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Abstract

Communication-reduction techniques are a pop-
ular way to improve scalability in data-parallel
training of deep neural networks (DNNs). The
recent emergence of large language models such
as GPT has created the need for new approaches
to exploit data-parallelism. Among these, fully-
sharded data parallel (FSDP) training is highly
popular, yet it still encounters scalability bottle-
necks. One reason is that applying compression
techniques to FSDP is challenging: as the vast ma-
jority of the communication involves the model’s
weights, direct compression alters convergence
and leads to accuracy loss. We present QSDP,
a variant of FSDP which supports both gradient
and weight quantization with theoretical guaran-
tees, is simple to implement and has essentially no
overheads. To derive QSDP we prove that a nat-
ural modification of SGD achieves convergence
even when we only maintain quantized weights,
and thus the domain over which we train consists
of quantized points and is, therefore, highly non-
convex. We validate this approach by training
GPT-family models with up to 1.3 billion param-
eters on a multi-node cluster. Experiments show
that QSDP preserves model accuracy, while com-
pletely removing the communication bottlenecks
of FSDP, providing end-to-end speedups of up to
2.2x.

1. Introduction

The impressive recent progress of Deep Learning in tasks
such as natural language processing and computer vision
has been accompanied by massive increases in parameter
counts. For instance, large language models (LLMs) from
Transformer family, such as GPT (Radford et al., [2018)),
OPT (Zhang et al.,|2022) and BLOOM (Laurencon et al.,
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2022]) easily count billions of trainable parameters, which in-
duces tremendous computational and memory costs. Train-
ing such models can easily exceed the memory capacity of
a single computational unit, such as a GPU.

As a consequence, standard distribution strategies such as
data-parallel training (Bottoul 2010), which require each
node to be able to keep all parameters in memory, are no
longer directly applicable. Several novel distribution strate-
gies have been proposed to mitigate this challenge, such as
model-parallel training (Shoeybi et al.| [2019; Raffel et al.|
2020), pipeline-parallel training (Huang et al.l| 2019} Harlap
et al., [2018)) and model sharding (Ren et al.,|2021} Rajbhan{
dari et al., [2020; Rasley et al., 2020; [FairScale}, 2021)).

We consider the communication costs of distribution strate-
gies for massive models, and focus on Fully-Sharded
Data-Parallel (FSDP) distributed training, which is among
the most popular and user-friendly approaches to miti-
gate per-node memory limitations. FSDP is supported
natively by Pytorch (Paszke et al. 2019), Facebook
fairscale (FairScalel 2021), and Microsoft Deep-
Speed (Ren et al., [2021)), where it is known as ZeRO-3.

The main idea behind FSDP is that both the training data
and the model parameters are partitioned among the P
nodes. That is, only a 1/P partition of the parameters of
each layer is stored at a node. Then, both for the forward
and for the backward pass, nodes proceed synchronously
layer-by-layer, gathering full weights for the current layer,
via all-to-all communication, before executing its forward or
backward operation. After this operation is complete, nodes
can discard the current layer’s received weights partitions,
and move to the next layer. (Please see Figure [I] for an
illustration, and Section@] for a detailed description.)

The key advantage of this pattern is that it reduces mem-
ory usage linearly in P. Thus, it enables running models
with billions of parameters on small or medium-sized clus-
ters (FairScale, [2021; [MosaicML, [2022)). At the same time,
FSDP faces challenges in terms of communication efficiency:
since every forward and backward pass relies on all-to-all
weight exchanges, FSDP can put massive pressure on the
network bandwidth, which becomes a bottleneck.

As we will show, all-to-all communication leads to signif-
icant communication bottlenecks when training LLMs on
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multi-node clusters. Two key challenges to removing this
communication bottleneck are that 1) a majority of FSDP’s
communication are layer weights: quantizing them naively
loses theoretical convergence, and can easily lead to practi-
cal divergence; 2) the FSDP setting poses stringent compute
and memory constraints, restricting the set of approaches.

Contribution. We propose the first communication-efficient

variant of FSDP, called QSDP, which provides both conver-
gence guarantees, and strong practical performance. QSDP
is inspired by a new analysis of SGD convergence with
full quantization of transmitted model state. That is, we
show that a simple modified variant of SGD can allow
both weights and gradients to be quantized during train-
ing, without additional per-node memory, nor costly local
computation. We find the fact that this is possible with con-
vergence guarantees surprising, since nodes only observe
biased estimators of the gradients, taken over quantized
weights, without any error-correction (Karimireddy et al.,
2019)). From the practical perspective, our approach is fast
and easy to implement, and completely removes the com-
munication bottlenecks of FSDP, while recovering accuracy
for billion-parameter GPT models.

At a high level, the QSDP algorithm simply performs weight
and gradient quantization before the corresponding FSDP
all-to-all communication steps. While gradient compression
can be performed using standard unbiased compressors,
e.g. (Alistarh et al.,|2017), weight compression is performed
using a carefully-designed unbiased estimator. Our key
contribution is in the analysis: we model the training process
as a new instance of sparse recovery (Blumensath & Davies|
2008; [Foucart, [2012)), in which 1) the projection step is
performed via quantization and not sparsification, and 2) the
gradient step is itself quantized. This connection allows us
to prove, under analytic assumptions, that QSDP converges
towards a minimizer of the loss over the set of lattice points
corresponding to the quantization being employed. We
believe this is the first instance of such an analysis. The
analysis could potentially be improved by further leveraging
structure, as it currently requires increasing the sparsity by
a quadratic factor involving the “condition number” of the
underlying objective, which, although inherent to this type
of approach (Axiotis & Sviridenko, [2022), may in theory be
quite large. However, despite this shortcoming, it paves the
way towards a principled algorithm, with excellent practical
behavior.

We complement our analysis with an efficient implementa-
tion of QSDP in Pytorch (Paszke et al.l |2019), which we
validate by training LLMs from the GPT family (Radford
et al.; |2018; [Zhang et al., |2022) between 125M and 1.3B
parameters, on a multi-node multi-GPU environment on
Amazon EC2. Our experiments first show that communi-
cation bottlenecks can significantly impact standard FSDP

in this standard practical setting, and that QSDP essentially
removes such bottlenecks, without impact on accuracy. For
example, QSDP can train GPT-1.3B to essentially the same
perplexity up to 2.2x faster than standard FSDP on a 10Gbps
network. In addition, we also introduce a “learned” adap-
tive weight quantization approach which can further reduce
bit-width, without significant accuracy impact.

2. Related Work

Over the past decade, there has been a massive amount of
work on communication-efficient variants of Data-Parallel
SGD, e.g. (Seide et al.| |2014; Dryden et al.l 2016} |Alistarh
et al., 2017} |Vogels et al., 2019; [Tang et al., 2019; [Wang
et al., 2018)). (Please see (Ben-Nun & Hoefler, |2019) for a
survey.) The vast majority of this work focuses on gradient
compression, the main communication cost of SGD, and is
thus mostly orthogonal to our work. The massive scale of
recent deep models, e.g. (Chowdhery et al., 2022} |Brown
et al., [2020) has led to significant work on novel distribution
strategies (Ren et al.} 2021} |[Rajbhandari et al.| [2020; Rasley
et al.,[2020; [FairScale, 202 1)) adapted to the requirements of
these models, among which FSDP is a standard approach,
e.g. (Chowdhery et al.,[2022). While there is recent work on
further optimizing FSDP, e.g. (Jiang et al.|, [2022; Miao et al.,
2022), we are the first to investigate and address its com-
munication costs. Our results are part of a broader line of
work using different techniques to make the training of mas-
sive models amenable to standard infrastructure, e.g. (Wang
et al., [2022; |Yuan et al.,[2022; |Borzunov et al., [2022).

Quantized weight exchange during training has been inves-
tigated independently in the context of decentralized dis-
tributed learning. Tang et al.|(2018)) presents a scheme which
supports quantized weight exchange by having each node
extrapolate each of its neighbors’ model values; yet, this
would require unrealistic ©(Pd) extra memory in our case.
Similarly, other work in this vein (Koloskova et al., [2019;
Nadiradze et al.,[2021}; [Lu & De Sa, [2020)) either requires
additional storage, or would not fit the FSDP algorithm
structure. Both our analysis approach and our algorithms’
guarantees are different relative to this line of work.

