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Abstract
Reinforcement learning (RL) so far has limited
real-world applications. One key challenge is
that typical RL algorithms heavily rely on a reset
mechanism to sample proper initial states; these
reset mechanisms, in practice, are expensive to im-
plement due to the need for human intervention or
heavily engineered environments. To make learn-
ing more practical, we propose a generic no-regret
reduction to systematically design reset-free RL
algorithms. Our reduction turns the reset-free
RL problem into a two-player game. We show
that achieving sublinear regret in this two-player
game would imply learning a policy that has both
sublinear performance regret and sublinear total
number of resets in the original RL problem. This
means that the agent eventually learns to perform
optimally and avoid resets. To demonstrate the
effectiveness of this reduction, we design an in-
stantiation for linear Markov decision processes,
which is the first provably correct reset-free RL
algorithm.

1. Introduction
Reinforcement learning (RL) enables an artificial agent to
learn problem-solving skills directly through interactions.
However, RL is notorious for its sample inefficiency. Suc-
cessful stories of RL so far are mostly limited to applications
where a fast and accurate simulator of the world is avail-
able for collecting large amounts of samples (like in games).
Real-world RL, such as robot learning, remains a challeng-
ing open question.

One key obstacle to scaling up data collection in real-world
RL problems is the need for resetting the agent. The ability
to reset the agent to proper initial states plays an important
role in typical RL algorithms, as it affects which region the
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agent can explore and whether the agent can recover from its
past mistakes (Kakade & Langford, 2002). In most settings,
completely avoiding resets without prior knowledge of the
reset states or environment is impossible. In the absence
of a reset mechanism, agents may get stuck in absorbing
states, such as those where it has damaged itself or irrepara-
bly altered the learning environment. For instance, a robot
learning to walk would inevitably fall before perfecting the
skill, and timely intervention is needed to prevent damaging
the hardware and to return the robot to a walkable config-
uration. Another example is a robot manipulator learning
to stack three blocks on top of each other. Unrecoverable
states would include the robot knocking a block off the table,
or the robot smashing itself forcefully into the table. Reset
would then reconfigure the scene to a meaningful initial
state that is good for the robot to learn from.

Although resetting is necessary to real-world RL, it is non-
trivial to implement. Unlike in simulation, a real-world
agent (e.g., a robot) cannot be reset to an arbitrary initial
state with a click of a button. Resetting in the real world is
expensive as it usually requires constant human monitoring
and intervention. Normally, a person would need to oversee
the entire learning process and manually reset the agent (e.g.,
a robot) to a meaningful starting state before it enters an un-
recoverable state where the problem can no longer be solved.
Sometimes automatic resetting can be implemented by clev-
erly engineering the physical learning environment (Gupta
et al., 2021), but it is not always feasible.

An approach we can take to make real-world RL more cost-
efficient is through reset-free RL. The goal of reset-free RL
is not to completely remove resets, but to have an agent
learn how to perform well while minimizing the amount of
external resets required. Some examples of problems that
have been approached in reset-free RL include agents learn-
ing dexterity skills, such as picking up an item or inserting a
pipe, and learning how to walk (Ha et al., 2020; Gupta et al.,
2021). While there has been numerous works proposing
reset-free RL algorithms using approaches such as multi-
task learning (Gupta et al., 2021; Ha et al., 2020), learning
a reset policy (Eysenbach et al., 2018; Sharma et al., 2022),
and skill-space planning (Lu et al., 2020), to our knowledge,
there has not been any work with provable guarantees.

In this work, we take the first step by providing a provably
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correct framework to design reset-free RL algorithms. Our
framework is based on the idea of a no-regret reduction.
First, we reduce the reset-free RL problem to a sequence of
constrained Markov decision processes (CMDPs) with an
adaptive initial state sequence. Using the special structure
of reset-free RL, we establish the existence of a common
saddle-point for these CMDPs. Interestingly, we show such
a saddle-point exists without using the typical Slater’s con-
dition for strong duality and despite the fact that CMDPs
with different initial states in general do not share a com-
mon Markovian optimal policy. Then, we derive our main
no-regret reduction, which further turns this sequence into
a two-player game between a primal player (updating the
Markovian policy) and a dual player (updating the Lagrange
multiplier function of the CMDPs) to solve for the com-
mon saddle-point. We show that if no regret is achieved
in this game, then the regret of the original RL problem
and the total number of required resets are both provably
sublinear. This means the agent eventually learns to per-
form optimally and avoid resets. Using this reduction, we
design a reset-free RL algorithm instantiation under the lin-
ear MDP assumption, using learning with upper confidence
bound as the baseline algorithm for the primal player and
projected gradient descent for the dual player. Our algorithm
achieves Õ(

√
d3H4K) regret and Õ(

√
d3H4K) resets with

high probability, where d is the feature dimension, H is the
length of an episode, and K is the total number of episodes.1

2. Related Work
Reset-free RL, despite being a promising avenue to tackle
real-world RL, is a relatively new concept in the literature.
The work thus far, to our knowledge, has been limited to
approaches without theoretical guarantees but with only
empirical verification. One such work takes the approach
of learning a reset policy (Eysenbach et al., 2018; Sharma
et al., 2022). The idea is to learn two policies concurrently:
one to maximize reward, and one to bring the agent back
to a reset-free initial state if they encounter a reset state (a
state which normally requires human intervention). This
approach prevents the need for manual resets; however,
it requires the knowledge of the reset states (Eysenbach
et al., 2018). Sharma et al. (2022) avoid this assumption
but assume given demonstrations on how to accomplish the
goal and a fixed initial state distribution.

