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Abstract

Sliced-Wasserstein Flow (SWF) is a promising
approach to nonparametric generative modeling
but has not been widely adopted due to its subop-
timal generative quality and lack of conditional
modeling capabilities. In this work, we make two
major contributions to bridging this gap. First,
based on a pleasant observation that (under cer-
tain conditions) the SWF of joint distributions
coincides with those of conditional distributions,
we propose Conditional Sliced-Wasserstein Flow
(CSWF), a simple yet effective extension of SWF
that enables nonparametric conditional modeling.
Second, we introduce appropriate inductive biases
of images into SWF with two techniques inspired
by local connectivity and multiscale representa-
tion in vision research, which greatly improve the
efficiency and quality of modeling images. With
all the improvements, we achieve generative per-
formance comparable with many deep parametric
generative models on both conditional and uncon-
ditional tasks in a purely nonparametric fashion,
demonstrating its great potential.

1. Introduction

Deep generative models have made several breakthroughs in
recent years (Brock et al., 2018; Durkan et al., 2019; Child,
2020; Song et al., 2020), thanks to the powerful function
approximation capability of deep neural networks and the
various families of models tailored for probabilistic mod-
eling. One recurring pattern in deep generative models for
continuous variables is to map a simple prior distribution
to the data distribution (or vice versa). Examples include
those performing single-step mappings via a neural network,
such as GANs (Goodfellow et al., 2014), VAEs (Kingma
& Welling, 2013), and normalizing flows (Rezende & Mo-
hamed, 2015), and those taking iterative steps to transform
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the distributions characterized by ODEs (Grathwohl et al.,
2018) and diffusion SDEs (Song et al., 2020). The latter
have achieved great success recently due to the decomposi-
tion of complex mappings into multi-step easier ones.

While most existing models train parametric neural net-
works as the mapping functions, a less popular but promis-
ing alternative is to perform nonparametric mappings, for
which preliminary attempts (Liutkus et al., 2019; Dai &
Seljak, 2021) have been made recently. These works fur-
ther decompose the mapping between multidimensional
distributions into mappings between one-dimensional dis-
tributions, which have closed-form solutions based on the
optimal transport theory (Villani, 2008). The closed-form
solutions enable a nonparametric way to construct the map-
pings, which makes no (or weak) assumptions about the
underlying distributions and is therefore more flexible. A
promising work is the Sliced-Wasserstein Flows (SWF) (Li-
utkus et al., 2019), which achieves generative modeling by
building nonparametric mappings to solve the gradient flows
in the space of probability distribution.

Despite the potential advantages, nonparametric methods
like SWF are still in the early stage of development. First, it
is underexplored how they can be applied to various tasks
besides unconditional generation, such as conditional gener-
ation and image inpainting (Meng et al., 2021). In contrast,
parametric probability models have mature techniques for
constructing conditional distributions and end-to-end gra-
dient descent training, making tasks such as text-to-image
generation and image inpainting more straightforward to
implement (Mirza & Osindero, 2014; Van den Oord et al.,
2016; Perez et al., 2018). Similar mechanisms have yet to
be developed for SWF, obstructing its applications in con-
ditional modeling. Second, the quality and efficiency are
still quite limited when applied to high-dimensional data
such as images. While parametric models can leverage the
sophisticated inductive biases of neural networks (e.g., the
U-Net (Ronneberger et al., 2015) in diffusion models) and
are able to process full-resolution images directly, the non-
parametric counterpart either operates on low-dimensional
features processed from a pre-trained auto-encoder (Kolouri
et al., 2018; Liutkus et al., 2019) or relies on a carefully
designed patch-based approach (Dai & Seljak, 2021). Al-
though several variants have been proposed to incorporate
convolutional architectures (Nguyen & Ho, 2022b; Laparra
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et al., 2022), to our knowledge, none has demonstrated erat al., 2021; Nguyen & Ho, 2022a). Meng et al. (2019)

pirical success in image generation. build iterative normalizing ows where they identify the

. . most informative directions to construct OT maps in each

In this work, we propose two improvements for SWF to ad'layer Arjovsky et al. (2017): Wu et al. (2019) propose to

dress the above limitations. First, we extend the frameworl§rain CANs using different di1stances b;':\sed on OT. Nguyen

2:1 Se\r/nVFi rfigglcggsd:rl\?gt?(l)r?:ﬁg?mgsgglI:anc?i(j)ihggsti/?/iidworntet al. (2020a; 2022) propose difference variants of the sliced-
P " "Wasserstein distance and apply them on generative models.

conditional d'SF”.bu“(.)ns. (approxmqtely) coincide Wlt.h. the These works adopt OT in different dimensions, while they
SWF w.r.t. the joint distribution, subject to a few conditions . -
are all parametric and based on end-to-end training.

that can be easily met. Based on this nding, we propose a
simple yet effective algorithm, namébnditional Sliced- Nonparametric Generative ModelsA less popular area of
Wasserstein FloweCSWF), where we obtain conditional research is nonparametric generative models, which holds a
samples by simulating the SWF w.r.t. the joint distribution.lot of potential. These methods utilize tools from nonpara-
CSWEF enjoys the same nonparametric advantages as SWiketric statistics such as kernel methods (Shi et al., 2018; Li
while being able to perform various types of conditional & Turner, 2017; Zhou et al., 2020), Gaussianization (Chen &
inference, such as class-conditional generation and imag@opinath, 2000), and independent component analysis (La-
inpainting. Second, we introduce tlaeally-connected pro- parra et al., 2011). Meng et al. (2020) propose a trainable
jectionsandpyramidal schedulegechniques to enhance the Gaussianization layer via kernel density estimation and ran-
quality of image generation, motivated by the common nodom rotations. SINF (Dai & Seljak, 2021) iteratively trans-
tions of local connectivity and pyramidal representation inform between Gaussian and data distribution using sliced
computer vision. By solving optimal transport problems in OT. Note, however, that none of these nonparametric gener-
domain-speci c¢ rather than isotropic directions, we successative models can perform conditional inference.

