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Abstract

Solving large-scale multistage stochastic program-
ming (MSP) problems poses a significant chal-
lenge as commonly used stagewise decomposition
algorithms, including stochastic dual dynamic
programming (SDDP), face growing time com-
plexity as the subproblem size and problem count
increase. Traditional approaches approximate
the value functions as piecewise linear convex
functions by incrementally accumulating subgra-
dient cutting planes from the primal and dual
solutions of stagewise subproblems. Recogniz-
ing these limitations, we introduce TranSDDP, a
novel Transformer-based stagewise decomposi-
tion algorithm. This innovative approach lever-
ages the structural advantages of the Transformer
model, implementing a sequential method for inte-
grating subgradient cutting planes to approximate
the value function. Through our numerical ex-
periments, we affirm TranSDDP’s effectiveness
in addressing MSP problems. It efficiently gen-
erates a piecewise linear approximation for the
value function, significantly reducing computa-
tion time while preserving solution quality, thus
marking a promising progression in the treatment
of large-scale multistage stochastic programming
problems.

1. Introduction

Sequential decision-making problems under uncertainty
can be addressed using various methodologies, including
stochastic optimal control (SOC), reinforcement learning
(RL), and multistage stochastic programming (MSP). SOC
is a mathematical optimization approach that focuses on
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determining an optimal control policy within a continuous-
time framework. On the other hand, RL and MSP are
suitable for discrete-time problems. RL utilizes simulated
or real-world experience to learn optimal decision-making
through a trial-and-error process, while MSP seeks to find
optimal decisions through mathematical formulation in ei-
ther continuous or discrete spaces. Therefore, the selection
of a methodology depends on specific problem character-
istics, such as the nature of uncertainties and the type of
decision variables.

In this paper, we focus on the use of MSP to solve se-
quential decision-making problems under uncertainty. MSP
applies to a wide range of problems, including production
optimization, hydropower production planning, and asset
liability management (Shiina & Birge, 2003; Carino et al.,
1994; Fleten & Kristoffersen, 2008). To handle uncertain-
ties, MSP utilizes scenario trees that approximate the un-
derlying stochastic process by a finite set of scenarios with
discretized time points. This enables the transformation
of the original stochastic problem into a single large deter-
ministic equivalent problem. However, the computational
complexity of solving these deterministic equivalent prob-
lems can become intractable as the number of scenarios
increases exponentially with the number of stages and/or
the number of nodes per stage. This challenge, known as
the curse of dimensionality, presents a critical limitation of
MSP when confronted with large-scale problems.

To tackle the computational complexities arising from large-
scale MSP problems, several decomposition-based algo-
rithms have been proposed. These algorithms can be broadly
categorized into two types: scenario decomposition and
stagewise decomposition. Both approaches aim to decom-
pose the original problem into smaller subproblems that are
computationally tractable, while still ensuring adherence to
the nonanticipativity constraints, which prevent decision-
making from relying on future information.

Scenario decomposition algorithms decompose large-scale
MSP problems into smaller subproblems based on scenarios,
allowing for the relaxation of nonanticipativity constraints
within each subproblem. Well-known scenario decomposi-
tion algorithms include the dual decomposition algorithm
(Carge & Schultz, 1999) and progressive hedging (Rockafel-
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lar & Wets, 1991), which have been widely used to solve
various large-scale stochastic programs (Triki et al., 2005;
Berg et al., 2014; Fadda et al., 2019). Howeyver, these meth-
ods are inefficient for extremely large-scale MSP problems
because they require considering every scenario at every
iteration to obtain solutions that satisfy the nonanticipativity
constraints after combining the subproblems.

Stagewise decomposition algorithms decompose large-scale
MSP problems into a series of smaller subproblems that are
solved sequentially. These algorithms use the value func-
tion to capture the impact of immediate decisions on future
stages within each subproblem. However, it can be chal-
lenging to find the exact explicit form of the value function,
even for simple problems. Hence, the primary objective
of stagewise decomposition techniques is to attain precise
and efficient approximations of the value function. The
most popular stagewise decomposition algorithm is stochas-
tic dual dynamic programming (SDDP) (Pereira & Pinto,
1991), which is an extension of nested Benders decomposi-
tion. In SDDP, the value function is approximated using a
piecewise linear convex function. As the algorithm iterates,
the piecewise linear convex function is updated by adding
subgradient cutting planes which are constructed gradually
based on the primal and dual solution of each subproblem.
While SDDP is guaranteed to converge to the optimal solu-
tion under mild conditions, its computational time increases
at each iteration due to the monotonically growing size of
the piecewise linear approximation.

In recent years, there has been significant research dedi-
cated to improving the efficiency of the SDDP algorithm.
These studies can be broadly categorized into three main
areas: parametric value function approximation, selection
of subgradient cutting planes, and generation of subgradi-
ent cutting planes. One notable recent advancement in the
field of parametric value function approximation is the value
function gradient learning (VFGL) algorithm proposed by
Lee et al. (2022), which approximates the value function
as a fixed parametric function form. VFGL algorithm uti-
lizes gradient information to optimize the parameters of a
parametric function. Due to the value function being ap-
proximated using a fixed parametric form, the size of the
subproblems in each iteration remains almost constant, lead-
ing to computational stability. However, ensuring the quality
of the solution heavily relies on selecting a suitable paramet-
ric form (Bae et al., 2023). Selection of subgradient cutting
planes is a strategy that aims to decrease the computational
burden of the algorithm by constructing a piecewise linear
lower bound for the value function using cutting planes
that satisfy certain heuristic conditions (Pfeiffer et al., 2012;
De Matos et al., 2015). This mechanism yields a substan-
tial reduction in the subproblem sizes, leading to enhanced
algorithmic efficiency. However, the methods introduced
above for solving large-scale MSP problems suffer from

the drawback that even a slight perturbation in the problem
necessitates solving it anew. To handle this limitation, the
process of generating subgradient cutting planes involves
utilizing a neural network to acquire the capability of gen-
erating subgradient cutting planes tailored to a family of
problem instances. This enables the instantaneous genera-
tion of cutting planes for problem instances belonging to
the same family, obviating the necessity of explicit construc-
tion. Our study belongs to the category of generation of
subgradient cutting planes, and the current novel and rep-
resentative study of this approach is -SDDP (Dai et al.,
2021). In this study, a multi-layer perceptron is trained
using meta-learning to generate a fixed number of corre-
sponding subgradient cutting planes based on the problem
context vector. However, this approach has some limita-
tions. Specifically, previously generated cutting planes are
not considered when generating new cutting planes due to
utilizing only the problem context vector as input for the
neural network. Furthermore, -SDDP is limited to linear
programs and produces a fixed number of cutting planes.

