Similar to GNNs, a straightforward
choice of SG(v) is the neighborhood of v, i.e., SG(v) :=
NG(v) or the neighborhood including the root node
SG(v) := NG(v)∪{v}. ht at layer t ≥ 1 can be simply cho-
sen as the node embedding from the previous layer ht :=
ψt−1. Alternatively, one could also consider the 2-tuples
consisting of v and its neighbors, namely SG(v) := {(v, u) :
u ∈ NG(v)}, and ht(v, u) := 1/2(ψt−1(v) + ψt−1(u)) as
used in Togninalli et al. (2019) and Kolouri et al. (2020).

Paths and higher order multisets Similar to Chen et al.
(2020), one could also use paths to define the set of sub-
graphs. Specifically, let us denote by PkG(v) the paths from
v of fixed length k. Then, we define SG(v) := PkG(v) and
ht(p) := ψt−1(p) for any path p as the concatenation of the
node features in this path. For higher order multisets defined
by the k-dimensional WL algorithms (Morris et al., 2022),
one could define SG and h in a similar way as in previous
work.

In this work, we only focus on the above example of neigh-
borhoods which has a tight link with GATs. We illustrate
this step via the arrow (a) of Figure 1.

3.2.2. THEORETICAL PROPERTIES

Here, we discuss the necessary conditions for defining a
good kernel embedding on multisets and will present in
Section 4 an embedding satisfying these conditions. A good
kernel embedding ψms should be injective to guarantee the
expressive capability of the node embeddings. This injec-
tivity assumption was also widely adopted previously (Xu
et al., 2018) to prove the expressivity of GNNs. In particular
when we consider the neighborhoods example for SG and
h, we can show the following link between our embedding
and WL test by using similar arguments to Xu et al. (2018,
Theorem 3)

Lemma 3.1. If ψ(t)
ms is injective for all t in 1, . . . , T , then
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ψt(v) ̸= ψt(v
′) for any v and v′ that the WL isomorphism

test decides as non-isomorphic.

In addition to expressivity, a good kernel should also guar-
antee the stability and invariance of the predictions, which
is controlled by the induced reproducing kernel Hilbert
space (RKHS) norm. The RKHS norm also provides a
natural way to control the model complexity, leading to gen-
eralization bounds through, e.g., Rademacher complexity
and margin bounds (Boucheron et al., 2005; Shalev-Shwartz
& Ben-David, 2014). Specifically, the generalization bound
is given by the following classical result:

Lemma 3.2 (Boucheron et al. (2005)). Consider a bi-
nary task with labels in Y = {−1, 1} and nodes on a
graph G = (V, E , a). Let us denote by D the data dis-
tribution of samples from D and Y . We define L(f) :=
P(v,y)∼D(yf(v) < 0) as the expected error of a function
f : V → R. For a training dataset (v1, y1), . . . , (vN , yN ),
we define the training error with confidence margin γ > 0
as LγN (f) := 1/N

∑N
i=1 1yif(xi)<γ . Then, with probability

1− δ, we have, for any γ > 0 and f ∈ HK the RKHS of K
in (2)

L(f) ≤ LγN (f) +O

(
B̄ ∥f∥HK

γN
+

√
log(1/δ)

N

)
, (3)

where B̄ =
√

1/N
∑N
i=1K(vi, vi).

However, the RKHS norm of f is generally unknown and
depends on the regularity of ψt which is hard to character-
ize. In section 4.3, we will show weak results that implicitly
control the RKHS norm of f . A more comprehensive the-
oretical analysis of the generalization bounds will be the
subject of future work.

4. Fisher information embedding for multisets
In this section, we present a kernel for probability mea-
sures and multisets. We prove that the associated kernel
embedding is a local approximation of the KL divergence,
providing theoretical insights into the generalizability and
expressivity of the embeddings. For a manifold of Gaus-
sian mixtures, we show that the induced kernel embedding
can be computed explicitly and results in a new class of
attention-based node embeddings.

4.1. A tangent-based kernel for probability measures

Let us consider a smooth statistical manifold M defined as
a subset of probability measures. We assume that M is a
Riemannian manifold and denote by TµM its tangent space
at every point µ ∈ M endowed with a positive definite
inner product gµ : TµM× TµM → R, denoted by ⟨ , ⟩gµ .
We also assume that there exists a retraction mapping Rµ :

TµM → M on each point µ ∈ M satisfying Rµ(0) = µ
and DRµ(0) = idTµM. By the inverse function theorem,
Rµ is a local diffeomorphism and we denote by R−1

µ its
local inverse. Now at every point µ, we can define a positive
definite kernel on the proximity of µ in M:

Kµ(u, v) = ⟨R−1
µ (u), R−1

µ (v)⟩gµ . (4)

By using the mathematical tools from information geometry,
we show that this kernel approximates well any divergence
associated to the Riemannian metric g, which is given by the
following theorem adapted from Amari & Nagaoka (2000,
Theorem 3.20):

Theorem 4.1. Let D be any divergence. We have

D(u∥µ) +D(µ∥v)−D(u∥v) = Kµ(u, v) +O(∆2), (5)

where ∆ := max{∥ξ(u) − ξ(µ)∥, ∥ξ(v) − ξ(µ)∥} for an
arbitrary coordinate system ξ.

