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Abstract

We consider minimizing functions for which it
is expensive to compute the (possibly stochastic)
gradient. Such functions are prevalent in rein-
forcement learning, imitation learning and adver-
sarial training. Our target optimization framework
uses the (expensive) gradient computation to con-
struct surrogate functions in a farget space (e.g.
the logits output by a linear model for classifica-
tion) that can be minimized efficiently. This al-
lows for multiple parameter updates to the model,
amortizing the cost of gradient computation. In
the full-batch setting, we prove that our surro-
gate is a global upper-bound on the loss, and can
be (locally) minimized using a black-box opti-
mization algorithm. We prove that the resulting
majorization-minimization algorithm ensures con-
vergence to a stationary point of the loss. Next,
we instantiate our framework in the stochastic set-
ting and propose the SSO algorithm, which can
be viewed as projected stochastic gradient descent
in the target space. This connection enables us to
prove theoretical guarantees for SSO when mini-
mizing convex functions. Our framework allows
the use of standard stochastic optimization algo-
rithms to construct surrogates which can be mini-
mized by any deterministic optimization method.
To evaluate our framework, we consider a suite of
supervised learning and imitation learning prob-
lems. Our experiments indicate the benefits of
target optimization and the effectiveness of SSO.
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1. Introduction

Stochastic gradient descent (SGD) (Robbins and Monro,
1951) and its variants (Duchi et al., 2011; Kingma and
Ba, 2015) are ubiquitous optimization methods in machine
learning (ML). For supervised learning, iterative first-order
methods require computing the gradient over individual
mini-batches of examples, and that cost of computing the
gradient often dominates the total computational cost of
these algorithms. For example, in reinforcement learning
(RL) (Williams, 1992; Sutton et al., 2000) or online imita-
tion learning (IL) (Ross et al., 2011), policy optimization
requires gathering data via potentially expensive interactions
with a real or simulated environment.

We focus on algorithms that access the expensive gradi-
ent oracle to construct a sequence of surrogate functions.
Typically, these surrogates are chosen to be global upper-
bounds on the underlying function and hence minimizing
the surrogate allows for iterative minimization of the origi-
nal function. Algorithmically, these surrogate functions can
be minimized efficiently without additional accesses to the
gradient oracle, making this technique advantageous for the
applications of interest. The technique of incrementally con-
structing and minimizing surrogate functions is commonly
referred to as majorization-minimization and includes the
Expectation-Maximization (EM) algorithm (Dempster et al.,
1977) as an example. In RL, common algorithms (Schulman
et al., 2015; 2017) also rely on minimizing surrogates.

Typically, surrogate functions are constructed by using
the convexity and/or smoothness properties of the under-
lying function. Such surrogates have been used in the
stochastic setting (Mairal, 2013; 2015). The prox-linear
algorithm (Drusvyatskiy, 2017) for instance, uses the com-
position structure of the loss function and constructs sur-
rogate functions in the parametric space. Unlike these
existing works, we construct surrogate functions over a
well-chosen target space rather than the parametric space,
leveraging the composition structure of the loss functions
prevalent in ML to build better surrogates. For example,
in supervised learning, typical loss functions are of the
form h(6) = £(f(0)), where ¢ is (usually) a convex loss
(e.g. the squared loss for regression or the logistic loss
for classification), while f corresponds to a transforma-
tion (e.g. linear or high-dimensional, non-convex as in
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the case of neural networks) of the inputs. Similarly, inconsider the setting where we have access to an expensive
IL, °~ measures the divergence between the policy beingtochastic gradient oracle that returns a noisy, but unbiased
learned and the ground-truth expert policy, wherfeasr-  estimate of the true gradient. Similar to the deterministic
responds to a speci ¢ parameterization of the policy beingsetting, we access the gradient oracle to forstoghastic
learned. More formally, if is the feasible set of parameters, target smoothness surrogate. Though the surrogate is con-
f . 1Z isa potentially non-convex mapping from the structed by using a stochastic gradient in the target space,
parametric space  RY to thetarget spac& RP and it is a deterministic function with respect to the parame-
“:Z! Risaconvex loss function. For example, for lin- ters and can be minimized using any standard optimization
ear regressioh( ) = % kX yk2, z=f()= X and algorithm. In this way, our framework disentangles the
()= Lkz yk5. Inour applications of interest, comput- Stochasticity i ;" (2) (in the target space) from the poten-
ingr ,"(z) requires accessing the expensive gradient oracldial non-convexity irf (in the parametric space).

butr f( ) can be computed ef ciently. Unlike Nguyen g6t optimization in the stochastic setting Similar to
et al. (2022) who exploit th|s_ comp(_)smon structure to Proveine deterministic setting, we use steps of GD to mini-
global convergence, we will use it to construct surrogatgy;,e the stochastic target smoothness surrogate and refer to

functions in the target space. Johnson and Zhang (202Q)¢ resuiting algorithm as stochastic surrogate optimization
also construct surrogate functions using the target space, b SQ. We then interpreSSOas inexact projected SGD in

require access to the (stochastic) gradient oracle for eagfie target space. This interpretationg8Oallows the use
model update, making the algorithm proposed inef cient in ot sandard stochastic optimization algorithms to construct
our setting. Moreover, unlike our work, Johnson and Zhangy, rogates which can be minimized by any deterministic
(2020) do not have theoretical guarantees in the stochagpimization method. Minimizing surrogate functions in

tic setting. Concurrently with our work, Woodworth et al. yq target space is also advantageous since it allows us to
(2023) also consider minimizing expensive-to-evaluate funCepggse the space in which to constrain the size of the up-
tions, but do so by designing “proxy” loss function which yates  speci cally, for overparameterized models such as
is sm_ular_ to the original function. We make the following deep neural networks, there is only a loose connection be-
contributions. tween the updates in the parameter and target space. In order
Target smoothness surrogate In Section 3, we use the to directly constrain the updates in the target space, methods
smoothness of with respect toz in order to de ne the such as natural gradient (Amari, 1998; Kakade, 2001) in-
target smoothness surroga@@d prove that it is a global volve computationally expensive operations. In comparison,
upper-bound on the underlying functidn In particular, SSOhas direct control over the updates in the target space
these surrogates are constructed using tighter bounds @id can also be implemented ef ciently.

the original function. This ensures that additional progresSegretical results for SSQ Assumingh( ) to be smooth
can be made towards the minimizer using multiple mOdEIstrongly-convex in Section 4.1, we prove tIg8O(with '

updates before recomputing the expensive gradient. a constant step-size in the target space) converges linearly

Target optimization in the deterministic setting: In Sec-  to @ neighbourhood of the true minimizer (Theorem 4.2).
tion 3, we devise a majorization-minimization algorithm In Proposition 4.3, we prove that the size of this neighbour-
where we iteratively form the target smoothness surrogat8ood depends on the nois€Z{ in the stochastic gradients in
and then (locally) minimize it using any black-box algo- the target space and an error terfrthat depends on the dis-
rithm. A|th0ugh forming the target smoothness Surrogatéim“arity in the stochastic gradients at the optimal solution.
requires access to the expensive gradient oracle, it can B8 Proposition 4.4, we provide a quadratic example that
minimized without additional oracle calls resulting in mul- Shows the necessity of this error term in general. However,
tiple, computationally ef cient updates to the model. We as the size of the mini-batch increases or the model is over-
refer to this framework aarget optimization This idea of ~ parameterized enough to interpolate the data (Schmidt and
constructing surrogates in the target space has been recenti§ Roux, 2013; Vaswani et al., 2019a§, becomes smaller.
explored in the context of designing ef cient off-policy al- In the special case when interpolation is exactly satis ed,
gorithms for reinforcement learning (Vaswani et al., 2021)We prove thaBSOwith O (log(=)) iterations is suf cient
However, unlike our work, Vaswani et al. (2021) do not to guarantee convergence to aneighbourhood of the true
consider the stochastic setting, or provide theoretical corfninimizer. Finally, we argue th&SOcan be more ef cient
vergence guarantees. In Algorithm 1, we instantiate théhan using parametric SGD for expensive gradient oracles
target optimization framework and prove that it convergestnd common loss functions (Section 4.2).

to a stationary point at a sublinear rate (Lemma C.1 in APgyperimental evaluation: To evaluate our target optimiza-
pendix C). tion framework, we consider online imitation learning (OIL)
Stochastic target smoothness surrogatén Section 4, we s our primary example. For policy optimization in OIL,
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computingr ; involves gathering data through interaction such thatE[r (z)] = r “(z). We consider the effect of
with a computationally expensive simulated environmentstochasticity in Section 4.
Using the Mujoco benchmark suite (Todorov et al., 2012)

we demonstrate th&SOresults in superior empirical per- If we do not take advantage of the composition structure

npr explicitly consider the cost of the gradient oracle, itera-

f°rm"’?”ce (Section 5). We then consider stapdarq supervisenve rst-order methods such as GD or SGD can be directly
learning problems where we comp&80with different used to minimizén( ). At iterationt 2 [T], the paramet-

choices of the target surrogate to standard optimization meth- o A :
" - . ric GD update is: (+1 = ¢ r h¢( ¢) where is the
ods. These empirical results indicate the practical bene ts . . .
L Step-size to be selected or tuned according to the properties
of target optimization an8SQ . ; ) ; .