The process of sequentially computing subgradient cut-
ting planes in SDDP suggests the potential for applying
sequence models, such as the Transformer (Vaswani et al.,
2017), to the generation of subgradient cutting planes. The
Transformer model has achieved state-of-the-art perfor-
mance across various domains, including machine trans-
lation, speech recognition, DNA sequence analysis, and
video activity recognition (Wang et al., 2019; Dong et al.,
2018; Ji et al., 2021; Girdhar et al., 2019). Additionally, it
has been successfully applied to solve optimization prob-
lems that involve sequential decision-making, such as the
traveling salesman problem (Kool et al., 2018).

Based on this insight, we propose TranSDDP which uses
Transformer to generate the piecewise linear function for
approximating the value function in SDDP. While there has
been active research in RL on approximating value func-
tions using Transformer, as demonstrated in works (Parisotto
et al., 2020; Chen et al., 2021; Liu et al., 2023), our study
introduces the first investigation of Transformer-based value
function approximation in the domain of MSP. Our pro-
posed model employs a sequential approach to approximate
the value function by utilizing a Transformer-based architec-
ture for generating subgradient cutting planes. The encoder
takes in vectors representing the parameters of stochastic el-
ements, and the decoder generates a piecewise linear lower
bound of the value function. This approach yields notable
improvements in the efficiency of SDDP, particularly for
large-scale problems. Moreover, as the network learns to
generate cutting planes for a family of problems, it can
approximate the value function for new problems without
requiring problem-solving from scratch. Furthermore, our
model incorporates previously generated subgradient cut-
ting planes into the generation of new ones by leveraging
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Transformer’s advantage, thereby alleviating the restrictions
of -SDDP. We demonstrate that the TranSDDP can learn to
generate subgradient cutting planes without compromising
the quality of the solutions.

The structure of the paper is as follows. Section 2 introduces
the problem formulations and provides an overview of the
background related to SDDP, VFGL, heuristic-conditioned
SDDP, and Transformer. In section 3, we present the deriva-
tion of TranSDDP. Section 4 discusses the numerical exper-
iments conducted to evaluate the proposed model. Finally,
Section 5 concludes the paper, summarizing the findings
and discussing potential future works.

2. Preliminary

In this section, we begin by providing a formal definition of
the problem setting for the MSP problem. Subsequently, we
introduce an overview of SDDP, VFGL, and -SDDP, which
serve as benchmark methods in our study. Furthermore, we
present an explanation of the Transformer model that is
employed in our proposed algorithm.

2.1. Problem Setting

We consider a multi-period sequential decision-making
problem under uncertainty over multiple periods. The un-

over time in T periods. It is assumed that each uncertain
data ¢ has a finite moment, and the decision variable X is
determined based solely on the information available at each
stage t. The decision process has the following sequence
(Shapiro et al., 2021):

Xy~ g~ Xo o~ iili~v 17 v X7
Under the two processes, a T -stage stochastic program can
be formulated in nested form as follows:

min )fz(xz; 2) (D

min (X)) +E
X12X3 1( l) [X22X2(X1§ 2

+E; +E; min Tr(Xr; ;
J [2][ )T 1][XT2XT(XT 1) T( T T)]]]
where E j | is the conditional expectation with respect to

g and fe(X¢; ¢) is a convex objective function in X¢ and
dependent on . The feasible region X¢(X¢ 1; ) for X,
given Xy 1 and ¢, can generally be described as the in-
tersection of sublevel sets of convex functions and hyper-
planes. Specifically, it can be expressed as X¢(Xt 1; t) :=
¢ 1 gei(Xes ©)

he.i are twice-differentiable functions in X¢ and X; 1 ,re-
spectively, while lt;j and by;j are linear functions in X¢ and
Xt 1 ,respectively. The parameters py and Q¢ represent the
number of sublevel sets of convex functions and hyper-
planes, respectively. In this study, we focus solely on the
case where the feasible region is linear, and it is defined as
follows.

Fort =1,
X=Xy 1 A1( 1)Xga =b1;xg  0g:

Xe(Xt 15 t)
=X A )X+ Be( )X 1=0e( )i xe 090 (2)

The usual MSP approach solves (1) by constructing a sce-
nario tree that approximates the stochastic process [t] with
a finite number of realizations. This is followed by solving a
large deterministic equivalent convex optimization problem
under the realized scenario tree. However, with an increas-
ing number of stages and nodes per stage, the scenario count
grows exponentially, leading to computational intractabil-
ity. Hence, we solve the problem by decomposing it into
subproblems in a stagewise manner.

In general, stagewise decomposition approaches assume
that:

the stage t subproblem is feasible for any previous
stage solution X¢ 1, and for any possible realization of
random observation ¢ almost surely.

Under (A1), we can derive the following Bellman equation
by deducing from the nested structure of (1).

Fort=T;:::;2,
Qi(Xt 15 1) = thxti&]: y t)fft(xt; t) + Qer1(Xe)0;
Qe+1(Xt) := E[Qe+1(Xt; t+1)] 3)
with QT +1 0.

Then, the problem (1) can be reformulated in the context of
dynamic programming under the equation (3) as outlined
below.

Fort=1,
. N _
min f1(X1) + Q2(X1):

min
Xe2Xe(Xe 15 t

)ft(Xt; t) + Qe+1(Xp): @

Here, the value function Q¢ is demonstrated to be a convex
function (refer to Appendix A for the proof).
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2.2. Stochastic Dual Dynamic Programming

Stochastic Dual Dynamic Programming (SDDP) is a state-
of-the-art stagewise decomposition algorithm, introduced
by Pereira & Pinto (1991), that is widely used to solve large-
scale MSP problems. SDDP aims to solve (4) by approxi-
mating the value function, Qy, as a piecewise linear convex
function based on Benders decomposition. To enhance the
piecewise linear convex function gradually, the algorithm
iteratively incorporates subgradient cutting planes (referred
to as cuts) while progressing. Each iteration involves a for-
ward and backward step, which collectively contribute to the
algorithm’s iterative improvement. Shapiro (2011) provides
an analysis of the SDDP algorithm.