Using multi-task learning is another way to perform resets
without human intervention. Here, the agent learns to solve
multiple tasks instead of just maximizing the reward of one
task. The hope is that a combination of the learned tasks can
achieve the main goal, and some tasks can perform natural

1In the tabular MDP setting, our bounds on the regret and
total resets become Õ(

√
|S|3|A|3H4K), where |S|,|A| denote

the size of the state and action spaces, respectively.

resets for others. This approach breaks down the reset pro-
cess and (possibly) makes it easier to learn. However, the
order in which tasks should be learned needs to be provided
manually (Gupta et al., 2021; Ha et al., 2020).

A related problem is infinite-horizon non-episodic RL with
provable guarantees (see Wei et al. (2020; 2019); Dong et al.
(2019) and the references within) as this problem is also mo-
tivated by not using resets. In this setting, there is only one
episode that goes on indefinitely. The objective is to maxi-
mize cumulative reward, and progress is usually measured in
terms of regret with the comparator being an optimal policy.
However, compared with the reset-free RL setting we study
here, extra assumptions, such as the absence or knowledge
of absorbing states, are usually required to achieve sublinear
regret. In addition, the objective does not necessarily lead
to a minimization of resets as the agent can leverage reset
transitions to maximize reward. In reset-free RL, minimiz-
ing/avoiding resets is a priority. Learning in infinite-horizon
CMDPs (where one possible constraint could be minimizing
resets) has been studied (Zheng & Ratliff, 2020; Jain et al.,
2022), but to our knowledge, all such works make strong as-
sumptions such as a fixed initial state distribution or known
dynamics. None of these assumptions are feasible for most
real-world RL settings. Enforcing a fixed initial state dis-
tribution or removing absorbing states in theory oftentimes
requires physically resetting a real-world agent to satisfy
those desired mathematical conditions. In this paper, we
focus on an episodic setting of reset-free RL (see Section 3);
a non-episodic formulation of reset-free RL could be an
interesting one for further research.

Another related problem is safe RL, which involves solv-
ing the standard RL problem while adhering to some safety
constraints. We can think of reset states in reset-free RL as
unsafe states in safe RL. There has been a lot of work in
safe RL, with approaches such as utilizing a baseline safe
(but not optimal) policy (Huang et al., 2022; Garcia Polo
& Fernandez Rebollo, 2011), pessimism (Amani & Yang,
2022), and shielding (Alshiekh et al., 2018; Wagener et al.,
2021). These works have promising empirical results but
usually require extra assumptions such as a given baseline
policy or knowledge of unsafe states. There are also prov-
able safe RL algorithms. To our knowledge, all involve
framing safe RL as a CMDP. Here, the safety constraints are
modeled as a cost, and the overall goal is to maximize per-
formance while keeping the cost below a threshold. Some
of the works explicitly study safe RL while others study
learning in CMDPs more generally. They commonly have
provable guarantees of either sublinear regret and constraint
violations, or sublinear regret with zero constraint violation
(Wei et al., 2021; HasanzadeZonuzy et al., 2021; Qiu et al.,
2020; Wachi & Sui, 2020; Efroni et al., 2020; Ghosh et al.,
2022; Ding et al., 2021). However, most works (including
all the aforementioned ones), consider the episodic case
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where the initial state distribution of each episode is fixed.
This prevents a natural extension to reset-free learning as hu-
man intervention would be required to reset the environment
at the end of each episode. In technical terms, this is the
difference between solving a sequence of the same CMDP
versus solving a sequence of different CMDPs. Works that
allow for arbitrary initial states require fairly strong assump-
tions, such as knowledge (and the existence) of safe actions
from each state (Amani et al., 2021). In our work, we utilize
some techniques from provable safe RL for reset-free RL.
However, it is important to note that safe RL and reset-free
RL are fundamentally different, albeit related, problems.
Safe RL aims to ensure the safety of an agent. On the other
hand, reset-free RL aims to avoid reset states, which en-
compass not only unsafe states but all undesirable ones, for
a varying sequence of initial states as the agent cannot be
reset freely.