of h. Sinceh is L -smooth, each iteration of parametric

_ GD can be viewed as exactly minimizing the quadratic
2. Problem Formulation surrogate function derived from the smoothness condi-

L . ... _tion with respect to the parameters. Speci cally,; =
We focus on minimizing functions that have a composition b D .
argming; ( ) whereg; is theparametric smoothness surro-

structure and for which the gradient is expensive to compute. Dr . i o 2
Formally, our objective is to solve the following problem: gate gr( ) := h( 1)+ hrh(o); d+ 5K tka.

min 2 h(') := “(f()) where Rd_- Z R f ! The quadratic surrogate is tight at i.eh( () = g°( 1)

!'Z and :Z! R. Throughout this paper, we Will and becomes looser as we move away from For
assume thah is L -smooth in the parametersand that LL the surrogate is a global (for all) upper-
*(z) is L-smooth in the targets. For all generalized linear

) S o X . bound onh, i.e. gf( ) h( ). Minimizing the global
models including linear and logistic regressibrs X upper-bound results in descent bnsince h( 1.1 )
is a linear map in and’ is convex inz.

d(t+1) () = he( ). Similarly, theparametric
Example  For logistic regression with features SGDupdate consists of accessing the stochastic gradient

2 R" 9 and labelsy 2 f 1;+1g", h() = oracle to obtain A( );r A( ) such thatE[h( )] = h( )
i”:l log(1+exp( yihX;; i)). If we “target” the andE[r i( )] = r h( ), and iteratively constructing the
gits', thenz = fzjz = X g R" and (z) = stochastic parametric smoothness surroggitg ). Specif-
in:1 log(1+exp( Vyiz)). In this case,L is the ically, (+1 = argmin g?,( ), whereg?,( ) := R( () +
maximum eigenvalue of "X , wheread. = %. Asimilar  hr n( ¢); el + % k tké. Here, ; is the iteration
example follows for linear regression. dependent step-size, decayed according to properties of

h (Robbins and Monro, 1951). In contrast to these methods,

In settings that use neural networks, it is typical for the . ;
in the next section, we exploit the smoothness of the losses

functionf mappingX toy to be non-convex, while forthe . S
loss” to be convex. For example in OIL, the target SpaceWI'[h respect to the target space and propose a majorization-

is the space of parameterized policies, whei® the cu- minimization algorithm in the deterministic setting.
mulative loss when using a policy distribution:= f () o )

who's density is parameterized by Though our algorith- 3. Deterministic Setting

mic framework can handle non-conveandf , depending W i inimizing (£ ) in the deterministi i
on the speci ¢ setting, our theoretical results will assume-/€ onsider minimizing(f ) in the deterministic setting

that™ (or h) is (strongly)-convex in andf is an af ne map. where we can egactly eyaluate_the gradient (z). Similar
to the parametric case in Section 2, we use the smoothness

For our applications of interest, computing "(z) is com-  of “(z) w.r.t the target space and de ne ttagget smooth-
putationally expensive, wherei$ ) (and its gradient) can ness surrogataroundz; as: *(z) + hr, (z);z  zi +

be computed ef ciently. For example, in OIL, comput- L kz zk5, where is the step-size in the target space
ing the cumulative loss (and the corresponding gradient 504 will be determined theoretically. Singe= f ( ), the

r ., (z)) for a policy involves evaluating it in the environ- gurrogate can be expressed as a functionaf: g ( ) :=
ment. Since this operation involves interactions with the . NN T 2 .
(z)+ hr (z):f() zi+ 5 kf() zk; ,which

environment or a simulator, it is computationally expensive., ) o
On the other hand, the cost of computingf ( ) only de- N general is not quadratic in
pends on the policy parameterization and does not involvgxample For linear regressiori,( ) = X> andg( ) =
gd_d|t|onal interactions with _the environment. In some cases% KX yk§+ X ¢ YEX( 1) + 52 KkX( t)kg'
it is more natural to consider access tstachasticgra-
dient oracle that returns a noisy, unbiased gradierfz)  Similar to the parametric smoothness surrogate, we see that
- h( ¢)= "(f(¢))= g( ). If " isL-smooth w.r.t the target

The target space is not unique. For example, we could dispaceZ , then for 1 we haveg () “(f())= h()
rectly target the classi cation probabilities for logistic regression forall .thatis the squrogate is a global upper-boundon
resulting in differenf and". . " .

Sinceg; is a global upper-bound dm similar to GD, we can
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minimizeh by minimizing the surrogate at each iteration i.e.unbiased) estimate of the gradient.

t+#1 = argmin g/( ). However, unlike GD, in general,
there.is no c!osed f.or.m.s.olut!on for th(_—} minimizergpf and 4. Stochastic Setting
we will consider minimizing it approximately.
In the stochastic setting, we use the noisy but unbiased
Algorithm 1 (Stochastic) Surrogate optimization estimates ((z);r (z)) from the gradient oracle to
Input: ¢ (initialization), T (number of iterations)m; construct thestochastic target surrogatelo simplify the
(number of inner-loops), (step-size for the target space), theoretical analysis, we will focus on he special case where

(step-size for the parametric space) " is a nite-sum of losses i.e.(z) = nl i":l “1(2). In this
fort=0toT 1do case, querying the stochastic gradient oracle at iteration
Access the (stochastic) gradient oracle to construcfeturns thg iqdividual loss and gradient corresponding_ to the
g () loss indexi i.e. (z);r (z) =(i,(2);r "i,(2). This
Initialize inner-loop:! o = structure is present in the use-cases of interest, for example,
fork Otom; ;do in supervised learning when using a datasat trfaining
beer = Lk rooge(l i) points or in online imitation learning where multiple
end for trajectories are collected using the policy at iteratton
1 = m 3 Zeer = F( e1) Inthis setting, the deterministic surrogatedg ) :F
end for L Ci(2)+ hri(z);f () zi]+ %kf( ) z[kg .
Return T

In order to admit an ef cient implementation of the stochas-
tic surrogate and the resulting algorithms, we only con-
This results in the following meta-algorithm: for each sider loss functions that are separable w.r.t the target space,
[T], at iterate , form the surrogate; and compute (41 i.e. forz 2 ZP if Z' . 2 R denotes coordinate of z,

by (approximately) minimizingy ( ). This meta-algorithm then™(z) = & "i(z'). For example, this structure is
enables the use of any black-box algorithm to minimize thepresent in the loss functions for all supervised learning
surrogate at each iteration. In Algorithm 1, we instantiateproblems wher&Z  R" andz' = fi( ) = f(Xi; ).
this meta-algorithm by minimizing ( ) usingm 1steps In this setting,$i = 0 for all i andj & i and the

of gradient descent. Fon = 1, Algorithm 1 results in the ~ stochastic target surrogate de ned asgi( ) := i (z1) +
following update: {+1 = rae(¢)= ¢ r h( o), @ég‘) fi.() z'+ % fi.() z ? where ¢ isthe
and is thus equivalent to parametric GD with Step-Size target space Step_size at iterattoriNote thatgi( ) on|y de-
Example For linear regression, instantiating Algorithm 1 Pends ori: and only requires access®;, (z) (meaning it
with m = 1 recovers parametric GD on the least squares ob@n b€ constructed ef ciently). We make two observations
jective. On the other hand, minimizing the surrogate exactly?out the stochastic surrogate: (i) unlike the parametric
(corresponding ton = 1 ) to compute . results in the stochast!c smoqthness surrogg‘tethat uses; to form the
following update: (v = (XTX) TXT(X ¢ )] stochastic gradient;( ) usesit (the same random sam-
and recovers the Newton update in the parameter space. fie) for both the stoqhe;stlc gradie@; (z) and the reg-
this case, approximately minimizirgy usingm 2 (1;1 )  ularization f;, () z' ; (ii) while Ei [&( )] = a( ),
steps of GD interpolates between a rst and second-ordek;, [arg ming:( )] 6 argmin g ( ), in contrast to the para-
method in the parameter space. In this case, our framewottketric case wherE[arg mingf ( )] = argmin gf( ).

is similar to quasi-Newton methods (Nogedal and W_rightExample For linear regressiorz’ = fi( ) = X; and
1999)_that attempt to model t_he curvz_iture in the loss Wlthouti(zi) — %(zi vi)2. In this case, the stochastic target
explicitly modelling the Hessian. Unlike these methods, Oursurrogate is equal tg ( ) = %(Xi, COVi)Z X ¢

framework does not have an additional memory overhead.
Y Vi Xi (O 0+ KRG (DK

Similar to the deterministic setting, the next iterate can be

In Lemma C.1 in Appendix C, we prove that Algorithm 1

with any value ofin 1 and appropriate choices ofand . . LI L
results in arO(%=r) convergence to a stationary point of obtained by (approximately) minimizirgi( ). Algorithmi-
cally, we can form the surrogatg at iterationt and min-

h. Importantly, this result only relies on the smoothness™™. 7" " . ; .
of * andg?, and does not require eithi(z) or f ( ) to be imize it apprOX|mate_Iy by using any black-b_ox algorithm.
convex. Hence, this result holds when using a non-convewe refer to the resulting framework a®chastic surrogate

model such as a deep neural networks, or for problems Witl_ngmlzatlon(SSQ. For examplg, we can minimizg us-
ng m steps of GD. The resulting algorithm is the same

non-convex loss functions such as in reinforcement learning. . .
s Algorithm 1 but useg (the changes to the algorithm are