The above kernel is a general tangent-based kernel, general-
izing several embeddings proposed in the context of optimal
transport, such as Mialon et al. (2020) and Kolouri et al.
(2020). In the following section, we will focus on an exam-
ple of this kernel that exhibits a closed form, which can be
easily used in practice.

4.2. Fisher information embedding for parametric
probability distributions and multisets

Here, we consider a parametric family of probability distri-
butions M = {pθ(x)}θ∈Θ with Θ ⊂ Rm and θ denoting
a global coordinate system of M. A Riemannian metric
defined by the Fisher information metric at every point pθ0
is given by:

⟨θ, θ′⟩gθ0 := θ⊤I(θ0)θ
′ for any θ, θ′ ∈ Tθ0M = Θ, (6)

where I(θ0) denotes the Fisher information matrix given by

I(θ0) := E[∇θ log pθ(x)|θ=θ0∇θ log pθ(x)|⊤θ=θ0 ] ∈ Rm×m.
(7)

This symmetric matrix is positive definite and is the Hessian
matrix of the KL divergence:

Lemma 4.2. Let us denote by D(θ0, θ) := KL(pθ0∥pθ) =∫
pθ0(x) log pθ0 (x)/pθ(x)dx. If θ is close to θ0, we have

D(θ0, θ) =
1

2
(θ− θ0)⊤I(θ0)(θ− θ0)+ o((θ− θ0)2). (8)

The retraction mapping at θ0 is simply defined via the para-
metric coordinates: Rθ0 : θ 7→ pθ+θ0(x) ∈ M. Since
Rθ0 is invertible on the entire Θ, the tangent-based ker-
nel in Equation (4) for this parametric family is defined on
M×M and is given by:

Kθ0(pθ, pθ′) = (θ − θ0)
⊤I(θ0)(θ

′ − θ0). (9)
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Figure 1. An illustration of the Fisher Information Embedding for nodes. (a) Multisets h(SG(·)) of node features are obtained from
the neighborhoods of each node. (b) Multisets are transformed to parametric distributions, e.g., pθ and pθ′ , via maximum likelihood
estimation. (c) The node embeddings are obtained by estimating the parameter of each distribution using the EM algorithm at an anchor
distribution pθ0 as the starting point. The last panel shows a representation of the parametric distribution manifold M and its tangent
space Tθ0M at the anchor point θ0. The points pθ and pθ′ represent probability distributions on M and the gray dashed line between
them their geodesic distance. The red dashed lines represent the retraction mapping R−1

θ0
.

And the Fisher information embedding (FIE) for probability
distributions is defined as:

φθ0(pθ) := I(θ0)
1/2(θ − θ0). (10)

However, when comparing two multisets, θ and θ′ generally
are not known but only samples x and x′ respectively from
the corresponding distributions are known. Since the Fisher
information metric locally behaves similarly to the KL di-
vergence one could “project” the distribution of x onto M
by finding a probability distribution in M that minimizes
its divergence with px, where px denotes the true density of
x. This amounts to computing the maximum log-likelihood
(ML) estimator:

θML(x) := argmin
θ∈M

KL(px∥pθ)

= argmax
θ∈M

Ex∼px(x)[log pθ(x)].
(11)

For any multisets x and x′ in X d, we assume that their
ML estimators are accessible and denoted by θML(x) and
θML(x

′) respectively. Then, similar to kernel in Eq. (9), we
can define a kernel for multisets:

Kθ0(x,x
′) = (θML(x)− θ0)⊤I(θ0)(θML(x

′)− θ0), (12)

associated with the kernel mapping

φθ0(x) := I(θ0)
1/2(θML(x)− θ0), (13)

which we call the Fisher information embedding for mul-
tisets. We illustrate both ML estimation and comparing
probability distributions through step (b) and (c) in Figure 1.

However, ML estimators do not necessarily have a closed-
form solution in general and could still be hard to compute
in practice. Fortunately, if the probability family can be
described more simply with an additional latent variable z
as pθ(x, z), one can instead consider the following simpler
estimator dependent of θ0:

θMLθ0
(x) := argmax

θ∈M
Ez|x,θ0 [log pθ(x, z)]. (14)

This estimator can be seen as a good approximation of the
ML estimator (their relationship is given in the Appendix)
and can be computed by performing a single iteration of the
expectation maximization (EM) algorithm using the initial
parameter θ0. More EM iterations could be performed to
approximate better the ML estimator. In Section 4.4, we
will show how to explicitly compute this estimator when
restricted to a manifold of Gaussian mixtures.

4.3. Theoretical analysis of the embedding

We characterize the Fisher information embedding by link-
ing it to the KL divergence. For any anchor parameter
θ0 ∈ Θ and any pair of parameters θ, θ′ ∈ Θ, we show
that the ℓ2-distance between the Fisher information embed-
dings of pθ and θ′ approximates the KL divergence locally.
Specifically,
Theorem 4.3. We have

D(pθ∥pθ′) =
∥φθ0(pθ)− φθ0(pθ′)∥

2

2
+O(∆2), (15)

where ∆ = max{∥θ − θ0∥, ∥θ′ − θ0∥}.

We also show that if the ML estimators in (11) satisfy some
conditions, the FIE for multisets is injective:
Theorem 4.4. φθ0 in (10) is injective in Θ. If θML defined
in (11) is injective, then φθ0 in (13) is also injective in X d.