We weaken typical assumptions of current approaches in
empirical reset-free RL, infinite-horizon RL, and safe RL
by dropping any requirements on knowledge of undesir-
able states or for demonstrations, and by allowing arbitrary
initial state sequences that admit reset-free policies. Con-
sidering arbitrary initial state sequences where initial states
potentially are correlated with past behaviors is not only
necessary to the reset-free RL setting, but also allows for ex-
tensions to both lifelong and multi-task learning. We achieve
this important relaxation on the initial state sequence with
a key observation that identifies a shared Markovian policy
saddle-point across CMDPs where the constraint imposes
zero resets. This observation is new to our knowledge, and
it is derived from the particular structure of reset-free RL;
we note that generally, CMDPs with different initial states
do not admit shared Markovian policy saddle-points. Fi-
nally, by the analogy between safe states and reset states,
on the technical side, our framework and algorithm can
also be viewed as the first provable safe RL algorithm that
allows for arbitrary initial state sequences without strong
assumptions.

While our main contribution is a generic reduction tech-
nique to design reset-free RL algorithms, we also instantiate
the framework and achieve regret and constraint violation
bounds that are still comparable to the above works when
specialized to their setting. Under the linear MDP assump-
tion, our algorithm achieves Õ(

√
d3H4K) regret and vio-

lation (equivalently, the number of resets in reset-free RL),
which is asymptotically equivalent to Ghosh et al. (2022)
and comparable to the bounds of Õ(

√
d2H6K) from Ding

et al. (2021) for a fixed initial state.

In summary, our contributions are as follows.

1. We create a framework to design provably correct reset-
free RL algorithms via a reduction first to a sequence
of CMDPs with an adaptive initial state sequence, and

then to a two-player game. We prove that achieving
sublinear regret in this two-player game implies learn-
ing a policy that achieves sublinear performance regret
and sublinear number of resets in the original problem.

2. On the technical side, we show that such a reduction
can be constructed without using the typical Slater’s
condition for strong duality and despite the fact that
CMDPs with different initial states in general do not
share a common Markovian optimal policy.

3. We instantiate the framework under the linear MDP
setting as a proof of concept, creating the first provably
correct reset-free RL algorithm to our knowledge that
achieves sublinear regret and resets.

3. Preliminary
We consider episodic reset-free RL: in each episode, the
agent aims to optimize for a fixed-horizon return starting
from the last state of the previous episode or some state that
the agent was reset to if reset occurred.

Problem Setup and Notation Formally, we can define
episodic reset-free RL as a Markov decision process (MDP),
(S,A, P, r,H), where S is the state space, A is the ac-
tion space, P = {Ph}Hh=1 is the transition dynamics,
r = {rh}Hh=1 is the reward function, and H is the task
horizon. We assume P and r are unknown. We allow S
to be large or continuous but assume A is relatively small
so that maxa∈A can be performed. We designate the set
of reset states, or any states that human intervention nor-
mally would have been required, as Sreset ⊆ S; we do not
assume that the agent has knowledge of Sreset. We also
do not assume that there is a reset-free action at each state,
as opposed to Amani et al. (2021). Therefore, the agent
needs to plan for the long-term to avoid resets. We assume
rh : S × A → [0, 1], and for simplicity, we assume rh is
deterministic. However, we note that it would be easy to
extend this to the setting where rewards are stochastic.

The agent interacts with the environment for K total
episodes. Following the convention of episodic problems,
we suppose the state space S is layered, and a state st ∈ S at
time t is factored into two components st = (s̄, t) where s̄
denotes the time-invariant part. Reset happens at some time
t if the time-invariant part of st, s̄ ∈ Sreset. The initial state
of the next episode will be s1 = (s̄′, 1) where s̄′ is sampled
from an unknown state distribution. In a given episode, if
reset happens, we designate the time step this occurs as
t = τ . If there is no reset in an episode, the initial state of
the next episode is the last state of the current episode, i.e.,
for episode k + 1, sk+1

1 = (s̄, 1) if skH = (s̄, H) in episode
k.2 Therefore, the initial state sequence is adaptive. This

2This setup covers reset-free multi-task or lifelong RL problems
that are modeled as contextual MDPs. We can treat each state as
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sequence is necessary to consider since in reset-free RL, we
want to avoid resetting, including after each episode.

We denote the set of Markovian policies as ∆, and a policy
π ∈ ∆ as π = {πh(ah|sh)}Hh=1. We define the state value
function and the state-action value function under π as

V π
r,h(s) := Eπ

[∑min(H,τ)
t=h rt(st, at)|sh = s

]
(1)

Qπ
r,h(s, a) := rh(s, a) + E

[
V π
r,h+1(sh+1)|sh = s, ah = a

]
,

where h ≤ τ , and we recall τ is the time step when the
agent enters Sreset (if at all).

Objective The overall goal is for the agent to learn a
Markovian policy to maximize its cumulative reward while
avoiding resets. Therefore, our performance measures are
as follows (we seek to minimize both quantities):

Regret(K) = max
π∈∆0(K)

∑K
k=1 V

π
r,1(s

k
1)− V πk

r,1 (s
k
1) (2)

Resets(K)=
∑K

k=1Eπk

[∑min(H,τ)
h=1 1[sh ∈ Sreset]

∣∣∣s1=sk1

]
(3)

where ∆0(K) ⊆ ∆ denotes the set of Markovian policies
that avoid resets for all episodes, and πk is the policy used
by the agent in episode k. Note that by the reset mechanism∑min(H,τ)

h=1 1[sh ∈ Sreset] ∈ {0, 1}.