fully incorporate visual inductive biases into SWF (and our

CSWF) for image tasks. Conditional Generative ModelsGenerating samples condi-

tioned on additional input information is crucial for achiev-
Our method and techniques have made several remarkakhileg controllable generation. Prior research has successfully
achievements. First, to the best of our knowledge, the pratemonstrated class-conditional image generation (Mirza &
posed CSWEF is the rst nonparametric generative approaciosindero, 2014; Sohn et al., 2015). Recent advancements
that is able to handle general conditional distribution modelin this area have yielded notable success in synthesizing
ing tasks. Second, our proposed technigues greatly improveigh-quality images from textual input (Ramesh et al., 2022;
the generation quality of images and also reveals a gener&8aharia et al., 2022; Rombach et al., 2022; Hertz et al.,
way to introduce inductive biases into SWF and CSWF. Las2022; Feng et al., 2022; Yu et al., 2022). The conditional
but not least, we achieve comparable performance to manyenerative capabilities in these models are facilitated by
parametric models on both unconditional and conditionailvell-established pipelines that construct parametric condi-

image generation tasks, showing great promise. tional probability distributions using deep neural networks.
In contrast, our work achieves conditional generation within
2 Related Work a nonparametric framework, which is signi cantly different.

Parametric Generative ModelsGenerative models are one 3. Preliminaries

of the core research areas in machine learning. Several

classes of parametric generative models are widely studie@/e brie y review some prior knowledge, including optimal
including GANs (Goodfellow et al., 2014), VAEs (Kingma transport, the Wasserstein space, and gradient ows. Most
& Welling, 2013), ow-based models (Durkan et al., 2019), results presented here hold under certain mild assumptions
autoregressive models (Van den Oord et al., 2016), energyhat can be easily met in practical problems and we have
based models (Du & Mordatch, 2019) and diffusion/scoreemitted them for simplicity. For more details, we refer the
based models (Ho et al., 2020; Song et al., 2020). In thiseaders to Ambrosio et al. (2005); Villani (2008).

work, we instead study a completely different approach t%otations We denote by (X) the set of probability dis-
generative modeling using nonparametric methods. tributions supported oiX RY. Givenp 2 P (X1)
. 1

Generative Models based on Optimal TransportOpti- and a measurable functign : X; ! X ,, we denote by
mal transport (OT) have been widely adopted in generative) = Tjp 2 P (X3) the pushforward distribution, de ned as
modeling (Arjovsky et al., 2017; Gulrajani et al., 2017; Tol- g(E) = p(T (E)) for all Borel setE of X,. We slightly
stikhin et al., 2017; Kolouri et al., 2018; Deshpande et al.abuse the notation and denote both the probability distribu-
2018; 2019; Meng et al., 2019; Wu et al., 2019; Knop et al.tion and its probability density function (if exists) lpy

2020; Nguyen et al., 2020a;b; Nguyen & Ho, 2022b; Bonet
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3.1. Optimal Transport

Given two probability distributionp; g 2 P (RY) and a
cost functionc : R RY ! [0;1 ], the optimal trans-

port (OT) theory (Monge, 1781; Kantorovich, 2006) studies

e problem of nding a distribution 2 ( p; g) such that
c(x;x9d (x;x9 is minimal, where( p; ) is the set of
all transport plansdetweerp andgq, i.e., the set of all proba-

bility distributions onR?  RY with marginalsp andq.

the solutions of theontinuity equation@@tpt +r (ptvt) =0,
wherey; : RY ! RYis atime-dependent velocity eld (Am-
brosio et al., 2005). Moreover, the solution of the continu-
ity equation can be represented fay= ( X);po;8t O,
whereX(x) is de ned by the characteristic system of ODEs
IX((x) = vi(Xi(X)), Xo(x) = x; 8x 2 RY (Bers et al,
1964). The PDE formulation and the characteristic system
of ODEs provide us with an important perspective to analyze
and simulate the Wasserstein gradient ows.

Under mild conditions, the solution to the OT problem ex-
ists and is girongly connected witlyits duakformulation:3.4. Sliced-Wasserstein Flows

min ( p:a) cd = max 2L1(p) dp+ qu ,1
where a solution to the RHS is called &antorovich
potentialbetweerp andg. In particular, for the quadratic

coste(x; x9 = kx  x%3, the above equation is realized

and a unique (up to an additive constant) Kantorovic
potential , and they are related through = (id ; T);p,
whereT(x) = x r (x) (Benamou & Brenier, 2000).
The functionT : RY ! RY s called the optimatransport
mapas it depicts how to transpagptontog, i.e.,q = T;p.
While the optimal transport map is generally intractable,
in one-dimensional cases, i.p;,q2 P (R), it has a closed-
formof T = F, ' Fy, whereF,, andF are the cumulative
distribution functions (CDF) op andq, respectively.

