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Abstract

Kernelized Stein discrepancy (KSD) is a score-
based discrepancy widely used in goodness-of-fit
tests. It can be applied even when the target distri-
bution has an unknown normalising factor, such
as in Bayesian analysis. We show theoretically
and empirically that the KSD test can suffer from
low power when the target and the alternative dis-
tributions have the same well-separated modes but
differ in mixing proportions. We propose to per-
turb the observed sample via Markov transition
kernels, with respect to which the target distribu-
tion is invariant. This allows us to then employ
the KSD test on the perturbed sample. We pro-
vide numerical evidence that with suitably chosen
transition kernels the proposed approach can lead
to substantially higher power than the KSD test.

1. Introduction

Stein discrepancy (SD) (Stein, 1972; Gorham & Mackey,
2015) is a statistical divergence between two probability
measures based on Stein’s method. More specifically, given
two Borel probability measures () and P supported on X' C
R?, the Stein discrepancy is defined to be

D7(Q, P) = supse r EonglAp f(2)]; (1)

where F is a set of functions on X and Ap is an operator
acting on F such that E,.q[Ap f(z)] = 0forall f € Fif
and only if Q = P. When X = R? and P admits a positive,
continuously differentiable density p with respect to the
Lebesgue measure, then the Langevin-Stein operator is the
natural candidate for .Ap which has the crucial property that
it only depends on the score function s,(z) = Vlogp(x)
of p, which does not require evaluation of the (possibly in-
tractable) normalising constant of p. When a Reproducing

"Department of Mathematics, Imperial College London, Lon-
don, UK. *Alan Turing Institute, London, UK. Correspondence to:
Xing Liu <xing.liul6 @imperial.ac.uk>.

Proceedings of the 40" International Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

Kernel Hilbert Space (RKHS) (Berlinet & Thomas-Agnan,
2011) is used to construct the function class, this discrep-
ancy is called the kernelized Stein discrepancy (KSD), and
admits a closed-form expression. This has made KSD popu-
lar for applications involving an unnormalised density, such
as Bayesian inference (Liu & Wang, 2016), goodness-of-fit
testing (Liu et al., 2016; Chwialkowski et al., 2016; Jitkrit-
tum et al., 2017), and sample quality measurement (Gorham
& Mackey, 2015; 2017; Gorham et al., 2019); see Anasta-
siou et al. (2023) for a review.

We focus on goodness-of-fit (GOF) testing, where indepen-
dent samples from a candidate distribution () are observed
and the goal is to test for evidence against the null hypothe-
sis that () matches a target distribution P. When the density
p of P is only available in an unnormalised form (i.e. the
normalisation constant is infeasible to compute) and direct
sampling from P is infeasible, classical tests such as the
Kolmogorov-Smirnov test (Massey, 1951) or two-sample
tests (Gretton et al., 2012; Schrab et al., 2021) cannot be
used, as they require either a tractable cumulative distribu-
tion function or samples from P. A GOF test based on KSD,
on the other hand, does not have these limitations.

However, KSD tests may suffer from low test power when
the target probability measure has well-separated modes.
For example, when () and P are mixtures of the same com-
ponents but differ in the mixing proportions, the power will
converge to the test level as the modes of the components
become more and more separated (Fig. 1). This is because
the KSD statistic can be numerically close to O if the re-
gion where the score functions are practically different has
low @-probability. This issue, sometimes known as the
blindness to isolated components (Wenliang & Kanagawa,
2020), has been noted in a number of works (Gorham et al.,
2019; Matsubara et al., 2022; Kanagawa et al., 2022) and
addressed in some applications of KSD (Zhang et al., 2022).
However, little work has been devoted to tackling this issue
in the context of GOF testing.

Contributions Our contribution is twofold. First, we
demonstrate theoretically and numerically with a bimodal
Gaussian example that the power of KSD tests can con-
verge to the test level when the target distribution has
well-separated modes. This is different from the works
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of Gorham & Mackey (2017) and Wenliang & Kanagawa
(2020), which focus on the convergence of the sample KSD
but not its limiting null distribution. Second, we address this
issue by introducing @erturbation operatargiving rise

to a family of perturbation-based GOF test (Fig. 1, bottom
right) which we call theperturbed kernelized Stein discrep-
ancy (pKSD) test. The role of the operator is to perturb
the candidate and the target distributions simultaneously
to create discrepancy that can be more easily detected by
KSD. We propose to use Markov transition kernels that are
invariant to the targe® as the perturbation operator. The

P -invariance ensures the resulting GOF tests provably con-

trol the Type-I error. The transition kernel is non-irreducible Figure 1: Power for a one-dimensional bimodal Gaussian

and uses an inter-modal jump proposal, which can irlcreast%lrget distributiorP with mixing weight0:5 and mode sep-
the test power against multi-modal alternatives, sometimeglration The candidate distributio® is only the left

substantially from the nominal level to almost 1. component, from which 1000 samples are drawn. ospKSD
Outline Section 2 reviews kernelized Stein discrepancyand spKSD are our proposed method; the others are existing
Section 3 formalises the low-power problem of the KSDbenchmarksTop Rejection rates and target densities for
test. The proposed method is presented in Section 4 angrying ; the orange and green lines overl&attom left
Section 5. We discuss related work in Section 6, followedDensity ofQ before and aftetO steps of the perturbation

by experiments in Section 7. Section 8 concludes. described in Sec. 4 and density of the tafgeBottom right

Notation Throughout this article, we denote iy P prob- Connections between KSD and the proposed divergences.

ability measures oiX = RY equipped with the Borel
-algebraB(X), and assumé& has a continuously dif-
ferentiable, positive Lebesgue density We refer toQ
as thecandidatedistribution andP as thetarget distribu-
tion. Our interest lies in testingly : Q = P against
Hi:Q 6 P using a nite sampld x;g'.; drawn indepen- Assuming the kernek has continuous rst-order deriva-
dently fromQ. We assume we can evaluate pointwise thetives with respect to both arguments, Chwialkowski
unnormaliseddensityp (x) = p(x)=Z, whereZ isanun- et al. (2016, Thm. 2.1) showed that KSD attains

inite kernelk : X X ! R. LetF ¢ be the unit ball of the
d-times Cartesian produét? == H H . Choosing
F = F9 and the operatohp yields the(Langevin) kernel-
ized Stein discrepan@¥SD): D(Q; P) = Dg4(Q;P).

known constant, as well aslogp (x), whichisidentical a closed form: D(Q;P) =  Exxo o[up(X;x9],
to thescore functiorof p, namelys,(x) = r logp(x) = where x;x° are independent random variables
(r x, logp(x);:::;r x, logp(x))” . drawn from Q, and up is the Stein kernel
Up (X; X9 = s5p(X)” KX XYSp(X)+ Sp(X)” 1 xok(X; X9+
. . . . > d .
2. Kernelized Stein Discrepancy Test k(x5 (x9 + iy %,gk(xyxo)- Notably, up

(hence alsoD(Q;P)) depends onp only through
Sp(X) = r logp(x), so KSD is computable even without
the knowledge of the normalising constanipof

Choosing the Stein operatdtp in (1) to be the oper-
ator mapping continuously differentiable, vector-valued
functionsf : R4 ! RY to scalar-valued functions via
Apf(x) = hr logp(x);f (x)i + hr;f(x)i, one obtains We will assumek lies in the Stein classof p (Liu et al.,

a statistical divergence which only depends on the scoré016, Def. 3.4), so thab(P;P) = 0. WhenQ also ad-
function of P. If f 2 F satis es regularity conditions Mits a density, andk is cc-universal (Sriperumbudur et al.,
such agimkxkz!l f (X) p(x) =0, then one can show that 2011; 2010) or integrally strictly positive de nite (Stewart,
Ex p[Apf(X)] =0, andf is said to lie in theStein class 1976, Sec. 6), KSD iseparating meaning thab(Q; P) =

of P (Liu et al., 2016, Sec. 2.2). The function clags O (0 Q= P, provided thaEyx q[ksq(X) Sp(x)k?] <

is usually chosen to bé) suf ciently broad so that the 1 (Chwialkowski et al., 2016; Liu et al., 2016). The as-
discrepancy separates distinct probability measures, i.8umption thaQ has a density can be relaxed if the target
S(Q;P;F)=0 ( Q = P, and(ii) suf ciently regular ~ density satis es additional tail conditions, such as distant

so that the right-hand-side of (1) can be ef ciently solved. dissipativeness (Hodgkinson et al., 2020, Proposition 4).