Recently, there has been a surge of interest in post-training
quantization approaches for large language models, which
reduce the deployment costs of already trained models (Yao
et al., [2022; \Dettmers et al., [2022; [Frantar et al., [2022; | X1a0
et al.,[2022). Our work is complementary, in the sense that
we show that quantized weights and gradient representa-
tions can be applied during training, without accuracy loss,
leading to training speedup. On the other hand, these post-
training approaches would be too expensive to be executed
for compression at training time.

A parallel line of work aims to perform fully-quantized train-
ing of DNNs (Banner et al.| 2018 Zhu et al.,[2020). One
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Figure 1. Scheme of (Quantized) Fully Sharded Data Parallel algorithm. During forward pass we collect the missing partitions of layer’s
weights, compute its activations and discard the partitions. At backward pass, we collect the weights again, compute the gradients,

synchronize the gradients corresponding to our partition.

general finding from this line of work is that integrating
weight and gradient quantization into training is extremely
challenging, even when using 8bit precision, from both ac-
curacy and performance perspectives. Specifically, this line
of work investigates model modifications via e.g. parameter
tuning and specialized normalization layers, in order to re-
cover accuracy. By contrast, we preserve model structure,
and do not modify hyper-parameter values, although we
only quantize transmitted state.

3. Background and Motivation
3.1. Data-Parallel Training

In this classic SGD distribution pattern (Bottou, |2010)), each
node (e.g., GPU) holds a copy of the model, and the data is
partitioned among the nodes. Each training step samples a
subset of the data called a batch, performs a forward pass
over the batch to obtain model predictions, and then per-
forms a backward pass to obtain gradient updates. Finally,
nodes communicate their local gradient updates in all-to-all
fashion to keep the model in sync.

3.2. Gradient Compression

Transmitting gradients is the key communication cost of
Data-Parallel SGD, and there has been a tremendous amount
of work on addressing the resulting bandwidth bottle-
neck (Seide et al.,2014; Dryden et al., 2016; |Strom, [2015)).
(As this area is extremely vast, we refer to/Ben-Nun & Hoe{
fler| (2019); |Liu et al.| (2020b)) for a full overview.) Of these,
gradient quantization is a particularly-popular technique,
which has the advantage that variants of it can be imple-
mented without additional memory cost. A simple example
is the QSGD technique (Alistarh et al., 2017), which is es-
sentially a codebook compression method which maps each
gradient value to a point on a uniform grid, via random-
ized rounding. For this, values are first scaled to the range
[—1, 1], and then each scaled coordinate v is mapped to one
of the endpoints of its quantization interval v € [q;, gi+1]

via the following rule:

o) = {qi7with prob.ability Pl
Gi+1,otherwise.
It is easy to see that this gradient estimator is unbiased with
respect to the stochastic quantization, and that its variance
can be bounded by the norm of the original gradient. We
will revisit this scheme in Sections 4.3l and

3.3. Fully-Sharded Data-Parallel Training

As the name suggests, FSDP starts from the Data-Parallel
(DP) approach. The main observation is that nodes do not
necessarily need to store the full set of parameters at every
stage of training, in particular during the backward pass.
Specifically, we use the scarce GPU memory to represent
only those layers which are in the forward-backward “work-
ing set” at a given moment of time.

Initially, model parameters are partitioned, so that each of
the P workers is assigned a distinct 1/P fraction of each
layer’s weights. At each optimization step (see Figure[I]
ignoring the dashed quantization operations), before the
forward pass on a layer, each worker collects the missing
partitions from other workers, computes the output activa-
tions, discards the received partitions and proceeds to the
next layer. For the backward pass, workers again collect
all layer weights, compute the gradients, synchronize them,
discard the layer weights and proceed to the next layer. Tech-
nically, each optimization step consists of two AllGather
collective operations for weights, and one Reduce-Scatter
to sync gradients (full pseudocode in Appendix [A)).

One can easily check that the above approach implements
the standard SGD iteration one-to-one, relative to a sequen-
tial execution. If we denote by y, the model’s parameter
vector used at iteration ¢, and by g (y,) the average of the
nodes’ stochastic gradients at step ¢, taken at y,, then, for
learning rate 7, we can model the iteration as

Yir1 =Y — 19 (Yy) - (1)
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FSDP with Compression.
the cost of weight and gradient transmission in the above
scheme would be to simply quantize them before transmis-
sion. (Please see the full Figure[l]) To examine the impact
of adding compression on the above SGD iteration, let us
consider abstract quantization operators Q% applied to the
weights, and Q# applied to the gradients. (We will specify
these quantization functions precisely in Section 3] and
the exact implementation in Section E}) For iteration ¢ > 0,
let v, be a “virtual” view of the model weights at the begin-
ning of iteration ¢, obtained by aggregating all the weights,
across all the weight partitions, in full precision.

The natural way to reduce

First, notice that, if we apply Q" before all transmissions,
then the algorithm will only observe the quantized version
of v, which we denote by Q% (v;). Then, we can re-write
one iteration of the algorithm as

v = Q% (ve) — nQE(g (Q™(v4))).

This formulation inspires the notation ; = Q% (v;), as
the algorithm only “sees” the quantized version of the full-
precision weights. Then, we get the following iteration:

zi1 = Q% (xz, —nQE(g (x4))), )

which would correspond to an abstractly-quantized version
of FSDP. This iteration is the starting point for our analysis
in the next section.

4. SGD with Quantized Weights and Provable
Convergence

The cornerstone of our method consists of a stochastic gra-
dient method that provably converges to a good quantized
iterate, under reasonable analytic assumptions. One main
novelty is that it converges despite the fact that the domain is
non-convex. At a very high level, it is similar to the iterative
hard thresholding (IHT) method, which achieves provable
guarantees despite the fact that it seeks a good iterate in the
set of vectors of bounded sparsity (Blumensath & Davies,
2008). Throughout this section, we abstract away specifics
of the system architecture, since they are not relevant to
our analysis. We explain their relationship to the actual
implementation in Section 3}

4.1. Background and Assumptions

The main challenge we face is to obtain quantized solutions
to optimization problems that seek to minimize a function
fR"—=R:

min f(x), 3

z€G

where the domain G is a lattice that allows for an efficient
communication of its elements. We restrict our attention to

shifts of the lattice §Z™ along the direction of the all-ones
vector. Formally, G = {0Z" +r1 :r € [-/2,0/2)}.

Overview. Even in the case where f is convex, the non-
convex structure of G makes it incredibly difficult to obtain
a good minimizer to f without suffering a large loss. In fact,
problems of this form are generally NP-hard. However, we
show that when f is reasonably well-conditioned we can
obtain strong convergence guarantees. The idea consists of
alternating stochastic gradient descent steps with applica-
tions of a quantization operator Q% which projects the new
iterate back onto a certain subset of G. Letting g () be a
stochastic gradient, and § a parameter which determines the
coarseness of the quantization grid that we project onto, our
update at step ¢ + 1 has the following form:

ziy1 = QF (s —ng (1)) - “4)

This formulation covers the practical case where the stochas-
tic gradient g (x;) corresponds to a mini-batch stochastic
gradient. Indeed, as in practice f takes the form f(x) =
1 P m . _

P Di=1 Zj:l f(z; yj)’ where S = {y;,...,y,,} are
data samples, and f;(x) are loss functions at individual
nodes, the stochastic gradients obtained via backpropagation
takes the form ﬁ > jep Vfi(z;y;), where i is a random
node, and B is a sampled mini-batch.