During the forward steps, the algorithm proceeds sequen-
tially from t = 1 to T. For each stage t, we obtain the
current optimal solution X; for the n-th iteration by solv-
ing the following stagewise subproblems in order, given a

specific sample {:

X¢ = argmin

Xe2Xe(Xe 15 §)

fe(xe; ) + Qha(Xe):

Here, Qf,; represents the approximation of the value
function at the n-th iteration, which is expressed as
proximation depends on the cuts constructed during the
backward steps. Then, we can reformulate the subproblem
without value function, resulting in the following formula-
tion:

min fi(Xe; £)+ a1
Xt2Xe(Xt 17 ) t+1
Kk > k . Y .
S.t t+1 ( t+1) Xt + t+1 k — 41,..., n:

In the above program, the constraints for ¢+ are referred to
as cuts. In practical implementation, it is common to intro-
duce a trivial cut such as 0 in the initial iteration. This
approach prevents the problem from becoming unbounded
when is selected as negative infinity in the absence of a
trivial cut, and it also offers basic guidance for approximat-
ing the value function. In the forward steps, we calculate an
estimator for the optimal value, which is used as the upper
bound.

In the backward steps, starting from t = T, for the n-th
iteration, given sample ¢, the approximated value function
QY is updated to Q' by constructing cuts derived from the
optimal primal-dual triple (X ; U ; V) as follows:

QM (x¢ 1) = maxfQP(xe 1);( 7% 1+ Mo

This updated value function provides a lower bound for
the optimal value. Upon the satisfaction of the stopping
criterion for the upper and lower bounds, the algorithm
terminates. For more details, refer to Appendix B.

2.3. Improving the efficiency of SDDP

Recent studies have focused on improving the efficiency
of the SDDP algorithm. We summarize these studies by
classifying them into three main categories.

2.3.1. PARAMETRIC VALUE FUNCTION
APPROXIMATION

Lee et al. (2022) introduced an algorithm called value func-
tion gradient learning (VFGL) algorithm specially designed
for addressing large-scale MSP problems. In contrast to the
SDDP, which incorporates cuts to approximate the value
function iteratively, VFGL utilizes a specific parametric con-
vex function, denoted as @t(xt 1; t), to approximate the
true value function Q¢(X¢ 1). By learning the parameters

t» VFGL tackles large-scale MSP problems by optimizing
these parameters. The algorithm utilizes stochastic gradi-
ent descent-based optimization to minimize the discrepancy
between the gradients of the parametric function and that
of the true value function, obtained through the duality of
optimization problems (Boyd et al., 2004).

2.3.2. SELECTION OF SUBGRADIENT CUTTING PLANES

There has been research that focused on selecting a subset of
generated cuts based on heuristic conditions. The territory
algorithm proposed by Pfeiffer et al. (2012) identifies a sub-
set of cuts using specific criteria, and the test of usefulness
subsequently eliminates redundant cuts from this subset.
However, this approach can be computationally expensive
and challenging to implement in practice. De Matos et al.
(2015) proposed two cut selection strategies: the last-cuts
strategy, which conducts a piecewise linear lower bound by
selecting recent cuts, and the Level N dominance strategy,
which conducts a piecewise lower bound by selecting cuts
that have been activated at least n times for the trial solution.
The experimental results showed that the Level 1 dominance
strategy outperforms other strategies.

2.3.3. GENERATION OF SUBGRADIENT CUTTING
PLANES

Dai et al. (2021) proposed an algorithm called neural
stochastic dual dynamic programming ( -SDDP), which
employs a neural network to generate cuts for approximat-
ing the value function. This approach utilizes the problem
context vector that embeds information about the MSP prob-
lem. Through meta-learning, the context vector is mapped
to the corresponding cut information, represented by ¢ and

t- The elements of the context vector, which are proba-
bilities or functions associated with the stochastic elements
in the problem, are sampled from specific probability dis-
tributions. This facilitates the derivation of solutions for a
family of problems, rather than being limited to a single
instance. The study demonstrated that -SDDP offers sig-
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ni cant improvements in the computational ef ciency of staget value, ranging fronL to T 1. The subscript of

SDDP. each element represents the coef cient associated with the
i-th constraint in the feasible region at stagevhile the
2.4. Transformer superscript represents theh parameter amonigl . param-

, eters that de ne the distribution of the corresponding coef -
The Transformer model, proposed by Vaswani et al. (2017)iantc. We assume that the parameteis sampled from a

presents a revolutionized encoder-decoder framework by gistribution to consider a parametric family. That is,

introducing an all-attention architecture without recurrent, pe(j Lo Mcyand L p () forj =1::::: .
X s o L i ;iin Me.
neural networks (RNNs) and convolutional neural networksBy formulating the input in this manner, even if perturba-

(CNNs). Unlike existing sequence models, the Transformegiq g occur in the problem, it becomes feasible to promptly

leverages attention mechanisms, including self-attentionypi~in a solution through the learned model without re-
to calculate attention scores that determine the relevan(‘sq)lving_ The variabldN denotes the number of constraints

between target and source elements (Bahdanau etal., 2014, 4rrepresents the relative position for stagee ned as
Luong et al., 2015; Kim et al., 2017). This approach a"tz(T 1).

lows the model to focus on relevant score elements dur-

ing processing. The Transformer introduced the key con[ranSDDP generates a set of parameters representing cuts
cepts: self-attention and multi-head attention. Self-attentior@nd category indicator that denotes the start, middle, and
mechanism enables the model to achieve computational agind of the generated sequence. This output is represented
vantages, ef cient modeling of long-range dependencies}s:

and improved interpretability. Multi-head attention allows f i~ wOker s

the model to gather attention scores and information from - .
different perspectives and to offer computational bene ts\_/vhe_rg k 2 Rd and ~ 2 R. denote Fhe gradient of each
Consequently, the Transformer is able to effectively handIed(':‘C'S'.OnI vaﬂable ar;d the T}tegecﬂoq of kf}e:] C;'t’ re-
long-term dependencies and non-parallelization issues th%ﬁﬁgg}/eesyfhzrﬁtrezgrr; itr?f(t)rria;irgr?nzgenrrz dt toea:z?le)ire]n
plagued the existing sequence models. is encoded using a one-hot vector denotedyT his vector
indicates the position of the output in the sequence, such
3. Model that « = (1;0;0;0);(0;1;0,0);(0;0; 1;0), and(0; 0; 0; 1)
represents the padding, start, middle, and end position, re-
spectively. The TranSDDP model generates a sequence of