To this end, Liu et al. (2016); Chwialkowski et al. (2016) D(Q; P) can be estimated from a samfe g, from Q
proposed to leF be the unit ball of aeproducing kernel by the following U-statistic (Ser ing, 2009, Sec. 5.5):
H|Ibert space(RKHS) (Berlinet & Th_omas—Agnan,_ 2011). B = 1 P e (Xiix)): @
Speci cally, letH be an RKHS associated with positive def- n(n 1) 1 i6j n A

2
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The KSD test uses (2) as a test statistic. The asymptoting;np;::: 2 N satsesn ! 1 as ! 1 and
distribution of®p underHg has no closed form, butcan n = o(l=max(F :F ™)), then
be approximated with a bootstrap procedure (Huskova &

Janssen, 1993) using the bootstrap samples n Bp | dP1 G(z2 1) ('1); (5)
! i=1 i ! ;

P
B =& | o W 1 WP 1 oup(Xiix); . _
A3) whereDp is the sample KSD computed usig :::; X, |
Z; N (0;1)i.i.d. andfg g are the eigenvalues of the
where(w?;:::;wh) - Mult n;2;:::; 4 follows a multi- Stein kernelip underQ.

nomial distribution. The test statistdp is compared
against quantiles dft2 g5, computed wittB i.i.d. draws

The resulting test achieves the desired levelsymptoti-
cally (Huskova & Janssen, 1993; Liu et al., 2016).

Remark3.2 The RHS of (5) is the limiting distribution of
Or underH, (Liu et al., 2016). Hence, this result shows

that if the sample siza iso(1=max(F ;F 1:2)), then the
test power converges to tieminal levebf the test.

Remark3.3. Assumption (4) is standard and holds for In-

Many improvements over the standard KSD test have beeverse Multi-Quadrics (IMQ) and Radial Basis Function
proposed, e.g., to reduce the computational cost (JitkrittunRBF) kernels wheiQ has a nite second moment. IMQ
etal., 2017), to address the curse-of-dimensionality (Gondfernels are preferred as they have desired tail properties
et al., 2021a;b), and to avoid kernel selection by adoptingo ensure &onvergence determinifgSD for target densi-

an aggregated testing procedure (Schrab et al., 2022).

3. Limitations of KSD Test

ties satisfying the distantly dissipative condition (Gorham
& Mackey, 2017; Hodgkinson et al., 2020). This includes
Gaussian mixtures with common covariance, as well as dis-
tributions strongly log-concave outside of a compact set,

The KSD can be blind to certain discrepancies that aréuch as Bayesian linear, logistic, and Huber regression pos-

strongly visible in other metrics (e.g., in the norm). One

teriors with Gaussian priors, c.f.,, Gorham et al. (2019);

example is mixtures of the same well-separated compd>0rham & Mackey (2017). Prop. 3.1 does not contradict
nents, differing only by the mixing proportions (weights). this result, as it considers a different regime whergea
In fact, the KSD will be small in settings where the scorequenceof target distributions is of interest.

differenceksp(x)  sq(x)k3 is large only with lowQ-

probability. This is because the KSD can be bounde

from above by the~isher DivergencgFD) F(q;p =
Ex olksp(X) sq(x)kZ] (Liu et al., 2016, Thm. 5.1).

dDrop. 3.1 allows us to study the test power by analysing

the FD. For instance, when is a mixture of two Gaussian
components an@ is one of its component, the FD decreases
exponentially fast to 0 with the mode separation. Prop. 3.1

This is known as the “blindness” of score-based discrepthen implies that an unrealistically large sample size would
ancies (Wenliang & Kanagawa, 2020) such as KSD. Thige needed for the test to have a non-trivial power. This is
limitation of KSD has been highlighted in a number of formalised in the following result.

works (Gorham et al., 2019; Matsubara et al., 2022; Zhan
etal., 2022; Kanagawa et al., 2022); however, its implicatio
to the test power in GOF tests has not yet been formaliseé.1

rﬁ'heorem 3.4.LetQ = N(O;14) andP =

N (O;14) +
N(  ;lg), where 2 [0;1]and 2 RY. With
the same notation in Prop. 3.1 and assuminggtis es (4),

In Prop. 3.1 (proved in Appendix A), we formally connect 4 |imit (5)holdsifn = o & K3=64
the blindness issue with the rates of increase of the sample

size and the FD between the two distributions.

Proposition 3.1. Let Q and P, = 1;2;:::,
be probability measures dened oMY with posi-
tive densitiesgq and p . respectively.
Ex olksq(X)K3]; Exxo qlug(x;x9?] < 1, and the ker-
nelk satis es

max Exxo q[iK(X;x9j]; Exxo olkr xok(x;x9K3];
Exxo olkr xk(x;x9K3] < 1 : 4)
Let Xq;X2;:::

Q. Denote byF = Ex glksy (X)
Fisher Divergence betwee@ and P .

sq(x)K3] the

Assume

If the sequence

The proof is in Appendix B. Figure 1 provides numerical
evidence for Thm. 3.4 by showing the rate of rejection over
100 repetitions at level = 0:05. We observe that the
power of the KSD test (with IMQ kernel whose bandwidth
is chosen by median heuristic (Gretton et al., 2012)) ap-
proaches the prescribed level for 6. A similarly poor
performance is observed f(iSDAGG (Schrab et al., 2022)
and FSSD (Jitkrittum et al., 2017), two variants of KSD. In
comparison, our proposed test, called ospKSD and spKSD,
achieve an almost perfect power. Notably, the problem of

be a sequence of i.i.d. samples fromlow test power persists even if the samples are drawn from

both components but with a different weight; see Figure 3
in Sec. 7.
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4. KSD Test with Perturbation

We propose to increase the power of KSD test agamsti-
modal alternativedy perturbing both the candidate and the
target distributions with a set dflarkov transition kernels

(Robert & Casella, 2004, Chapter 6) and performing KSD

tests on th@erturbeddistributions. A Markov transition ker-
nelis afunctiork : X B (X) ! [O; 1] such tha(i) for all

x 2 X ,K(x; ) is a probability measure aiX ; B(X)), and
(i) forall A 2 B(X), K( ;A) isameasurable function of..

In our exampleK may also be an iterated composition of an

underlying kernel, e.g. a Metropolis-Hgastings kernel. The

perturbed measure @ is (KQ)( ) =
and similarly forKP.

x K(x;)Q(dx),

4.1. KSD with a Single Perturbation Kernel

We rst consider asingletransition kerneK. We de ne the
perturbed kernelized Stein discrepar{pKSD) as

D(Q;P;K) = D(KQ;KP)

= SUp;2r « jExk o[AkpT(X)]i;  (6)

assuming P admits a continuously differentiable density
so that its score function is well-de ned. Notabk/Q need
not have a (Lebesgue) density for (6) to exist.