This lemma combined with Lemma 3.1 shows that the FIE
can be as expressive as the WL isomorphism test if the ML
estimator is good enough. We can also show that the FIE
for probability distributions is Lipschitz:
Theorem 4.5. φθ0 in (10) is

∥∥I(θ0)1/2∥∥2-Lipschitz on Θ
such that

∥φθ0(pθ)− φθ0(pθ′)∥2 ≤
∥∥∥I(θ0)1/2∥∥∥

2
∥θ − θ′∥2 .

The Lipschitz constant plays an important role in deriving
the generalization bounds of both deep networks and deep
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kernels, as studied in Bartlett et al. (2017); Neyshabur et al.
(2018) and the above theorem offers some insights into the
generalization properties of FIE. A more complete study
of the generalization bounds of FIE will be left for future
work.

4.4. Fisher information embedding induced by the
manifold of Gaussian mixtures

In this section, we specialize our general framework to a
particular statistical manifold. Let us consider a simple
Gaussian mixture as the parametric family, given by

pθ(x) :=
1

p

p∑
j=1

N (x;µj , I), (16)

where we only assume µj to be parameters and θ :=
{µ1, . . . , µp}. We also assume that θ0 = {w0, . . . , wp}.
Let z = {z1, . . . , zn} be the latent variables that determine
the component from which the observation originates such
that pθ(xi) =

∑p
j=1 pθ(xi, zi = j). Then, for any multiset

x, the corresponding log-likelihood can be lower bounded
by the Jensen inequality:

1

n

n∑
i=1

log pθ(xi) =

n∑
i=1

log

 p∑
j=1

αij
pθ(xi, zi = j)

αij


≥

n∑
i=1

p∑
j=1

αij log
pθ(xi, zi = j)

αij
,

for any α ∈ Π := {αij ≥ 0,
∑
j αij = 1}. The EM

algorithm consists of the following two steps through a
maximization-maximization process:

• E-step: This step consists of maximizing the right-
handed term with respect to α, when fixing θ = θ0
leading to:

min
α∈Π

− log pθ0(xi, zi = j)−H(α),

where H(α) := −
∑
j αij logαij denotes the entropy.

Without further constraints on α, one can show that
the optimal aij’s are

αij = pθ(zi = j|xi) =
N (xi, wj ,Σj)∑p
l=1 N (xi, wl,Σl)

.

As argued in the Appendix, one can add additional
constraints on α, e.g., to avoid collapsed solutions. For
particular constraints, the optimal aij’s can be found
via solving an optimal transport problem.

• M-step: This step consists of maximizing the right-
handed term with respect to θ. In fact, θ takes the same

form as a weighted MLE for a normal distribution,
thus:

µj =

∑
i αijxi∑
i αij

. (17)

Under the assumption that the optimal parameter θML is
close to θ0, the procedure converges in one or few iterations.

As shown in Sánchez et al. (2013), under the condition that
the components of the Gaussian mixture are well separated,
the Fisher information matrix for the parametric family
we consider (Eq. (16)) can be approximated by I(θ0) =
1
pI . An approximate form for the FIE on the manifold of
Gaussian mixtures is then given by:

φθ0(x) =
1
√
p

(∥∥∥∥p
j=1

∑
i αijxi∑
i αij

− θ0

)
. (18)

It is worth noting that the sum of weights αij/
∑

i αij equals
1, resulting in a new attention-like mechanism. The pa-
rameter of this embedding is the parameter of the anchor
distribution θ0, which can be learned in either unsupervised
or supervised way, as described in Section 4.5. While a
similar embedding was explored in Kim (2021), our em-
beddings have a geometric interpretation. Additionally, the
p components can be interpreted as “heads”, but unlike in
GATs, they are not independent. This new form of attention
mechanism, as demonstrated in our experimental evaluation
in Section 5, yields comparable classification accuracy to
GATs.

We discuss here briefly the complexity: each iteration of the
EM algorithm involves computing the np entries of the ma-
trix α, where n is the number of elements in x and p is the
number of components in the mixture model. Each entry αij
can be computed in constant time after some pre-processing,
which leads to a complexity of O(np) per iteration.

As discussed in Section 3.1, the kernel mapping ψmultiset

can be obtained via the composition of multiple kernel
mappings. In such a way, one can add addtional non-
linearities to the FIE for multisets, making it reminiscent of
the attention mechanisms used in Veličković et al. (2018);
Brody et al. (2022). This can be achieved by defining
ψmultiset = ψ ◦ φθ0 , with ψ a nonlinear function. For
example, one can use ψ(x) = ReLU(W⊤x), or the expo-
nential dot-product kernel used in (Chen et al., 2020) to
obtain an unsupervised embedding.

4.5. Learning algorithms

We provide both unsupervised and supervised approaches
to learn the main parameters θ0 in the FIE in (18).

Unsupervised learning Following the definition, pθ0
must be close to any data densities px and thus well char-
acterize the the context distribution. As a consequence, we
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Figure 2. Simulation study on the ratio between the KL divergence
of two distributions and the squared distance between their embed-
dings, varying some parameters of the underlying distributions.
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Figure 3. Simulation study on the ratio between the KL divergence
between two distributions and the squared distance between their
embeddings, varying some parameters of embedding method.

can fit the statistical model pθ0 on the union of the multi-
sets from the training dataset. Particularly in the case of
neighborhood multisets in Section 3.2.1, θ0 can be simply
learned by fitting the Gaussian mixture model on a subset of
node features sampled from the training dataset. The same
process can be used to learn θ0 in layer t > 1 after comput-
ing the node embeddings at layer t − 1. Furthermore, we
remark that learning the embeddings can be carried out in
a single forward pass, and is therefore much more efficient
than end-to-end supervised learning approaches by GNNs.
In practice, we observe that k-means, known as a special
case of EM algorithms (Lücke & Forster, 2019), performs
comparably while being less computationally costly and
thus we use k-means to learn θ0 for all the experiments.