In the next section, we extend this framework to consider the', hliahted i Note that th te d d
stochastic setting where we can only obtain a noisy (thoug ighlighted in green). Note that the surrogate depends on

4
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the randomly sampled and is therefore random. However, 4.1. Theoretical Results
once the surrogate is formed, it can be minimized using an
deterministic algorithm, i.e. there is no additional random;,
ness in the inner-loop in Algorithm 1. Moreover, for the
special case afn = 1, Algorithm 1 has the same update
as parametric stochastic gradient descent. Previous wo
like the retrospective optimization framework in Newton
et al. (2021) also considers multiple updates on the sam
batch of examples. However, unlike Algorithm 1, which For the theoretical analysis, we assume that the choice
forces proximity between consecutive iterates in the targepf f ensures that the projection is well-de ned (e.g. for
space, Newton et al. (2021) use a speci ¢ stopping criteriorlinear parameterization whefe = X7 ). We de ne

%or the setting wherg(z) is a smooth and strongly-convex
function, we rst analyze the convergence of inexact pro-
jected SGD in the target space (Section 4.1.1), and then
&ound the projection errors in in Section 4.1.2.

.1.1. ®NVERGENCEANALYSIS

in every iteration and consider a growing batch-size. Zi+1 = f( t+1), where {41 = argmin g( ) ande :=

. . . @i, (z1) i 2
In order to prove theoretical guarantees$8Q we inter- . () + ~gz~ fi.() z' + 55 kf() zk;. Inor-
pret it as projected SGD in the target space. In particulager to ensure tha[e( )] = a( ), we willset 9= n.
we prove the following equivalence in Appendix D.1. Note thate is similar tog;, but there is no randomness in

the regularization term. Analogous #9,; , z;+1 can be
interpreted as a result of projected (where the projection is
(1) 41 =argmin &( ); (SSQ  w.r.t >-norm) SGD in the target space (Lemma D.1). Note
thate is only de ned for the analysis SQ

Lemma 4.1. The following updates are equivalent:

1 ~
Z{+)1 = 1) For the theoretical analysis, it is convenient to de ne
(@) zv= =2z 20 (z); (Target-space SGD) ., := kzu  z.1k, as the projection error at itera-
@ _ 1 2 tiont. Here,z+; = f( t+1) where 41 is obtained by
el T ar?;;““ 7 Hdr= Zop (approximately) minimizingy;. Note that the projection

error incorporates the effect of both the random projection
where,Py 2 RP P is a random diagonal matrix such that (that depends o) as well as the inexact minimization of
Pi(it;it) =1 andP(j;j ) =0 forall j & i;. Thatis,SSO g, and will be bounded in Section 4.1.2. In the following
(1) and target space SGD (2), result in the same iterate inemma (proved in Appendix D.2), we use the equivalence
eachstepi.e. ity = f ( 1), thenz.; = 28)1 = ~zt(f)1 in Lemma 4.1 to derive the following guarantee for two

choices of : (a) constant and (b) exponential step-size (Li
The second step in target-space SGD corresponds to thg a1., 2021; Vaswani et al., 2022).

projection (using randomly sampled indigx ontoZ 2.

Using this equivalence enables us to interpret the inexact

minimization ofg; (for example, usingn steps of GD in Al-

gorithm 1) as an inexact projection onfo and will be ~ Theorem 4.2. Assuming that (i);, is L-smooth and convex,
helpful to prove convergence guarantees $8Q The (i) " is -strongly convex, (iiijg = argmin,oz "(z) (iv)

above interpretation also enables us to use the existingnd that for allt, ;  , T iterations ofSSOresult in the
literature on SGD (Robbins and Monro, 1951; Li et al.,following bound forzr = f( )

2021; Vaswani et al., 2019b) to specify the step-size se- T 2

quencd g/, inthe target space, completing the instan- Ekzrya  z K iz | kzy zk

tiation of the stochastic surrogate. Moreover, alternative T Y g 1=0
stochastic optimization algorithms such as follow the reg- +2 2 ; t02
ularized leader (Abernethy et al., 2009) and adaptive gra- X ;(:1 1=t+l

dient methods like AdaGrad (Duchi et al., 2011), online +2 T T .

Newton method (Hazan et al., 2007), and stochastic mirror t=1 |y i=t+l i

descent (Bubeck et al., 2015, Chapter 6) in the target spacghere , = (1 9, 2:=Ekr(z) r “(z )kg ,
result in different stochastic surrogates (refer to Appendix Bg o - 1 _ o
that can then be optimized using a black-box deterministi a) Constant step-sizaivhen . = o5 andfor =1 5,

i 1
algorithm. Next, we prove convergence guarantee S0 Ekzrey zk kz; zk 1 —

when’ (z) is a smooth, strongly-convex function. 2

2For linear parameterizatiozi,' = hXj,; i andthe set is + p—+ 4q27:
convex. For non-convek, the seZ can be non-convex and the L 1 1 L
projection is not well-de ned. Howeveg: can still be minimized, ) ) 2
albeit without any guarantees on the convergence. (b) Exponential step-sizeWhen ; = ﬁ tfor =
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()7, 2 = mingz fE, [1(2]g  Ei [minz2z £, (2)d,
if & is minimized usingm; inner-loops of GD
Ekzrv1 zk crexp 2 In(i=) kzy zk with the appropriate step-size, thenE[ 2]

Lo L, L7 2+ %0 exp(m=,) E(@) @)+ ?

2Le In(T) Note that the de nition of both ? and 2 is similar to
n(T=) 2 (=) that used in the SGD analysis in Vaswani et al. (2022),
and can be interpreted as variance terms. In particular,
In the above result, ? is the natural analog of the noise using strong-convexitynin fE;, [g]g  Ei, [minfeg]
in\the unconstrained case. In the unconstrained case& g[ r g( %,,) E[r &( %;)] 2] which is the variance
r(z ) = 0 and we recover the standard notion of ”O'Seingr &( ). Similarly, we can interpret the other term
used in SGD analyses (Bottou et al., 2018; Gower et al;, tha de nition of 2" The rsttermL? 2 because of
2019). Unlike parametric SGD, bottf and do notdepend e stochastic versus deterministic projection, whereas the
on the speci ¢ model parameterization, and only depend oryoond termt ’= cexp( m=,) E[(z) ‘(z)+ 2
the properties of in the target space. For both the constant

arises because of the inexact minimization of the stochastic

and exponential step-size, the above lemma generalizes ﬂ%ﬁrrogate. Settingy, = O(log(1= )) can reduce the second

SGD proofs in Bottou et al. (2018) and Li et al. (2021); yorm t90( ). When sampling a mini-batch of examples in
Vaswani et al. (2022) to projected SGD and can handle ins5c iteration 08SQ both 2 and 2 will decrease as the

exact projection errors similar to Schmidt et al. (2011). FOlpatch-size increases (because of the standard sampling-with

constant step-siz&SOresults in convergence to a neigh- rojacement bounds (Lohr, 2019)) becoming zero for the
bourhood of the minimizer where the neighbourhood deg_patch. Another regime of interest is when using over-

ptends_on ? 5218 the rlJtroj_ection _errori ' FE{)_rtheVexpone_ntital I parameterized models that caerpolatethe data (Schmidt

step-sizess rostliis )n a nolse-acaptive (Vaswani etal.,5q Le Roux, 2013; Ma et al., 2018; Vaswani et al., 2019a).
2022)0 exp —- + 4 convergence to a neighbourhood The interpolation condition implies that the stochastic gra-
of the solution which only depends on the projection errorsgients become zero at the optimal solution, and is satis ed

wherec; =exp 2,

,andc; = exp

In the next section, we bound the projection errors. for models such as non-parametric regression (Liang and
Rakhlin, 2018; Belkin et al., 2019) and over-parametrized
4.1.2. ONTROLLING THE PROJECTIONERROR deep neural networks (Zhang et al., 2017). Under this condi-

. 9. o ) o
In order to complete the theoretical analysisS§Q we ~ ton. ¢ = 7 =0 (Vaswanietal., 2020; Loizou etal., 2021).
need to control the projection erras; = kzivy  Zi1 K, From an algorithmic perspective, the above result implies

that can be decomposed into two components as followdhat in cases where the noise dominates, using farfer
1 K Zisn  Zeiky + K2 Ziss Ky, Wherezyy = SSOmight not result in substantial improvements. However,

f(Ss1) and .1 is the minimizer ofg,. The rst part when using a large batch-size or over-parameterized models,
+ + .

of this decomposition arises because of using a stochasti®'"9 largem can resultin the superior performance.
projection that depends dn (in the de nition of .1)  Given the above result, a natural question is whether
versus a deterministic projection (in the de nitionznf; ).  the dependence orf is necessary in the general (non-
The second part of the decomposition arises because of theterpolation) setting. To demonstrate this, we construct
inexact minimization of the stochastic surrogate, and caman example (details in Appendix D.4) and show that even
be controlled by minimizingy to the desired tolerance. In for a sum of two one-dimensional quadratics, when min-
order to bound; .1 , we will make the additional assumption imizing the surrogate exactly i.em = 1 and for any
thatf is Ly -Lipschitz in .> The following proposition  sequence of convergent step-siZ&SOwill converge to a
(proved in Appendix D.3) bounds.; . neighborhood of the solution.