The properties of pKSD are dictated by the operdtor
A desirable choice should ensure tlgt pKSD is well-
de ned, and in particulak P should have a continuously
differentiable density whenevé¥ does (ii) pKSD (6) can
be computed ef ciently, angiii) the test can achieve a high
power against alternatives with wrong mixing weights.

Given theselesideratawe propose toghoose a transition
kernelK thatisP-invariant i.e.P ()=, K(x; )p(x)dx.

A P-invariant kernel ensurd§P = P, so the score function
Skp = Sp is unchanged after perturbation. This meéhs
and(ii) are trivially satis ed. In particular, pKSD will have
a closed-form expression

D(Q;P;K) = Exxok olup (x;x9];

provided thaEy k q[up (X;X)] < 1 (e.g., Chwialkowski
et al. (2016, Thm. 2.1)). Moreover, theinvariance allows

a GOF test similar to the standard KSD test to be conthenD(Q;P;S)

structed, as we will elucidate in Sec. 4.2. To add(@ss
we employ a proposal map fér that “aggregates” densities

across the modes of the distribution. As we will demonstrat.eIng separation (e.g., Liu et al. (2016): Chwialkowski et al.

numerically, such a proposal is sensitive to discrepancies
mixing weights.

Givenii.d.fxig' Q,asampldxg’, fromKQ can be
drawn by running 1-step transitions undkestarting from
eachx;. pKSD can then be estimated by the U-statistic:

Bok = mcdy (7)

1 . .
nin 1) 1 i8] n Up (Xi:%)

Algorithm 1 Goodness-of-Fit Test with spKSD.

Input: TargetP, observed samplex;g.; from Q, set
of transition kernel$ = fK sg_; thatincludeq (i.e.,
no perturbation), number of transition stéps

generate perturbed sampfesgl; .

Compute test statistidp. s using (8).

Generate bootstrap samples with (3) with replaced by
tp, and nd the(l )-quantile”;

RejectHo if Dp.s 7

4.2. KSD with Multiple Perturbation Kernels

A single transition kernel can be limited in improving
the test power against general multi-modal alternatives.
It also doesnot guarantee theseparationproperty, as
D(KQ;KP) =0 = Q = P, unlessK is injective

so thatkQ = KP =) Q = P (such as the convolu-
tion operator). However, choosing only injecti¢ewould
signi cantly restrict the class of possible options. Instead,
we propose to employ a niteollectionS = fK sg5_; of

P -invariant transition kernels, and requigeo include the
identity transition kerneKiq, de ned asKig(x; A) =  «(A)
forallx 2 X andA 2 B(X), where y(A)=1ifx2 A

and 0 otherwise. In particulad(Q; P; Kig) reduces to the
standard KSD. This gives rise to a separating statistical
divergence which we tersum-pKSOspKSD)

K2s D(KQ;P) ;

where we have overload&{Q; P; S) with a setS in place

of a single transition kernel to denote spKSD. The next
result (proved in Appendix C) shows that spKSD indeed
separates probability measures so lonias2 S.

Proposition 4.1 (spKSD separation) SupposeQ; P
are probability measures orX that admit positive
(Lebesgue) densitieg; p, respectively. Further assume
Exk olup(X;x)] < 1 forallK2S andEy q[ksp(x)
sq(x)kg] < 1 . Ifthe kernek is cc-universal and&ig 2 S,

0 with equality if and only iQ = P.

P
D(Q;P;S) =

The assumption that the alternative distributipmalso ad-
mits a density is common in KSD literature when prov-

?2016); Jitkrittum et al. (2017); Gong et al. (2021b)), but it
can be relaxed iP is light-tailed or distantly dissipitative
(Hodgkinson et al., 2020; Gorham & Mackey, 2017).

spKSD can also be written as a double expectation akin to
KSD, providedEy k ,q[up (X;x)] < 1 forall s. This al-
lows spKSD to be estimated given a random sarhple’;
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a samplef xPg,; from KsQ can be drawn by running We choose in this paper a densitge ned on some discrete
1-step transitions unddfg starting from eachx;. De- spacéJ. The transition kernel is

xt:::;x3 into a single vector. We propose to estimate K(x;A) = i wau o(A)gu) (XxY+ K (A)r(x);
D(Q; P; S) using the following U-statistic

p wherex® = h(xju) is the proposed state,(x;x? is an

Dp.s = A 1 iej o (XFSXS) 5 (8)  accept-reject rule that guarantdednvariance, y(A) =
p if x 2 A and 0 otherwise, and(x) = 1
wheretp (x1S;x28) = S, up (X7 X7). sou 9(U) (xx9. The accept-reject rule(x; x9) is de-
signed to satisfy thdetailed balance condition

4.3. GOF Testing with spKSD R

P

Having constructed a test statistic for spKSD in the form X vy x(BIPO)gU) (x;x7)dx

of a U-statistic, the next result (proved in Appendix D) = e wau x(A)PXYGUY (x%x)dx%  (9)
derives the limiting distribution of spKSD statistic under ) . .
the null and alternative hypotheses. We denot®lythe  [oF all A;B 2 B(X). One valid choice is

distribution ofx*S constructed as before and use the same ) o(x)a(u®)  @Hxju)

notations as in Prop. 4.1. (xix9=min  LES Texs o (10)
Proposition 4.2 (Asymptotic distributions of spKSD)Sup £ x0= hixju) andx = h 1(x%u9) for someu: u® 2 U,

pose the assumptions in Prop. 4.1 hold, and further as A !
SUMEEywo Ry [t (w;w92] < 1. Letfzg i be in- and zero otherwise. Heré@ ixju)=@ xdenotes the Ja-

dependent draws froml (0;1) and denote by G g 1 cobian of the transformation from to x°. Appendix E

the eigenvalues ofip under R, i.e., the solutions of Proves that (x;x% indeed satis es (9). The accept-reject

G () = Ew rolte(;W) j(w)] for non-zero ;. As rule (10) resembles those used in Reversible-Jump MCMC
J N . . (Green, 1995; Green & Hastie, 2009) and generalises the

n!'1 | . .
i der Ho - p, h Boe | well-known MH rule, for which the determinant of the Jaco-
0] Hnl er_ o lQ we havenDp.s d bian is 1.
j=1 Cj (zj )
(i) Under H; : Q 6 P, we have 2 = . .
5.1.Ch the P | Densit
%Varw Ro (Ewo ro[te (WiWOD) > 0, and oosing the Proposal Density
ﬁ(bp;s D(Q;P;S)) ! a N(0; 2). We propose a jump propoda{xju) that superposes masses

at each mode op. Our choice is motivated by Markov
Prop. 4.2 assumes Q also admits a Lebesgue density; wh@@rnels used in the optimisation-based MCMC literature,
it does not, the stated results still hold true if we additiona”yspeci Ca"y thedeterministic jumpproposaj in Pompe et al.
assumei) the conditions orQ in Prop. 4.1 for KSD to  (2020). New states are proposed by randomly selecting a
separate probability measures, a@ijdRq (A) > Owhenever  mapping from a set of candidates that are constructed using
Rp (A) > Ofor any measurable st X 5. the location and geometry of the modegofThe resulting
kernel isnotirreducible, so the limiting distribution is not
necessarilyP. Non-irreducibility is essential for the pro-
JRPsed test to work since, under the alternative, the transition
kernel should pertur) to some other distribution for which
the KSD betweef® and the perturbed distribution becomes
larger compared with the KSD with the un-perturbed one.
This is in contrast to MCMC, which requires irreducibility
.\ . so that asymptatically the chain can sample from the target
5. A Transition Kernel for Multi-Modal distribution.