Quantization by Random Shift. For weight quantization,

we consider the following unbiased stochastic quantization
method. To quantize a vector, we first sample a single fixed
random scalar 7, then shift all the coordinates of the vector
by r. For vector encoding, it rounds each coordinate to the
nearest neighbor on the quantization grid, and sends the
lattice coordinates of the resulting vector, together with the
scalar r. For decoding, it takes the lattice point, and undoes
the shift on the quantized coordinates. The notable differ-
ence between this and more standard quantization methods,
e.g.(Alistarh et al.l 2017)), is that quantization is dependent
across coordinates. In exchange for losing independence, it
allows us to provide stronger guarantees in the context of
weight quantization. We define it formally:

Definition 1 (quantization by random shift). Letd > 0 be a
scalar defining the coarseness of the quantization grid. Let
a scalar r € [—9/2,0/2), and let the deterministic operator

Ys + R — R which rounds to the nearest element in
SZ 4

vo(2) =0 Vﬂ +r.

Define the randomized quantization operator QY

R — R via QY (z) = QY (z), for a random r ~
Unif ([—6/2,5/2)). We apply QY to vectors, with the
meaning that it is dependently applied to each coordinate
for a single random shift r.
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We use this quantization method to show that, for a well con-
ditioned loss function, and appropriate grid parameters, the
iteration (@) converges, under reasonable analytical assump-
tions, to a set of weights that are comparable in quality to the
best possible quantized weights from a slightly coarser grid.
We note that to further reduce communication costs, our
method also supports gradient quantization in addition to
weight quantization, provided that gradients are quantized
using an (arbitrary) unbiased estimator.

Analytical Assumptions. Formally, our analysis uses the
following assumptions on f.

1. Unbiased gradient estimators with variance o:

Elg (z)|z] = V[ ().

2. For 3 > 0, the 3-smoothness condition: for all z, A,
g
f@+A) < f(x)+(Vf(x),A)+ A
3. For o > 0, the Polyak-Lojasiewicz (a-PL) condition:

SIVF@IE 2 alf (@) - 1),
where f* = min, f (x).

The first two assumptions are standard in stochastic op-
timization (see e.g. (Lin et al., |2019)). The Polyak-
Lojasiewicz (PL) condition (Karimi et al.; 2016) is common
in non-convex optimization, and versions of it are essential
in the analysis of DNN training (Liu et al.|[2020a; /Allen-Zhu
et al., 2019). In words, it states that small gradient norm, i.e.
approximate stationarity, implies closeness to optimum in
function value.

4.2. Main Theoretical Results

We are now ready to state our main analytical result.

Theorem 2. Let o, 3,04, > 0 and o > 0 be real pa-
rameters, and let n = min{%i—%,l}. Let f : R" —
R be a [B-smooth and a-PL function, with access to a
stochastic gradient g (x), i.e. E[g (z)|x] = Vf (z) with
bounded variance E ||g () — V f (:13)||§ < o For each
7 € [~04/2,0,/2), let x5 be any minimizer of [ over
02" +1rl. Let 6 = W - 0. Consider the iteration:

i1 = QF <$t - %g (mt)> .

—Ef(z*5.) . . . .
InT = 177—0 . g In f@o)Ef@rs,) iterations we obtain a point

z7 satisfying Ef (z7) —Ef(z)s ) <e.

Discussion. To understand the convergence of this method,
let us establish as benchmark the expected value Ef (z} ;)

of the best iterate on the lattice §,Z" + r1, where the ex-
pectation is taken over the shift 7. Our method finds a point
in a slightly finer grid 7 € 6Z™ + 1’1, such that in expec-
tation over the randomness in the algorithm, the value of
the function is at most € larger than our benchmark. The
sacrifice we have to make in exchange for this surprisingly
strong convergence is an increase in resolution for the iter-
ates we maintain, which is dependent, among others, on the
condition number of f. It appears that without further as-
sumptions, the dependence in condition number can be quite
large — unfortunately even the best-known analyses of “stan-
dard” iterative hard thresholding (the sparsity correspondent
to our projection approach) have quadratic dependency in
the condition number, as shown in (Axiotis & Sviridenkol,
2022)), so bounds of this type are inherent even for simple
examples, like {5 regression.

Since our method works with stochastic gradients, we can
additionally quantize gradients to further reduce commu-
nication. In fact any quantization method that compresses
gradients to an unbiased estimator with low variance can be
directly plugged into Theorem 2]

We state in the following corollary a generic bound for
quantized gradients, which highlights the trade-off between
variance and communication for the quantization method.

Corollary 3 (Gradient Quantization). Let o, 3, 94,€,b0 > 0
and 0,0y > 0 be real parameters. Let f : R" — R be
a B-smooth and «-PL function, with access to a stochas-
tic gradient estimator g (x), i.e. E[g(z)|z] = Vf (x)
with bounded variance E ||g (x) — V f (IB)H; < 0% Let
Q& : R* — R be a gradient quantizer which for any
stochastic gradient g (x) encountered during the execution
of the algorithm, ensures:

1. unbiased estimator: E[Q8(g (x))|g (x)] = g (z),

2. variance: E [|Q#(g (2)) — g (@)|I} g ()| < o2,

3. requires b bits to communicate Q8(g (x)).

For eachr € [=0,/2,0,/2), let T} 5 be any minimizer of
fover ,Z" +r-1. Letn = min{%ﬁ,l}, 0 =

W - 04, and consider the iteration:

Ty = QY (th - %Qg (9 (mt))) :

o) —E f(a*
InT = 1. glnw iterations we obtain

n
a point xr satisfying Ef (z7) — Ef(z};) < e
Furthermore, the  entire  algorithm  requires
O (b- Thot oy SO0 ES )

«

Exx g
cate the quantized gradients.

) bits to communi-
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We notice that since b and oy are inversely associated, we
can establish a trade-off between the number of iterations
and the total communication. As a matter of fact, this trade-
off kicks in only at the point where the variance of the
quantized gradient estimator becomes as large as that of
the stochastic gradient, as the number of iterations scales
linearly with 02 + 02. For example, given a resolution
parameter dy > 0, a simple gradient quantization scheme
such as the one employed by QSGD, quantizes gradient
entries to 6y Z"™, while guaranteeing O'QV < 4y Gy, , where
Gy, > ||lg () ||1,and b = O(Gy, /dv-(Inn + In Gy, )) bits
required for communication. See a more detailed discus-
sion in Section|[E.3] By varying dy we distinguish between
the extreme cases, corresponding to the scenarios where
the quantized gradients are dense and sparse, respectively.
While the total communication does not improve by varying
dv, by doing so we are able to reduce the communica-
tion performed in each iteration, in practice (Alistarh et al.,
2017).

Dense gradients: setting 6y = o2 /G, , we obtain exactly

the same number of iterations as in the basic case without
quantized gradients, but the communication per iteration is
reduced to O(G7 /o® - (Inn +1n Gy, )).

Sparse gradients: setting 0y = Gy,, the number of itera-
tions scales with max {¢?, G7, } rather than o2, but the pre-
step communication is reduced to O (Inn + In Gy, ) bits.

4.3. Analysis Overview

Let us briefly explain the intuition behind our theoretical
analyses. We view our iteration as a version of projected
gradient descent, where iterates are projected onto the non-
convex domain of quantized vectors. In general, when the
domain is convex, projections do not hurt convergence. But
in our setting the distance to the optimal solution can in-
crease and drastically affect the loss. However, we can show
a trade-off between how much this distance increases and
the ratio between the target and optimal resolution /..