Supervised learning Similar to previous studies (Chen
et al., 2020; Kim, 2021), θ0 can also be viewed as model
parameters and can be learned end-to-end by minimizing
an objective function for a downstream task. In this case,
θ0 (from all FIE layers) will be learned with all the other
parameters with back-propagation, including the parameters
in the non-linear function and those in the last linear layer.

5. Experiments
In this section, we first validate our theoretical findings on
synthetic datasets. Then, we compare FIE to existing GNNs
on real-world datasets and show that FIE can achieve com-
parable performance to GATs. Additionally, we show that

unsupervised FIE embedding combined with a state-of-the-
art boosting method can achieve significant improvement
compared to existing unsupervised node embedding meth-
ods and similar performance to its supervised counterpart.

5.1. Evaluation on synthetic datasets

We provide empirical evidence that substantiates the results
of Theorem 4.3. In the case of Gaussian mixtures, we show
that the ℓ2-distance in the FIE space approximates well the
KL divergence between the underlying distributions. We
study the approximation quality under various configura-
tions of the distributions and embedding hyperparameters.

Experimental setup We conduct a simulation study on
synthetic data. We generate samples from two Gaussian
mixture distributions, pθ and pθ′ , and use the Goldberg
approximation (Goldberger et al., 2003) to compute an ap-
proximation of the KL divergence between the two Gaussian
mixtures as the ground truth. Using these generated samples,
we compute the FIEs for the two distributions, as described
in Eq. (18). We then analyze the relationship between the
ℓ2-distance of the two embeddings and 2KL(pθ|pθ′) as we
vary the parameters of the distributions or the embedding
hyperparameters.

Sensitivity to underlying distributions Here, we keep
the hyperparameters of FIE fixed and only vary the underly-
ing distributions to understand under which conditions the
FIE accurately approximates the KL divergence. We gener-
ate distributions pθ and pθ′ as mixtures of three Gaussians
with identity covariance. We vary respectively (i) the num-
ber of components, (ii) the distance between the mean of pθ
and of pθ′ , and (iii) the distance among the components in
pθ′ . As shown in Figure 2, the squared embedding distances
closely match the KL divergence 2KL(pθ|pθ′), as predicted
by Theorem 4.3.

Sensitivity to embedding hyperparameters In this set
of experiments, we fix pθ and pθ′ and vary the parameters
of our embedding method. Specifically, we alter the number
of components, p, in the Gaussian mixtures between 1 and
100, and the number of EM iterations, M , in the maximum
likelihood estimation between 0 and 10. The results in Fig-
ure 3 demonstrate that the squared distance between the
embeddings approaches the KL divergence as the number
of EM iterations increases, as the estimation error decreases.
Additionally, we observe that the quality of the approxima-
tion improves as the number of components in the Gaussian
mixtures increases.

5.2. Evaluation on real-world datasets

We evaluate FIE and compare its variants to state-of-the-art
attention-based GNNs and unsupervised node embedding
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Table 1. Classification accuracy on real world datasets. The reported values are taken from the literature (denoted with an asterisk) or are
obtained from our reimplementations. In this latter case, we report the mean and the standard deviation over 10 runs.

Semi-supervised (transductive) learning tasks Supervised learning tasks
Method Cora Citeseer Pubmed Reddit ogbn-arxiv ogbn-products

WWL 76.60± 0.00 66.60± 0.00 78.70± 0.00 96.13± 0.04 64.67± 0.08 62.53± 0.11
Node2vec 73.55± 0.07 54.01± 1.16 71.22± 1.04 95.58± 0.08 70.67± 0.09 74.77± 0.14

FIE unsup 82.36± 0.28 72.02± 1.34 79.22± 0.17 96.61± 0.02 72.17± 0.07 79.24± 0.11

MLP 55.1∗ 46.5∗ 71.4∗ - 55.50± 0.23∗ 61.06± 0.08∗

Label Propagation 68.0∗ 45.3∗ 63.0∗ - 68.32± 0.00∗ 74.34± 0.00∗

GCN 81.4± 0.50∗ 70.9± 0.50∗ 79.0± 0.3∗ - 71.74± 0.29∗ 78.97± 0.33∗

GraphSAGE - - - 94.32∗ 71.49± 0.27∗ 78.70± 0.36∗

GAT 81.59± 0.67 70.08± 0.58 79.14± 0.92 96.37± 0.18 71.59± 0.38∗ 79.04± 1.54∗

GATv2 82.04± 0.82 69.72± 1.03 75.66± 0.93 96.58± 0.01 71.87± 0.25∗ 80.63± 0.70∗

FIE sup 81.79± 0.99 72.51± 0.34 78.35± 0.26 96.25± 0.06 72.39± 0.21 79.25± 0.25
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Figure 4. Effect of number of mixture components p on the validation accuracy for semi-supervised learning datasets.

methods on several real-world datasets for (semi-) super-
vised node classification.