Notice that the initial states in our regret and reset measures
are determined by the learner. Given the motivation behind
reset-free RL (see Section 1), we can expect that the initial
states here are meaningful for performance comparison by
construction. Otherwise, a reset would have occurred to set
the learner to a meaningful state. Note that this means by the
reset mechanism, all “bad” absorbing states are in Sreset,
and hence, the agent cannot hide in a “bad” absorbing state
to achieve small regret. In addition, since the learner does
not receive any reward within an episode after being reset,
the learner cannot leverage resets to gain an advantage over
the optimal policy (which never resets) to minimize or even
achieve negative regret.

To make the problem feasible, we assume achieving no
resets is possible. We state this assumption formally below.

Assumption 3.1. For any sequence {sk1}Kk=1, the set ∆0(K)
is not empty. That is, there is a Markovian policy π ∈ ∆
such that Eπ[

∑H
h=1 1[sh ∈ Sreset]|s1 = sk1 ] = 0.

This assumption is simply stating that every episode of learn-
ing admits a reset-free policy. As discussed in Section 2,
this assumption is weaker than existing assumptions in the

sτ = (s̄, c, τ), where c denotes the context that stays constant
within an episode. If no reset happens, the initial state of episode
k + 1 is sk+1

1 = (s̄, ck+1, 1) if skH = (s̄, ck, H) in episode k,
where the new context ck+1 may depend on the current context ck.

literature. We note that an alternate assumption that only s11
(i.e., the initial state of the first episode) admits a reset-free
policy is insufficient to make reset-free RL feasible; since
the transition dynamics are unknown to the agent, under this
assumption alone, for any algorithm, there is a problem3

such that the number of resets must be linear.

We highlight that Assumption 3.1 is a reasonable assumption
in practice. It does not require a fixed initial state. In
addition, if reset happens, in practice, the agent is usually
set to a state where it can continue to operate in without
reset; if the agent is at a state where no such reset-free policy
exists, reset should happen. This assumption is similar to
the assumption on the existence of a perfectly safe policy in
safe RL literature, which is a common and relatively weak
assumption (Ghosh et al., 2022; Ding et al., 2021). If there
were to be initial states that inevitably lead to a reset, the
problem would be infeasible and does not follow from the
motivation of reset-free RL.

4. A No-Regret Reduction for Reset-Free RL
In this section, we present our main reduction of reset-free
RL to regret minimization in a two-player game. In the fol-
lowing, we first show that reset-free RL can be framed as a
sequence of CMDPs with an adaptive initial state sequence.
Then we design a two-player game based on a primal-dual
analysis of this sequence of CMDPs. Finally, we show
achieving sublinear regret in this two-player game implies
sublinear regret and resets in the original reset-free RL prob-
lem in (2), and we discuss how to leverage this framework
to systematically design reset-free RL algorithms.

Our reduction differs from standard reductions involving
bounding the Nash gap with the sum of two players’ regret
in the literature of constrained optimization and online learn-
ing. First, we show a reduction for a sequence of saddle-
point problems instead of for a single fixed saddle-point
problem. There are CMDP methods (e.g. (Ghosh et al.,
2022) that implicitly use the two players’ regret to bound
the Nash gap of a CMDP in their analysis. However, those
proofs are applicable to only a single CMDP with a fixed
initial state distribution. And importantly, they fundamen-

3Consider a state space S which can be separated into a reset-
free state s†, a reset state s̄, and a subset S̃ = S \ s†, s̄. The subset
S̃ contains reset states and reset-free states. For all actions taken
at s†, the agent will land at the reset state s̄. Given a learning
algorithm, let Ã be a subset of actions that the learning algorithm
has constant probability of taking at s11 (the very first initial state).
Since the learning agent has no knowledge of the MDP, without
violating the assumption that s11 admits a reset-free policy, we can
construct an MDP such that taking actions in Ã would lead to a
reset state and a reset mechanism which resets the agent to the
reset-free state s† whenever the agent enters a reset state. As a
result, the learning agent has a constant probability of incurring a
linear number of resets over the total number of episodes.
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tally rely on Slater’s condition assumption (i.e., requiring a
strictly feasible policy), which does not hold for the CMDPs
considered here. Additionally, unlike the typical bound for
a convex-concave saddle-point problem in the optimization
literature, (Wang & Li, 2020; Kovalev & Gasnikov, 2022;
Boyd & Vandenberghe, 2014) the saddle-point problem of a
CMDP is non-concave in terms of the policy (and convex
in terms of the dual function λ). In this paper, we take a
different analysis to bypass the interplaying complexities
due to CMDP sequences, non-concavity, and the lack of
Slater’s condition. The complete proofs for this section are
in Appendix A.1.