3.2. Wasserstein Distance and Wasserstein Space
For the cost(x; x% = kx x%3, the OT problem naturally
de nes a distance, called tt®Wasserstein distance:

Z
kx

1=

x%3d (x;x9

W2(p; 0 , min

2 ( pia) @)
For Wz(p; 0 to be nitegit is convenient to consider
P2(RY , p2P(RY: kxkidp(x)< 1 , which is
the subset of all probability distributions d®f with -
nite second moments. The $&t(RY) equipped with the
2-Wasserstein distand¥, forms an important metric space
for probability distributions, called thé/asserstein space

3.3. Gradient Flows in the Wasserstein Space

Gradient ows in metric spaces are analogous to the steepesgfives Y@=z
descent curves in the classical Euclidean space. Given a '

functionalF : P,(RY) ! R, a gradient ow ofF in the
Wasserstein space is an absolutely continuous qxye o

The tractability of the one-dimensional OT and Wasserstein
distance motivates the de nition of the sliced-Wasserstein
distance (Rabin et al., 2011). For any S ! (the unit

irRd . pd
(under certain conditions) by a unique optimal transport plar'iSphere IR%), we denote by :R! R the orthogonal

hprojection, dened as (x) ,

> X. Then, counting all
the Wasserstein distance between the projected distributions
1P j92P (R) leads to the sliced-Wasserstein distance:

z

1=

SWopid . Wz(ypgad () 5 @
where () is the uniform distribution on the spheg *.
The SW, has many similar properties as t& (Bonnotte,
2013) and can be estimated with Monte Carlo methods. Itis
therefore often used as an alternative to\iein practical

problems (Kolouri et al., 2018; Deshpande et al., 2018).

In this paper, we will focus on the Wasserstein gradient
ows of functionalsF () = %SWZZ( ; ), whereqis a target
distribution. Bonnotte (2013) proves that (under regularity
conditions onpy andq) such Wasserstein gradient ows
(pt)t o satisfy the continuity equation (in a weak sense):

@Hx) o
Sar T ROve)=0; o
W, RO d )

where  denotes the Kantorovich potential between the
(one-dimensional) projected distributiongp; and ;q.
Moreover, according to Sec. 3.1 the optimal transport map
from ;p to ;qis given byT, = F ]1 Folpo which

a
T =2z F 3 F (@

Liutkus et al. (2019) refers to it as tisticed-Wasserstein
ow (SWF) and adapts it into a practical algorithm for build-

that minimizes— as fast as possible (Santambrogio, 2017)ing generative models of an unknown target distributjon

(assuming access to i.i.d. samples). By simulating a similar

The Wasserstein gradient ows are shown to be stronghppg g Eq. (3 it transforms a bunch of particles sampled

connected with partial differential equations (PDE) (Jordang

rom pp (e.g., a Gaussian distribution) to match the target

etal., 1998). In particular, it is shown that (under proper CONyistributiong. We recap more details in Appendix B.

ditions) the Wasserstein gradient owp;): coincide with

1L 1(p) is the set of absolutely integrable functions undand
°(x9, infyc(x;x%  (x) is called thec-transform of .

2The authors originally consider the entropy-regularized SWFs,
leading to a similar PDE, with an extra Laplacian term that is often
ignored when modeling real data. See more details in Appendix B.
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4. Conditional Sliced-Wasserstein Flows between pr and ; . Note thathers; : R¥*! I R%*lisa
vector eldonX Y . We denote th& - andY -components

In this section, we present an extended framework of SWF%f vi(x:y) by vX (x;y) andvy (x;y), respectively
’ t ’ t ’ ’ .

for conditional probability distributions and accordingly
propose a practical nonparametric methoddomditional At rst glance, the joint SWHpt): o may only provide us
generative modeling. with a possibility to sample from, but is not obviously
helpful for modeling conditional distributions. Interestingly,
our empirical observation shows that under the assumption
that (i) po(y) = q(y) and (ii) the target conditional distribu-
tion g, changes slowly enough w.nt, then forallt 0, we
havev (x;y) vy (X) andyy (x;y) 0. We are unable

to provide a rigorous theoretical justi cation for the time
being. We instead include an illustration in Appendix A.

Formally, given a datas@® , f(x;;yi)gl,; representing
N i.i.d. samples from the target distributigr2 P,(X Y ),
whereX RYandY R' are two related domains (e.g.,
X the image space andthe set of labels), we aim to model
the conditional distributiong, , q(jy) 2 P(X) for all

y 2 Y. We assume the marginal distributigfy) is known.

4.1. Conditional Sliced-Wasserstein Elows Intuitively, this means that if the assumptions are met, the
evolution of distributiongp;): o characterized by the joint
A straightforward idea is to consider a SWFRR(X) with  SWF can be factorized into two levels. First, the marginal
the target distributiony, for eachy 2'Y separately, which  gjstributionspy (y) remain unchanged for al 0 since
we denote bypy;t )1 o and refer to as theonditional SWF  the velocity has zerd -component. Second, for eagh
giveny. Then with a suitable initighy;02P>(X), it satis es:  the evolution of the conditional distributiong, (Xjy)): o
@p: (x) coincides with the evolution dfoy; ); o in the conditional

+ 1 Py (X)vye (X)) =0 SWF giveny described in Sec. 4.1.
et z (4)

Vo (X 0 >y d . Moreover, if we simulate the continuity equation (5) of
v (X), g 1 I O the joint SWF with particle-based methods (e.g., using the

characteristic system), thegi (x;y)  0implies that the

Y -component of each particle will almost stand still, and

v (X;y) vy (X) implies that thex -component of each

particle will move just as if we are simulating the conditional

However, modeling the conditional SWFs for @ll2 Y SWEF giveny. This provides us with an elegant way to

separately with Liutkus et al.'s (2019) algorithm can be practically model conditional distributions through the joint

impractical for at least two reasons. First, it is only feasibleSWF, as described in the next section.

for the cases wheré is a nite set, and every appears in

D often enough since a different split of the datd3et, 4.3. Practical Algorithm

D\ (X f yg)isrequired for eacly. Second, even for a
nite Y, the knowledge in differerid, cannot be shared,

making it inef cient and unscalable whe¥j is large or the

distribution overY is highly imbalanced.

where . denotes the Kantorovich potential between the
projected conditional distributiong py;x and ; q,. Sam-
ples fromg, can be drawn if we can simulate the PDE (4).