To understand this better, consider a point 2’ obtained by
taking a step 2’ = QY (z — %Vf(:z:)) Using smooth-
ness, we can verify that this significantly decreases the loss,
provided that the quantization operator does not perturb its
input by too much in ¢, norm. Formally, using Lemma 7]
we see that

£(") < f(@) = 5519413 )
3o (2o

Since compared to a vanilla gradient method, this suffers a
reduction in the progress made in a single iteration, we can
force this to be significantly smaller, so as not to undo more
than a fraction of the progress we would ideally make. To

do so we notice that we can change the last term in (3)) to
the current error in function value, and we can make this
dependence be arbitrarily small by using a finer resolution §
for our quantization grid. This is captured by the following
crucial lemma, which we prove in Sectionm

Lemma 4. Let 6, > 0 > 0, such that §,/5 € 7Z. Let
x € R", and for all v € [—0,/2,06,/2), let an arbitrary
x*. €6, 7Z" +rl. Then

78,
210y @) - 213 < 2, ot — =[]

Using Lemmad] together with the a-PL condition, we can
change the extra error term to

g : %ET [z (f (m — ;Vf(w)> - f(a:?*a,(s*)ﬂ ;

where @ 5 are picked to be the best minimizers in 6,Z" +
r1. To simplify the exposition and highlight the main ideas,
let us assume that E.[f(z) 5 )] = f(z*). Since by the
a-PL condition we know that the gradient norm is large
compared to the error in function value, we conclude that

This shows that by setting the § < 6, - (a/3)?/2, in each
iteration the error contracts by a 1 — ©(«/f3) factor, which
allows us to conclude that this algorithm converges linearly
to a minimizer. We provide full proofs in Section[E]

5. QSDP Implementation
5.1. Overview

We implemented a practical version of the QSDP algorithm
described in the previous section, supporting both weight
and gradient quantization, in Pytorch (Paszke et al.,[2019)
starting from the PyTorch FSDP support. Our implemen-
tation uses the CGX framework (Markov et al.| [2022) as
a communication backend, to which we added support for
quantized AllGather and Reduce-Scatter collectives.

In the original FSDP implementation, layers are packed into
groups: weights and gradients of layers in the same group
are concatenated before communication. In QSDP, we com-
press layers separately, filtering out normalization layers and
biases, which are communicated in full precision. This filter-
ing is implemented at the level of the CGX communication
backend. The quantized AllGather and Reduce-Scatter oper-
ations are implemented by leveraging peer-to-peer NVIDIA
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NCCL primitives. For multi-node (inter-server) communi-
cation, we used hierarchical versions of the algorithms, to
reduce the size of inter-node transmissions.

One important optimization regards the granularity at which
quantization is performed. Specifically, applying quantiza-
tion over large tensors suffers from scaling issues, which
results in accuracy degradation. To address this, we perform
compression independently into equally-sized “buckets” of
fixed size, and compress each bucket independently. This
approach sacrifices compression by a negligible amount (as
we need to transmit min-max scaling meta-information for
each bucket), but helps avoid loss in terms of model quality.

Bucketing (or grouping) on the weights is known to be
necessary for good accuracy when quantizing pre-trained
LLMs (Dettmers & Zettlemoyer, 2022). It is also justi-
fied theoretically (Theorem 2, as it both reduces compres-
sion variance, and allows us to explore solutions over finer-
grained lattices. We observed experimentally that bucket
size 1024 provides a good balance between compression
and accuracy, and use it as a universal hyper-parameter. In
the context of this optimization, we observed that the impact
of stochasticity in the quantization becomes minimal.

5.2. Learned Weight Quantization

We now describe an additional (optional) optimization,
which allows us to further reduce practical bit-width, at
little to no accuracy loss. The motivating observation be-
hind this optimization is that the quantization schemes we
use for weights and gradients assume uniform locations of
the quantization levels. Yet, this uniform grid does not take
the distribution of values into account. The idea of adapt-
ing the locations of quantization levels to the data distribu-
tion has already been studied (Zhang et al.l [2017} [Faghri
et al.| 2020). However, existing dynamic-programming ap-
proaches|Zhang et al.|(2017) have high computational cost
(quadratic in the number of data points); thus, we use a
fast version of gradient-descent-based optimization over the
quantization levels (Faghri et al.l 2020).

The goal of the distribution-aware quantizer in Algorithm T]
is to select new locations for a fixed number of quantiza-
tion points, and weight values, so as to minimize the error
introduced by quantization. The algorithm runs iteratively
across all values, finds the locations of quantization points
for each value, and updates the quantization points using the
gradient descent update rule. We run this heuristic periodi-
cally after a warmup period, separately for the weights and
gradients of each layer. We save the derived locations of the
quantization levels, and use them for quantization until the
next re-computation.

Algorithm 1 Gradient-based Optimization of the Levels

: Input: values V/, initial levels Qo, learning rate «.

: Output: optimized quantization levels Q).

: Normalize values V' bucket-wise.

: for each value v; from V' do

g; = find_closest(v,Q;)  // Quantize using current level
¢ = ¢; — a(g; — v;) // Update chosen quantization level
: end for

6. Experimental Validation
6.1. Experimental setup

We evaluate QSDP for training GPT-

scale LLMs using multiple cloud-grade Amazon EC2
p3dn.24x1large machines, with 8 V100 SXM2 GPUs
each. Each GPU has 32GB memory. The inter-GPU inter-
connect is provisioned by NVLinks with 200Gbps, while
the inter-server bandwidth is of 100 Gbps.

Environment and Tasks. We use the official NGC PyTorch

22.05-py3 Docker image with PyTorch 1.12, CUDA 11.6.2,
NCCL 2.12, and the MosaicML Composer library (ver-
sion 0.12), as well as a fork of the CGX communication
library (Markov et al., 2022). All experiments were run
with with MosaicML Large Language Models implemen-
tation (Mos, 2022). The benchmarks run the pre-training
of different version of GPT-family models (Radford et al.,
2018; Brown et al.| [2020), varying the sizes of the models,
on the C4 dataset (Raffel et al.| 2020). Specifically, we
examine accuracy on GPT models with 125M, 350M, and
1.3B parameters. For benchmarks, we use 4 servers with 8
GPUs each. See Appendix |Alfor training details.

Infrastructure.

Baselines. As a baseline we use training with default

parameters, which is already highly-optimized by Mo-
saicML (Mos|, 2022). We note that directly using INT8
quantization, without bucketing, resulted in very poor accu-
racy, and therefore we do not use it as a baseline. In terms
of communication, the baseline transmits weights in full
(FP32) precision, and gradients in half (FP16) precision. In
QSDP experiments, we do not modify any hyperparame-
ters. We convert gradients to full precision before quanti-
zation. For all timing experiments, the reported numbers
are averaged over 50 training steps after warm-up of 10
iterations. Our main accuracy measure is perplexity, which
is known to be a very stringent accuracy measure in this
setting, and correlates extremely well with zero-shot perfor-
mance (Dettmers et al., 2022).

Accuracy Recovery. We first examine the effect of quanti-
zation on model quality, i.e. final model perplexity, in the
end-to-end experiments. The default bit-width for weights
and gradients quantization is 8 bits, using 1024 bucket size,
which we illustrate as W8GS8. We communicate normal-
ization layers and biases in full precision. We emphasize
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Figure 2. Perplexity vs time for standard FSDP (FP32 weights and
FP16 gradients) and QSDP (both weights and gradients quantized
to 8 bits) for the 1.3B model in the 10Gbps bandwidth setup.

that straightforward round-to-nearest or stochastic quanti-
zation does not converge to reasonable final perplexity in
this setup: Naive quantization without bucketing loses more
than 2 units of perplexity on GPT-125M, a model on which
W8G8 with 1024 bucket size improves perplexity.

The accuracy results are presented in Table[T} The QSDP
final perplexity is almost identical to that of regular training,
and QSDP can even slightly improve the baseline accuracy.
We stress that we did not perform any parameter tuning:
quantization parameters are the same across all layers.

End-to-end Speedup. For end-to-end training speedup im-
provements, we use multi-node GPT pretraining under stan-
dard hyperparameters. We examine speedup for different
inter-node bandwidths: 10 Gbits, 50 Gbits and 100 Gbits.
For that, we artificially reduce input-output bandwidth on
each node, using the UNIX tc tool (TC,|2001). The results
are presented in Figure 3| First, please notice that standard
FSDP training has a non-trivial bandwidth bottleneck even
at 100Gbps bandwidth as we increase model size, and that
this bandwidth bottleneck can dominate training time on
the lower 10Gbps bandwidth. Second, the running time
of QSDP is essentially constant across all three scenarios,
showing that it has essentially removed the bandwidth bot-
tleneck. More precisely, QSDP outperforms the baseline by
up to 15% in the 100Gbps scenario (a non-trivial reduction
of 12 hours of training time or 1.5k$ of cloud costsﬂ), and
by 2.25x in the 10Gbps scenario.