The -SDDP algorithm, while enhancing the ef ciency of
SDDP, still exhibits certain limitations. Unlike the SDDP . e .
x and~¢ that construct a piecewise linear convex function

algorithm, which relies on previous cuts for cut generation, * R .
' . until the token indicating the end of the output sequence is
-SDDP exclusively employs the problem context vector o .
y employ P encountered. It is important to note that the vafués not

for cut generation, potentially failing to fully capture the ) :
relationships among cuts. MoreoverSDDP is restricted predetermined. The approximated value func@ff(x. 1)

to linear programs and imposes a predetermined limit on the” ="~ =777
number of cuts. To address these limitations, we propose a )
novel approach called TranSDDP. TranSDDP takes advary:2- Model Architecture

tage of a Transformer-based generative model to generatganSDDP is a modi ed version of the Transformer architec-

cuts for MSP problems de ned by a parametric family of tyre speci cally designed to address the unique requirements
stochastic elements and approximates the value function of the problem at hand. It incorporates several modi ca-

by utilizing these generated cuts. tions to handle the continuous nature of the input and output
sequences, excluding. These modi cations include re-
3.1. Input and Output Sequence placing the input and output embedding layers with linear

We represent the input sequence as a set of parameters trl@{ers and adjusting the softmax layer of the Transformer to

de ne the probability distribution for the stochastic elements exclusively apply to vectors correspo_ndmg ko To furthe_r_
: . . . enhance performance, TranSDDP incorporates positional
in A¢, By, andhb of the feasible region (2). The input . : .

encoding solely in the output sequence, which serves as the
sequence, denoted as

input for the decoder, as the positional information of the
FOL Mag . 1 ..., Moy . input sequence is deemed less crucial.

It is worth noting that the size of the input sequence is xed,
and the interrelationships between elements are relatively
captures the parameters associated with the probability digisigni cant. Consequently, applying a self-attention layer
tribution for each stochastic element, whereepresents to the input sequence may lead to increase computational
these parameters. We de ne such input sequences for eaclomplexity without providing signi cant performance im-

M
1 . .
by i by oUisn G

5
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provements. Hence, we propose a variant of the TranSDDFhe encoder of TranSDDP takes the input sequence, and
model called TranSDDP-Decoder, which exclusively uti-the decoder of TranSDDP takes the target output sequence
lizes the decoder component of TranSDDP as an alternativeanging fromk = 1 toK 1. TranSDDP then generates the
solution. Details of the architecture for both TranSDDP andsequence of predicted cuts and category tokenk fang-

TranSDDP-Decoder can be found in Appendix C. ing fromk = 2 to K. To initiate the process, the decoder
requires a designated starting token as input. To ful Il the
3.3. Dataset prerequisite, we substitute the starting token with the trivial

, cut described in Section 2.2 and employ this trivial cut as
To construct the dataset, we apply the SDDP algorithm tqne initial cut corresponding to = 1, indicating the rst

solve the problem de ned in this study. The Eatasest can b@jement in the sequence. The teacher forcing technique is
represented as = fzs:= ( [TT k; «; kOc-=1)s95=1-  employed by feeding the decoder with the target sequence
Here, refers to the sampled parameters that capturg,stead of the predicted sequence. The training procedure is
the probability distribution for the stochastic eleme”tspresented in Algorithm 1, and the design of the learning sys-

(At;Bi; 1) used to de ne the problem. Specically, is o including validation and test procedures, is illustrated
composed of individual parameters drawn from the prob- Appendix D.

ability distributionp ; ('), with j ranging fromlto M, i.e.,
= f Igl; where ! pi().

Algorithm 1 TranSDDP

Since the SDDP algorithm generates cuts iteratively until " |nitialize: D, (dataset)M (number of epochsB (num-
a convergence criterion is met, it is possible to obtain data per of batch)( 1; 1;0;1;0;0) (initial cut and token),

with an unusually large number of cuts. To address this, we m:y 0

utilize a dataset in which the number of cuts falls below the  for 5= 1:::::Sdo . Creating dataset
100(1 ) percentile, with set t00:025 Speci cally, we Sample a stochastic element's distribution parameters
identify data points with cut counts exceeding the top 2.5% = f i gjlvlz1 pi()

as outliers and exclude them from the dataset. Afterward, ¢ < 1 kg, = SDDR)

we divide the resulting dataset into six folds with a ratio Update the dataset

of 5:1 for training and validation data and perform cross- De=Ds 1[ ( iGF 1 & kgy)
validation. In the case of the energy planning problem, the 4 for =1
dataset comprises 17,652 data points, and instances with ¢, epoch =L;::::M do
80 or more cuts are considered outliers. For the nancial ¢4 atch =1::::Bdo
planning problem, the dataset consists of 23,580 data points,

. Training the model

Samplezz Ds

and instances with 40 or more cuts are identi ed as outliers. f~ g =
; . : k; ~k; kOg=p, = TranSDDKz)
For the production planning problem, the dataset contains Update parametel® using the Adam optimizer:
19,186 data points, and instances with 65 or more cuts are m im+ (1 Or wL(W)
regarded as outliers. We evaluate the test dataset, which v v+ (1 D wL(W) 1 wL(W))
consists of 100 data points for each problem. M m_.g v
1 7 1 o

p i}

3.4. Learning System woow o+

end for
Based on the dataset generated through the methodologyend for
outlined in section 3.3, the model parametéfsare op-
timized by minimizing a loss function that combines the
mean squared_ error (MSE) and .cross—entropy (CE) Iosg{.l Experiments
This loss function quanti es the discrepancy between the
target output sequendey; ; kg and the predicted out- In this section, we provide three examples to demonstrate
put sequenceé 7; ~; «g. The loss function is de ned as the effectiveness of TranSDDP in various applications,
follows: namely energy planning, nancial planning, and produc-
tion planning. The problem instances are cast as multi-

L XX () L)oo 0) ()12 stage convex stochastic programs. These problem instances
K JI e+ 0 ) have been extensively investigated and analyzed within the

i=1 k=2 community of optimization. It is worth noting that these

¢ () Iog(~(i)) _ problems can be easily adapted and further explored.
k; k; ! . . .

c=1 ¢ ¢ In the numerical evaluation, we examine the performances
of various methods, including MSP, SDDP, Level 1 domi-

whereN denotes the batch size. nance (L1), VFGL, -SDDP with 40 predetermined num-

L(W) =

Z‘|—\
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Table 1.Variable and constraint counts of numerical experimentsTable 2.Performance comparisons for EP problem