4.1. Reset-free RL as a Sequence of CMDPs

The first step of our reduction is to cast the reset-free RL
problem in Section 3 to a sequence of CMDP problems
which share the same rewards, constraints, and dynamics,
but have different initial states. Each problem instance in
this sequence corresponds to an episode of the reset-free RL
problem, and its constraint describes the probability of the
agent entering a state that requires reset.

Specifically, we denote these constrained MDPsas
{(S,A, P, r,H, c, sk1)}Kk=1: in episode k, the CMDP prob-
lem is defined as

max
π∈∆

V π
r,1(s

k
1), s.t. V π

c,1(s
k
1) ≤ 0 (4)

where we define the cost as

ch(s, a) := 1[s ∈ Sreset]

and V π
c,1, defined similarly to (1), is the state value function

with respect to the cost c . We note that the initial state,
sk1 , depends on the past behaviors of the agent, and that
Assumption 3.1 ensures each CMDP in (4) is a feasible
problem (i.e., there is a Markovian policy satisfying the
constraint). The objective of the agent in each CMDP is
to be reward-maximizing while adhering to the constraint,
namely that the number of resets should be 0. Requiring zero
constraint violation instead of a small constraint violation
will be crucial for our reduction.

Since CMDPs are typically defined without early episode
termination unlike (1), with abuse of notation, we extend
the definitions of P , S, r, c as follows so that the CMDP
definition above is consistent with the common literature.
We introduce a fictitious absorbing state denoted as s† in
S, where rh(s

†, a) = 0 and ch(s
†, a) = 0; once the agent

enters s†, it stays there until the end of the episode. We
extend the definition P such that, after the agent is in a state
s ∈ Sreset, any action it takes brings it to s† in the next
time step. In this way, we can write the value function, e.g.
for reward, as V π

r,h(s) = Eπ

[∑H
t=h rt(st, at)|sh = s

]
in

terms of this extended dynamics. We note that these two

formulations are mathematically the same for the purpose of
learning; when the agent enters s†, it means that the agent
is reset in the episode.

By the construction above, we can write

Resets(K) =
∑K

k=1 V
πk

c,1 (s
k
1)

which is the same as the number of total constraint vio-
lations across the CMDPs. Because we do not make any
assumptions about the agent’s knowledge of the constraint
function (e.g., the agent does not know states ∈ Sreset), we
allow the agent to reset during learning while minimizing
the total number of resets over all K episodes.

4.2. Reduction to Two-Player Game

From the problem formulation above, we see that the ma-
jor difficulty of reset-free RL is the coupling between an
adaptive initial state sequence and the constraint on reset
probability. If we were to remove either of them, we could
use standard algorithms, since the problem would become
a single CMDP problem (Altman, 1999) or an episodic RL
problem with varying initial states (Jin et al., 2019).

We propose a reduction to systematically design algorithms
for this sequence of CMDPs and therefore for reset-free RL.
The main idea is to approximately solve the saddle-point
problem of each CMDP in (4), i.e.,

max
π∈∆

min
λ≥0

V π
r,1(s

k
1)− λV π

c,1(s
k
1) (5)

where λ denotes the dual variable (i.e., the La-
grange multiplier). Each CMDP can be framed as
a linear program (Hernández-Lerma & Lasserre, 2002)
whose primal and dual optimal values match (see sec-
tion 8.1 in Hazan et al. (2016)). Therefore, for
each CMDP, maxπ∈∆ minλ≥0 V

π
r,1(s

k
1) − λV π

c,1(s
k
1) =

minλ≥0 maxπ∈∆ V π
r,1(s

k
1)− λV π

c,1(s
k
1).

While using a primal-dual algorithm to solve for the saddle-
point of a single CMDP is known, using this approach for a
sequence of CMDPs is not obvious. This is because in gen-
eral, each CMDP’s optimal policy (and Lagrange multiplier)
can be a function of its initial state distribution (Altman,
1999). An easy way to see this is that an optimal policy sat-
isfying a constraint on an initial state s1 may be infeasible
for a constraint on another initial state s′1, if, e.g, running
this policy starting from s1 does not reach s′1 and therefore
can have arbitrary behavior at s′1. This behavior is different
from that of unconstrained MDPs, where there is an optimal
Markovian policy across all the initial states.

Therefore, in general, a common saddle-point of Markovian
polices and Lagrange multipliers does not necessarily exist
for a sequence of CMDPs with varying initial states.4 As a

4A shared saddle-point with a non-Markovian policy always
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result, it is unclear if there exists a primal-dual algorithm to
solve this sequence, especially given that the initial states
here are adaptively chosen.