Proposition 4.3. Assuming that (i)f is L;-Lipschitz ~Proposition 4.4. Consider minimizing the suim( ) :
continuous, (ii)er is ¢ strongly-convex and 4 smooth % of two one-dimensional quadratids;( ) :

with ¢ = Lg= ¢ (iil) & is g strongly-convex (V) 1( 1)?andhy( )= %(2 + =), usingSSOwithm,
g = ﬁgqg (minfE;, [&]g Ei [minfe&gl) 1 and ;= ¢ . for any sequence of; and any constant
+ 8 min f E. E: [minf , y ¢ 2 (0; 1]. SSOresults in convergence to a neighbourhood
minT g7 0o | wlalo Bl adl V) of the solution, speci cally, if is the minimizer oh and

1> 0, thenE( 1 ) min ;3.

3For example, when using a linear parameterization,=

kX k This property is also satis ed for certain neural networks. | d h he ab | he f hat f
“We consider strongly-convex functions for simplicity, and it n order to show the above result, we use the fact that for

should be possible to extend these results to wgismon-convex ~ quadratics SSO(with m = 1) is equivalent to the sub-
but satis es the PL inequality, or is weakly convex. sampled Newton method and in the one-dimensional case,



Target-based Surrogates for Stochastic Optimization

we can recover the example in Vaswani et al. (2022). Sinc® —2[ + log(1=)] cost for target optimization. Using
the above example holds fon = 1, we conclude that  the de nition of the noise, 2 = E; kX[ (X yi)k§

this bias is not because of the inexact surrogate minimiza- 2 By replacing 2 by L 2, we again see that the com-
tion. Moreover, since the example holds for all step-sizeg|exity of parametric SGD depends @( ), whereas
including any decreasing step-size, we can conclude thathat ofSSOdepends o®( + ).

the optimization error is not a side-effect of the stochas- = . o

ticity. In order to avoid such a bias term, sub-sampledo‘ similar property can also be shown for the logistic regres-
Newton methods use different batches for computing thsion. Similarly, we could use other stochastic optimization
sub-sampled gradient and Hessian, and either use an increJ0rithms to construct surrogates for target optimization.
ing batch-size (Bollapragada et al., 2019) or consider using€€ APPendix B and Appendix E for additional discussion.

over-parameterized models (Meng et al., 2020).

Agarwal et al. (2020) also prove theoretical guarantees wheﬁ' Experimental Evaluation

doing multiple SGD steps on the same batch. In contrasjve evaluate the target optimization framework for online
to our Work, their motivation is to analyze the performanceimitation |earning and supervised |earrﬁn¢n the subse-

of data-echoing (Choi et al., 2019). From a technical perquent experiments, we use either the theoretically chosen
spective, they consider (i) updates in the parameteric spacgep-size when available, or the default step-size provided
and (ii) their inner-loop step-size decreasesmwsicreases. py Paszke et al. (2019). We do not include a decay sched-
Finally, we note our framework and subsequent theoretica|jje for any experiments in the main text, but consider both

guarantees would also apply to this setting. the standard="t schedule (Bubeck et al., 2015), as well
as the exponential step-size-schedule (Vaswani et al., 2022;
4.2. Bene ts of Target Optimization Orabona, 2019) in Appendix E. F&SQ since optimization

of the surrogate is a deterministic problem, we use the stan-
ﬁjard back-tracking Armijo line-search (Armijo, 1966) with
e same hyper-parameters across all experiments. For each

In order to gain intuition about the possible bene ts of target
optimization, let us consider the simple case where eac

hi is  -strongly convexL -smoothand =1L = . For . .
! gy L experiment, we plot the average loss against the number of

convenience, we de ne? := max 2. Below, we . ;
. . t2[r] e = calls to the (stochastic) gradient oracle. The mean and the
show that under certain regimes, for ill-conditioned least

squares problems (where >> 1), target optimization has relevant quantiles are reported using three random seeds.
a provable advantage over parametric SGD. Online Imitation Learning: We consider a setting in which
the losses are generated through interaction with a simulator.

Example - For the least squares setting, is the In this setting, a behavioral policy gathers examples by ob-

condition number of theX™X matrix. In order . . ! )

. o . serving a state of the simulated environment and taking an
to achieve an sub-optimality, assuming complete action at that state. For each state gathered through the in-
knowledge of 2 := Ekr hi( )kg and all problem- ‘ g 9

teraction, an expert policy provides the action that it would
O max log = : = iterations (Gower et al., have'taken.. The.goal in imitation learning is to produce
a policy which imitates the expert. The loss measures the

2019, Theorem 3.1) where the rst term is the bias termOIiSCre ancy between the learned policand the expert
and the second term is the effect of the noise. In order pancy policy P

to achieve an sub-optimality forSSQ we require that policy. In this casez = where is a distribution over ac-
2 - tions given states;, (z) = Es, [KL ( (js)ii exper( jSt))]
(for example, by using a large enough batch- LA t - exp
size) ando(  log(1= )’) inner iterations. Similar to the where the expectation is over the states visited by the behav-
parametric case, the number of outer .iterationsSSO loral policy andf (') is the policy parameterization. Since

is Tager= O Max log 1= ; ’= , since the condition C(_)mputmg i requires the behav_loural policy to interact
. with the environment, it is expensive. Furthermore, the KL
number w.r.t the targets is equallo

divergence id-strongly convex in thé;-norm, hence OIL

In order to model the effect of an expensive gradient oraclesatis es all our assumptions. When the behavioral policy
let us denote the cost of computing the gradientas and is the expert itself, we refer to the problemizshavioral
the cost of computing the gradient of the surrogate as equalloning When the learned policy is used to interact with the
to 1. When the noise in the gradient is small and the biasnvironment (Florence et al., 2022), we refer to the problem
dominates the number of iterations for both parametric andsonline imitation learningOIL) (Lavington et al., 2022;
target optimization, the cost of parametric SGD is dominatedRoss et al., 2011).

by Tparam= O( ), whereas the cost of target optimiza-— /= = oble attp://github.com/

tion Is given bYTtarger [ N |09,(1: N=0(+ ) WilderLavington/Target-Based-Surrogates-For-

Alternatively, when the noise dominates, we need to COMg;qchastic-Optimization

paretheD =2 cost for the parametric case against the

dependent constants, parametric SGD requigsm =
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(a) Hopper-v2 Environment (b) Walker2d-v2 Environment

Figure 1: Comparison of log policy loss (mean-squared error between the expert labels and the mean action produced
by the policy model) incurred b$GD SLS, Adam Adagrad , andSSOQas a function of the total interactions (equat to

in Algorithm 1). SSO-min the legend indicates that the surrogate has been minimized @D steps. The bottom row

shows experiments where the policy is parameterized by a neural network, while the top row displays an example where the
policy is parameterized by a linear model. Across all environments, behavioral policies, and modeb8Qesatperforms

all other online-optimization algorithms. Additionally, as m increases, so does the performs®e of

Figure 2: Comparison o6GDand its SSO variant (top rowKLS and it SSO variant (bottom row) over the rcvl
dataset (Chang and Lin, 2011) using a logistic lodAdamand Adagrad are included as baselines. All plots are in
log space, where the x-axis de nes optimization steps (equairt@lgorithm 1). We note thaBGDwith its theoretical
step-size is outperformed by more sophisticated algorithmslikeéor Adam In contrastSSOwith the theoretical step-size

is competitive with bottSLS andAdamwith default hyper-parameters. Notably, the SSO variant of both SLS and SGD
outperforms its parametric counterpart across both m and batch-size.