Based on our observation, we propose a practical algorithm
for conditional probabilistic modeling, dubbed the condi-
tional sliced-Wasserstein ows (CSWF). The basic idea is to
rst adjust the target distribution and initializepy properly

To overcome these dif culties, it is crucial to enable knowl- so that the assumptions are (approximately) met, and then
edge sharing and generalization abilities am¥nigy ex-  to simulate the joint SWF with a particle-based method.
ploiting the global information from the joint distributiag

rather than solely the conditional information frap Initialization To satisfy the assumption made in Sec. 4.2,

we can always de ne a new target distributigh, L;q
with L(x;y) , (x; y), thatis,o’is obtained using a sim-
ple change of variable that scales the&omponent with a
We instead consider the SWp;): oin P2(X Y ) with number > 1, which we call theampli er. Intuitively, scal-
the target being the joint distributiap We refer to it as the  ing theY -component by will make the change af(xjy)

4.2. Conditional SWFs via the Joint SWF

joint SWFE, and write its corresponding PDE below: (w.r.t.y) times slower. The conditions required can thus
] be approximately satis ed with a large enoughin prac-
M +1 (p(Xy)ve(xy)=0; tice, given a datas@ = f (x;;y;)gl, , this simply means
@tz (5) that all we need is to usk(x;; yi)g\, for subsequent
vi(X;y) = o Ix+ ;y X d () processing. We thus assume below w.l.0.g. tHads met
g+l y the condition, to keep the notations consistent. Then, we

set the initial distribution apy(x;y) = q(y)po(X), where

— >. > 1> +1 1 ; A .
where =[,; yI" 2 s is (d + I)-dimensional, Po(X) = N (x;0;14) is Gaussian. This ensures the initial

« 2 RY, y 2R and . isthe Kantorovich potential

4
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marginal distribution ove¥ is aligned with the targed. Algorithm 1: Conditional Sliced-Wasserstein Flow

Particle SystemThe solution(p;); o to the continuity equ- Input: D = f(x;;yi)g, , f Y] gL, ,H, K
ation (5) can be represented (& );po; 8t 0, whereZ, : Output: X! g,

RI*11 RI*! denotes the mapping frofx;y) to Z((x;y) KT
characterized by the OD&Z; (x;y) = v{(Z(X;y))dt with
initial condition Zo(x;y) , (X;y) (see Sec. 3.3). This
intuitively means that we can sample frggby simulating
the ODE with initial point sampled fromy.

/I Initialize the X -component
fXbgM, "N (0;14)

/I Discretize the ODEs
fork=0;:::;K 1do

To estimate the velocity elds, we follow Liutkus et al.
(2019) to consider a particle system so tha{and thus
Vi) can be estimated within the system. More precisely
we consideM particlesfz{ = (X{;Y/) 2 R*'g",,
described by a collection of characteristic ODEs:

/I Update the X-componen‘t with (7)&(8)

de:’\‘/t(Zj)dt; j =100 M, (6) i : :
‘ ! | X = X WXl Yd)  j=1;05M

wheret is the veIocE,y eld estimated WitE, the empirical
TR 1 M 1 N
distributionsfy , § o 2 @andd, F s -
Speci cally, given a projection, the projected empirical
distributions | p and | § become two sets of scalar values. V€ ¢an opt to save all theand the CDFs and reuse them as
Then, estimating ¢ is essentially the problem of tting a mode_l. Then, we can gen_erate new samples_ conditioned
one-dimensional distributions (i.e5, 4 andF ,). We ©Onanyinpuy 2 Y, by following the same pipeline of Al-
) i . ) ] t . - - -
simply estimate the CDFs with linear interpolations betweerd0rithm 1 but with the shaded linesskipped. We refer to
the empirical distribution functions. Finally, the velocity is SUCh samples as tieé ine samples

approximated using a Monte Carlo estimate of the integral: _ .
4.4. Discussions

W(Xy), 1 X A? > X+ ;_y X (7) The advantages of considering the joint SWF instead of
H h non ' hy separate conditional SWFs as described in Sec. 4.1 become
more clear now. As one can see, the generalization abil-
wheref ngi_; areH i.i.d. samples from the unit sphere ity comes from interpolating the empirical CDFs. In our

s*! 1and '\? , is the derivative of the Kantorovich poten- method, we always interpolate the CDFs of the projected

tial computed with the estimated CDFs: joint distributions , g, suggesting that we are indeed gener-
A alizing across botlX andY. Hence, the estimated velocity
L =z F h]lq F (2 (8)  eld applies to ally 2 Y even if it does not exist iD.

Moreover, the CDFs are always estimated using the entire

Velocity Masking Although the initialization has provided dataset, which means the knowledge is shared for all .

a good approximation of the required conditions, the veThe time complexity is discussed here. In each step of the
locity may still has a smal¥ -component, which can be simulation, estimating the empirical CDFs for each projec-
accumulated over time We correct this by manually set- tion requires sorting two sets of scalar values, with time

ting ' (x;y) = 0, which means that only thé¢-component  complexityO(M logM + N logN ). Therefore, the overall

of each particle is updated during the simulation. time complexity iSO(KH (M logM + N logN)) and the

L N
Finally, we adopt the Euler method with step size iter- ~ Pe-Sample complexity ©(KH (logM + - log '1\' ). For
atively simulate the particle system (i.e., the characteristiéh€ Of ine samples, since queryirlg | » andF “, are in-
ODEs) forK steps. The particlesz) = (X §; Y] )ngzl are deed binary search and indexing operations, the per-sample
initialized by independently samplirfgrd g, from g(y) &T'e compIeX|_tby| 'St))(']fH h|09 Md). N‘()jt‘; thar‘]t the constant
and sampling X, g™, fromN (0;14). In cases where we can possibly be further reduced by sharing projection