Stage Problem # of Variables # of Constraints Task  Algorithm Error ratio Evaluation time (s) ~ Training time
- MSP - 331.58 -
Energy Planning 78,124 136,717 SDDP 3.349 2698%  183.01
T =7 Financial Planning 46,873 54,684 L1 0.326 0.379%  121.096
Production Planning 128,904 121,092 T=7 VFGL 1.169 0.822%  428.559 -
-SDDP 40.410 29.742% 0.02 13h 27m
Energy Planning 118,096 206,668 TranSDDP 1191 0.701%  1.990 1h 59m
T =10 Financial Planning 78.729 98.410 TranSDDP-Decoder 1.010 0.548% 1.712 1h 39m
Production Planning 206,667 186,985 MsP . 902.73 -
SDDP 3.441 3.357%  450.12
L1 0.35 0.43% 179.776
bers of cuts, TranSDDP, and TranSDDP-Decoder, on 7- andt =10 vrGL 1796 1100% 438237 )
10-stage multistage stochastic convex problems with 5 and e e OO0 oo 9023 23n 22m
3 scenario branches, respectively. Table 1 provides infor- TranSDDP-Decoder  3.8262.018%  1.784 2h 6m
mation on the number of variables and constraints for each
problem when represented as a scenario tree. for hydro and thermal power plants. The objective is to

satisfy a predetermined demand while minimizing the sum

We evaluate the performance of the algorithms by analyzing,¢ oy nected production costs and penalties associated with
both the solution quality obtained and the total computazeseryoir levels. This example is a simpli ed version of

tional time, which encompasses both the evaluation tim% hydroelectric system discussed in Guigues (2014). In

and the training time. In this context, the evaluation timethiS system, the hydro plant has lower production costs

refers to the duration required to solve the problem. Thg,;; i5"constrained by the reservoir level, and the water in-
solution quality of the algorithms is evaluated by measuring o, 14 the reservoir is stochastic. The stochastic water

its error ratio, which quanti es the difference between thej, oy at each stagée is modeled by a normal distribution:
algorithm's objective value and that of MSP. MSP is uti-| (1 12, where | U (15,25) , U (4:6).

. . . t

I'Z_Ed as_:_:l reference standard for _compar_atl_ve anegSIS dulene formulation and details of the decision variables and
to its ablllty to locate the glopal optimum WIFhIn a nite tree ‘parameters can be found in Appendix E.1.

of scenarios. The error ratio for the candidate methods is

calculated using the following formula: The results summarized in Table 2 show that our proposed
models exhibit a higher error ratio compared to the L1 algo-

error ratio = jobj(candidate) obj(MSP)j rithm, comparable performance to VFGL, and an improve-
jobj(MSP)j ' ment over the other algorithms. Speci cally, the mean and

standard error of the error ratio for our proposed models are
whereobj means the objective value. Based on 100 repeategbwer than those for SDDP. This nding supports that the
test experiments, the error ratio is presented as the megnanSDDP and TranSDDP-Decoder models provide more
value with standard errors. Similarly, the evaluation time isaccurate and stable approximations of the value function.
reported as the mean value. We also conduct a feasibilitwhile the SDDP algorithm approximates the value function
test by computing the infeasibility ratio, which representsthrough a sampling of stochastic elements, the proposed
the proportion of infeasible problems out of the total num-models utilize information regarding the parameters from
ber of problems. By incorporating the cuts generated byyhich stochastic elements are sampled to approximate the
the model trained up to the corresponding epoch as addjglue function. They minimize the mean squared error be-
tional constraints in the original problem, we verify the tween the value function approximations and the multiple
feasibility of the problems obtained with the TranSDDP andcuts genera‘[ed by SDDP for the prob|ems instantiated by
TranSDDP-Decoder models. Furthermore, to validate thenhose parameters. Consequently, our models yield more
accuracy of the cut approximation, we compare the valug@opust approximations of the value function compared to
function with its approximations from the SDDP, TranSDDP, SDDP. This can be validated by examining the comparison
and TranSDDP-Decoder algorithms. A detailed explanatiorhetween the value function and its approximations produced
of this process can be found in Appendix F. All experimentshy SDDP, TranSDDP, and TranSDDP-Decoder in Appendix
were performed using an AMD Ryzen 5 5600X processol.1.1. In the context of the EP problem, the limitations
with 48 GB of RAM and GeForce RTX 3060. And each of -SDDP become apparent as it is unable to handle the

subproblem was solved using the CVXPY 1.1.17 libraryproblem due to its non-linear programming formulation.

and MOSEK 9.3.11 solver. . )
As demonstrated in Table 2, we observe that the evaluation

time signi cantly increases for MSP, SDDP, and L1 algo-

rithms as the number of stages de ning the problem grows.
We investigate an energy planning (EP) problem that inHowever, for the TranSDDP and TranSDDP-Decoder algo-
volves determining the optimal electricity generation levelsrithms, the evaluation time remains stable and minimal. The

4.1. Energy Planning

7
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(a) Energy Planning (b) Financial Planning (c) Production Planning

Figure 1. Time elapsed per problem

(a) Energy Planning (b) Financial Planning (c) Production Planning

Figure 2. Infeasibility ratio per epoch

notable advantage of having a considerably small evaluatiod.2. Financial Planning
time, combined with the capacity to promptly generate solu- . .
tions for problems de ned by a parametric family using the Next, we explore the nancial planning (FP) problem mod-

trained model, becomes apparent when faced with a larg Je?tar? algggtlngﬁus-g.metisoritfc;ho og::Tlea;Eon ﬁmblt?n:] b¥
number of problems to solve. In Figure 1(a), we presen erton ( ). The objective is to op € the allocation 0

a comparison of the total computational time required towealth between bqnds and SthkS’ as.well as st'ra'te'glc deci-
ons on consumption levels, with the aim of maximizing the

solve a 7-stage EP problem as the number of problems to ba - : o
solved increases. TranSDDP and TranSDDP-Decoder Sho&verall utility of cons_umpt|on and nal wealth. Mod|fy|ng

a nearly constant total computational time, irrespective o erton's p_roplem slightly, the rate of return on stock in-
the number of problems. Moreover, we demonstrate thyestments is |nt.rod_uceld asa stoghastlc element that follows
computational superiority of the TranSDDP (TranSDDP-a log-normal distribution. Speci cally, the rate of return

i stock 2 .2
Decoder) algorithm over SDDP for 39 (33) or more prob-\'lihrsferesegte(g_gj_go(_rOS) a31d N S (0:15; 6_2;5;’ Detati?é
lems, h idering training time. .
ems, even when considering fraining ime about the FP problem are in Appendix E.2.