Existence of a Shared Saddle-Point Fortunately, we
show that there is a shared saddle-point with a Markovian
policy across all the CMDPs considered in (4) due to the spe-
cial structure of reset-free RL. It is a proof that does not use
Slater’s condition for strong duality, unlike similar literature,
but attains the desired property. Instead, it follows from the
fact that we impose a constraint that requires zero constraint
violations. In addition, we also use Assumption 3.1 and the
fact that the cost c is non-negative. We formalize this below.
Theorem 4.1. There exists a function λ̂(·) where for each s,

λ̂(s) ∈ argmin
y≥0

(
max
π∈∆

V π
r,1(s)− yV π

c,1(s)

)
,

and a Markovian policy π∗ ∈ ∆, such that (π∗, λ̂) is a
saddle-point to the CMDPs

max
π∈∆

V π
r,1(s1), s.t. V π

c,1(s1) ≤ 0

for all initial states s1 ∈ S such that the CMDP is feasible.
That is, for all π ∈ ∆, λ : S → R, and s1 ∈ S,

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) ≥ V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1)

≥ V π
r,1(s1)− λ̂(s1)V

π
c,1(s1). (6)

Corollary 4.2. For π∗ in Theorem 4.1, it holds that
Regret(K) =

∑K
k=1 V

π∗

r,1 (s
k
1)− V πk

r,1 (s
k
1).

We prove for ease of construction that the pair (π∗, λ∗)

where λ∗(·) = λ̂(·) + 1 is also a saddle-point.
Corollary 4.3. For any saddle-point to the CMDPs

max
π∈∆

V π
r,1(s1), s.t. V π

c,1(s1) ≤ 0

of (π∗, λ̂) from Theorem 4.1, (π∗, λ∗) =: (π∗, λ̂+1) is also
a saddle-point as defined in (6).

Therefore, the pair (π∗, λ∗) in Corollary 4.3 is a saddle-
point to all the CMDPs the agent faces. This makes poten-
tially designing a two-player game reduction possible. Now
we give the details of our construction.

Two-Player Game Our two-player game proceeds itera-
tively in the following manner: in episode k, a dual player
determines a state value function λk : S → R, and then,
a primal player determines a policy πk which can depend
on λk. The primal and dual players then receive losses
Lk(πk, λ) and−Lk(π, λk), respectively, where Lk(π, λ) is
a Lagrangian function defined as

Lk(π, λ) := V π
r,1(s

k
1)− λ(sk1)V

π
c,1(s

k
1). (7)

The regret of these two players are defined as follows.

exists on the other hand.

Definition 4.4. Let πc and λc be comparators. The regret
of the primal and the dual players are

Rp({πk}Kk=1, πc) :=
∑K

k=1 Lk(πc, λ
k)− Lk(πk, λk),

Rd({λk}Kk=1, λc) :=
∑K

k=1 Lk(πk, λk)− Lk(πk, λc).

We present our main reduction theorem below.

Theorem 4.5. Under Assumption 3.1, for any sequences
{πk}Kk=1 and {λk}Kk=1 , it holds that

Regret(K) ≤ Rp({πk}Kk=1, π
∗) +Rd({λk}Kk=1, 0)

Resets(K) ≤ Rp({πk}Kk=1, π
∗) +Rd({λk}Kk=1, λ

∗)

where (π∗, λ∗) is the saddle-point defined in Corollary 4.3.

Designing Reset-free RL Algorithms by Reduction By
Theorem 4.5, if both players have sublinear regret in the
two-player game, then the resulting policy sequence will
have sublinear performance regret and a sublinear num-
ber of resets in the original RL problem. Minimization of
regret in a two-player game and solving saddle-point prob-
lems have been very well studied (see, e.g., (Ho-Nguyen &
Kılınç-Karzan, 2018; Benzi et al., 2005; Hazan et al., 2016)).
Therefore, our reduction gives a constructive and provably
correct template for designing reset-free RL algorithms. It
should be noted however, that the resultant two-player game
here is slightly different from the classical full-information
online learning problems. Unlike in these problems, the
learning agent needs to actively explore the environment
in each episode to collect information about the unknown
dynamics, reward, and cost (i.e., which states are reset-free).
Specifically Theorem 4.5 needs the primal (policy) player
to solve an online MDP sequence (with the same transition
dynamics but varying reward functions due to changing λ),
and the dual player to solve an online linear problem. In the
next section, we will give an example algorithm under this
reduction for linear MDPs.

4.3. Proof Sketches

Proof Sketch of Theorem 4.1 Let Q∗
c(s, a) =

minπ∈∆ Qπ
c (s, a) and V ∗

c (s) = minπ∈∆ V π
c (s). We define

π∗ in Theorem 4.1 as the optimal policy to the following
MDP: (S,A, P, r,H), where we define a state-dependent
action space A as

As = {a ∈ A : Q∗
c(s, a) ≤ V ∗

c (s)}.

By definition, As is non-empty for all s.

We also define a shorthand notation: we write π ∈ A(s)
if Eπ[

∑H
t=1 1{at /∈ Ast}|s1 = s] = 0. We have the fol-

lowing lemma, which is an application of the performance
difference lemma (see Lemma 6.1 in (Kakade & Langford,
2002) and Lemma A.1 in (Cheng et al., 2021)).
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Lemma 4.6. For any s1 ∈ S such that V ∗
c (s1) = 0 and any

π ∈ ∆, it is true that π ∈ A(s1) if and only if V π
c (s1) = 0.

We prove our main claim, (6), below. Because V π∗

c,1 (s1) = 0,
the first inequality is trivial: V π∗

r,1 (s1) − λ(s1)V
π∗

c,1 (s1) =

V π∗

r,1 (s1) = V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1).