: between steps, which is left for future work.
do not have access to the true margiyaf), we can alterna-
tively samplef Y3 gj“":l from the dataset (with replacement). Similar to Liutkus et al. (2019), the nonparametric nature of
We describe the overall CSWF algorithm in Algorithm 1. CSWF stems from expressing the CDFs directly with empir-
Note that by simulating the particle system, we end up withical data (e.qg., sorted arrays of projections). This makes it
M conditional samplegX ) gj"":1 , which we refer to as the fundamentally different from parametric generative models
batched samplence we have simulated a particle systemthat are typically learned via (stochastic) gradient descent

5
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training and thus implies many potential advantages over
them. Notably, when new data samples are observed, the em-
pirical CDFs of the projected data distributionsj can be
updated perfectly by only insertion operations@@og N )

time), which suggests that CSWF has great potential to be
adapted to online methods and bypass the challenges associ-
ated with parametric online learning, such as catastrophic
forgetting (Kirkpatrick et al., 2017; French, 1999). This is

I n exciting direction for follow-up r rch. . . . —
also an exciting direction for follow-up researc Figure 1.An illustration of locally-connected projection and the

Finally, it is worth noting that by setting= 0 the effect of ~ upsampled projection used in pyramidal schedules. Left panel
conditions is completely removed and our method falls backéhows an example of how we generate a projectiofor 6 6

to an unconditional variant similar to Liutkus et al. (2019). image with patch siz8 3 and spatial positiofr = 4;c = 3).
Right panel shows how we upsample the projection tokzel2.

5. SWFs with Visual Inductive Biases

In this section, we propose to introduce appropriate induc®-2. Pyramidal Schedules

tive biases for image tasks into SWF-based methods Vg, amid (or multiscale) representation of images has been
Iocal_ly-co_nnected prOJect_lormdpyramlqlal s_ched_ule_sThE_3 widely used in computer vision (Adelson et al., 1984; Lin
key idea is to use domain-speci c projection distributions o al., 2017). In image classi cation (Krizhevsky et al.,
instead of the uniform distribution, thus focusing more ON5012), neural networks start from a high-resolution input

the OT problems in critical di_rections. We shall show belquith details and gradually apply subsampling to obtain low-
how we adapt our CSWF with these techniques. Adaptingeso|ytion feature maps that contain high-level information.

the SWF algorithm should then be straightforward. Image generation usually follows the reverse order, i.e.,
starts by sketching the high-level structure and completes

5.1. Locally-Connected Projections the details gradually (Ramesh et al., 2022; Jing et al., 2022).
For an image domaiX ~ R?, We assume that = C We thus adapt our CSWF to image tasks by introducing
H  WwhereHandWdenote the height and width of the pyramidal schedulgswhere we apply locally-connected
image in pixels an€denotes the number of channels.  projections at different resolutions from low to high sequen-

We observe that projecting an image X with uniformly tially. Hovyever, due to thg dimgnsion—preserving constraint
sampled is analogous to using a fully-connected layer on®f SWF, instead of working directly on a low-resolution
the attened vector of the image in neural networks, in thelMage, we translate the operation to the full-sized image by
sense that all pixels contribute to the projected values (or thdPSa@mpling the projection lter and modifying the stride
neurons). On the other hand, it has been widely recognizeBarameter accordingly. See Fig. 1 for an illustration and
that local connectivity is one of the key features making™More details in Sec. 6 and Appendix C.

CNNs effective for image tasks (Ngiam et al., 2010). This|n the following, we refer to our CSWF combined with
motivates us to usiecally-connected projectionsvhere x |ocally-connected projections and pyramidal schedules as
is made sparse so that it only projects a small patch of thghe |ocally-connected CSW&nd denote it as-CSWF. We
imagex. Speci cally, given a patch siz8, we rstsample  refer to unconditional SWF (Liutkus et al., 2019) combined

a projection pach at the patch level fromth€C S - with the same techniques aSWF.
dimensional sphere. Then, we sample a spatial position

(r;c) (i.e., the row and column indices), which stands for .
the center of the patch. Finally, we obtainby embedding 6. Experiments
pach iNtoa(C H  W-dimensional zero vector such that |n this section, we rst examine the ef cacy of the proposed
% X is equivalent to the projection of tt® Spatch ofx  techniques of locally-connected projections and pyramidal
centered afr ; ) using pawh ,° as illustrated in Fig. 1. schedules. We then demonstrate that with these techniques
The domain knowledge of can be incorporated intg in a our”-CSWF further enables superior performances on con-
similar way. To obtain the nal projection, we simply con- Q|tlonal modelm_g ta;k;, including class-conditional genera-
catenate and y and normalize it to ensure2 S™*! 1, tion and image inpainting.
3Note that such choices of projections result in a non-uniformWe use MNIST, Fashion-MNIST (Xiao et al., 2017), CIFAR-
10 (Krizhevsky et al., 2009) and CelebA (Liu et al., 2015)

distribution overs® ! and thus do not necessarily induce a well- - ‘
de ned metric inP2(RY). However, it can be practically effective datasets in our experiments. For CelebA, we rst center-

for image data. See more discussion in Nguyen & Ho (2022b). crop the images td@40 140according to Song et al. (2020)
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Figure 2.Ablation study of the proposed locally-connected pro-
jections and pyramidal schedules. Initially, uniformly sampled
projections leads to slow convergence (top rows). Using locally-
connected projections, the samples converge rapidly but lose se-
mantic information (middle rows). Further combined with the
pyramidal schedules, it is possible to generate high-quality sam-
ples quickly (bottom rows). Numbers indicate the simulation steps.

Table 1.FID# scores obtained by-SWF on CIFAR-10 and
CelebA. Usel160 160 center-cropping. Use128 128
center-croppingy Use140 140 center-cropping.