Datasets and experimental setup We assess the perfor-
mance of our method with six widely used benchmark
datasets for node classification, including Cora, Citeseer,
Pubmed (Sen et al., 2008) as semi-supervised transductive
learning datasets and Reddit (Hamilton et al., 2017), ogbn-
arxiv (Hu et al., 2020), ogbn-products (Hu et al., 2020) as
medium- or large-scale supervised learning datasets.

We compare our method to both unsupervised and super-
vised methods for node representation learning. Unsuper-
vised node embedding methods include WWL (Togninalli
et al., 2019), which use simple average aggregation of
neighborhoods, and Node2vec (Grover & Leskovec, 2016).
The supervised comparison partners include MLP (Hu
et al., 2020), Label propagation (Zhu & Ghahramani, 2002),
GCN (Kipf & Welling, 2017), GraphSAGE (Hamilton et al.,
2017), GAT (Veličković et al., 2018), and GATv2 (Brody
et al., 2022).

All results for the comparison partners are either taken from
the original paper (denoted with an asterisk in the table)
or obtained by our reimplementation if not available. All
results are computed from 10 runs using different random
seeds with the optimal hyperparameters selected on the vali-

dation set. Full details on the datasets, experimental setup
and implementation details can be found in the Appendix.

Unsupervised node embedding In Section 4.5, we pro-
pose an unsupervised method for learning the anchor dis-
tribution parameter θ0 through a layer-by-layer k-means
algorithm, similar to Chen et al. (2020). We sample a subset
of 300,000 nodes from each layer and perform k-means on
the subset to compute θ0. Once learned, the node embed-
dings for that layer can be computed. This method requires
only one single forward pass to obtain the final node em-
beddings. We then train a classifier using the concatenated
node embeddings across all layers, as outlined in Eq. (2).
For semi-supervised learning datasets, we use a logistic
regression model, which is less prone to overfitting. For
large supervised datasets, we use a LightGBM classifier (Ke
et al., 2017), the hyperparameters of which are automatically
tuned by FLAML (Wang et al., 2021). The same classifiers
are used for other comparison partners.

Our results presented in Table 1 demonstrate that our unsu-
pervised embedding (FIE unsup) consistently outperforms
existing unsupervised methods by a large margin over all
datasets. More remarkably, our unsupervised embedding
achieves comparable or better performance compared to
supervised methods, including GAT variants and its super-
vised counterpart, showing the effectiveness of our unsuper-
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Figure 5. Left and center panels show the t-SNE visualization of the node embedding space on the last hidden layer (with hidden dimension
64) for GAT and supervised FIE on the Cora dataset. Right panel shows the t-SNE visualization of the unsupervised FIE (dimension 64)
on the Cora dataset. The embedding colors represent the node labels, and are consistent throughout the plots.

vised learning strategy. The results suggest that learning a
good classifier on a general-purpose node representation in
a decoupled way can lead to strong performance.

Supervised node embedding In addition to our unsuper-
vised method for learning the anchor distribution parameter
θ0, we also propose a supervised approach for training the
entire model end-to-end, as described in Section 4.5. We uti-
lize a cross entropy loss and the Adam optimizer (Kingma
& Ba, 2015) for optimization. Our unsupervised embedding
method serves as a natural initialization for θ0 and we use it
for semi-supervised learning datasets. Our results, shown
in Table 1, demonstrate that our supervised FIE method
achieves comparable or better performance compared to
GAT variants, without the needing complex tricks in the
model architecture such as using Leaky ReLU.

Effect of number of mixture components In this study,
we investigate the effect of the number of components p
used in the Gaussian mixture model on our FIE approach.
Specifically, we aim to demonstrate that the aggregation
mechanism in Eq. (18) derived from our approach is su-
perior to simple average pooling. Figure 4 illustrates the
impact of varying the number of components on valida-
tion accuracy for both supervised and unsupervised variants
across several datasets. As the number of components p
decreases to 1, our FIE method approaches average pooling
of the neighbors. However, as p increases, our FIE behaves
similarly to other multi-head attention-based message pass-
ing methods, as the concatenation of weighted averages of
neighbors. Our results suggest that using p > 1 leads to
substantial improvements in performance, with the optimal
value of p varying depending on the dataset. For example,
on Cora, p = 8 produces the best results, while the best
performance is attained at p = 2 for Citeseer and Pubmed.
This study illustrates the superiority of our attention mecha-
nism to average pooling and suggests that the optimal value
of p should be selected through cross validation.

t-SNE visualization of embedding spaces To further
demonstrate the effectiveness of our FIE method qualita-
tively, we present a visualization of the node embedding

space for both unsupervised and supervised training modes.
Figure 5 shows the t-SNE visualization of the node em-
beddings for the Cora dataset using both GAT and FIE.
All methods produce well-separated clusters for different
classes. The clusters in the FIE embeddings obtained via
unsupervised training are less distinct, as expected since the
method has no access to class labels. Despite this, the result-
ing embedding is able to achieve classification performance
comparable to or even better than the other methods.

6. Discussion
We have proposed the Fisher information embedding model,
a novel class of attention-based node embeddings that can
be learned flexibly in either supervised or unsupervised
settings. By leveraging tools from information geometry,
our method constructs a new attention mechanism, offering
deeper insights into the geometric aspects of attention-based
models. Although supervised node embedding methods are
widely used in practice, our unsupervised node embeddings
demonstrate comparable performance. Our work is related
to a recent class of graph models, namely graph transform-
ers (Ying et al., 2021; Mialon et al., 2020; Chen et al., 2022;
Rampášek et al., 2022), which also use an attention-based
operator (Vaswani et al., 2017), called self-attention, on the
full set of nodes. However, rather than pooling the multiset,
the self-attention returns another multiset of node features.
Our work provides a first step towards understanding self-
attention from an information geometry perspective.