Learned quantization. We examined the performance of

learned quantization for the small 125M parameters model.
We ran the optimization algorithm after 400, 1900 and 3800
training steps, and noticed that optimizing the locations of
quantization levels has no effect for bit-widths higher than
6 bits, but leads to noticeable improvements for lower bit-
widths. Please see Table |3] Learned weight quantization

'price of 12 hours training on 4 AWS p3dn.24xlarge instances

45
40

mmm FSDP (W32G16)
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35
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Figure 3. Training step time for different models at various inter-
node bandwidth with and without QSDP enabled. The fact that
QSDP step time is constant across considered bandwidths means
that QSDP successfully tackles bandwidth bottlenecks.

allows to improve the final model performance for different
weight and gradient quantization parameter pairs, reaching
perplexities that are close to the baseline. Specifically, using
learned quantization results in reaching the highest compres-
sion ratio for weights and gradient in training (i.e. 5 and 4
bits respectively) without substantial accuracy impact. We
expand upon these experiments in Appendix [C|

Table 1. Perplexities recoveries for different models end-to-end
training using QSDP. Weights and gradients quantized to 8 bits,
uniform quantization.

125M | 350M | 1.3B
Baseline | 35.81 | 23.94 | 18.00
QSDP 35.58 | 23.95 | 18.34

Table 2. Final perplexities of training 125m GPT-2 model with
combinations of weights and gradients low-bits uniform (not
learned) quantization.

Gradients bits
Weights bits 6 3 4
6 35.74 | 36.08 | 35.84
5 36.01 | 35.94 | 36.36
4 37.11 | 37.38 | 37.61

7. Conclusion

Motivated by the efficient distributed training of large lan-
guage models, we have explored the feasibility of fully-
quantized training for such models, with respect to both
weights and gradients. This led to an interesting new anal-
ysis, showing that SGD can indeed converge with strong
convergence guarantees even with quantized iterates, as long
as a good quantized solution exists.

Complementing this analysis, we proposed QSDP, a quan-
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Table 3. Final perplexities of low-bits quantization of 125m GPT-2
model using the learned quantization levels. Learned quantization
in the W6G4 configuration provides lower perplexity than the
baseline.

baseline | wogd | wSgd | wdgd | wdg32
Uniform 358] 35.81 | 36.34 | 37.61 | 37.11
Learned ) 35.75 | 36.01 | 36.94 | 36.55

tized extension of the popular Fully Sharded Data Parallel
(FSDP) distributed training approach, in which all transmit-
ted state is in quantized form. We also provided a highly-
efficient implementation of QSDP in Pytorch, which we
showed to successfully eliminate the bandwidth bottleneck
in large-scale distributed training of modern language mod-
els, without sacrificing accuracy. Specifically, our exper-
imental validation across three model sizes showed that
training with QSDP reaches up to 2.2 x speedup.

Our results suggest that communication compression can be
an effective tool in the context of novel distribution schemes
motivated by large-scale training. Specifically, we believe
we are the first to show both convergence guarantees and
strong practical performance for simple weight compression
schemes being applied during SGD-based training, which
should motivate further work in this direction. In particular,
an interesting extension of our work would be to examine
whether the lower-precision weight representation can also
be exploited for faster runtimes.
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Algorithm 2 Pseudocode of QSDP for a Fixed Layer

1: Input: worker p, layer input z,,, worker weight partition w,.
2: function ExecuteForwardPass

3:  qwp + QuantizeWeights(w,) // Quantize p’s weights
4 quw /I Collect quantized weights

5:  op < Layer(quw, zp) /I Compute output for p

6: free(qw) /l Discard aggregated layer weights
7: end function

8: function ExecuteBackwardPass

9:  qwp + QuantizeWeights(w,) // Quantize p’s weights
10:  qw <+ // Collect quantized weights
11:  gp < Gradient(qw, op) /I Compute gradient for p
12:  free(qw) // Discard aggregated layer weights
13:  ggp < QuantizeGradients(gy,) // Quantize p’s gradient
14: qgp + /I Distribute gradients
15:  wp < WeightUpdate(qgp, wp) // Update p’s weights
16:  free(qg) /l Discard aggregated gradients

17: end function

A. Training details.

For training of GPT-2 models we were using MosaicML (Mos}, 2022) examples. The global batch size for 125M and 350M
models was 256, for 1.3B - 512, resulting in 4 gradient accumulations at each iteration. For all models AdamW optimizer
was used, the optimizer parameters are presented in the Table[d 125M model was trained in 4800 steps, 350M model in
13400 steps, 1.3B model in 14000 steps.

Table 4. AdamW optimizer parameters.

125M 350M 1.3B

learning rate 6e-4 3e-4 2e-4
betas 0.9,0.95 | 0.9,0.95 | 0.9,0.95

epsilon le-8 le-8 le-8

B. Network overhead experiments

In order to evaluate the effect on communications in FSDP training we conducted the synthetic experiment which reduces
the bandwidth costs in each iteration. Specifically, given the buffer of size N which is about to be communicated, and
compression ratio v we only transmit the first N/ elements. The results for our setup (4 x 8V100-32G GPUs) at different
internode bandwidths is shown in the Figures 4] communication weights and gradients are reduced to the same compression
ratio. We see that the most effect of compression is reached as expected for the largest 1.3B model and at lowest bandwidth.
However, one can get around 80% speedup at high bandwidth when up to 8x compression ratio is applied. Also, we notice
that 8 x compression almost reaches the ideal scaling for large model and has a evident overhead over the no-communication
training in case of the small model. It infers that the large models have a bottleneck in bandwidth component of the
communication and the small model has a dominating latency part.

To see the variance of the compression effects on weights and gradients we conducted the similar experiment for different
combinations of compression ratio pairs (see [3). We observe that weight compression gives more performance profits than
gradient compression. This can be naturally explained by the fact that weights are communicated more frequently than
gradients in FSDP (in this particular experiment weights are communicated 5 times per one gradient exchange) and the
amount of transmissions per communication is similar.

The difference between the synthetic experiment and QSDP performance numbers with the same compression ratios can be
justified by the performance inefficiency of NCCL point-to-point communication primitives on which QSDP compressed
communication is based on - the compression overhead in our experiments was verified to be negligible (less than 1% per
iteration).
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Figure 4. Compression vs average step time for different models at different inter-node bandwidths with fake compression (weights and
gradients have the same compression ratio). Lower is better. The dashed line represents ideal scaling - training without communication.

Table 5. Training step timings (in seconds) for 1.3B model at 100 Gbps bandwidth with various combinations of weights and gradient
compression ratio.

Gradients ratios
Weights ratio

23.23 | 21.36 | 20.62 | 20.2
19.27 | 17.17 | 16.26 | 15.95
17.50 | 1535 | 14.6 | 14.08
16.62 | 14.52 | 13.66 | 13.21

oo & B —

C. Learned quantization

We implemented stochastic gradient descent optimization of quantization levels in PyTorch. We use learning rate 0.01, batch
size 1024. We run the learning for each layer larger than 1e5 parameters, for other layers uniform quantization was used.
We evaluate the quality of quantization levels by comparing L2 of compression error introduced by quantizing a buffer using
the levels. We conducted the such evaluation for weights quantized to 5 bits and gradients quantized to 4 bits during the
training of GPT 125M model. The results for one of the attention layers and LM head layer are shown in the Figures [5|and
[l The dashed vertical lines show the moment of running learning quantization levels algorithm. We see that compression
error of learned quantization levels is constantly lower for the learned algorithm, and the lower bits-width (for gradients we
use 4 bits quantizaton) the larger the gap between the considered methods. Also, we see that the compression error of the
learned quantization only increases in sync with uniform quantization over time. It means that learning algorithm can be run
only once, at the start of the training.

Also, we measured overhead of running learning algorithm for GPT 125M with weights quantized to 5 bits, gradients to 4
bits. The overhead of learning algorithm amounts to around 9 minutes, whereas the full training takes lasts 5 hours.