Method CIFAR-10 CelebA

Auto-encoder based
VAE (Kingma & Welling, 2013) 1557 857

SWAE (Wu et al., 2019) 1079 489 Figure 3.Uncurated batched samples frorSWF on MNIST,
WAE (Tolstikhin et al., 2017) 42! Fashion MNIST, CIFAR-10 and CelebA.
CWAE (Knop et al., 2020) 1200 497
Autoregressive & Energy based
PixelCNN (Van den Oord et al., 2016) 65:9 makes more existing generative models comparable since
EBM (Du & Mordatch, 2019) 37:9 most of them are designed for unconditional generation.
WGAN (AAr?c\)/\?srisrtle?lal., 2017) 50 413 Fig. 3 shows uncurated batched samples (see Sec. 4.3) from
WGAN-GP (Gulrajani et al., 2017) 55:8 300 -SWF on MNIST, Fashion MNIST, CIFAR-10 and CelebA.
CSW (Nguyen & Ho, 2022b) 36:8 More samples, including their nearest neighbors in the
SWGAN (Wu et al., 2019) 17.0 132 datasets and the of ine samples, are shown in Appendix D.2.
Score based We observe that the generated images are of high quality. To
NCSN (Song & Ermon, 2019) 25:3 intuit the effectiveness of locally-connected projections and
Nonparametric pyramidal schedules, we show in Fig. 2 an ablation study. It
SWF (Liutkus et al., 2019) > 200 > 150 can be observed that with the introduced inductive biases,
SINF (Dai & Seljak, 2021) 66:5 373 the number of simulation steps can be greatly reduced, and
*-SWF (Ours) 59:7 383 the generative quality is signi cantly improved. For com-

parison, Liutkus et al. (2019) report that uniformly sampled
projections (i.e. without the inductive biases) fail to produce
and then resize them &  64. For all experiments, we satisfactory samples on high-dimensional image data.
setH = 10000 for the number of projections in each step
and set the step size= d. The number of simulation steps Ve report the FID scores (Heusel et al., 2017) on CIFAR-
K varies from10000to 20000for different datasets, due to 10 @nd CelebA in Table 1 for quantitative evaluation. We

different resolutions and pyramidal schedules. For MNISTEOMPare with SWF (Liutkus et al., 2019) and SINF (Dai
and Fashion-MNIST, we sé1 =2:5 10°. For CIFAR- & Seljak, 2021), which are also iterative methods based on

10 and CelebA. we sl =7 10F andM =45 10° the SW, distance. We also include the results of other

respectively. Additional experimental details and ablationd€nerative models based on optimal transport for com-
studies are provided in Appendix C & D.1. Code is availableP2rison, including SWAE & SWGAN (Wu et al., 2019),

at https://github.com/duchao0726/Conditionial-SWF. WAE (Tolstikhin et al., 2017), CWAE (Knop et al., 2020,
CSW (Nguyen & Ho, 2022b), WGAN (Arjovsky et al.,

2017) and WGAN-GP (Gulrajani et al., 2017). For better
positioning our method in the literature of generative models,
To assess the effectiveness of the inductive biases intrare also list results of some representative works, including
duced by the locally-connected projections and the pyramWMAE (Kingma & Welling, 2013), PixelCNN (Van den Oord
dal schedules, we opt to rst evaluateSWF on standard etal., 2016), EBM (Du & Mordatch, 2019) and NCSN (Song
unconditional image generation tasks. We do so because thés Ermon, 2019). Our -SWF signi cantly outperforms

6.1. Unconditional Generation

7
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Figure 4.Class-conditional samples fror)xCSWF ( = 10) on MNIST, Fashion MNIST and CIFAR-10.

Figure 5.lmage inpainting results 6FCSWF ( = 1) on MNIST, Fashion MNIST, CIFAR-10 and CelebA. In each gure, the leftmost
column shows the occluded images and the rightmost column shows the original images.

SWF due to the appropriately introduced inductive biases Y] gj'\":1 are sampled according to the label distribution
via the techniques described in Sec. 5. On CIFAR-10, it alsan the dataset (which is categorically uniform for all three
outperforms SINF (which is layer-wise optimized), proba-datasets tested here). For each projectigrwe additionally

bly because SINF requires the projections to be orthogonasample a uniformly fromS' * with | being the number of
which limits its capability. We include results on CelebA classes and then normalize it together with ensuring that

for reference, while we note that different preprocessing =[ 3 ; ;]> has unit length. We set the ampli er=

make the scores not directly comparable. It is worth notinglL0 for all datasets. Other experimental settings, including
that, as a nhonparametric method that does not require artie hyperparameters and the pyramidal schedules, are the
optimization (e.g. backpropagation}SWF achieves com- same as in Sec. 6.1. The generated images are shown in
parable results to many elaborate parametric methods sudfig. 4. We observe that the samples are of good visual

as WGAN and PixelCNN, showing great promise. quality and consistent with the class labels. Interestingly,
by varying the ampli er , *-CSWF can smoothly transit
6.2. Conditional Modeling between class-conditional and unconditional generation, as

) ) shown in Appendix D.1.
We now demonstrate that, with the help of the introduced

inductive biases, ou‘r—CS\_NF is qap_able_ of handlirjg COM- 5 5 2 MAGE INPAINTING

monly concerned conditional distribution modeling tasks

such as class-conditional generation and image inpainting-or inpainting tasks, we leX andY represent the pixel
spaces of the occluded and observed portions of images,

6.2.1. @ ASS-CONDITIONAL IMAGE GENERATION respectively. Since the true margirgy) is not available

in this setting, we set the initidlYy g'.; to the partially-

For class-conditional generation tasks, weMete the set  ghqerved images created from the dataset. We directly sam-
of one-hot vectors representing the class labels. The initial

8
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ple (using locally-connected projections) rather than deal- Information Processing Systepwlume 13. MIT Press,

ing with  and y separately, as botk andY are in the 2000.

image domain. The ampli er is set to= 1 for all datasets. ) . .