In Fig. 1, we consider continuous control environments from
the Mujoco benchmark suite (Todorov et al., 2012). The
policy corresponds to a standard normal distribution whose
mean is parameterized by either a linear function or a neural
network. For gathering states, we sample from the stochastic
(multivariate normal) policy in order to take actions. At each
round of environment interaction 1000 states are gathered,
and used to update the policy. The expert policy, de ned by
Figure 3: Comparison of run-times normalized with re-& normal distribution and parameterized by a two-layer MLP

spect to the cost of a single SGD update) between SSE trained using.the Soft-Actor-Critic Algorithm (Haa_rnoja
and relevant baselines. These plots illustrate that when daff & 2018). Fig. 1 shows th&SOwith the theoretical

collection is expensive, SSO will be as fast as SGD, everstep-size drastically outperforms standard optimization al-
for relatively large m. For Fig. 1, 1000 and the ratio of gorithms in terms the log-loss as a function of environment

the time required to computevsf is approximately0:001 interactions (calls to the gradient oracle). Further, we see
that for both the linear and neural network parameterization,
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the performance of the learned policy consistently improve. Discussion

asm increases. . .
In the future, we aim to extend our theoretical results to a

Runtime Comparisorin Fig. 3, we demonstrate the relative broader class of functions, and empirically evaluate target
run-time between algorithms. Each column represents thgptimization for more complex models. Since our frame-
average run-time required to take a single optimization stepvork allows using any optimizer in the target space, we will
(sample states and update the model parameters) normakplore other optimization algorithms in order to construct
ized by the time for SGD. We vary the number of statespetter surrogates. Another future direction is to construct
gathered (referred to as sample-size) per step and considegétter surrogate functions that take advantage of the addi-
sample-sizes of0, 100and100Q The comparison is per- tional structure in the model. For example, Taylor et al.
formed on theHopper-v2  environment using a two layer (2016); Amid et al. (2022) exploit the composition structure
MLP. We observe that for small sample-sizes, the time ifin deep neural network models, and construct local layer-
takes to gather states does not dominate the time it takegise surrogates enabling massive parallelization. Finally,

to update the model (for example, in columrBBO-100  we also aim to extend our framework to applications such
takes almost 50 times longer than SGD). On the other hangs RL where is non-convex.

for large sample-sizes, the multiple model updates made by
SSOare no longer a dominating factor (for example, se
the right-most column wher8S0O-100 only takes about

three times as long as SGD but results in much better empye would like to thank Frederik Kunstner and Reza
pirical performance). This experiment shows that in case@sad for pointing out mistakes in the earlier version of
where data-access is the major bottleneck in computing thghis paper. This research was partially supported by the
stochastic gradients, target optimization can be bene cialCanada CIFAR Al Program, the Natural Sciences and
matching the theoretical intuition developed in Section 4.2Engineering Research Council of Canada (NSERC) Discov-

For applications with more expensive simulators such agry Grants RGPIN-2022-03669 and RGPIN-2022-04816.
those for autonomous vehicle (Dosovitskiy et al., 2017),
SSOcan result in further improvements.
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Organization of the Appendix

A De nitions

B Algorithms

C Proofs in the Deterministic Setting
D Proofs in the Stochastic Setting

E Additional Experimental Results

A. De nitions
Our main assumptions are that each individual functiois differentiable, has a nite minimurfy; , and isL;-smooth,
meaning that for alV andw,

fi(v) fi(w)+ hrfj(w);v wi+ L—zikv Wkg; (Individual Smoothness)

which also implies that is L-smooth, wherd. is the maximum smoothness constant of the individual functions. A
consequence of smoothness is the following bound on the norm of the stochastic gradients,

kr fi(w) r fik2 2L(fi(w) f, hr fi;w w;i): Q)
We also assume that eafthis convex, meaning that for allandw,
fi(v) fy(w)+ hrfi(w);v wi; (Convexity)
Depending on the setting, we will also assume thi strongly-convex, meaning that for allandw,

f(v) f(w)+ hrf(w);v wi+ Ekv wkg; (Strong Convexity)

B. Algorithms

In this section, we will formulate the algorithms beyond the standard SGD update in the target space. We will do so in two
ways — (i) extending SGD to the online Newton step that uses second-order information in Appendix B.1 and (ii) extend
SGD to the more general stochastic mirror descent algorithm in Appendix B.2. For both (i) and (ii), we will instantiate the
resulting algorithms for the squared and logistic losses.

B.1. Online Newton Step
Let us consider the online Newton step w.r.t to the targets. The corresponding update is:

. . 1 2
Zim =2z @) T S (z) sz = argzr?m 5 2 hw=op @)
z

. . . 1
Zis1 = F(t+1) 5 t+1 =argmin hr; ¢(z);f() zi+ Z—tkf( ) Ztkfz\(zl) 3)

wherer 2°((z) is the Hessian of example of the loss corresponding to saimple.t z. Let us instantiate this update for
the squared-loss. In this casg(z) =  kz ytkg, and hence, (2)= z  yi,[r 2°1(2)]i,i, =1 and[r 2°((2)];; =0
forallj 6 i;. Hence, for the squared loss, Eq. (2) is the same as GD in the target space.

For the logistic loss,:(z) = log (1 + exp(  V:z)). If iy is the loss index sampled at iteratirthen,[r "¢(z)]; = O for all
j 6 i. Similarly, all entries of 2°{(z) except thdi,;i] are zero.

1 1

Yt _
1+exp(yiz) 1+exp( Yiz)

. 2~ -
1+ exp(yt Zt) 1 [r (Z)]ll,lt ’

[r @l =

T p)pes

13
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where,p; = letzt) is the probability of classifying the examgleto have thet+1 label. In this case, the surrogate
can be written as:
20 _ Vi _ iy (1 p)pe i 2
O Tranyzy O A T, () 2 (4)

As before, the above surrogate can be implemented ef ciently.

B.2. Stochastic Mirror Descent

If is a differentiable, strictly convex mirror map, it induces a Bregman divergence betwaerdy: D (y;Xx) :=

) (x) hr (x);y xi. Foran ef CIEnt implementation cg stochastic mirror descent, we require the Bregman
divergence to be separable, i®. (y;x) = Pa DX = P ) () Q@ ftx) [.yj . x1]. Such a
separable structure is satis ed wheris the Euclldean norm or negative entropy. We de ne stochastlc mirror descent update
in the target space as follows,

NG o
I (Zeeim) =0 (Z)  «f 2 1(Z) 5 Zim1 =ar92r?in (G =i)D ,(Z:2,,.,) (5)
VA .
2 =t 3
1 X o
=)z =argmin 4hr(z);z zi+ — 1 =)D ,(d;2,,,,)° (6)
z27 t j=1

wherel is an indicator function angd corresponds to the index of the sample chosen in iterati&or the Euclidean mirror
map, (z)= 1kzk5,D (z;z)= ikz zk5 and we recover the SGD update.

Another common choice of the mirror map is the negative entropy functien) = iKzl x' log(x') wherex' is coordinate
i of thex 2 RK . This induces the (generalized) KL divergence as the Bregman divergence,

X xK X X
D (xy)= x¥log — + x* vk
k=1 y k=1 k=1
P P
If both x andy correspond to probability distributions i.e. Ezl xk = E 1 y* = 1, then the induced Bregman divergence

corresponds to the standard KL-divergence between the two distributions. For multi-class classiZatidrf, K and
eachy' 2 ¢ where  isK -dimensional simplex. We will refer to coordingtef z' as[z'];. Sincez' 2 ¢ ,[z']kx O

and | [z} =1
Let us instantiate the general SMD updates in Eq. (5) when using the negative entropy mirror map. In this zdse, for

[r (2)]k =1+log([ z]Jx). Denotingr { := r , ¢(z:) and usindr ]« to refer to coordinat& of theK -dimensional vector
r . Hence, Eq. (5) can be written as:

[Zt+1—z]k =[z''J exp( «[r tl) (7)

For multi-class classi cationy' 2 f 0; 1g% are one-hot vectors. [f/']x refers to coordinatk of vectory', then correspond-
ing log-likelihood forn observations can be written as:

s x X i i
(2) = [y Ik log([z']«) :
i=1 k=1
In our target optimization framework, the targets correspond to the probabilities of classifying the points into one of the
&Iasses We use a parameterization to model the vector-valued fuhatiopn RY ! RK . This ensures that for aill

k=1 [fi( )]k = 1. Hence, the projection step in Eq. (5) can be rewritten as:
!

minD (z;z,:m)= [, ()l log il
22 k=1 t+ 1:2]k
where[z L1, ]k IS computed according to Eq. (7). Since the computatio[ztiQflzz]k and the resulting projection only

depends on samplg, it can be implemented ef ciently.