The extra experiments results with low bit-width quantization are shown in the Table.[6] The number doesn’t show full
perplexity recovery but they represent the improvements achieved by learned levels algorithm. We can see that with learned
quantization levels one can reduce up to 3 units of perplexity.

Table 6. Final perplexities of low-bits quantization of 125m GPT-2 model using the learned quantization levels.
baseline | w3g32 | w2g32 | w8g3 | w8g2
Uniform 4553 | 57.92 | 3991 | 44.79

Teamned | 281 4231 [ 5654 [ 37.72 [ 4465

D. Convergence experiments.

Quantization bucket size. To highlight the importance of bucket size choice on practice we trained the 125M model
quantizing weights and gradients to 8 bits with larger than default bucket size. The results are shown in Figure[7]] We can see

13
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Figure 5. Compression error (L2 norm of the error relative to L2 norm of the input) comparison with learned quantization levels for
attention layer of 125M model, W5G4 quantization.
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Figure 6. Compression error (L2 norm of the error relative to L2 norm of the input) comparison with learned quantization levels for
LM-Head layerof 125M model, W5G4 quantization.

that training with quantization with bucket size 16284 has a remarkable gap in the convergence curve and does not recover
full accuracy.

Quantization bu Random shift. We have conducted an empirical study of the Theorem 2]to show the impact of the random
shift in quantization on the training convergence. We setup a linear regression problem on the YearPredictionMSD dataset

from UCI Machine learning repository data (Dua & Graff]|2017). We trained the model quantizing weights and gradients of
the linear model to 8 bits with bucket size 16 using the original QSGD and QSGD with random shift. We can see in the
Figure. [§|that QSGD with random shift has better convergence than QSGD in the setup with convex problem.

E. Convergence Proofs

In this section we provide the convergence analysis for our algorithms.

E.1. Overview

We use the notation and assumptions defined in Section[d.I] As all of our analyses revolve around bounding the progress
made in a single iteration, to simplify notation we will generally use « to denote the current iterate, and =’ to denote the

14
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Figure 8. Training loss vs number of steps for convex problem

Figure 7. Validation perplexity vs number of steps in quantized ; . .
comparing QSGD and QSGD with random shift.

training with default and larger bucket size.

iterate obtained after the generic update:

o = (2~ Tg @),

where 3 is the smoothness parameter of f. In Section [E2] we will first prove convergence for the deterministic method,
where we have direct access to the gradients of f. The analysis precisely follows the steps we described in Section[4.1] Then,
we extend this analysis to the case of stochastic gradients, and provide the full proof for Theorem 2} Finally, in Section[E3]
we show that given an appropriate gradient quantization method with bounded variance, we can use it on top of our iteration
to further reduce the required amount of communication, and thus prove Corollary 3]

Before proceeding, we first formally analyze the quantization method we defined in Section[.1] and show some additional
properties that will be useful later.

Lemma 5. Let v € R™, and let § > 0. Then,
EQY (v)]=v,

=iy o -vlf] -3 {5} (- {3)).
E[llQws (@) - r1]l,] <ol /6.

Since the proofs are technical, we defer them to Section[E.4.1] The most important feature of this quantization scheme is
captured by Lemma[d] which is crucial for our convergence proof. We first restate it, and prove it formally in Section[E-4.2]

Lemma 4. Let §, > 6 > 0, such that 6,/6 € Z. Let © € R, and for all r € [—0,/2,0+/2), let an arbitrary
:1::)5* € 0,Z™ + rl. Then

e[Iay @) - 213 < 2. ot - =[]

The proof crucially relies on the fact that § /4, € Z, and is rooted in the following inequality:

Lemma 6. Lety € Rand k € Z. Then
a-whiw<k(1-{Z}) {Z}-

Proof. Tt suffices to consider y € [0, k], as both {y}(1 — {y}) and {y/k}(1 — {y/k}) are periodic within this interval. The
function {y/k}(1 — {y/k}) is a quadratic which is monotonically increasing over [0, k/2] and symmetric around k/2. As
(1 — {y}){y} is periodic on intervals of length 1 it suffices to show that (1 — {y}){y} <k (1 — {¥}) {#} on the interval
[0, 1]. At this point we can drop the fractional part, and simply need to compare two quadratics over [0, 1]. Equivalently we
need to show that k(1 —y/k)y/k > y(1 —y) over [0, 1], which after simplifying both sides is equivalent to y?(1 —1/k) > 0
over this interval, which is true. O

15
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Finally, we provide some basic optimization inequalities, which will allow us to prove our theorems.

Optimization Basics. The first Lemma bounds the change in function value using smoothness, while the latter upper bounds
the /5 distance to optimality using the error in function value. We provide the proofs in Sections and

Lemma 7. Let f : R™ — R be a 5-smooth function. Then for any A € R",

2

z)+ A

flatA)< @)+ (-0 (Vf (@), 4) - LIvs @)l + BH

2

Lemma 8. If f : R™ — R satisfies the a-PL condition, then for all x € R",
@
fla) =123 e — 2,
where x* € argmin, f ().

We are now ready to prove the main theorems in this paper.

E.2. SGD with weight quantization

We first prove the stepping lemma for our quantized gradient method, in the case where full gradients are available. The

steps are essentially the same we described in Section[4.1]

Lemma9. Let f (z) : R" — R be a (3-smooth and o-PL function. For eachr € [0, /2,0, /2], let T 5 be any minimizer
— O

of fover 6, Z+r. Let 6 = T4/

bits used by the quantization operator:

Then letting ' = QY <:c — %V f (:c)) one has that in expectation over the random

Ef (a) — Ef (#35.) < (1—5) (Ef (z) —Ef (22,.)) -

Proof. Letting A = &’ — x, we write:

2
xz)+ A

2

oo L= - e o)

Also using Lemma we have that for any ¢* € argmin, f (x),

ar (- o) (- o)

EHQE" (e 597 @) - (e~ 597 (@) ;; R j
<2§*( [lezs. = o*I] + e - 597 (@) - o 2)

Using the a-PL condition we upper bound distance from x* with function value i.e.

IN
DI 2w

|75, —2*
2

<
2

: (f (-’B:_’(;*) - f(.’.l}*)) ’
T — lVf (z) —x*

; (f (w - 4Vs <w>) y <w*>> .

Combining these with Lemma(7]for n = 1 we conclude that

Ef (2) < f () % IV £ ()2

+2% . g <f (:1: - ;Vf(a:)> f(:v*)) +2§£ =B [f (=) — f (2]

16
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Again, using the PL condition we lower bound 3 ||V f (a:)H; > a(f () — f(z*)), which gives

E(f(z") - f (z)]

<(1-5)v@-r@ne2g 2 (s (o= 597 @) - F@) +25 2B [ a2s) ~ £ @)
<(1-5+25 2 U@ -r@+2g LB [f (als) - @)

Equivalently we obtain
Bf (@)~ B (efs) < (1- 5425 - 2) (@)~ B e25) + 25 £ B (o) - £ (07)]

Since we set /6, = W, the second term is non-positive. Therefore in this case we have

Ef (z') —Ef (zX5) < (1 - ;ﬁ) (Ef (z) —Ef (2}5,)) »

which concludes the proof. O

We now generalize the proof of LemmaJ]to the case where only stochastic gradients are available. The proof is essentially
the same, the main difference being that we isolate terms involving the difference between the stochastic and the true
gradient, which we bound separately using our variance bound.