In Fig. 5, we show inpainting results (of ine samples) for the Child, R. Very deep vaes generallge autoregresswe.models
occluded images created from the test split of each dataset.2nd can outperform them on imagesrXiv preprint

We observe that the inpaintings are semantically meaningful &Xv:2011.106502020.

and consistent with the given pixels. Dai, B. and Seljak, U. Sliced iterative normalizing ows.

In International Conference on Machine Learnjnap.
7. Conclusions 2352-2364. PMLR, 2021.

In this work, we make two major improvements to SWF,Deshpande, I., Zhang, Z., and Schwing, A. G. Generative
a promising type of nonparametric generative model. We modeling using the sliced wasserstein distancePrbi

rst extend SWF in a natural way to support conditional ceedings of the IEEE conference on computer vision and
distribution modeling, which opens up the possibility to  pattern recognitionpp. 3483—-3491, 2018.

applications that rely on conditional generation, e.g. text-

to-image, image inpainting. On the other hand, we introPeshpande, I., Hu, Y.-T., Sun, R., Pyrros, A., Siddiqui, N.,
duce domain-speci ¢ inductive biases for image generation, Koyejo, S., Zhao, Z., Forsyth, D., and Schwing, A. G.
which signi cantly improves the ef ciency and generative ~ Max-sliced wasserstein distance and its use for gans. In
quality. Despite being a nonparametric model that does Proceedings of the IEEE/CVF Conference on Computer
not rely on backpropagation training, our method performs Vision and Pattern Recognitiopp. 10648-10656, 2019.

comparably to many parametric models. This promisingDu Y. and Mordatch, 1. Implicit generation and gen-
performance could inspire more further research in this eld. e'rallization in enerdy—based modelsarXiv preprint

arXiv:1903.086892019.
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A. lllustrations of Joint SWFs, Conditional SWFs and CSWF

In this section, we show several 2-dimensional toy examples{i=.Y = R) to motivate our CSWF method.

The Joint SWF Suppose we have a target distributig{x; y) 2 P »(R?), which is a mixture of two Gaussian distributions
(outlined in blue shaded contours in Fig. 6a) and an initial distribytigr; y) 2 P »(R?), which is a mixture of another

two Gaussian distributions with different modes (outlined in red contours in Fig. 6a). The join{ &)YFo starting from

po and targetingy is demonstrated in Fig. 6a, chronologically from left to right. We observe that each mixture component of
Po is “split” into two parts and moves to two different components of the target distribgtion

The Ideal Conditional SWFsIn the setting of conditional modeling described in Sec. 4, we aim t§xjy) forally 2 Y .
Ideally, we can achieve this with a conditional SWF starting frmitxjy) and targetingy(xjy) for eachy, as described in
Sec. 4.1. Fig. 6b illustrates the effect of the ideal conditional SY#F8(x)): 0;8y 2 Y.

A Difference Joint SWF We now alter the initial distributiopg(X; y) and the targeg(x;y) by simply shifting their mixture
components farther apart in tyedirection (i.e., the vertical direction), and then show the new joint SWF in Fig. 6¢. The
mixture components now move (roughly) horizontally, resulting in a signi cantly different trajectory than in Fig. 6a.

Motivation of CSWF While the above example (Fig. 6¢) remains a joint SWF, it bears considerable resemblance to the
desired conditional SWFs (Fig. 6b). This motivates us to approximate conditional SWFs with a joint SWF of scaled initial
and target distributions (Algorithm 1). Speci cally, we rst stretch the initial and target distributions along-t@mponent

(using a factor , which we call an ampli er), then simulate the joint SWF of the streched initial and target distributions, and
nally compress the distributions to the original scale. We show the results of our CSWF in Fig. 6d.

Signi cance of in CSWF Note that the effect of a large ampli eris signi cant, since scaling th¥ -component is the
key factor in making the joint SWF approximate the conditional SWFs. In Fig. 6e, we show the results of CSWF without
amplifying (i.e., with = 1) for comparison.

B. Recap of the SWF Algorithm (Liutkus et al., 2019)

Liutkus et al. (2019) consjder minimizing the functiofel() = 2SWZ(;0)+ H(), whereH () denotes the negative
entropy de ned byH (p) , s P(X)log p(x)dx. The introduced entropic regularization term helps to have the convergence
of the Wasserstein gradient ow. In speci ¢, they prove that under certain conditions the Wasserstein gradienE bw of
admits densityp;); o that satis es the following continuity equation:

@é?“ POV p=0; wi(x), ¢ (70 d ()
od 1

Compared to Eq. (3), there is an extra Laplacian term which corresponds to the entropic regularizafioByrdrawing a
connection between this Fokker-Planck-type equation and %t(ﬁhastic differential equations (SDE), they propose to simulate
the above equation with a stochastic proa#ss = v;(X)dt + 2 dW;, where(W,); denotes a standard Wiener process.
Finally, they propose to approximate the SDE with a particle system and present a practical algorithm for unconditional
generative modeling, which we recap in Algorithm 2 (using our notations).

C. Additional Experimental Details

In our experiments, we augment the CIFAR-10 dataset with horizontally ipped images, resulting in a tb8a080

training images. This is analogous to the random ip data augmentation used in training neural networks. We do not employ
this augmentation for the CelebA dataset due to limited computing resources. The pixel values of all images are dynamically
dequantized at each step during the simulation and are rescaled to the r@n@ggldf

We set the simulation step size= d (i.e. the dimensionality of the images) due to the following reasons. In one-dimensional
casesq = 1), we can solve the optimal transport problem betwgem and | q using Eg. (7) with step size= 1, since

it recovers the optimal transport map In d-dimensional cases, for amyorthogonal projections, the optimal transport
problems between the projected distributions are independent of each other and can be solved simultaneously. In Eq. (7),
however, the transport maps (i.e., the derivatives of the Kantorovich potentials) of all directions are averaged. Therefore, we
set = dso that the step size in each direction equalsitothe average sense.
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(a) The joint SWF.