14
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C. Proofs in the Deterministic Setting

Lemma C.1. Assuming that?( ) is -smooth w.rt. the Euclidean norm and % then, for = 1= iterationt
of Algorithm 1 guarantees thédi( (1) h( {) for any numbem 1 of surrogate steps. In this setting, under the
additional assumption that is lower-bounded bk , then Algorithm 1 results in the following guarantee,

: 2 [h(o) h].
t2f 0;:T T ’

Proof. Using the update in Algorithm 1 with = = and the -smoothness a§?( ), forallk 2 [m 1],
z z 1 z 2
(k) g(te) 2*'“ o (! KKy

After m steps,

X

1 1
Glm) Gl 5k gk

k=0
Since {41 = !y and! g = { in Algorithm 1,

— z z 1 z 2 X Z() 2
=) g( 1) (1) Tkr g ( 0k; kr of (! )k
k=1

Note thath( ) = g?( ) and if L thenh( 1+1) @#( t+1). Using these relations,
3

2
1 2 X 1 2
() h(o Bokrg(ok+  kr gk =) h(wa)  h():
| . }

0

P
This proves the rst part of the Lemma. Since[., " kr gZ(! x)k; O,

h(ea) NCD ook GO =) ke h( K 2 () () (Sincer h( )= r g¢( )

Summing fromk =0 to T 1, and dividing byT,

krh( k3 2 [h(y) h] _ _ 2 (0 h]
T 2 T ~) t2f0l;:r:]:!1r] lgkr h( 1)k —

15
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D. Proofs in the Stochastic Setting
D.1. Equivalence ofSSOand SGD in Target Space

Lemma 4.1. The following updates are equivalent:
(1) T+ =argmin g ( ); (8SQ

2 = f(Ga)
@) zZvim=z 2 (7)) (Target-space SGD)

@ _ 1
iy =argmin 5z, 2

227

2
Pt

where,P; 2 RP P is a random diagonal matrix such thBt(i¢;i¢) =1 andP(j;j ) =0 forall j 6 i;. Thatis,SSO(1)

and target space SGD (2), result in the same iterate in each stepze=iff ( 1), thenz.; = v‘:ﬁ)l = ~zt(f)1 .

Proof. Since’ is separable, if; is the coordinate sampled fromwe can rewrite the target-space update as follows:
@;, (z)
t @2

Zi+1s,) = z) whenj 6 i :

i [
Ziyrim ' = 0

Putting the above update in the projection step we have,

1 i i, 2
Zq =argmin Sf z,.o,t Z" g
227 2
I @ (z) , °
=argmin =f z" L "
gzlzz 2 7 GY: zg
=argmin M[z" zt'l+ — " g7 ; (Due to separability of)
227 @z 2 ¢

Sinceforallz2Z,z=f( )andz = f;( ) foralli. Hencez.1 = f (T+1) such that,

- . @i (z 1 .
o zagmine C® g e L) R0k = argmin ()
2 @2z 2 ¢ 2
O
Lemma D.1. Consider the following updates:
wa magmin () 5z = f( ) (SSQ
Ziv1=, = 7y or () (Target-space SGD)
zt(f)l = arg min 1 Ziy1m 2 2
22z 2 2
SSOand target space SGD result in the same iterate in each step ke=iff ( {), thenz;,, = zﬁ)l = zt(f)l
Proof.
1 2
Zi+p =argmin =f z,1, 2z -9
22z 2
— 1 0, 2
=argmin -fkze 1 ., (z) zkg
22z 2
= argmin M [t z']+ s4kz ztkg (Due to separability of)
227 @z 2 ;

16
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Sinceforallz2z ,z=f( ). Hencez.; = f( t+1) such that,

o =argmin CHEVLO) L1 5k () 10K
=argmin e( )
2

D.2. Proof for Strongly-convex Functions

We consider the case wherg) is strongly-convex and the s&tis convex. We will focus on SGD in the target space, and
consider the following updates:

Zivim = 7t tol’ “t(z)
2

1
Zia = zlzesm]i=argmin oz zas,
22z 2

kzyv1  Zie1 K t+1
Lemma D.2. Bounding the suboptimality (o ) of z..1 based on the sub-optimality of.; and (.1, we get that

kzios 2z Ko Kzn ZKo+2 g kzen 2z Kk (®)

Proof.

2 _ 2
kzin 2Ky =Kzt zZen tzZi 2 K

2 2 . -
kKztv1  zZea Ko+ kzpwn 2 K5 +20001 Zis1 1 Zev1 Z

2 2 . H
Kziv1  Zerr Ko+ KZger Z KG + 202041 Ziv1 0201 Zier H Zie 2

2 2 . . 2
Kzte1  Zes1 K+ KZewr 2 Ko+ 200001 Zis13Ziv1 200 2KZpsr Ziea K
K zt41 2z kg +2kziv1  zZtsr kKkzer  z kK

K ztv1 Z k§+2 t+1 Kzt+1  Z Kk

O

Now we bound the exact sub-optimality at iteration1 by the inexact sub-optimality at iteratidrio get a recursion.
Lemma D.3. Assuming (i) eachy is L-smooth and (ii) is -strongly convex and (iii) i we have

Ekziy z K (1 OEkz zKe+2 @2 9)
where 2= Ekr (z) 1 “i(z )KS.
Proof. Sincez 2Z andoptimalz = 7]z I (z)].
kzws K=k 2z X)) 2z X @)K

klz (@) [z 2K (Since projections are non-expansive)
0

=Kz 7 ()] [z @+ Ar @) r (@)K
=kzx z K+ Pkr(z) r @)K+ Pkry(z) 1 (z )k§+% g, z;r ‘{;z) roz )i

A
2%z zr(z) r Ci(z)i+2 tozrr‘t(z) r (z ){zr W(zZ) r o Ti(z )j
B
2 o2 ~ ~ 2 02 ~ ~ 2
kz, zky+2 Jkr(z) r ((z)5+2 Jkr i((ze) v (2 )k
+ A 2% zr(z) r Ci(z)i (Young inequality orB,)

17
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Taking expectation w.rit, knowing thatEA; =0 and usingthat? = Ekr (z ) r “(z )kg.

Ekzisy z K Ekz zK2+2 PEkr (z) r w(2)k 2% zir(z)r (z)i+2 @2
Ekzy zKo+4 PLEf(z) “(z) hr Wz )iz zig 2w

zir (@) r “(z)i+2 B2

Ekzz zK+2 X'(z) “(z) hr “(z )iz zig 2 O

Ekzz zKo+2 X'(z) “(z) hr “(z)iz zig+2 @2
Ekz z K5 Ekz, zKi+2 @2

1  JEkz zK+2 2?2

where in Eq. (10) we use the smoothness;of

(10)
Zir(z) r (z)i+2 &2
(<3t

(strong convexity of)

O

Theorem 4.2. Assuming that (i);, is L-smooth and convex, (ii)is -strongly convex, (iiig = argmin 2z (z) (iv) and

that for all t, , T iterations ofSSOresult in the following bound farr = f ( 1),
Y 1
Ekzr1 z k _ i kz1 z kg
i=1
T Y7 1=2
+2 2 i t02
t=1 i=t+l
X1t Y
+2 _ i
h H t=1 i=t+l

[
where = (1 9, 2:=E kr(z) r “(z)K,
(a) Constant step-sizéVhen { = 1—andfor =1 -

Nl

Ekzrv1 zk kzz zk 1 —

(b) Exponential step-sizeWhen = »— tfor =( )7,
T
EkZT+1 z k C]_ exp Im kZ]_ Z k
4c T=
1(In{T=)) +2 ¢,
Le
wherecy = exp £ =5 . andc =exp a2y

Proof. Using Lemma D.2 and Lemma D.3 we have

Ekzsa 2z K5 Ekzisy  Z K3 +2E[ 141 kzis 2 K]
fl_{z_?)Ekzt Z2K2+2 @ 24 2E[ 1y ks Z K]

Recursingfromt =1 to T,

v
Elkzres  z K C kz zKE+2 2 i P42

PE[ t+1 Kzt4a

z K]
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Denoteu; := Ekz;  z k. By applying Jensen's inequality we know thegt E[kzr z kg].

!
2 2 2 Y 02 X
=) Uty t up+?2 i¢ t2 i Ut+1
t=1 t=1 i=t+1 t=1 i=t+1
o o o O _
Dividing both sides in the previous inequality by,_, ; leads to:
! ! ! ! !
L , ., ¥ tx Y Y tX v
i UT 41 up+2 i t i +2 i Ut+1 i
i=1 i=1 t=1 i=t+l i=1 t=1 i=t+l

Y

Simplify the above inequality for a generic T,

2 | 1 32 ' 1 l 1 2 I 1 3
Y 2 X @ Y X Y z 2
4 i U2 ui+2 2 h [ + 2 [ 4 i Us1 O
i=1 t=1 i=1 t=1 i=1 i=1
L P 1 1
Letv := (Qi:1 ) Tu.oandS = uwi+2 2 @ Qitzl i . Letus also denote; := 2 Qit:l P
1
ObservethaSy = u? = viandS ,; =S +2 2 92+1 Qi:+11 i . ThereforeS is an increasing sequence. Re-writing
the previous inequality using the new variables leads to the following inequality:
X
V2 S + t Vt
t=1
Using the result from Lemma D.10 we have:
0 I
1 X 1 X 22
V- (+ @ + = . A
2 t=1 2 t=1
X p _ _
t+ S (usingpa+b pa+pbfora;b 0)
t=1

Writing the inequality above using the original variables results in:

- 1, 0 Pl
Y 2 X Y 2 Y
i U 2 i +@2+2 2 P . A
i=1 t=1 i=1 t=1 i=1
v I I I 0 v ! 11% Y
X 2y 2 Y Z p_ X Y 2
U +1 2 i i + Uy i + @ t02 i A i
t=1 i=1 i=1 i=1 t=1 i=1 i=1
(a) Constant step size Choosing a constant step sizé= = i implies j = =1 =1 5. Plugging this into
the previous inequality leads to:
v
u
X _ X
U 41 2 2 L u, z + P 5%1 t
t=1 t=1
2 . . . .
1 P= +up Z+ 191: (applying the formula for nite geometric series)