A limitation of our approach is its reliance on Gaussian
mixtures for parameter estimation using the EM algorithm.
However, our framework has potential for incorporating a
wider range of distribution families, which could lead to
enhanced results. Exploring these extensions, alongside in-
vestigation into the generalization bounds of the FIE model,
presents a promising direction for future research.
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Appendix

This appendix provides both theoretical and experimental materials and is organized as follows: Section A provides a more
detailed background on graph attention networks. Section B presents proofs for all the Lemmas and theorems. Section C
provides variations for the E-step of FIE on the manifold of Gaussian mixtures. Section D provides experimental details and
additional results.

A. Background on graph attention networks
GATs (Veličković et al., 2018) are GNNs that have an attention mechanism to weight the contributions of each of the nodes
when aggregating features from a neighborhood in the message passing framework. Indeed, the GAT model uses a score
function e(hi, hj) = LeakyReLU(a⊤[Whi∥Whj ]) to decide the importance of the features hj of a neighbor j of node i. a
and W are learnable parameters. The attention score for edge (i, j) is then computed as αij = softmaxj(e(hi, hj)).

Then, GAT aggregates the features from the neighborhood Ni of i by computing the weighted sum

h′i = σ

∑
j∈Ni

αijWhj


Subsequently, (Brody et al., 2022) proposed a different attention mechanism, dubbed GATv2, that computes the attention
scores as e(i, j) = a⊤LeakyReLU(W [hi∥hj ]), which increases the representative power of the model.

B. Proofs
B.1. Proof of Lemma 3.1

Proof. We follow the arguments by Xu et al. (2018, Theorem 3). The WL test applies a predetermined injective hash
function g to update the WL node labels a(t)(v):

at(v) = g ({(at−1(v), at−1(u)) : u ∈ N (v)}) .

And our kernel embedding at iteration t in the example of neighborhood multisets is given by

ψt(v) = ψ
(t)
multiset({(ψt−1(v), ψt−1(u)) : u ∈ N (v)}).

We show by induction that, for any iterations t, there always exists an injective function φ such that ψt(v) = φ(at(v)). This
apparently holds for t = 0 as ψ0 = a0 = a. Now let us assume that this condition holds for t− 1, we will show it also holds
for t. Substituting ψt−1(v) with φ(at−1(v)) gives us:

ψt(v) = ψ
(t)
multiset({(φ(at−1(v)), φ(at−1(u))) : u ∈ N (v)}).

Since the composition of injective functions is injective, we have ψ = ψ
(t)
multiset ◦ φ is injective, where by abuse of notation,

φ is applied element-wise to the multiset. Then, we have

ψt(v) = ψ ◦ g−1(at(v)),

such that ψ ◦ g−1 is injective, as being the composition of injective functions. Therefore, we conclude the lemma.

B.2. Proof of Lemma 3.2

This is a classical result, and its proof can be found in, e.g., Boucheron et al. (2005).
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B.3. Proof of Theorem 4.1

Proof. The proof is adapted from Amari & Nagaoka (2000, Theorem 3.20). Let (g,∇,∇∗) be a dualistic structure induced
by the divergence D as shown in (Amari & Nagaoka, 2000). We denote by expµ and exp∗µ respectively the exponential
maps for ∇ and ∇∗. Theorem 3.20 showed that

D(u∥µ) +D(µ∥v)−D(u∥v) = ⟨exp−1
µ (u), exp∗−1

µ (v)⟩g + o(∆3). (19)

We also have ∥R−1
µ (u)− exp−1

µ (u)∥g = O(∆2) and ∥R−1
µ (v)− exp∗−1

µ (v)∥g = O(∆2) since R−1
µ (u) = u− µ. Finally,

we have ∣∣⟨R−1
µ (u), R−1

µ (v)⟩g − ⟨exp−1
µ (u), exp∗−1

µ (v)⟩g
∣∣

=
∣∣⟨R−1

µ (u)− exp−1
µ (u), R−1

µ (v)⟩g − ⟨exp−1
µ (u), exp∗−1

µ (v)−R−1
µ (v)⟩g

∣∣
≤
∣∣⟨R−1

µ (u)− exp−1
µ (u), R−1

µ (v)⟩g
∣∣+ ∣∣⟨exp−1

µ (u), exp∗−1
µ (v)−R−1

µ (v)⟩g
∣∣

≤∥R−1
µ (v)∥g∥R−1

µ (u)− exp−1
µ (u)∥g + ∥ exp−1

µ (u)∥g∥R−1
µ (v)− exp∗−1

µ (v)∥g = O(∆2),

where the first inequality uses triangle inequality and the second inequality uses the Cauchy-Schwarz inequality.

B.4. Proof of Lemma 4.2

Fisher information is the second derivative of KL divergence, which is a commonly known result in information theory. A
proof can be found in e.g., Gourieroux & Monfort (1995, Page 87).

B.5. Proof of Theorem 4.3

Proof. Following the definition in Eq. (10), we have

∥φθ0(pθ)− φθ0(pθ′)∥
2

2
=

∥∥I(θ0)1/2(θ − θ′)
∥∥2

2

=
1

2
(θ − θ′)⊤I(θ0)(θ − θ′).