We verify the feasibility of the cuts generated by our mod—_l_h Ivsis of th Its i ducted in th
els in the context of a 7-stage problem. As illustrated in € analysis of In€ resufts 1S conducted In In€ same manner

Figure 2(a), during the initial phases of training, infeasible®> for the previous problem. The performance shown in Ta-

cuts are generated. However, as the training progresses, J%e 3 demonsirates that our proposed models_ exhibit superior
infeasibilities are observed. Consequently, the TranSDDﬁﬁSUlés coerarzgd tot:]he SDfDP and Lll alglgoltlg}%sl,_ aétho_Lljgh
and TranSDDP-Decoder algorithms can provide sqution% e&’] o notachieve the Fertﬁrgaggi e\lle O'th - >lmitar
of satisfactory quality while enhancing computational ef - 0 Ihe previous exampe, the St algonthm encoun-
ciency. Further experimental ndings, including the train- €S challenges in solving non-linear convex optimization

ing/validation loss/error, can be found in Appendix F.1.2. problems.
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Table 3.Performance comparisons for FP problem Table 4.Performance comparisons for PP problem
Task Algorithm Error ratio Evaluation time (s) Training time  Task Algorithm Error ratio Evaluation time (s) Training time
MSP - 229.93 - MSP - 486.046
SDDP 1.782 1.192%  93.35 - SDDP 0.072 0.115% 98.637
L1 1.283 1.096%  91.595 - L1 0.239 0.762% 49.486
T=7 VFGL 0.200 0.160%  257.387 - T=7 VFGL 0.692 0.687% 266.514 -
-SDDP 515.722 0.802% 0.021 5h 52m -SDDP 7.112 2.648% 0.017 10h 58m
TranSDDP 0.962 0.199% 0.460 1h 35m TranSDDP 3.628 3.341% 2.410 2h 16m
TranSDDP-Decoder 0.611 0.198% 0.335 1h 12m TranSDDP-Decoder 0.8380.831% 2.018 1h 56m
MSP - 559.61 - MSP - 1103.122
SDDP 2.848 1.647%  144.57 - SDDP 0.076 0.110% 151.908
L1 1630 1360%  177.941 - L1 0.096 0.259% 78.630
T=10 VFGL 0.110 0.082%  284.863 : T=10 VFGL 0.440 0.430% 282.234 -
-SDDP 317.890 0.448% 0.024 11h 4m -SDDP 2770 2.030% 0.02 19h 3m
T ecoder L ey o209% 0630 1hom TranSDDP 3580 3.510% 2.594 2h 18m
ran -Decoder 1. .07 : m TranSDDP-Decoder  0.967 0.182%  2.235 1h 57m

As presented in Table 3, we demonstrate that the evaluatiofV€" the benchmark algorithms, similar to the ndings ob-

time of our proposed models exhibits minimal increase a§erved in the preceding experiments. Figure 1(c) illustrates
the problem size grows. Consequently, the total computd?@t the TranSDDP (TranSDDP-Decoder) algorithm has a
tional time of our proposed models remains relatively stableeomPutational bene t over SDDP when solving 85 (72) or
even when the number of problems to be solved increasd§°re 7-stage PP problems. Additionally, Flgure_ 2(c) ver-
due to similar reasons as the previous example. This is€S that our proposed models do not generate infeasible
supported by the outcomes illustrated in Figure 1(b). Speciferoblems. Further experimental results for the current ex-
ically, Figure 1(b) provides a visual representation of theperlment, resembhng those presented earlier, are available
computational advantage of the TranSDDP (TransDDPI' APpendix F.3.

Decoder) algorithm over SDDP in solving 62 (47) or more

7-stage FP problems. 5. Conclusion

Figure 2(b) demonstrates the convergence of the propogve propose novel models, TranSDDP and TranSDDP-
tion of infeasible problems to zero as the model is trainedbecoder, which utilize Transformer architecture for stage-
Appendix F.2 includes a comparison of the value functionyise decomposition in large-scale multistage stochastic op-
and its approximations, as well as results obtained from thé@mization problems. These algorithms exploit the sequen-

training and validation process. tial nature of the problem to improve performance. The
proposed TranSDDP and TranSDDP-Decoder models out-
4.3. Production Planning perform benchmark algorithms in terms of computational

time while also achieving a high level of accuracy in solving

We examine a production planning (PP) problem, WhIChmultistage stochastic convex problems. Numerical exper-

involves optimizing the production quantities of three prod-iments conducted on ener lanning. nancial plannin
ucts at each stage to meet uncertain demand while min- gy p 9, P g

S . ; nd production planning problems demonstrate the effec-
Imizing costs related to manufacturing, outsourcing, ancfi‘veness of the TranSDDP and TranSDDP-Decoder models
inventory holding. This problem has been extensively re-

searched in the literature (Wagner & Whitin, 1958; Shapirowi ;Omn?orves(lj-\évg;d Lrjrt];tlit(l)sr;{:?tein?:aocg a:g;:ccaolrvei:r)]( E(;?]kt)rlggs
1993; Karimi et al., 2003). In the experiment, demand of P P - 9P Y

. ..~ to conventional algorithms that require solving the problem
producti at stage are generated from a normal distribu- . : .
o o3 . anew in the presence of perturbations, these algorithms offer
tion: dt N ( 4; o°), Where 4, U (3;6); q, L .
R 2l RPN advantages when a signi cant number of similar problems
U(0:2,0:4); 4, U (1:5/4); 4, U (0:1;0:2); g, : . e e .
: ey . ! with slight variations need to be solved within tight time
U(1;2), and 4, U (0:05 0:1). Details of this problem ; .
X . constraints. Although the proposed models show promis-
can be found in Appendix E.3. ; 2 . )
ing results, there is still room for improvement in terms
The results in Table 4 indicate that our proposed modelsf dataset collection. Incorporating transfer learning is ex-
exhibit relatively lower accuracy compared to other algopected to effectively address these limitations.
rithms, but demonstrate a slight improvement compared to
the -SDDP algorithm. This result con rms that the utiliza- Acknowledgements
tion of information from previous cuts in the generation of
new cuts, which is a distinctive point of our model in con-This research was supported by the National Research Foun-
trast to the -SDDP algorithm, is bene cial. Furthermore, dation of Korea (NRF) grant funded by the Ministry of
we demonstrate that both the TranSDDP and TranSDDF5cience and ICT (NRF-2022M3J6A1063021 and RS-2023-
Decoder algorithms show notable computational advantage30208980).
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A. Proof of convexity of value function

Consider the stagevalue functionQr+1 (Xt; 1) = Ej ;[Qus1 (Xt r+ag)]- Its convexity with respect te; can be shown
by the convexity oQ;+1 (Xt; [1+1) ), because expectation preserves convexity. We show the convexiyofx; [i+1])
by mathematical induction.