Ekzrs1 zk kzz zk 1 Zi + P+t —¢—:
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(b) Exponential step size

Starting from Eq. (10) and using the proof from Vaswani et al. (2022), we have

Ekza 2z ko Ekz zKo+4 PLEf(z) «(z) hr "Wz )z zig 2% z:r (z)

r(z)i+2 22
2 2 t
Ekz, z k5 + TEf‘t(zt) W(z) hr Wz );z¢ zig fhzt z;r (z)

r (z)i+2 22 (using 0= 54)
Ekz z K5+ ff‘(zt) (z) hr (z);z zig fthzt Zir () r (z)i+2 &2
(using ¢+ 1)

= Ekz z K+ ff‘(zt) (z) hr (z);z zig+2 & 2

Ekzy z K5 2—LtEkzt zK+2 2= 1 Ekz, z K +2 &2

? t
(using strong convexity of)

Combining the above with Lemma D.2 we get:

1
Ekzn 2z ko 1 5t Ekz zK+2 & 242E[ i kza z K]

2
exp Zi t Ekzy z k§+ o2 24 2E[ 141 kze1s 2 K] 1 x exp( x))
exp — , Ekz zk2+—2 2 42 Elkz z K] ( )
p 5t t 2t 52 t+1 t+1

Unrolling the recursion starting from=1 to T, denotingu; := Ekz; z k and applying Jensen's inequality to deduce
thatthatu?,, Ekzr+ 2z kg, we get that,

1 X 2 X 1 X X 1 X
u2 ulexp — + — lexp  — P +2 exp  — i u
T+1 1 t 2 i i t+1
2 2L2 2 _ 2
t=1 t=1 i=t+l t=1 i=t+l
By multiplying both sides bgxp = [, + Wwe have:
1 X 2 2 X 1 X X 1 X
exp — ¢ UT+1 uf+ — 2exp — P +2 exp — i Ugsr
4 212 ) .
t=1 t=1 i=1 t=1 i=1
P P P
Now let us denev = exp = ,;, t Uwx,S = ul+ 55 ., Zexp £ |, i and  :=
P
2 exp ‘% }:1 i . Note thatS isincreasing an&, = u? = v 0Oand ;> 0,v > 0. By applying Lemma D.10,
similar to the xed step-size case, for= T, we get:
1 X X 1 X = X 1 X
exp — ¢ UTs ui + — Zexp — i +2 exp —
4 2L2 2 _ 4
t=1 t=1 i=1 t=1 i=1
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P
Multiplying both sides byexp 4i tT:l t gives us
1 X ) 2 X ot 1 X =2 X 1 X
UT+1 exp 'R t ug+t o2 exp — i +2 exp YR i
rjz_} rzl {7 i=t+l } r:l {Z i=t+l }
=A =Bt Cr
1 2 1=2
= U —A +_-—B +2

To boundA, we use Lemma D.6 and get

1 2 T
zf{zm(T:)}eXp 2 In(’=)

= 2
=c2

1
uZ exp >A kz oz K3 exp
|

To boundBt we use Lemma D.7

16 2ci(n(7=))?

T @ T
Finally using Lemma D.8 to bound we get
T 2, 16 2G(In(1=))? , In(T)
EkZT+1 A k C%exp TW ij_ Z k2+ W +2 IeXp W}
C2
T=
=) Ekzr+1 z k cpexp 17 kz, z k+ 4ca(n f)) +2 Co:

4 In(T=) Le T
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D.3. Controlling the Projection Error

Let us recall the following de nitions for the theoretical analysis:

Tamagming () a()= @)+ SeE () A e b O AT ma = ()
o =magming() 1 a()= @)+ 2B ) e D) 2k Gz = ()
wo e 24 "

o, =argming() ; a(): S(z)+ P ) () zd +2—1tkf() 22

i
Zivr = T ( t41);

where (43 is obtained by runningn; iterations of GD org:( ). We will use these de nitions to prove the following
proposition to control the projection error in each iteration.

Proposition 4.3. Assuming that (i)f is Ls-Lipschitz continuous, (i is ¢ strongly-convex and.g smooth

with ¢ = Lg= 4, (i) & is 4 strongly-convex (iv) # = m([minfEi[ [e]lg  Ei, [minfed]l)
* mnroog MnfE, [glg Ei [minfedl , (v Z = mingz fE, [,(Dlg B, [Mminz2z 5 (2)dl, if
g is minimized usingm; inner-loops of GD with the appropriate step-size, the[ 2, ] L? 2 +
A

exp( m=,) E[(z) ")+

Proof. Since we obtain+; by minimizing & ( ) usingm; iterations of GD starting from, using the convergence
guarantees of gradient descent (Nesterov, 2003),

2 2
Ttel t+1 exp( M=4) Ttn t

2 2

2 2 2 2
t+1 tHl 5 = t+1 t+1 T ta1 t+1 ) 2 i1 t+1 2+2 t+1 t+1

2
(ka+ bk 2kaks + 2 kbk5)
2 2

2exp( M=4) w1 t 2"'2 T+l 1

4 2
—gexp(mcg)[gt(t) (1) +2 1 ot

2
Taking expectation w.rit,
h i

4 2
Coe oy — exp(m=g) Efa( ) @(Ta)] +2E Ta
g

Ei
2
. . 2

Letus rstsimplifyE T+ 41 .
2

2 2

~ = ~ 0 0

E t+1 t+1 2_ E t+1 t+1 + t+1 t+1 )

2
~ 0 0 2
2E t+1 t+1 2 +2E t+1 t+1 5

‘:E[gt(?ﬂ) g(7+1)1+‘:E[q(?+1> &( 1)l

= Y minfE, [8lg E,[minfed]+ - [minfE, [glg E, [minfed]
g q
(SinceElq = Elg] = 9)

"We consider strongly-convex functions for simplicity, and it should be possible to extend these results gpisvhen-convex but
satis es the PL inequality, or is weakly convex.
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2 T wa, o (minfE, lgly E, minfed]+min (E, [alg E, minfeq)
e 2
=) 2E Tn1 t+1 z t2
Using the above relation,
2 4 h i
Ei. 41, — exp( M=) E[a() &(Ta)l + ¢
Ah i
— exp( M=) Ei[he( ) he(Fea)] + 2
g
N (Sincegr( 1) = he( ) ander( ) he( ) forall )
|
= L exp(m=) Eilh( ) hoth h(Ga) ¢ 2 (ho=min b))
g
= exp( m=,) Ei,[ne( ) hl+ ¢ (Sinceh, h¢( ) forall )
g
4
= (=) [E () MO+ B ) bl Z

4g[eer( m= o) [E, [1(z) o2+ E[i(z) "N+ ¢

(Sinceh( )= "(f( )= (2)
Eil 41 a2 2] i[exp( m= ) [Ei[(z) @)+ E[(z) "I+ 2
92 2 33

* Gexp( m=) A0 () R
—dexp( M= z z)+ Ei, +
; p( o) 4[(z) “(z)] Fllt'(_fzz @ {
(Since bottez; andz are independent of the randomness;iandE;, [{] = )
4 . N
=) E[ w1 w15 — exp(m=y) (z) (z)+ 2 o+ 7
9

Now, we will boundE[ 2, ] by using the above inequality and the Lipschitzness.of

E[21]= kzr  Zn k3= f(1) f(w) o LP w1 wi g (Sincef is L -Lipschitz)
412 . .
=) E[fa]l — ep(m=,) ‘(z) ‘(z)+ I +Lf?
g

Taking expectation w.r.t the randomness from iterations0 tot,
2

4L
E[ 2.1 —gf exp( m=,) E[(z) ‘(z)+ 2 +L? 2
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D.4. Example to show the necessity of term

Proposition 4.4. Consider minimizing the suh( ) := "02120) of two one-dimensional quadratids; ( ) := 1( 1)
andhy( ) = %(2 + 1:2)2, usingSSOwithm; = 1 and ; = ¢ ¢ for any sequence of; and any constant 2 (0; 1].

SSOresults in convergence to a neighbourhood of the solution, speci cally,ig the minimizer oh and ; > 0, then,

E(r ) min 1.

Proof. Letus rstcompute :=argmin h( ).