To prove the second inequality, we use Lemma 4.6:

V π
r,1(s1)− λ̂(s1)V

π
c,1(s1)

≤max
π∈∆

V π
r,1(s1)− λ̂(s1)V

π
c,1(s1)

=min
y≥0

max
π∈∆

V π
r,1(s1)− yV π

c,1(s1)

= max
π∈Ac(s1)

V π
r,1(s1) (By Lemma 4.6 )

=V π∗

r,1 (s1) = V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1).

Proof Sketch of Theorem 4.5 We first establish the fol-
lowing intermediate result that will help us with our decom-
position.

Lemma 4.7. For any primal-dual sequence {πk, λk}Kk=1,∑K
k=1(Lk(π∗, λ′) − Lk(πk, λk)) ≤ Rp({π}Kk=1, π

∗),
where (π∗, λ′) is the saddle-point defined in either The-
orem 4.1 or Corollary 4.3.

Then we upper bound Regret(K) and Resets(K) by
Rp({πk}Kk=1, πc) and Rd({λk}Kk=1, λc) for suitable com-
parators. This decomposition is inspired by the techniques
used in Ho-Nguyen & Kılınç-Karzan (2018). We first bound
Resets(K).

Lemma 4.8. For any primal-dual sequence {πk, λk}Kk=1,∑K
k=1 V

πk

c,1 (s
k
1) ≤ Rp({π}Kk=1, π

∗) + Rd({λ}Kk=1, λ
∗),

where (π∗, λ∗) is the saddle-point defined in Corollary 4.3.

Proof. Notice
∑K

k=1 V
πk

c,1 (s
k
1) =

∑K
k=1 Lk(πk, λ̂) −

Lk(πk, λ∗) where (π∗, λ̂) is the saddle-point defined
in Theorem 4.1. By (6), and adding and subtracting∑K

k=1 Lk(πk, λk), we can bound this difference by∑K
k=1 Lk(π∗, λ̂)−Lk(πk, λk)+Lk(πk, λk)−Lk(πk, λ∗).

Using Lemma 4.7 and Definition 4.4 to upper bound the
above, we get the desired result.

Lastly, we bound Regret(K) with the lemma below and
Corollary 4.2.

Lemma 4.9. For any primal-dual sequence {πk, λk}Kk=1,∑K
k=1(V

π∗

r,1 (s
k
1) − V πk

r,1 (s
k
1)) ≤ Rp({π}Kk=1, π

∗) +

Rd({λ}Kk=1, 0), where (π∗, λ∗) is the saddle-point defined
in Corollary 4.3.

Proof. Note that L(π∗, λ∗) = L(π∗, 0) since V π∗

c,1 = 0 for
all k ∈ [K] = {1, ...,K}. Since by definition, for any π,
Lk(π, 0) = V π

r,1(s
k
1), we have the following:∑K

k=1V
π∗

r,1 (s
k
1)− V πk

r,1 (s
k
1)=

∑K
k=1 Lk(π∗, λ∗)− Lk(πk, 0)

=
∑K

k=1 Lk(π∗, λ∗)−Lk(πk, λk)+Lk(πk, λk)−Lk(πk, 0)

≤Rp({π}Kk=1, π
∗) +Rd({λ}Kk=1, 0)

where the last inequality follows from Lemma 4.7 and Defi-
nition 4.4.

5. Reset-Free Learning for Linear MDP
To demonstrate the utility of our reduction, we design a
provably correct reset-free algorithm instantiation for linear
MDP. This example serves to ground our abstract framework
and to illustrate concretely how an algorithm instantiating
our framework might operate. We also aim to show that
despite generality, our framework does not lose any opti-
mality in the rates of regret and total number of resets when
compared to similar but specialized works.

We consider a linear MDP setting, which is common in the
RL theory literature (Jin et al., 2019; Amani et al., 2021;
Ghosh et al., 2022).
Assumption 5.1. We assume (S,A, P, r, c,H) is linear
with a known feature map ϕ : S×A→ Rd: for any h ∈ [H],
there exists d unknown signed measures µh = {µ1

h, ..., µ
d
h}

over S such that for any (s, a, s′) ∈ S ×A× S, we have

Ph(s
′|a) = ⟨ϕ(s, a), µh(s

′)⟩,

and there exists unknown vectors ωr,h, ωc,h ∈ Rd such that
for any (s, a) ∈ S ×A,

rh(s, a) = ⟨ϕ(s, a), ωr,h⟩, ch(s, a) = ⟨ϕ(s, a), ωc,h⟩.

We assume, for all (s, a, h) ∈ S×A× [H], ||ϕ(s, a)||2 ≤ 1,
and max{||µh(s)||2, ||ωr,h||2, ||ωc,h||2} ≤

√
d.

Note that the above assumption on the cost function does
not imply knowledge of the reset states nor some hidden
structure of the reset states. At the high level, it merely asks
that the feature is expressive enough to separate the reset
states and reset-free states in a classification problem.