Assume thaQq+1 (Xt; r+15) is convex inx. Then, we us show th&; (x; 1; [y) is convex inx; ;. From Equation 3,

Qt(Xt 15 ) = inf )fft(xt; 1)+ Que1 (Xt; [t])g:ir)‘(]: (Xt 1 Xts 1))

Xe2X (Xt 15t

where
(Xt Xt 1) = Fe(Xes o)+ Quer X5 1) + Ixexe 1 0 (Xt)s

0 if 2C
+1 otherwise

lc() =

Here,f{(X¢; ) is convex inx; by de nition, andQ+1 (Xt; [7) iS convex by the induction hypothesis. Let us extend the
feasible regioX;(X; 1; t), whichis a set ok;'s givenx; 1, intothe setofx; 1;X{) pair. Then, itis a convex set, because
it is an intersection of hyperplanes and sublevel sets of convex functions. IKhys, ,; ,)(Xt) is convex in(x; 1;Xt).
Since the sum of convex functions is again convefk;; X; 1, ) is convexin(x; 1;xt). ThereforeQ¢(x; 1; 1), an

in mal projection of (x¢; X 1; ) with respect toxe, is convex inx; .

Fort = T, Vts1 = 0. Hence,Qr+1 is convex inxy. By the mathematical inductio®@;+1 (X¢; [r+1)) iS convex with

becomes redundant, i.Q;+1 (X¢; [rj) does not depend ory;. ThereforeQy.1 (X¢; 1) is equivalent td;+1 (X¢). Thus,
Qt+1 (Xt) is also convex.
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B. Details on Stochastic Dual Dynamic Programming
In this section, we present the details on SDDP. SDDP algorithm obtains the optimal solution thought the following steps.

1. Create scenario tree

2. Forward step
Fromt = 1 to T, obtain current optimal solutiong of then-th iteration of stagé by solving the following stagewise
subproblems sequentially given random vectafs,

g = argmin fi(xe; ¢)+ Qi (Xt): ()
Xt2X ¢ (Xt 15 ¢)

The value function approximated as a piecewise linear convex function in SDDP. Thus, the current value @fhgtien
expressed bynaxcf( £,)”> x¢ + &, g, afunction of subgradient cutting planes (cuts) constructed in the backward steps.
Then, we can reformulate the subproblem (5) without value function as follows.
min fo(xe; £)+ ;
Xe2X ¢ (X 13 ¢) t( ‘ t) et
st (&) xe+ Ko8k=1;:1n (6)

By performing the forward step for thd sampled set of scenarios, calculate estimator of optimal objective value as follows:

LM X 1 M X

. S\. 2
ft(xtv t)1 \Y
s=1 t=1 s=1 t=1

V= fi(x¢; ) Vv

o . . I p_
This gives100(1 )% con dence interval for the optimal objective value, and wewusez . y= M as an upper bound
for the optimal value.

3. Backward step

In backward step froth= T, the approximated value functi@d{' is updated by adding linear cut derived from optimal
solutions of stagé subproblem. For the-th iteration of stage with sample ?, the approximated value functi@' is
updated taQ'** using primal and dual optimal solutiofs, ; u, ; v, ) of the stage: subproblem (6) as follows.

P (e 1) =maxfQl (xe 1)i( ™) x 1+ Mg

where

1 Ko R . K .
= U I x 1ht;i (Xt 1 ’[)+ Vt;j I x 1b(?j (XI 1; t) :
s=1 =1 j=1

n+l 1 Xlt . S n .
t = N, fe(Xes )+ Vi (X¢):

s=1

We can then compute a lower bound from the updated value function. Thahigy [f1(X1) + Qg"l (x1)] isused as a

lower bound for the optimal value.
4. Stopping criterion

We can use the difference between the upper bound and the lower bound as the stopping criterion for SDDP algorithm. Once
this difference is suf ciently small, we can conclude that the algorithm has converged to the optimal value. The forward and
backward step are repeated until the stopping criterion is satis ed.

In summary, 1) Terminate the SDDP algorithnjupperbound lowerbound threshold, 2) Otherwise, return to the
step 2, and proceed with the forward and backward step again.
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C. Architecture of TranSDDP and TranSDDP-Decoder

In this section, we present the architecture of TranSDDP and its variant, TranSDDP-Decoder, which omits the encoder part.

Figure 3.Architecture of TranSDDP

Figure 4.Architecture of TranSDDP-Decoder
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D. Design of the learning system

In this section, we detail the procedures for training, validation, and test using the TranSDDP and TranSDDP-Decoder
algorithms. Validation process is similar to the training process outlined in Section 3.3. The performance of the models is
evaluated using the results of the inference step during test.

D.1. Training system

Figure 5.Design of training system

D.2. Validation system

Figure 6.Design of validation system

D.3. Test system

In the testing phase, the TranSDDP algorithm (or its variance, TranSDDP-Decoder) generates cuts iteratively by taking
the input sequence and previously generated cuts. Speci cally, it generateshttoait,f %; +«g, by utilizing the input
sequence and previous Cuts;; ~ grzll. The process continues until the end of the sequence is signaled by the end token,
i.e., x =(0;0;0;1). The performance of TranSDDP and TranSDDP-Decoder is evaluated by comparing the objective
values obtained from solving the multistage stochastic optimization problem formulated using the cuts generated by the
algorithms.

Figure 7.Design of test system
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E. Formulation of numerical experiments

In this section, we provide a details of the decision variables, parameters, and stagewise subproblem formulations for the
energy planning, nancial planning, and production planning problems presented in Section 4.