1 1 1?2 5 1 1
h()==( 12+>- 2+ =224+2-4+ — =
()= 3 Y+ 3 2 4 2t 16) 0

Forhy,
‘ 1 ,
1(2) = é(z 1) wherez =
1 1
g( )= E(t ?+( ¢ (e )+ 7( 1)?
t
If m; = 1, SSOwill minimize & exactly. Since &( 1+1) =0,

1
=) —( a1 )= (¢ 1= 1=+t t(t 1)=) 1=+t rhi(y)
t
Similarly, for hy,
“2(2) = %(z+ 12)2  wherez = 2

a()= 5@+ =@+ )R 2)F 3@ 202

If m¢ = 1, SSOwill minimize g exactly. Sinceg &( {+1) =0,

4
=) T(Hl )= (@G ¢+1) =) = 0 (v =) =) = o Ztrhz(t)
Ifiiy=1land =rc ;
t+1 = t C (¢ 1)=c ¢+(1 c )¢
|fik:2,
2 1 1
t+1 = ¢ C tZ(zt"'é):(l C 1)t ZC t
Then
1 1 3
Ew =(1 Ct)t"'éct §0t=(1 Ct)t"'éct
and
Y 3 X Y
Er=E(~ )=( 1 ) (1 Ct)"’é 21 o) 1 c)
t=1 t=1 i=t+l
Using Lemma D.9 and the fact that ;¢ 1 for all t, we have that if 1 = 1> 0,then,

. 3
ECr ) min ag
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D.5. Helper Lemmas

The proofs of Lemma D.4, Lemma D.6, and Lemma D.7 can be found in (Vaswani et al., 2022).
LemmaD.4. Forall x > 1,

1 2
x 1 In(x)
Proof. Forx > 1, we have
1 2
— [ <2x 2
x 1 InXx) n(x) < 2

Denef(x)=2x 2 In(x). We havef q(x) =2 % Thus forx 1, we havef {x) > 0sof isincreasing ofil;1 ).
Moreover we havé (1) =2 2 In(1) =0 which shows that (x) Oforall x > 1and ends the proof. O

LemmaD.5. Forall x; > O,

exp( X)  —

Proof. Letx> 0.Denef( )= o exp( x). We have

f()=exp( InC) In(ex) exp( x)

and
f9 )= 1+In( ) In(ex) exp( In( ) In(ex))
Thus
f) 09 1+In( ) In(ex) 0 exp(In(ex) 1)=x
Sof is decreasing ofD; x] and increasing ofx; 1 ). Moreover,

f(x) = gx exp( X) = % exp( X)=0

andthug ( ) Oforall > Owhich proves the lemma. O

Lemma D.6. Assuming < 1we have

A = A T 2
- |n(T: ) |n(T: )
Proof.
X . T+1 T+1
o 1 1 1
We have
T+
_ - 1 B 2 S 2 _ 2 (11)
1 T ) T = 1 T In(=) T +In(T=) In(T=)
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where in the inequality we used Lemma D.4 and the factthat 1. Plugging back inté\ we get,

2
A -
1 In(T=)
2
In(=) In(T=)
T 2
T n(T=)  In(T=)
1=T
LemmaD.7. For = <+ and any > 0,
I
oage LN 16%a(nC=)?
2
t=1 2 i=t+l e2 T
wherec, = exp zim(sz
Proof. First, observe that,
X ) t+1 T+1
I —
i=t+l 1
We have
T _ 1 2 2 2
1 T@ ) T = 1 T n(=) T Iin(=) In(T=)
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1=T
LemmaD.8. For = <+ and any > 0,
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Proof. First, observe that,
X t T+1 T+1
| J—
]
1=
We have
T _ 1 B 2 _ 2 _ 2
1 T@ ) T = 1 T n(=) T Iin(=) In(T=)

where in the inequality we used Lemma D.4 and the factthat 1. Using the above bound we have
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Lemma D.10. (Schmidt et al., 2011, Lemma 1). Assume that the non-negative sequegder 1 satis es the
following recursion:
X
vZ S + Vi
t=1
wheref S gis an increasing sequence, such t8gt v3 and ; 0. Then for all 1,
0 | 21 1=2
1 X 1X
VR (+ @ + = . A
2 2
t=1 t=1

Proof. We prove this lemma by induction. For= 1 we have
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NI =
=
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[

v 0 e 1,1
1 1
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2 2
t=1 t=1
. Py .
Now we show that the conclusion holds fo~ k+1.Dene := [_; . Notethat y.; k since  Oforallt.
1=2
Hencevy 1 «+ Sc+ % « 2 .Denek :=argmax ..., ¢V . Using the main assumption for= k + 1,
el
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=) Vk+1 2+1 Sk+1 t k4 tVi
t=1
2 X
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t=1
2
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Sincek k, by the inductive hypothesis,
8 I 9
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Furthermore, sincéS gisincreasingant <k +1,
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where replacing ¢+1 Wwith its de nition gives us the required result.
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E. Additional Experimental Results

Supervised Learning: We evaluate our framework on the LibSVM benchmarks (Chang and Lin, 2011), a standard suite
of convex-optimization problems. Here consider two datasetsishrooms, andrcvl , two losses — squared loss and
logistic loss, and four batch sizes — {25, 125, 625, full-batch} for the linear parameteriztonX> ). Each optimization
algorithm is run for500epochs (full passes over the data).

E.1. Stochastic Surrogate Optimization

Comparisons 08GO SLS, Adam Adagrad , andSSOevaluated on three SVMLib benchmarksishrooms, ijcnn , and

rcvl , two losses — squared loss and logistic loss, and four batch sizes — {25, 125, 625, full-batch}. Each run was evaluated
over three random seeds following the same initialization scheme. All plots are in log-log space to make trends between
optimization algorithms more apparent. All algorithms and batch sizes are evaluated for 500 epochs and performance is
represented as a function of total optimization steps. We compare stochastic surrogate optin8&ajioagainstSGD

with the standard theoreticilL step-sizeSGDwith the step-size set according to a stochastic line-search (Vaswani et al.,
2019b)SLS, and nally Adam(Kingma and Ba, 2015) using default hyper-parameters. S&@is equivalent to projected

SGD in the target space, we setin the surrogate de nition) td=L whereL is the smoothness ofw.r.t z. For squared loss,

L is therefore set td, while for logistic it is set t@. These gures show (i5SOimproves ovelSGDwhen the step-sizes are

set theoretically, (il5SOis competitive withSLS or Adam and (iii) asm increases, on average, the performanc8®b

improves as projection error decreases. For further details see the attached code repository. Below we include three different
step-size schedules: consta@, (Orabona, 2019), and=T)¥" (Vaswani et al., 2022).

Figure 4:Constant step-size.comparison of optimization algorithms undema&an squared error loss We note SSO
signi cantly outperforms its parametric counterpart, and maintains performance which is on par wiLi&amdAdam
Additionally we note that taking additional steps in the surrogate generally improves performance.
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Figure 5: Constant step-size:comparison of optimization algorithms under a averbmggstic loss We note,SSO
signi cantly outperforms its parametric counterpart, and maintains performance which is on par wiBLi®#md Adam
Additionally we note that taking additional steps in the surrogate generally improves performance

Figure 6:Decreasing step-sizecomparison of optimization algorithms undema&an squared error loss We compare
examples which include a decaying step sizeltohlongside botlsSOas well asSGDandSLS. Adam(andAdagrad ).

Again, we note that taking additional steps in the surrogate generally improves performance. Additionally the decreasing
step-size seems to help maintain strict monotonic improvement.
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Figure 7:Decreasing step-sizecomparison of optimization algorithms undelogistic loss We compare examples which

include a decaying step size dﬂf alongside botlsSOas well asSGDandSLS. Adam(andAdagrad ). Again, we note

that taking additional steps in the surrogate generally improves performance. Additionally the decreasing step-size seems to
help maintain strict monotonic improvement.

Figure 8:Exponential step-size:comparison of optimization algorithms undema&an squared error loss We compare
examples which include a decaying step sizé{of‘:T alongside botl8S0Oas well asSGDandSLS. Adam Again, we

note that taking additional steps in the surrogate generally improves performance. Additionally the decreasing step-size
seems to help maintain strict monotonic improvement. Lastly, because of a less aggressive step size decay, the optimization
algorithms make more progress then their stochaoéfticounterparts.
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Figure 9:Exponential step-size:comparison of optimization algorithms undelogistic loss We compare examples which

include a decaying step size (o})‘:T alongside bottsS0Oas well asSGDandSLS. Adamremains the same as aboves.

Again, we note that taking additional steps in the surrogate generally improves performance. Additionally the decreasing
step-size seems to help maintain strict monotonic improvement. Lastly, because of a less aggressive step size decay, the
optimization algorithms make more progress then their stochd§t®unterparts.

E.2. Stochastic Surrogate Optimization with a Line-search

Comparisons o65GD SLS, Adam Adagrad , andSSO-SLS evaluated on three SVMLib benchmanksishrooms,

ijcnn , andrcvl . Each run was evaluated over three random seeds following the same initialization scheme. All plots are
in log-log space to make trends between optimization algorithms more apparent. As before in all settings, algorithms use
either their theoretical step-size when available, or the default as de ned by (Paszke et al., 2019). The inner-optimization
loop are set according to line-search parameters and heuristics following Vaswani et al. (2019b). All algorithms and batch
sizes are evaluated for 500 epochs and performance is represented as a function of total optimization steps.

Figure 10: Constant step-size:comparison of optimization algorithms undenean squared error loss We note,
SSO-SLSoutperforms its parametric counterpart, and maintains performance which is on par wiLisadind Adam
Additionally we note that taking additional steps in the surrogate generally improves performance, especially in settings
with less noise (full-batch and batch-size 625).
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