Alternatives

Similarly to the case with the standard KSD, the cumulative
density function of the limiting distribution undeét, has no
closed-form expression, but the same bootstrap techniq
can be employed to estimate thevalue using the perturbed
samples. The complete algorithm of goodness-of- t testing
with pKSD is given in Algorithm 1.

(MH) type (Metropolis et al., 1953; Hastings, 1970). At a at those points; how to estimate these quantities will be
current statex, a new stateis proposed by rst generat- discussed later. Whemis a mixture of elliptic distributions

ing ad,-dimensional random vectarfrom some known such as Gaussian or multivariatelistributions, eact,
densityg, then mapping tx® = h(xju), whereh(ju) is  can be viewed as the covariance matrix of a component.
some deterministic, invertible function that is differentiable When the Hessians do not exist (e.glogp is not twice

with differentiable inverse. The proposed stafés hence a  differentiable), we can se&,, = |4 and the remaining
deterministic function givel andu. discussion still follows.
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Proposition 5.1. Under the assumptions of Sec. 5.2, the
limiting distributign underK with the initial distributionQ
is (K Q)(A) =, d" (x)dx,A 2 B(X), where

P
ot (x) = p(x)ps22ien s (12)

and = ( 1 2).

A proof is in Appendix F. Prop. 5.1 shows that the limiting
density undekK is the target densitg weighted by the ratio
between the total massesaandp over a discrete grid.

To understand why this helps to increase the KSD value, we

Figure 2: Top: Densities and score functiongppfl and rst rewrite KSD as

the limiting distributiong® in (11). Bottom: pKSD with
different jump scales, compared with KSD. D(Q;P) = Exxo ol qp(X)” k(X9 qp(x9] ;
) = Exx q;p ’ q;p !

For a current state, our proposal randomly selects a pair

of modes and attempts to mapfrom one mode to the Where g;p(X) = sq(x) sp(x) is the score difference. This
“corresponding” poini®in the other. Formally, leti = holds whenevek is an integrally strictly positive de nite
(uy;up)  Unif(f(i;j):1 i6j Mg)beauniform kernel (Liuetal, 2016, Thm. 3.6). The pKSD is then
random vector over the index set of MI(M 1) pairs of

distinct(and ordered) modes, i.g(u) = 1=(M (M 1)) DP(QPiK*)= Exxo o1 [ q p(})” k(X9 g p(x;

for all u. Given a xed constant> 0, the proposal map is .
prop P where, by Prop. 5.1, the score difference becomes

h(xju) = h (xju) = ADZAL2 (X u)+ g p(X) = St ) Sp(X) =1 log ¢(x) r log p(x),
where ¢(x) = ,,q(x+ s ) andsimilarly for .
with the inverse map 1(xqu) = AS°AL 2(X o))+
u; - Intuitively, h sends points from mode,, to ,
allowing for scaling by local Hessians, ahd?! performs
the opposite operation. The constaris a hyperparame-
ter introduced to control the scale of the jump, which can
increase the ability to detect discrepancies in the mixingAs a concrete example, we consider the setup in Thm. 3.4,
weights. Herein, we call thejump scale whereQ = N(O;lg), andP = N(@O;lg) + (1
. YN( ;l4) forsome 2 (0;1)and 2 RY. The op-
Given a current state, our proposal chooses two modes ran= : A . :
erator has created discrepancy in high-probability regions of

domly, so a proposed state can potentially lie in & low< “ & 4o s netrated in Fig. 2. This also highlights the role
density region, thus leading to a low acceptance probability=, = .
of :when = | thetwo components will overlap almost

Pompe et al. (2020) address this by recording an auxiliar%Xactly under the perturbation, sg (x) Onearx =0

variable for the mode index and augmenting the state spacé . . : . .
X f 1:2::::M(M 1)g sothat at every step the new and the KSD will remain small (Fig. 2). Itis hence crucial

. . to tune (equivalently, ). One can in principle selectby
state igguaranteedo lie near a mode. However, the same L . T
: . maximising the (approximate) test power, similarly to the
trick cannot be used in our case because the augmente g .
. . idea in Jitkrittum et al. (2017). However, gradient-based
density no longer has a well-de ned score function.

approaches are infeasible as pKShas differentiable with
respect to . An alternative is to use grid-search over some
nite set of values.

To understand the improvement in test power against multi-

modal alternatives, we characterise the limiting distribution5.3. Choosing the Set of Perturbation$

of a general distributio® with a positive density when
we apply the perturbation with in nitely many steps (i.e.,
KT with T = 1 ). For simplicity, we assumi! =2 and
A1 = A, = |4 are identity matrices, so that the proposal
function ish (xju) = x ( u, u,) forx 2 X and  For the grid-based approach, we choose a set of values
u=(u;ux)2U =f(i;j):1 6] 2g Thus,given f sgo,* andletS = fK4;Kq;:::;Ks 10, whereKs is

a current state, the transition kernel proposes moves tothe transition kernel described in this section with jump
x+ (1 2)andx (1 2) with equal probability. scale s. We propose to choose eachclose to 1, following

The operator superposes densities along a grid, thus al-
lowing to create local discrepancy in the high-probability

regions ofQ, for example by exchanging masses between
modes.

5.2. Understanding the Source of Test Power

It remains to choose the set of perturbati&nis spKSD. We
propose two ways to construst one based on grid-search,
and the other based on optimisation.
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the observations in Sec. 5.2. We still refer to the resulting
divergence as spKSD.

For the optimisation-based approach, we use only two tran-

sition kernelsS = fK ig; K g, whereK has jump scale

that is tuned by maximising a proxy for the asymptotic test

power. Due to the asymptotic normality proved in Prop. 4.2,

we can adopt the same approach in Jitkrittum et al. (201#;igure 3: One-dimensional Gaussian mixture example.
Prop. 4) to approximate the asymptotic power with the ratioSamples are drawn with a different mixing weight

DP-KT :Au , (12) .
' data and some training set (for ospKSD). The full procedure

wheren, is an estimate of the asymptotic standard deviatior!S described in Appendix G.1.
u IS given by the square root of

0 1, 0 1, 6. Related Work
A2 . i)@ @X1 . i@x1 Hi A Perturbation with convolution The idea of combining
u n3 <1 e ! n4 i =1 ! a discrepancy with perturbation has been widely studied,
where the perturbation is often a convolution operator
with Hij = Up (xi;X;)+ Up(x;;%;) andx; K TQ;see with Gaussian noise. E.g., tlspread divergencé&hang

also Schrab et al. (2022, Eq. 8). Since the objective (12§t al., 2020) combines Gaussian convolution with Kullback-
(in particular,K ) is not differentiable with respect tq we  Leibler (KL) divergence (more generalli:divergences) to

distributions have unde ned densities or unmatched support.
In generative modellingdenoising score matchin/in-
cent, 2011) andNoise Conditional Score NetworkSong
Whether the grid-based or the optimisation-based methog Ermon, 2019) combine Gaussian convolution with score
should be preferred requires trade-offs and depends on thfiatching to improve computational ef ciency or estimation
speci ¢ problem at hand — The spKSD requires no heldquality. Notably, convolution isiotinvariant to the target
out sets, but can suffer from a low test powef i£g5.;*  distribution, thus rendering the score function intractable.

is poorly chosen in that most &f; fail to improve the test  Thjs is why we chose a MH-type kernel instead.
power. On the other hand, ospKSD uses a judiciously tuned

, but the dgta—sphttmg can also lead to a drop in test POWEEHa rbation with convex combination
In our experiments, we nd that spKSD tends to work better

objective is hencenax ot ... g Dp.xr =u. We call the

resulting discrepancy theptimised sum-pKS[spKSD).