Lemma 10. Let f : R" — R be a -smooth and o-PL function. For eachr € [—04/2,0,/2], let T} 5 be any minimizer of

fover 6, Z +r. Let § = 0, Let ' = QY (m - %g (m)) where g (x) is an unbiased estimator for V f ()

7
[16(8/)? |
ie. E[g(z)|x] = Vf (x), and 0 < n < 1 is a step size parameter. Furthermore assume that the variance of g (x) is
bounded E | g (x) — V f (a:)||§ < o2, for a real parameter o > 0. Then, for r ~ Unif ([—0,/2,8,/2)), in expectation over
the gradient stochasticity:

3 «

E[f (') |z] - Ef (z}5,) < (1 -1 ﬁ> (f(z) —Ef (r5,)) + 2052,

4p

Proof. We follow the analysis from Lemma [9] while moving the stochastic gradients into expressions that involve the
stochastic variance. Letting § = =’ — x, we write:

2 2

HZVf(mH—A 2

o (o= 3510) - (o 5os0)

2 2

(z+ A) — (az—gi(m))

<2 HQ?&; (w - %g (w)> - <w - gg (“’)>

17
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where we used the inequality || @ + b||> < 2 ||a2+2 [|b]|3. Also using Lemmalé-_ll, we have that for any z* € argmin, f (),

2

e (o) o).
SEE z—1g(z) -, 2]

O B “ll2

5 2
<7 (=[lkte. - <] + e Jo -] )

<o (E oz, ~2*[3] + 2|2 - 97 @)~ a* z+2 %0 () -9 (@) ) .

B

Using the a-PL condition we upper bound distance from x* with function value i.e.

2
|25, — 2[5 < = - (f (2ks.) — £ (2¥) |
T — ﬁVf (z) —x*

! z<j(f (o= 29 @) - 7).

Combining these with Lemma[7]we conclude that in expectation over the random shift:

fl@) < f(@)+(1—n)(Vf(z),A) - ;773 IVf ()2

<f
3 o) (e 2o

< f(@)+(1—n)(Vf(z),A) - ;7—5 IVf (@)

2

)
)

+2Hg<g<m> Y/ (@)

2

2

rosl (Hw;ﬁ* ~ot 2o - vs ) -ot| +2) 20 0)- Vs @)

8 2 B
+ L 19 (@) - V1 @)
< @)+ (-0 (V1 (2), 4)~ 195 @)
cag 2 (5 (o= 2vr@) - @) + 450 (7 @2s) - 1 @0)
+L (1447 ) lg (@) - Vs @

Again, using the PL condition we lower bound 1 ||V f () ||§ > a(f(x) — f(x*)), which gives that in expectation over
the random shift:

f@) = f(z¥) < <1 - n2a> (f (@)= f (@) + (A -n)(V[(z),A)

E
a2 (1o 2 s 22 et e
n? 2
i }F <1 +4;*) g (z) — V£ ()
< <1— 25+4§i§) (f(m)—f(w*)H‘%g (f (22s.) = £ (=7)
2
=) (5 @) )+ L (1442 ) g (0) - VF @)
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and equivalently, in expectation over the random shift:

B[ () -1 (ofs)] < (125 4452 ) (7 @) - B (o20)) + (852 -5 ) (B (of) - 1 (@)

772 2
+(1—n)<Vf(w),E[A]>+ﬁ(1+4 )ng() Vi @)

At this point we use Lemma[3]to write

and thus

(1=n)(Vf(z),E[A]) = *% (1= (Vi(z), g (z) .

Therefore, after taking expectation over both the random shift and gradient stochasticity we obtain:
E[f(z") — f(zrs,) 2]

Q@ o 0 0B «@
< (1 —ng 4M) (f () —Ef (z75,)) + (85*@ - 2ﬂ> (Ef (zF5,) — f (=)

n n )
L v @I+ L (1447 ) o
< (1w g D) U@ - Br (@) + (350 <05 ) (B (o) - £ (0%)
@ . n? )
- @) - fe)+ T (1445 ) o
i a 55 * Jﬁ 2 & *
= (1= 2= § 42 D) (@ B (era)) + (355 -5 -0 -0 § ) (BF (a1) - £ (@)
)

Since we set 6/4 T the second term is non-positive. Therefore in this case we have

- _n_ _
* = T16(8/a)”

(0% « 2 o 2
E[f (')~ Ef (z},,) |2] < (anﬂ SELEDE +Zﬁ) (f (@) ~Ef (w55) + % (”Z (ﬁ) >02

(- znzww e § (14 (5) )
( 3na> (=75.)) +Zn;02a

as long as n < 1. This concludes the proof. O

Using Lemma|[I0|the proof of Theorem 2]follows very easily.

Theorem 2. Let o, 3,65, > 0 and 0 > 0 be real parameters, and let n = min{%i—%, 1}. Let f : R — R be

a B-smooth and o-PL function, with access to a stochastic gradient g (x), i.e. E[g (z)|z] = Vf (z) with bounded

variance E || g () — V f (w)||§ < o2 Foreachr € [=6,/2,0,/2), let x} 5 be any minimizer of f over 6, 2" + r1. Let
— ﬁﬁ(ﬂnw - 0. Consider the iteration: 7

i1 = QY (wt - %g (%)) .

InT =081, fE)=Efes,)
n o«

- iterations we obtain a point z satisfying Bf (zr) —Ef(z}; ) <e.
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Proof. Plugging in Lemma and applying it for T = %Jg In f(@o)-Ef(ohs,) we obtain:

€

T-1 k
€ 5 n? 2 e 5n? o2 418 € 57 =y
E E -+ - 1—- < -+ - ——— =
flwr) —Bf (275.) < 5+ 1750 Zg( ") 27437 370 21347
Since we set 7 = min { 130 3, 1}, the entire quantity is at most €, which concludes the proof. O

E.3. Reducing Communication by Quantizing Gradients

The approach described in Section [E.2] maintains quantized weights, but communicating gradients may still be expensive. In
this section we show that any reasonable quantization method for gradients can be used to reduce communication, while
paying in exchange an increased variance. This trade-off is inherent, as the reduction in the number of bits requires injecting
randomness, so as the entropy of the output is not smaller than that of the original message to be communicated.

To do so we use any gradient quantization method Q#, as long as it is an unbiased estimator for the input it takes, and has
bounded variance. Our formal requirements for Q¥ are the following.

Definition 11. We say that a gradient quantization operator Q8 is a (o, b)-unbiased quantizer if it:

1. is an unbiased estimator: E [Q&(g (z))|g (z)] = g (x),
2. has bounded variance on the stochastic gradients: E |||Q8(g (z)) — g ()

3. requires b bits to communicate Q&(g (x)).

By Lemma 3] these requirements are automatically satisfied by our shift-and-round quantization operator Q%, and we can
show that oy and b are determined by the ¢; norm of g ().

Standard Quantization Schemes and Their Communication Cost. Another standard gradient quantization scheme can be
obtained by independently rounding each coordinate to one of the neighboring points on the quantization grid, with an ap-

propriate probability. An identical scheme has been previously used in other related works on gradient quantization (Alistarh
et al.,[2017).

Definition 12 (quantization by flipping a coin). Let § > 0 be a scalar defining the coarseness of the quantization grid. Let
the operator Qs : R — 0Z defined as

L%J with probability 1 — (% _ L%J)
ol { 5(|%2]+1) withprobability £ — [ %]

where 6 > 0. We apply Qs to vectors, with the meaning that it is independently applied to each coordinate.

It is fairly easy to prove that this satisfies very similar properties to those proved for Q™ in Lemma 5] which we quickly
prove in Section We notice an important difference between these two quantization methods. While Q independently
quantizes each coordinate, the quantization in Q% is done dependently across coordinates, and the output is always a vector
in §Z™ + r1, for a randomly sampled scalar r. Although morally they are quite similar (in fact, the shift after rounding
could just as well be ignored, and still have an unbiased extimator), it is important if we want to relate the quality of the final
solution to the best set of weights from a reasonably chosen grid. This difference is apparent when trying to provide bounds
of the type of Lemmal[d] bu this attempt falls through in the case of the Q operator.

As we can naively relate the communication cost of a quantized gradient to its sparsity, it is important to discuss quantitative
bounds. In both cases, the sparsity bound depends on the ¢; norm of the quantized vector, and its easy to see that it is
tight. By comparison, the bound from (Alistarh et al.;|2017) is provided in terms of the {5 norm of the vector, but pays an
additional +/n factor, which is suboptimal when the input is analytically sparse. For Q% and Q, we see that the variance
introduced by quantizing a generic vector v is bounded by § ||v||,, while its sparsity is ||v||, /6. Hence a naive encoding of

this quantized gradient requires at most O (% (Inn +In [jv]| 1)) bits of communication.