(b) The ideal conditional SWFs.

(c) The joint SWF after moving components farther apart inytirection.

(d) llustration of the proposed CSWF.

(e) lllustration of the proposed CSWF without amplifying (i.e., witk 1).

Figure 6.lllustrations of joint SWFs, conditional SWFs and the proposed CSWF algorithm. See more explanations in Appendix A.
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Algorithm 2: Sliced-Wasserstein Flow (SWF) (Liutkus et al., 2019)
Input: D = fxig, ,M,H, , ,K

Output: fX} gM;

/I Initialize the particles

IX3g "N (0;14a)

/I Generate random directions

f ngt, " Uniform(s! 1)
/I Quantiles of projected target

LF hllq = QK(f ﬁxigiNzl /I QF denotes the quantile function

/I lterations

/I CDF of projected particles
F h] P = CDF(f ;Xf(ng:l)

1l lUpdate the particles‘ _ '
X|J<+1 = Xf( Ok(XI]()-'- 2 ]k+1; Jk+1 N (O;Id)

C.1. Locally-Connected Projections and Pyramidal Schedules

We summarize the pyramidal schedules used for each dataset in Table 2. When upsampling projections with a lower
resolution than the image, we empirically nd that Lanczos upsampling works better than nearest neighbor upsampling.

C.2. CDF Estimations

We estimate the CDFs of the projected distribution® and | by rst sorting their (scalar) projected valués; X1 +

;Yi gj’\":l andf 7x; + g Vi g\, , respectively. After sorting, the linear interpolation is performed as follows.
Letfz gi’\‘zl denote the sorted array, i.€, zn - When estimating the CDF of an input valz® we rst nd
its insert position (i.e., the indeX satisfyingz, z°  z 1) with binary search. Then the CDF pfis estimated
with 'N—l + Niz|z+01 Z'z. . For an inputa 2 [0; 1], we inverse the CDF by rst calculating the index= ba N c and then
computing the inversevalueas+(a N 1) (z+1 Zz). For CIFAR-10 and CelebA, since we use a relatively large
number of particles which leads to a slow sorting procedure, we choose a subset of particles for the estirqam'on of

D. Additional Experiments
D.1. Ablation Studies ofH, M and

We present the FID scores obtained’ B@WF using different numbers of Monte Carlo sampie#n Table 3. The results of
*-SWF using different numbers of particlbk are shown in Table 4. We show the class-conditional generatiotC&WF
using different ampli ers from 0to 10in Fig. 7.

D.2. Additional Samples

More unconditional samples frotrRSWF are shown in Fig. 8. We show the nearest neighbors of the generated samples in
Fig. 9, where we observe that the generated samples are not replicated training samples or combined training patches, but
generalize at the semantic level. In Fig. 10, we show the of ine samples, which appear to be comparable in visual quality to
the batch samples (in Fig. 3). Quantitatively, the FID score of the of ine samples on CIFAR61Ljsvhich is also close

to that of the batched samplesX(7).

Fig. 11 and Fig. 12 show additional class-conditional samples and image inpainting resSe@SWF, respectively.
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Table 2.Details of the pyramidal schedules for each dataset. In each @Atr WY [S:;:::; S] denotes that we use locally-connected
projections of resolutioll Wwith patch sizes;, S;;:::; S S sequentially. We upsample all projections to image resolution.

MNIST & Fashion MNIST CIFAR-10 CelebA

1 1] 1 1] 1 1]

2 2102 2 2)[2] 2 2)[2]

B 33 3 3)I[3] 3 3)I[3]

(4 4104 4 4[4 4 4[4

(6 9] (5 5)I[5] (5 5)I[5]

(6 6)I6] (6 6)[6] (6 6)[6]

(7 NI753] 7 77 7 NIl

(11 11)[1%9,7,5; 3] (8 8)[87,53] (8 8)[8753]

(14 14)[141311,9;7;5;3] (12 12)[12119;7;5;3] (12 12)[1211;9;7;5; 3]

(21 21)[1513,11;9;7;5;3] (16 16)[151311,9;7;5;3] (16 16)[1513119;7;5;3]

(28 28)[1513,11,9;7;5;3] (24 24)[151311,9;7;5;3] (24 24)[1513119;7;5;3]

(32 32)[1513119;7;5;3] (32 32)[1513119;7;5;3]

(64

64) [15 13,11;9;7;5; 3]

Table 3.FID# scores of -SWF using different number of Monte Carlo sampte®n CIFAR-10.

# Monte Carlo Samples  FID

H =1000
H =5000
H =10000

908
681
597

Table 4.FID# scores of -SWF using different number of particléé on CIFAR-10.

# Particles FID
M=1 10° 640
M=3 10° 614
M=7 10° 597
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(@) MNIST, =0 (b) Fashion MNIST, =0 (c) CIFAR-10, =0
(d) MNIST, =2 (e) Fashion MNIST, =2 (f) CIFAR-10, =2
(@) MNIST, =5 (h) Fashion MNIST, =5 (i) CIFAR-10, =5
() MNIST, =10 (k) Fashion MNIST, =10 () CIFAR-10, =10

Figure 7.Class-conditional generation ofCSWF with different ampli ers on MNIST, Fashion MNIST and CIFAR-10. In each gure,
each row corresponds to a class. We observe tFad recovers unconditional generation and the generated samples become more
consistent with the classes agrows.
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(a) MNIST (b) Fashion MNIST

(c) CIFAR-10 (d) CelebA

Figure 8.Additional uncurated batched samples frof8 WF on MNIST, Fashion MNIST, CIFAR-10 and CelebA.

17