When both θ and θ′ approach θ0, Lemma 4.2 suggests that

KL(pθ∥pθ0) =
1

2
(θ − θ0)

⊤I(θ)(θ − θ0) + o∥θ − θ0∥2,

and
KL(pθ0∥pθ′) =

1

2
(θ′ − θ0)

⊤I(θ0)(θ
′ − θ0) + o∥θ′ − θ0∥2.

We also have ∣∣∣∣12(θ − θ0)
⊤I(θ)(θ − θ0)−

1

2
(θ − θ0)

⊤I(θ0)(θ − θ0)

∣∣∣∣ = 1

2
∥I(θ)− I(θ0)∥2∥θ − θ0∥22,

thus
KL(pθ∥pθ0) =

1

2
(θ − θ0)

⊤I(θ0)(θ − θ0) +O∥θ − θ0∥2,

By substituting µ by pθ0 , u by pθ and v by θ′ in Theorem 4.1, we have

KL(pθ∥pθ0) + KL(pθ0∥pθ′)−KL(pθ∥pθ′) = (θ − θ0)
⊤I(θ0)(θ

′ − θ0) +O(∆2),

where ∆ = max{∥θ− θ0∥, ∥θ′ − θ0∥}. Finally, by substituting the KL divergence terms, we obtain the expected expansion.

B.6. Proof of Theorem 4.4 and Theorem 4.5

The proof of two theorems are straightforward from the definition of φθ0 in Eq. (10).
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B.7. Relationship between θML and θMLθ0

Here, we show that the estimator θMLθ0
is a good proxy of the ML estimator.

Lemma B.1. Let
θMLθ0

(x) := argmax
θ∈M

Ez|x,θ0 [log pθ(x, z)], (20)

where px denotes the true density of x. This is a good proxy for the maximum likelihood estimation of θ.

Proof. We have that

argmax
θ∈M

Ez|x,θ0 [log pθ(x, z)] = argmax
θ∈M

Ez|x,θ0 [log pθ(x, z)− log pθ0(z|x)], (21)

as the term log pθ0(z|x) does not depend on θ. Thanks to Jensen’s inequality we obtain that

Ez|x,θ0

[
log

pθ(x, z)

pθ0(z|x)

]
≤ log

(
Ez|x,θ0

[
pθ(x, z)

pθ0(z|x)

])
= log pθ(x). (22)

Moreover, we have that the difference is bounded by

log pθ(x)− Ez|x,θ0

[
log

pθ(x, z)

pθ0(z|x)

]
=

∫ (
log pθ(x)− log

pθ(x, z)

pθ0(z|x)

)
pθ0(z|x) dz

=

∫ (
log

pθ0(z|x)
pθ(z|x)

)
pθ0(z|x) dz

= KL (pθ0(z|x) ∥ pθ(z|x))

(23)

B.8. Particular case for the manifold of a single Gaussian

Lemma B.2. Consider as the family of distributions the family of Gaussians N (µ, I), parametrized by θ = µ. Then, we

have D(pθ∥pθ′) =
∥ψ(θ)−ψ(θ′)∥2

2 .

Proof. We have D(pθ∥p′θ) =
∥µ−µ′∥2

2 . Moreover, we have that the Fisher information matrix is the identity, i.e. I(θ) = I .
Then ψ(θ) = µ, and ∥ψ(θ)− ψ(θ′)∥2 = ∥µ− µ′∥2, so D(pθ∥p′θ) = ∥ψ(θ)− ψ(θ′)∥2.

C. Variations on the E step for Fisher information embedding
In particular, the E-step can be solved in several ways, both analytically and not, depending on the problem at hand:

• Without further constraints on α, one can show that the optimal aij’s are

αij = pθ(zi = j|xi) =
N (xi, wj ,Σj)∑p
l=1 N (xi, wl,Σl)

.

• If one adds an hard constraint of the form
∑
i aij = n/p, e.g. to avoid collapsed solutions, then the minimization

problem is an entropy-regularized optimal transport problem, which can be solved efficiently by the Sinkhorn–Knopp
algorithm. Indeed, the problem can be formulated as

min
α∈Π′

n∑
i=1

p∑
j=1

αijCij −H(α),

with Cij = wi log pθ(xi, zi = j) and Π′ := {αij ≥ 0,
∑
j αij = 1,

∑
i aij =

n/p}.
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Figure 6. Simulation study on the ratio between the KL divergence between two distributions and the squared distance between their
embeddings, varying some parameters of the underlying distributions.

• In many situations, adding a hard constraint on the rows of α is too strong of a requirement. Instead, one can add a
regularization term in the objective function to skew the optimal solution towards the desired marginal. The E-step can
be then formulated as an unbalanced optimal transport (UOT) problem () as follows:

min
α∈Rn×p

+

n∑
i=1

p∑
j=1

αijCij +H(α) + τ1KL(α1n∥1p) + τ2KL(α⊤1p∥n/p1n),

with τ1 → ∞ to enforce that
∑
j aij = 1. Similarly to OT, this problem can be solved efficiently with a variant of the

Sinkhorn algorithm.

D. Experimental details and additional results
Here, we provide experimental details and additional experimental results.