In score match-
L ) . . ing, Zhang et al. (2022) addresses the blindness of Fisher
fo_r target dlstrl_bu_tlon_s V\."th _aS|mpIe geom_etry, speci cally Divergence by mapping the target and candidate distribu-
mIXtUI’ES gfelhpt_lc dls_trlbut|ons (C?mbal_r|1|s et al.,f 193_1) tions to a convex combination with a Gaussian distribution,
(e.g., the Gaussian mixture examples). However, for ISmﬂwereby “connecting” the well-separated modes. A similar

tbutlons Whotze m|.X|tng cgfmpc(;nt()ants have non—lelllpug tcr?nfdea cannot be applied to improve the KSD test, as, similarly
ours (e.g., the mixture dfand banana example, and the to convolution, the resulting target distribution no longer

sensor network Iocallsatlon example), the bgne t of Opti4 o< a tractable score function.
misation seems to overweigh the negative impact due to

data-splitting, and ospKSD outperforms spKSD. . ) ) .
Perturbation with annealing Another choice of pertur-

bation is to anneal both distributions by raising the densities
to some power, which is studied in Wenliang & Kanagawa
We estimate ; andA; by the local minima and Hessians (2020). Although the score function remains tractable under
of logp. To do so, we run in parallel a sequence of BFGSthis perturbation, annealing alone cannot solve the blindness
optimisers (Nocedal & Wright, 2006) initiated at different of score-based discrepancies, as noted by the authors and in
starting points, following Pompe et al. (2020). BFGS is usedZhang et al. (2020). Moreover, sampling from the annealed
because it returns both the local optima and approximatedandidate distribution is also non-trivial.

Hessians at those points. The optima are then merged if

their _vveighted Mahalanobis dista_nce is small_er_ Fha_m aprey. Experiments

speci ed threshold. In our experiments, we initialise the

optimisers from a set of sizey,;;, constructed either by We use51 jump scales equally spaced ifi0:5;1:5], a
sampling uniformly from a hyper cubé 1; U;] heuristic that we nd works well in practice. All sam-
[Lg; Uq] (for spKSD), or by using both randomly sampled ples have sizen = 1000. We compare the ospKSD

5.4. Estimating Mode Vectors and Hessians

7
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Table 1: GOF tests for checking the quality of RAM samples
with different scales. Reported values are the number of
rejections over 10 repetitions with lev@l05.

Methods KSD o0spKSD spKSD KSD#c FSSD
0.1 0 8 0 0 0
RAM scale 0.5 0 0 0 0 1
1.08 10 8 10 10 7

Figure 4: Mixture of 1@ and 10 banana distributions.

and spKSD tests against benchmarks including KSD test
and two variantsK SDAGG and FSSD). All experiments
are run with level = 0:05 using the IMQ kernel
k(x;y) = (1 + kx yk3=) 172 where is chosen to
bemedian i; fkx; X;jk3g. KSDAGG follows the setup

in Schrab et al. (2022), and FSSD follows Jitkrittum et al.
(2017). The probability of rejecting the null hypothesis
is estimated by averaging the test output over 100 repe-

titions, except in the sensors location example, which ig=igyre 5: True and inferred locations of sensors. Black plus

repeated 10 times. Translucent shades repr@86(CIs.  signs mark the location of the unobserved sensors, and black
The number of transition stefsis selected to b&0for the  osses indicate the location of the observed ones.

Gaussian mixture exampl&00for the mixture oft and ba-
nana distributions example, af@00for the sensor network pKSD and spKSD achieve a higher power. All the others
localisation. perform poorly for all values of 5, because the components

Discussions on how to choo3ein practice, as well as sup- have almost no overlapping high-density regions.

plementary plots and experiments, are held in Appendix H. o

In particular, in Appendix H.4, we include an additional ex-S€nsor network localisation Tak et al. (2018) use
periment concerning a 50-dimensional Gaussian-BernoullP@yesian methods to infer the locations of sensors from
Restricted Boltzmann Machine (RBM) (Cho et al., 2013),10ISY distance data. This is a modi cation of the exam-
a latent variable model that can be viewed as a mixture of!€ in Ihler et al. (2005) that has been used as a bench-

Gaussian distributions. Code for reproducing all experimark for MCMC samplers designed for multi-modal dis-
ments can be found at ~ tributions (Pompe et al., 2020; Ahn et al., 2013; Lan et al.,

four of which have unknown locations and the remaining
two are known. We observe distange between two sen-
sorsx;; X; with probabilityexp(k x; x;k=(2 0:3%)).

Gaussian mixture The target has densitp(x) /

exp ix? +0:5exp 1(x 6)? . Samples are drawn
with a different mixing weight 2 [0; 1] of the rst compo- X ) N
nent. The results are presented in Fig. 3. KEBDAGG If observed, the distance follows a Gaussian distribution

and FSSD all have a power close to the |65 regardless Y Nd.(kxi Xi k& 0:02%). Full model ?etailskare hIeId in
of the value of , which is not surprising due to the blindness Appendix H.3. To draw posterior samples, Tak et al. (2018)

of KSD. In comparison, 0spKSD and spKSD achieve alPropose theepelling-attracting MetropoligRAM), which

most perfect power when deviates from the true value 0.5. is an MCMC algorithm designed for ef cient learning of

Fig. 6 in the Appendix veri es numerically that 0spKSD multi-modal target distributions. RAM relies on a Gaussian
and spKSD achieve the desired level unier proposal with a xed covariance matrix?l 4 to propose
new states in its uphill and downhill steps. Téeale

Mixture of t and banana distributions We consider a needs to be tuned to facilitate transitions between modes.

mixture of 10 multivariate-distributions and 10 banana- We run RAM with different scales, each for420 000
shaped distributions wittrtails ind = 50 dimensions, also iterations. We discard the rs20; 000patrticles as burn-in
studied in Pompe et al. (2020). Each component has aand thin the remaining to obtain a sample of size 4000.
equal weigh0:02 and is centered randomly [n 20; 20,  We then evaluate the quality of the samples by applying
giving rise to a target with sparsely located, non-elliptica GOF test. Fig. 5 shows the posterior samples generated
modes. Samples are drawn with a different set of weightsising each . The samples from = 0:5 seem to capture

fw, gfgl formed by samplingsy, N (0; 2), <> 0,and all the modes of the posterior and is consistent with the
normalisingw; / exp(w; ). Other details are held in Ap- results reported in Tak et al. (2018, Fig. 5), whereas samples
pendix H.2. Fig. 4 (left) shows the results. Asincreases, from = 0:1and1:08clearly miss some modes. We then
the weights in the two distributions deviate further, so oseompare the test results in Table 1, which reports the number

8
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A. Proof of Proposition 3.1

Fixing positive integer , we canwriten Bp = n Do+ n (Bp  Dg). Under the stated assumptions on the keknel
and thatExx o o[Uo(X;x%?] < 1 , we can apply Liu et al. (2016, Thm 4.1) to conclude that, &4

P
nBo!a oGz 1);
wherez; ; ¢; are as de ned in Prop. 3.1. If we could furthermore show thaOp DQ) ! 0inprobabiltyas !'1 ,
then the desired result would follow from Slutsky's Theorem (see, e.g., Casella & Berger (2001)).