SGD with Weight and Gradient Quantization. For gradient quantization operators that are unbiased estimators, we can use
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them as stochastic gradients inside the scheme we derived in Theorem[2] To do so we crucially use the following identity
involving conditional variance:

Lemma 13 (Law of total variance). Given random variables X andY, one has that
Var Y] = E [Var [Y|X]] + Var [E[Y|X]] .

Corollary 14. Consider a stochastic gradient estimator g (x) such that Elg(x)|z] = Vf(x) and
Elllg(z)-Vf (:1:)||§ |z| < o2 Consider (ov,b)-unbiased quantizer (Definition . Then

E[Qs (g (z))|z] = V[ (z),

i.e. it is an unbiased estimator for the gradient, and
E[1Qs (g (2) = Vf (@3] < 0% +0°.

Proof. The fact that the quantized gradient is an unbiased estimator for V f () follows from the law of total expectation, as
E[Qs(g())|z] =E[E[Qs (g () |z, g (2)]] = E[E[g (z)|2]] = V[ () .
For the variance, we use Lemmal[I3|to write:

E|[|Qs (g (z) — Vf (z)|3] = Var[Qs (g (z))]
(

(
E[Var[Qs (g (z)) |g (®)]] + Var [E [Qs (g (x)) |g (z)]
0% 4 Var[g (z)]

IN

20%4—02.

Finally, combining Theorem [2] with Corollary[14] we obtain the final result from Corollary

E.4. Deferred Proofs
E.4.1. PROOF OF LEMMA[3]
Proof. For both the mean and variance computation, it suffices to prove these bounds for the scalar operator.

We note that by definition Q)Y (v) —r = Qs (x —7) = - QFy (357) =0+ [%57]. Alsolet {x} = & — |z] denote the
fractional part of x. We can easily verify that for any scalar 0 < z < 1, we have

Eu~unit((~1/2,1/2)) [z +ul] = 2. )

This is because |z +u] = 1if and only if z +u > 1/2i.e. u > 5 — 2, which happens with probability z. Now we can
express the expectation of Q)Y () as follows:

E[QY (2)] = E, [QU; (w — 1) +7
=E, [QY; (x —7)] + E,[r]
=efans (0 |5)+o{5} - )] + 210
=53] +E Qi (5 {5} -7)] + B 1
e e ((3) Dl
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In the last line we used the fact that Qy's (y) = ¢ - Qf'; (4). Now we reparameterize by using u := 7/, where
r ~ Unif ([—1/2,1/2)). This allows to write the term in the middle as:

E, {6 QY ({%} - %)} =0 Ey~unit((-1/2,1/2)) [Qs‘fl ({%} - “)] =0 {%} ’

were we used (6). Plugging back in we obtain that

E[Qy @) =6[5]+0- {5} +0=2.

|

Next we compute the scalar variance:

E[(@} (2) ~2)’] =E. [(Q%s (e =) — )]

_ )
= Ey~unif((~1/2,1/2)) [52 ' ( 6J Qo (
(

=62 “Eynunit((-1/2,1/2)) {

Now we use the fact that for any scalar 0 < z < 1 one has that

EuNUnif([—1/2,1/2)) {(LZ +ul - 2)2] =z

This follows from the fact that |z + u] = 1 iff u > 1/2 — 2, which happens with probability z, and makes the expectation

equal to
1/2-2 1/2
/ szu+/ (1—2) du=2(1-2),
—1/2 1/2—z

sfiar e -of] = (3} )

Finally, for the sparsity bound, let us understand when a single scalar gets rounded to zero (before shifting back by r). We
have that for z € R,

1/2
w w (Z S0 e g gdr, |z <6,
PIQY; () —r=0] =P[Q7 () -7 = ]:{0 Vel 5 < |af

which leads us to

which gives us what we needed.

Il
=
=
—
>
_l’_
M| =
| =
——
2
"
—N
SRS
N =
Do =
——
I
N =
+
=
=}
— =
SRS
(@)
——
|
/T\
|
_l’_
2
"
—
\
e}
——
N———

2
1+min{§,0} —max{%,O} =1- ’%‘ .

which shows that

TE[IIQ?(U)HO]:Z(l—]P’[Qf(vi)=0]):Z{1 L <ol 5.

i=1 =1

Vi
o

This concludes the proof. O
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E.4.2. PROOF OF LEMMA [4]

Proof. Tt suffices to prove this coordinate-wise. From Lemma [5|we have that for any z € R,

sfiar o] = (1 {3}) 2)

and similarly for d,. Let k = d,/4. Then

E[(QF (@) - 2)°] = 29 (1_ {f}) {26}

Applying the inequality from Lemmal6] we conclude that

sy @ -a] = (- G {5} < e (- {GD G - eel @@ -]

Applying this bound to all coordinates we obtain

E[IQy (o) - 2l3] < L[|, (@) - =[]

2 2
Also since QY5 rounds to the nearest point in 0,7 + r, clearly HQ:"(S (z) — a:H < ||lzks — :cH for all r. Taking
Al 21U 2 * 2

expectations on both sides and combining with the previous inequality concludes the proof.

E.4.3. PROOF OF LEMMA[7]
Proof. Using smoothness we have
fla+A)< (@) +(Vf (), A) +5 Al
2 2
~ [ (@) + (1) (Vf (@), 4) ;773 97 @I+ (25195 @I + (V5 (). 4)+ 5 I3 )
2 [gvr ],

= f(@)+(1—n)(Vf(z),A) - IIVf 2)2+ 2|21V (z)+ A

2

E.4.4. PROOF OF LEMMA [§]

The proof is standard and can be found in literature, such as (Karimi et al.,|2016). However, for completeness we reproduce
it here.

Proof. Letg(x) =+/f — f* for which we have

1
Vg (x) = Vf(z)
2y f (=) = f*
Using the a-PL condition we have
1 2 1 [0
Vo(@)* = e IVF @I 2 o (F () = £) = 5
Vs @) = o= 1V @ 2 s —g @ U@ =1 =3
Now starting at some x(, we consider the dynamic & = —Vg (x). We see that this always decreases function value until it

reaches some xr for which Vg (z7) = 0 and hence by the PL inequality, xr is a minimizer i.e. f () = f*. Now we
can write

T T
g (wr) = g (o) + / (Vg () , d2) dt = g (o) + / (Vg (w0), Vg () dt

=g (zo) —/0 IVg (act)||2 dt .
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g@m)ng>[fHVg@nwduz¢E~[fHVg@anﬁ¢§-ATnmnw,

where we used our lower bound on the norm of Vg (). Finally, we use the fact that the last integral lower bounds the total
movement of x as it moves from x( to 7. Thus

Thus

T
/IMMﬁZHM*wﬂM
0

o
9(xo) =g (@) 24/ 5 llwo — 22l ,

L Q
fzo) =" = 5 |lzo — z7||”

where 1 is some global minimizer of f. This concludes the proof. O

SO

which enables us to conclude that

E.4.5. BOUND FOR QUANTIZATION BY COIN FLIP

Lemma 15. Let v € R", and let § > 0, and let Q; be the quantization operator from Definition[I2} Then,

E[Qs (v)] = v,

31w olf = 3-{2} (- {2)
Ef1Qs (v)llo] < [lv]l, /6.

Proof. For the expectation and variance, it suffices to prove that these bound holds coordinate-wise. Let x € R, and write
=20 (L%J + {%}) so that

E[Qs (z)]

I
=
o
>
/N
(o9
N
—
> 8
| I
+
=
——
N—
N—
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Similarly we write the variance as:

@~ <5 [(@s ({5} -+ {5))’
= (= {5 ({5 + {51 (-4
= (0-GHEY G506
=t (-GG

For the sparsity bound, we need to understand when a single scalar gets rounded to zero. We have that for x € R,

1—|%], |z| <3,
0, 6 < |f,

P[Qs (z) = 0] Z{
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which shows that

I
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