D.1. Evaluation on synthetic datasets

In the first set of experiments, we keep the parameters of the embedding method fixed and we vary the underlying
distributions, to understand in which cases the fisher embedding approximates well the KL divergence. In particular, we use
as the family of distributions a family of Gaussian mixtures with k = 10 components, and with each component having
identity covariance. Moreover, we fix the number of EM iterations to T = 10.

We then vary the underlying data-generating distributions as follows.

• In the first simulation we have p1 as a mixture of three Gaussians N (µ1,j , I), with µ1,1 = (−5,−2), µ1,1 = (−5, 0),
µ1,1 = (−5, 2). Then we vary p2 as a mixture of κ Gaussians N (µ2,j , I), with means evenly spaced between (5,−2)
and (5, 2), for κ ∈ [1, 10].

• In the second simulation, we have that both the distributions are mixtures of three Gaussians N (µi,j , I), and we
vary the distance between the means of the two distributions, keeping the distance between components of the same
distribution fixed. In particular, we let µ1,1 = (−5,−2), µ1,1 = (−5, 0), µ1,1 = (−5, 2) and µ2,1 = (−5 + d,−2),
µ2,1 = (−5 + d, 0), µ2,1 = (−5 + d, 2), for d ∈ [1, 100].

• In the third simulation, we again have that both the distributions are mixtures of three Gaussians N (µi,j , I), but this
time we vary the distance between the components of each distribution, keeping the distance between the means of
the two distributions fixed. In paricular, we let µ1,1 = (−5,−d), µ1,1 = (−5, 0), µ1,1 = (−5, d) and µ2,1 = (5,−d),
µ2,1 = (5, 0), µ2,1 = (5, d), for d ∈ [0.1, 10].

In the second set of experiments we keep the underlying distributions fixed and the vary the parameters of our embedding
method. In particular, we let both distributions be a mixture of three Gaussians N (µ1,j , I) with µ1,1 = (−5,−2),
µ1,1 = (−5, 0), µ1,1 = (−5, 2) and µ2,1 = (5,−2), µ2,1 = (5, 0), µ2,1 = (5, 2).

We then vary the number k of components in the parametric family of Gaussian mixtures for the maximum likelihood
estimation in [1, 100], and the number T of EM iterations in [0, 10].
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D.2. Evaluation on real-world datasets

D.2.1. COMPUTATION DETAILS

All experiments were performed on a shared GPU and CPU cluster equipped with GTX1080 and TITAN RTX. About 20 of
these GPUs were used simultaneously, and the total computational cost of this research project was about 500 GPU hours.

D.2.2. DATASETS

The datasets that we use for classification are classical ones. The statistics for each dataset is summarized in Table 2

Dataset Number of nodes Number of edges Number of classes

Cora 2708 5429 7
Citeseer 3327 4732 6
Pubmed 19717 44338 3
Reddit 232965 114615892 41
ogbn-arxiv 169343 1166243 40
ogbn-products 2449029 61859140 47

Table 2. Summary of considered datasets.

D.2.3. BASELINE RESULTS

We report the results from the following papers. For MLP, for the Cora, Citeseer and Pubmed datasets we report the results
from (Veličković et al., 2018), for the ogbn-arxiv and ogbn-products datasets we report the results from (Hu et al., 2020).
For Label Propagation, for the Cora, Citeseer and Pubmed datasets we report the results from (Veličković et al., 2018), for
the ogbn-arxiv and ogbn-products datasets we report the results from (Hu et al., 2020). For CGN, for the Cora, Citeseer and
Pubmed datasets we report the results from (Veličković et al., 2018) and for the ogbn-arxiv and ogbn-products datasets we
report the results from (Brody et al., 2022). For GraphSAGE, for the Reddit dataset we report the results from (Hamilton
et al., 2017) and for the ogbn-arxiv and ogbn-products datasets we report the results from (Brody et al., 2022). For GAT and
GATv2, for the ogbn-arxiv and ogbn-products datasets we report the results from (Brody et al., 2022) and for other datasets
we report the results from our reimplementation.

D.2.4. HYPERPARAMETER CHOICES AND REPRODUCIBILITY

Hyperparameter choice. In general, we perform a very limited hyperparameter search to produce the results in Table 1.
The hyperparameters for training FIE models on different datasets are summarized in Table 3 and Table 4, respectively
for unsupervised and supervised modes of FIE. For supervised learning tasks, a dropout with rate equal to 0.5 is used for
training supervised embeddings of FIE. For large supervised datasets (Reddit, ogbn-arxiv, and ogbn-products), we use a
LightGBM classifier (Ke et al., 2017), the hyperparameters of which are automatically tuned by FLAML (Wang et al., 2021).

Optimization. All our models are trained with the Adam optimizer (Kingma & Ba, 2015) with a fixed learning rate equal
to 0.001.

Hyperparameter {Cora, Citeseer, Pubmed} {Reddit, ogbn-arxiv, ogbn-products}
Number of layers [2,3,4] [3, 4, 5]
Hidden dimensions [128, 256, 512] [128, 256, 512]
Number of mixture components [1, 2, 4, 8] [1, 2, 4, 8]

Table 3. Hyperparameters for unsupervised mode of FIE.
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Hyperparameter {Cora, Citeseer, Pubmed} {Reddit, ogbn-arxiv, ogbn-products}
Number of layers [2,3,4] [3, 4, 5]
Hidden dimensions [16, 32, 64] [128, 256]
Number of mixture components [1, 2, 4, 8] [1, 2, 4, 8]

Table 4. Hyperparameters for supervised mode of FIE.
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