To prove the convergence in probability, we x> 0 and denote byrg the probability undeQ. We also omit the
dependence af on for brevity. The Markov inequality yields

Po(jBe  Doj )

|
=}
m
x
fa

zmxa Q ﬁ 1isj nUp (XisX)) U (Xi;X;)
BT e n B ol (1% Ug(xii))
DExxo qjup (X9 Ug(x;x9]

DfExxo QiSp (X)7Sp (X9 5q(X)” sq(x9jjk(x; x9)]

+ Exxo Qi(Sp (X)  q(x))” 1 xok(x;x9]

+r|lEX;X0 Qi(sp (X9 sq(x9)™r xk(x;x9jg

=}
=

Exxo o (Sp (X)”sp (x9 Sq(x)” Sq(XO))z o Exxo q k(x;x9? =2
+ Ex o ksp () sq()K2 7 Exxo o krook(x;x9k2 2
+ Eyx o ksp (X)) sq(¥)K2 7 Exxo o kr xk(x;x9k2 (13)

We bound each of the three terms individually. For the rst term, we have
h i
> > 2
Exxo q Sﬁ (X)” sp (x9 Sq(X) Sq(XO)

i
“Buio S (x)7 (sp (X9 sq(xY)+(sp (X) sq(xgrsq(x%z
|

i
2B o Sp ()7 (Sp (X 5q(x9) ° +2Exxo o (Sp (X)  Sq(X))” sq(x9) ? ;
| {z b { }

A
=T =Tz

where the last line follows from the fact th@+ b)?> 2a + 27 for anya; b2 R. Now, applying the Cauchy-Schwarz
inequality gives

Ti 2Exxo qlksp (X)k3ksp (X  sq(x9YK3]
2 2By qglksp (x) Sq(X)k§]+2EX Q[kSq(X)kg] Exo glksp (x9 Sq(XO)kg]
AF2 + 4B, qlksq(X)K3]F ;

whereF = Ex q[ksp (X) Sq(X)k3] is the Fisher Divergence betwe®n andQ, and where the second line holds
because

ksp (X)k3 = ksp (X)  Sq(x)+ Sq(x)k3  2ksp (X)  Sq(X)k5 + 2ksq(x)Ks:
A similar argument by Cauchy-Schwarz inequality shows that
T Ex qlksq(X)K3]F
Combining the bounds foF; andT; yields
Exxo ql(sp (X)”sp (X9 sq(x)”5q(x9)?]  8F? +10Ex q[ksq(X)K3IF
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By the assumed boundedness of the kernel and its gradients, there exists a positive kbrstantlepending only ok
andQ such that

max Exxo q[iK(X;X9j]; Exxo o[Kr xok(X;XYKk3]; Exxo olKr xk(x;x9k3] M :

We hence conclude from (13) that
h

Po(niBp  Boj ) o M2 8F2+10E, olksq(Xx)KAF *

i
2 oM 12p 12

1=2

h |
TMY2 FYOBF +10E, olksg()k3] T +2F 7 (14)
{z

:ZT3
The termTs is O(max(F ;F'™2)). Therefore, ifn = n = o(l=max(F ;F™2)), then the right hand side of (14)

convergestoOas!1 ,thusn jDp  Dgj! 0in probability. This completes the proof.

B. Proof of Theorem 3.4

Theorem 3.4 follows directly from Proposition 3.1 and the next lemma, which states that the Fisher Divergence Qetween
andP decays with a rate at least exponentially fast in the inter-modal distankg.

Lemma B.1. Under the same assumptions in Prop. 3.1, we HBveg ks, (X) Sq(x)k3]= o ek k=32

Proof of Lemma B.1Forany > 0,deneB = fx 2 RY : kxk g. We have the following decomposition

Ex2o ksp (X) sq(X)k3
=Ex g x(B)ksp (X) sq(X)k3 + Ex o x(RINB )ks, (X) sq(x)k3 : (15)

The rest of the proof proceeds with bounding the two terms separately. We rst note that standard computation gives

p (x) _  exp( 3kxk?)+(1 exp( Tkx  k?) _ . 1 ,
CICON exp( Tkxk?) = +(1 ) exp x Ik k2 ;
and
ksy (X) sq(x)ki= L )P (>x b)) °_ @ )%k K2 _
i ‘ 20+ ewn( Tx gk k) 2_ (1 + exp( >x+ik K3))

Forx 2 B , Cauchy-Schwarz inequality implies® x k  kpkxkz k k. Hence

2 @)’k K @ )’k K :
ksp (X)  sq(x)k3 Zexp( 2 > x+k k3) Zexp( 2 k kptk K3) '

and the rst term of (15) can be bounded as

@ )2k K2 @ )2k K2 .
Ex @ x(B)ksp (X) Sq(X)k% Ex o «(B) Zexp( 2 k k2+2k k) Zexp( 2 k k2+2k k%)’

where the last inequality follows from the fact tiat o x(B )] 1.

To bound the second term of (15), we note thatéé@ RnB ,
ksp () sqk3 G52 =k KB

Therefore,

Ex o x(B)ksp (X) sq(x)k3 k k3Ex o[x(B )] 5% kiexp @2 :

13
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by the tail probability of the norm of centred Gaussian random vectors (see e.g. Wainwright (2019, Prop. 2.5)). Combining
these results we have

2k k3 2
Ecolkse () 00K oot oy *5°k Kem 5

=(1 )? %k Kiexp £k k& +5% kKiexp Lk K3 ;

where the last line follows by choosing= 8k k»,=17. Noting the RHS of the last inequality & 3%k k3 completes
the proof. O
C. Proof of Proposition 4.1

Proof. The stated assumptions ensure that, fokall S, D(Q; P; K) is well de ned, and thaD(Q; P; Kig) = D(Q;P) =
0( Q = P (see, e.g., Chwialkowski et al. (2016, Theorem 2.2)). The desired result then followdsia&-invariant
forallK andD(Q;P;S) D(Q;P). O
D. Proof of Proposition 4.2

By Ser ing (2009, Sections 5.5.1, 5.5.2), suf cient conditions for the stated results are

CL. Ewwo Re[tp (W;w)?]< 1.

C2. UndeHo: 1= Var, rq(Ewo Rrelte (W;W9]) =0 and , = Varuwo r, (tp (W;w9) > 0.

C3. UndeHH: 1> 0.

Now C1. holds by assumption. To show C2., we start with the decomposition where, fow xefix*;:::;x5) 2 X S,
P P
Ewo Rrolte (WiWOl = Sy Eqyriy s) RolUp (XS¥9)] = &y Eyex Lolup (X5:Y)] ; (16)
where the rst equality holds as fw® Rq we can writew® = (y*;:::;yS) for somey® 2 X by construction, and

the second equality follows since the marginal distributiolyofs KsQ. WhenQ = P, each term in (16) equals to
Eys p[up(x®;y®)] by P-invariance. Now, under the assumed conditions in Prop. 4.1, the same argument in the proof of
Liu et al. (2016, Theorem 4.1) shows tiat p [up (x°;y%)] = 0. Hence, ; = 0.