E.1. Energy Planning

» Stagel subproblem
... final H
minimize ¢ Wy + c'Hy + e 217 "By Qyrind )

init init

subjectto ri"™ =rg Initial reservoir
pinal = pinit -y, Reservoir balance
Wi+ H;y dy Demand
i wiiH, 0 Non-negativity
e Staget subproblemt(=2;:::;T 1)

TMimi final .
minimize ¢V W, + ¢ H + e 21" b4 Qu,y (rfd )

subjectto riMt = rfMa 4, Initial reservoir
pfnal = pinit Reservoir balance
Wi+ He o dy Demand
rfmal Wi H; 0 Non-negativity

« StageT subproblem

.. . final
minimize ¢ W + fHy + e a'r *br

init final

subjectto ry" =r;y 5y + 17 Initial reservoir
piinal = plnit gy Reservoir balance
Wr + Hr dr Demand
rinal Wi Hr 0 Non-negativity

Table 5.Decision variables and parameters for energy planning problem

Decision variables

Description

pjnit Water reservoir level in the beginning of stage

rfinal Water reservoir level in the end of stage

W, Hydro electricity generation level at stage

H¢ Thermal electricity generation level at stage

Parameters Description Value

p it Initial water reservoir level 40

oV Cost of hydro electricity production per unit at stdge 2

d! Cost of thermal electricity production per unit at stage 7

d Electricity demand at stage 20

at Reservoir level utility coef cient 0.1

o} Reservoir level utility scaling constant 5

I Water in ow to reservoir in the beginning of stage It N (; 3
| Mean of water in ow 1 U (15;25)
| Standard deviation of water in ow i U (4;6)

16



Transformer-based Stagewise Decomposition for Large-Scale Multistage Stochastic Optimization

E.2. Financial planning
« Stagel subproblem
minimize U(Cy1) + Q2(S1;B1)
subjectto S; + By + C; = w™ Initial wealth
S1;B1;C; O Non-negativity
o Staget subproblemt(=2;:::;T 1)

minimize U(Ct) + Qt+1(St:By)
subjectto S;+ By + Cy = r'™® B, ;+ rs°ks, ; Wealth balance
Si;Bi;C: O Non-negativity

e StageT subproblem

minimize U(Cr) UWMWr)
subjectto Wy + Sy = rf®®  tB; 1+ rS°% S, Wealth balance
St:Bt;Cr;Wt O Non-negativity

where U is the isoelastic utility function de ned as follows:

log x if =1;
U(x) = . _
-xt if0 < 1L

Table 6.Decision variables and parameters for nancial planning problem

Decision variables  Description

St Amount invested into stock at stage

B¢ Amount invested into bond at stage

Ci Consumption at stage

W, Wealth in the beginning of stage

Parameters Description Value

winit Initial wealth 100
Utility risk aversion coef cient 1

rfree Risk-free rate of bond 1.03

pstock Rate of return of stock log(rsek) N (( 2=2) t; 2 1)
Expected return of stock U (0:04;0:08)
Volatility of stock U (0:15;0:25)
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E.3. Production Planning

« Stagel subproblem

o X X
minimize yuibi + S1; C;i + Q2(s1)
%I i21
subject to Xyia1i I 8i 21 Resource limit
i2l
S1;i = Xui t Y1 8i 2 1 Storage balance
XgisYyiisyi O 8i 2 1 Non-negativity

e Staget subproblemt(=2;:::;T 1)
. . . X X
minimize Yeibi + St G + Quan (St)

%I i21

subject to Xgi 8 Iy 8i 21 Resource limit
i21
Sti = St 10t Xei + Vi O 8i 2 | Storage balance
Xti YeisSti O 8i 2 I Non-negativity

e StageT subproblem

X

minimize Y1 bri
2!

subject to Xtiari I 8i 21 Resource limit
i21
STi = ST 1i* Xti +yri dr; 8i21 Storage balance
Xtisyriisti O 8i 2 1 Non-negativity

Table 7.Decision variables and parameters for production planning problem

Decision variables  Description

Xt Quantity of product produced at stage

Yti Quantity of product outsourced at stage

Sti Quantity of product stored at stage

Parameters Description Value

i Product number (1;2;3)
ai Production cost of productat stage (1;2;5)
b Outsourcing cost of productat stage (6;12 20)

Storage cost of productirom the end of stage

G to beginning of stage+ 1 (3:7,10)
re Maximum production resource available at stagel0
i Random demand of produictt staget dit N ( g ¢?2) where
d, Mean demand of product 1 g, U (3;6)
d Standard deviation of demand of product 1 4, U (0:2,0:4)
d, Mean demand of product 2 4, U (1:5;4)
ds Standard deviation of demand of product 2 4, U (0:1,0:2)
ds Mean demand of product 3 e U (1;2)
ds Standard deviation of demand of product 3 d; U (0:05;0:1)
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F. Additional experimental results

In this section, we present additional experimental results for solving 7-stage problems using TranSDDP and TranSDDP-
Decoder. These results include the comparison of the value function and its approximations, as well as results obtained from
the training and validation process.

In multistage stochastic programming problems, accurately representing the true value function is a signi cant challenging.
This is because the value function at earlier stages relies on approximations derived from the value function at later stages.
However, since there is no value function in the nal stage, the objective function atBtege be regarded as the true

value function (referred to @ ). This enables the comparison between the value function and its approximations.

In the graph illustrating the comparison between the value function and its approximation, it is evident that TranSDDP
and TranSDDP-Decoder, which utilize the information of distribution in which stochastic elements are sampled, provide a
single value function approximation for the corresponding distribution. Conversely, for SDDP, which approximates the
value function through random sampling, there is noticeable variability observed in the results.

F.1. Energy planning

F.1.1. ®MPARISON OF THE VALUE FUNCTION AND ITS APPROXIMATIONS FOR ENERGY PLANNING PROBLEM

This graph presents the results of an experiment conducted by sampling the stochastic element, water in Rv{20p5),
a total of 100 times. The shaded area represents the variance arising from the sampling, and the solid line represents its
mean value.

Figure 8.Comparison of the value function and its approximations for energy planning problem
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F.1.2. RESULTS OF TRAINING AND VALIDATION PROCESS FOR ENERGY PLANNING PROBLEM

(a) Error ratio (b) Loss

Figure 9. Training results for energy planning problem

(a) Error ratio (b) Loss

Figure 10. Validation results for energy planning problem
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F.2. Financial planning
F.2.1. GOMPARISON OF THE VALUE FUNCTION AND ITS APPROXIMATIONS FOR FINANCIAL PLANNING PROBLEM

This graph presents the results of an experiment conducted by sampling the stochastic element, rate of return of stock
logrst  from N (( 2=2) t; 2 t)with parameter = 0:06and = 0:2, atotal of 100 times. The upper row graph
represents the value function for variale whereas the lower row graph represents the value function for vaBable

Figure 11.Comparison of the value function and its approximations for nancial planning problem
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F.2.2. RESULTS OF TRAINING AND VALIDATION PROCESS FOR FINANCIAL PLANNING PROBLEM
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Figure 12. Training results for financial planning problem
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Figure 13. Validation results for financial planning problem
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