To prove , > OwhenQ = P, we suppose for a contradiction that= 0. We then must havep  c®P -almost surely for
some xed constant®. SinceP admits a positive density ok by assumption, this implies thet= 0. On the other hand,
for any probability measur@®on X , taking expectation with respect Ryo yields

0=c"= Ewwo Rrgoltte (W; WO
= s=1 E(><1;:::;>< S)(ytnny ™) RQo[UP (Xs;ys)]
= S:l Exs;ys K SQU[UP (x3;y9)]
51 D(KsQ%P)
D(Q%P) ;

where the second identity follows from a similar argument in (16), and the last line holds béGaus& . This is a
contradiction, as it would impp(Q% P) = 0 for anyQ°6 P.

To show C3, we prove the contrapositive by supposing 0 and aiming to show tha) = P. If ; =0 then there must
exist a constant for which

c= Ewo rq [t (W; WO ;

for all w Rg -almost surely. With the stated choicetofand the assumption th@ admits a Lebesgue density, the above
identity also holds for aliv Rp -almost surely, wher&p is constructed in the same wayRg by replacingQ with P.
Taking expectation of both sides with respectto Rp then yields

C= Ew Rrp Ewo R [tp (W;WO] = Ewo ro Ew Rp [p (Wi WO ;

14
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where the last equality follows from the Fubini-Toneli Theorem. Following the same argument ab&ye=fd?, we
conclude thaE,, g, [t (W;W9] =0, and hence

P S
0=Ewo roEw Roltp(W;W9]= " I, D(KsQ;P) D(Q;P):

It follows thatD(Q; P) = 0, thusQ = P.

E. Validity of the Accept-Reject Rule
E.1. A Suf cient Condition

LetK be the Markov transition kernel studied in Sec. 5.1. We rst present a suf cient condition for the detailed balance
equation (9):

R P R P
oA u2u x0(BIP)gU) (XYAX = g weu x(A)PXYGUY (X% x)dXC 17

forall A;B 2 B(X). For simplicity, we have writter®= h(xju) andx = h 1(x9u9, so that the dependencexdfonu
and ofx onx%is implicit.

Proposition E.1. Letp be a probability density function o6 RY. Suppose that is a deterministic, invertible function
that is differentiable with differentiable inverse. Furthermore ddéte a known density de ned on some discrete space
Consider a Markov transition kernel of the form

P
KOGA) = u x(A)g(U) (6xY+ < (A)r(x); (18)
P
wherex?:= h(xju), x(A)=1 ifx 2 A and0otherwise, and(x) = 1 uau U x9)  (x;x9. Then an accept-reject
rule (x;x9 satis es the detailed balance condition (17) if

px)gu) (xx9 = p(x9gu?) (x%x) LLIL (19)

Proof. The proof largely imitates Green & Hastie (2009, Sec. 2.1), which shows the claim when the déssig/ned
on a continuous space. De nings = fu : x%= h(xju) 2 B forsomex 2 Xg andUy = fu :x = h *(xYu) 2
B for somex®2 X g, we can rewrite (17) as

R P R P
w2a  u2us POOGU) 0OGXYdX = 0p yopy, P(XGUT (X% x)dX:

Noting that(x;u) 2 A U g | (x%u% = (h(xju);u) 2 B U 4, and by the invertibility of the transformatidn a
change-of-variable formula can be applied to the right-hand-side of (17) to yield

R P R P _
xza  uzu, P(X)G(U) 6x9dx =, . u2Ua p(x9g(u) (x%x) % dx:

We therefore conclude that a suf cient condition is

p(x)g(u) (xx9 = p(x9g(ud) (x%x) LI

O
In particular, it follows that the detailed balance condition holds with
. - mi . POX)°(u%  @Hxju)
(x9=min 1; BR8] & (20)

by verifying that it indeed satis es (19). This can be viewed as a generalisation of the Metropolis-Hastings (MH) rule

. — i . p(x%g°u%
(x;x% =min 1; SE)

15
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E.2. A Class of Valid Accept-Reject Rules

Accept-reject rules of the form (20) is not the only choice that satis es the detailed balance condition. For the standard
Metropolis-Hastings transition kernel, alternative accept-reject rules have been studied (Barker, 1965; Peskun, 1973; Hird
et al., 2020). We follow Hird et al. (2020) to propose a class of accept-reject rules that are valid for proposed kernels of the
form (18).

Lemma E.2. Using the same notations in Prop. E.1, de t(&; x9) = pgz‘;gggﬂ;)) whenp(x)g(u) > 0, andt(x;x% = 0

otherwise, where; u®2 U such thaix®= h(xju) andx = h(x9u9. Then the equality (19) holds for

(xx9= 2L (%9 ;
where is any function that satis es(s) = s (1=s), forall s > 0, and (0) :=0.

Proof. We follow the derivation in Hird et al. (2020, Eq. 4). By the de nitiontgft is obvious that(x;x% = 1 =t(x% x)
andp(x)g(u)t(x;x% = p(x9g(u?. The assumption onthen implies

p)ou) (xx9= p(x)gu) 2GR 1(x;x9)

. @H(xju) 1
p(X)g(U)t(X,XO) @x JERIU fi (x;x )

p(x9g(ud) QLW @HILY (yo ) (21)

@H(xj .
p(x9) (x%x) Sl

0.0 . 1
where (21) follows from the fact tha% 40 = @I by the invertibility ofh. O

In particular, choosing(t) = min(1 ;t) gives the generalised MH accept-reject rule (20). Another feasible choice is
g(t) = t=(1 + t), which leads to a generalised version of the Barker's rule (Barker, 1965; Peskun, 1973; Livingstone &
Zanella, 2021)

p(x9g(u) 2L |
p(x)g(u) + p(x9g(u9) LI ’

(x%x) =

whenevep(x)g(u) > 0, and 0 otherwise.

F. Proof of Proposition 5.1

We rst characterise the limiting distribution when the initial distribution is a point mgssgor anyxo 2 RY, then generalise
the result to an arbitrary probability meas@e

F.1. Limiting Distribution with a Point Mass Initial Distribution

Fixingxo 2 RY, we de nel 4, = fxo+ k :k 2 Zg. We rstidentify a stationary distribution and aim to show that it is
also the limiting distribution.

Lemma F.1. The following probability mass function de nes a stationary distribution uri¢ier
- p P :
Mxo(X) = P— 057k o
if X 21 4,,andry,(x) =0, otherwise.

Proof. A suf cient condition for the detailed-balance condition in this case is

Fxo ()G(U) (X9 = 1, (x)gAUT) (X% x);

16



Using Perturbation to Improve GOF Tests based on KSD

forallx;x°2 RY. Fixx. Since (x;x% =0 unlessx®°2fx ;x + g,itis sufcient to check whether the above equation
holds forx®2fx ;x + g.For,e.g.x°= x+ ,

= (x) i . 9(u%p(x9
LHS = B remeyumin - 1 Sesss
= Wg(u% min (p(x); p(x9) ; asg(u) = g(u9 by de nition.
0 H .
alrer e OV o e TR again byg(u) = g(u).
= RHS
A similar derivation forx®= x completes the proof. O

The next result shows that the Markov chain de ned gp is irreducible and aperiodic under mild conditions.
Lemma F.2. Givenxp 2 X and consider the Markov chain with initial distribution,. Then

1. All state inl , are irreducible.

2. Astatex 21 , isaperiodicifp(x + ) <p(x)orp(x ) <p(x).

Proof. To provel, itis suf cient to show that any state 2 | , can reach any other stage2 | ,, with positive probability,
i.e., for any singleto = fygwherey 2 | 4, there exist§ 2 N so thatT (x; A) > 0, where

P
KOGA) = oy xe(A)g(u) (X9 + x(A)r(X);

whereU = f(1;2);(2;1)g, g(u) = 1=2forallu 2 U, andx®= x(x;u) = x+ ( , u,) (see Section 5.2). We
X x21g4,andpicky 2fx ;x + g, i.e.y isthe pointimmediately to the left or right afin | v,. The transition
probability in this case reduces to

K fyg)= 3 (xy)= imin 1,20

©

which is positive ap is positive orRY, i.e.,x can move to its left or right state in one step with positive probability. An
inductive argument directly shows thatan move tanyy 2 | «, with positive probability in nitely many steps. This
showsl.

To prove2., we note thatip(x + ) <p(x) orp(x ) <p(x),then the 1-step transition probability of starting fram
and staying is non-zero. Indeed,

Kfxg)=1 K (x;fx+ g K (xfx g=1 % (xx+ ) 3 (xx )

Sincep(x + ) < p(x), we have (x;x + ) =min(1;p(x+ )=p(x)) < 1. Similarly, (x;x ) < 1. Hence,
K(x; fxg) > 0, thusx is aperiodic. O

Combining Lemma F.1 and F.2, we can identify the limiting distribution when the initial distribution is a point mass at
X21x,.

Proposition F.3. IIj p(x+ )<p(x)orp(x )<p(x)forallx 2l g,thenry, is also the unique limiting distribution,

e KT (x;A)! <02 A reo(x9, forallx 21, andA | ,. Furthermore, for a Lebesgue-measurablesetX and
a statex 2 X,

i N Ay = T Py .

|mn!]_ K (X,A) - x 02| N XO(A)W . (22)

Proof. Under the stated assumption, Lemma F.2 shows that the Markov chain is irreducible and aperiggicSince the
stationary distribution of an irreducible and aperiodic Markov chain de ned on a countable space is also the unique limiting
distribution (e.g., Meyn & Tweedie (2012)), the rst part follows. (22) holds because, fokanyis a probability mass
function taking zero values outside lof. O
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Algorithm 2 Estimating mode vectors and Hessians (Pompe et al., 2020, Algorithm 3)

Input: Initial pointssy;:::;su,, sSmall positive value .
Output: Approximates for mode vectofs 1;:::; m 0.
Initialise BFGS at pointsy;:::;Sw, and run the algorithm to minimise log p(x).
Denote the returned estimates of the local optimany:::; my, and their corresponding Hessian matrices by
A1t Ang
Set ; = mq, A = A;M =1.
fori=2;:::;Mgdo

if minjo o g 3(C 5 M)A (; m)+( ; m)7A(; m))< then

k::argmmjzfl;:::;M g%(( i mi)>A J( i m;) + ( i mi)>Ai( i m;)).

ifp (k) <p (mi)then
Set = mjandA |, = Aj.

end if
else
M+ = mijandA , , = A;.
M=M+1.
end if
end for

F.2. Limiting Distribution with a General Initial Distribution

We now prove Proposition 5.1, which characterises the limiting distribution with a general initial distriQution

Proof of Proposition 5.1LetA X be Lebesgue-measurable. Forany xe@ Z. , the probability ofA under then-step
perturbed distribution is

R R
(KPQ)A) = o KT A)Q(dX) =, KT (X A)g(x)dx:

R
SincejK"(x;A)j JK "(x;1x)j land _,, q(x)dx=1< 1, we canapply Dominated Convergence Theorem (Bartle,
2014, Section 5.6) to conclude

Py

limn  (K"Q)A) = 5 K (x;A)q(x)dx

P 0
= xox x9%20 x°(A)%Q(X)dX; by Corollary F.3.

P
= sz s (A) Ll 5 q(x)dx

2z gox xes (AP EIEREyAO0X (23)
p_pw
s2z uzx  u(A) kzzp(pwti(k S )q(u s )du (24)

P p(u)
s2z u(A)P— s gyau s )du (25)

P
p p(u)
u2x U(Ag o PWHK 5)) s2zd(u s )du

p s2zA(U+s ) o .
K2z P(U+K )du'

I
U U T, 0. T
N
x

D
N
X

1
e A
N
>
°
—~
~

where in (23) we have applied Fubini-Toneli Theorem (Bartle, 2014, Section 10.9, 10.10), (24) follows from a change
of variableu = x + s for a givens, (25) follows from Fubini-Toneli Theorem again, and the last line holds by a
Fg—inquing of the sums on the numerator a&d onF;he denominator. In particular, we can apply Fubini-Toneli Theorem as

. + . +
xox  s2z) x+s (A) kz(zxp(i+)k yax)dx o sz kg(zxp(i+)k ya(x)dx < 1. o

G. Implementation Details

This section holds details about the practical implementation of the spKSD and the ospKSD methods.
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Figure 6: Level (top left) and power (top right) experiments with the multivariate Gaussian mixture example. Bottom:
Empirical cumulative distribution function (CDF) of the p-values in the level experiments, where the grey dashed line is the
CDF of a uniform distribution on [0, 1].

G.1. Finding Mode Vectors via Optimisation and Merging

Finding local modes In practice, the mode locations and Hessians of the density of a non-trivial target distribution are
rarely available. Pompe et al. (2020) describes a general framework to estimate these quantities. It proceeds by running in
parallel a sequence of optimisers initiated at different starting points. This is done by minimising the objective — log p using
the BFGS algorithm (Nocedal & Wright, 2006), which returns both the local minima and the approximated Hessian at those
points. In our experiments, we use the BFGS algorithm and run for at most 1000 iterations with each initial point.

Mode merging Although the end points of the optimisation procedure starting from different initial points may lie close
to the local minima, they will still be numerically different from each other. Pompe et al. (2020) proposed to merge two
end points m; and m; if their Mahalanobis distance weighted by the averaged Hessians at those points is below a given
threshold /5. The full procedure is stated in Algorithm 2 for completeness.

Choosing the initial points A set of n;y; initial points for BFGS can be constructed either by sampling randomly from a
product of intervals [L1,U;] X -+ X [Lg,Uy] in X, or simply from a held-out training set. The first approach will allow
modes not covered by the training data to be detected, and the second approach can lead to faster convergence of the
optimisation algorithm when the training points lie near the modes of P. For spKSD, the first approach is used as we do not
assume a held-out set is available. For ospKSD, to combine the best of the two approaches whilst maintaining the same
computational budget, half of the n;y;; initial points are drawn randomly from the training set and the other half are initialised
uniformly from [L1, U1] X -+ x [Lq, Ug).

G.2. Choosing the Number of Transitions 7’

The number of transitions 7 dictates the perturbed distribution, thus impacting the performance of spKSD. Intuitively, T’
should be set to a large value when the acceptance rate is low to ensure the limiting distribution is achieved. The spKSD
could suffer from a low acceptance rate when the estimates of the modes and local Hessians of the target distribution are
inaccurate, or when the target distribution cannot be approximated by a mixture of elliptic distributions.

We propose two heuristics to choose this hyper-parameter in practice: (i) viewing this as another hyper-parameter and tuning
it using a training set by selecting from a pre-specified set of values, or (ii) setting it to a large value (e.g., T" = 1000) if the
computational budget allows.

In particular, we recommend a large T" because, with the proposed transition kernel C, the KSD D(K7'Q, KT P) between
the perturbed distributions does not necessarily decrease as 1" grows. This is because KT @ does not necessarily converge to
P asT — oo, since K is not irreducible (see the discussions in Section 5.1).
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