In addition, we make a linearity assumption on the function
λ∗ defined in Theorem 4.1.
Assumption 5.2. We assume the knowledge of a feature
ξ : S → Rd such that ∀s ∈ S, ||ξ(s)||2 ≤ 1 and λ∗(s) =
⟨ξ(s), θ∗⟩ for some unknown vector θ∗ ∈ Rd. In addition,
we assume the knowledge of a convex set5 U ⊆ Rd such
that θ∗, 0 ∈ U and ∀θ ∈ U , ||θ||2 ≤ B and ⟨ξ(s), θ⟩ ≥ 0. 6

5Such a set can be constructed by upper bounding the values
using scaling and ensuring non-negativity by, e.g., sum of squares.

6From the previous section, we can see that the optimal function
for the dual player is not necessarily unique. So, we assume bounds
on at least one optimal function that we designate as λ∗(s).
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For a linear CMDP with a fixed initial state distribution, it
is standard to assume that the optimal Lagrange multiplier
(i.e., λ∗(s1)) is bounded and non-negative. In this regard,
our assumption is a mild and natural linear extension of this
boundedness assumption for varying initial states, and is
true when the feature map is expressive enough.

5.1. Algorithm

The basis of our algorithm lies between the interaction be-
tween the primal and dual players. We adopt the common
no-regret plus best-response approach (Wang et al., 2021) to
the no-regret two-player game in designing algorithms for
these two players. We let the dual player perform (no-regret)
projected gradient descent and the primal player update poli-
cies based on upper confidence bound (UCB) with knowl-
edge of the dual player’s decision (i.e., the best-response
scheme to the dual player).

As discussed above, the environment is unknown to the
agent. Therefore, as discussed in Section 4, we need to
modify the actions of the primal player as compared to in the
generic saddle-point problem to instantiate our framework.
We do this using UCB, where the agent views unknown
actions/states in a more positive (“optimistic”)7 way than
the ones that have been observed to drive exploration in
unknown environments.

Specifically, in each episode, upon receiving the initial state,
we execute actions according to the policy based on a soft-
max (lines 5-8). Then, we perform the dual update through
projected gradient descent. The dual player plays for the
next round, k + 1, after observing its loss after the primal
player plays for the current round, k. The projection is to a
l2 ball containing λ∗(·) (lines 9-11). Finally, we perform the
update of the primal player by computing the Q-functions
for both the reward and cost with a bonus to encourage
exploration (lines 12-20).

This algorithm uses Ghosh et al. (2022) as the baseline
for the primal player. However, we emphasize that our
algorithm can handle the adaptive initial state sequence that
is seen in reset-free RL Theorems 4.1 and 4.5.

5.2. Analysis

We show below that our algorithm achieves regret and num-
ber of resets that are sublinear in the total number of time
steps, KH , using Theorem 4.5. This result is asymptoti-
cally equivalent to Ghosh et al. (2022) and comparable to the
bounds of Õ(

√
d2H6K) from Ding et al. (2021). Therefore,

we do not make sacrifices in terms of the regret and total
number of resets when specializing our abstract framework.
Theorem 5.3. Under Assumptions 3.1, 5.1, and 5.2, with

7Note that the term “optimism” here refers to the use of overes-
timation in exploration, which is different from the usage in, e.g.,
optimistic mirror descent (Mertikopoulos et al., 2018).

high probability, Regret(K) ≤ Õ((B + 1)
√
d3H4K) and

Resets(K) ≤ Õ((B + 1)
√
d3H4K).

Proof Sketch of Theorem 5.3 We provide a proof sketch
here and defer the complete proof to Appendix A.2. We first
bound the regret of {πk}Kk=1 and {λk}Kk=1 and then use this
to prove the bounds on our algorithm’s regret and number
of resets with Theorem 4.5.

We first bound the regret of {λk}Kk=1.
Lemma 5.4. Consider λc(s) = ⟨ξ(s), θc⟩ for some θc ∈
U . Then it holds that Rd({λk}Kk=1, λc) ≤ 1.5B

√
K +∑K

k=1(λ
k(sk1)− λc(s

k
1))(V

k
c,1(s

k
1)− V πk

c,1 (s
k
1)).

Proof. We notice first an equality.

Rd({λk}Kk=1, λc) =
∑K

k=1 Lk(πk, λk)− Lk(πk, λc)

=
∑K

k=1 λc(s
k
1)V

πk

c,1 (s
k
1)− λk(sk1)V

πk

c,1 (s
k
1)

=
∑K

k=1(λ
k(sk1)− λc(s

k
1))(−V k

c,1(s
k
1))

+
∑K

k=1(λ
k(sk1)− λc(s

k
1))(V

k
c,1(s

k
1)− V πk

c,1 (s
k
1)).

We observe that the first term is an online linear problem
for θk (the parameter of λk(·)). In episode k ∈ [K], λk

is played, and then the loss is revealed. Since the space
of θk is convex, we use standard results (see Lemma 3.1
in Hazan et al. (2016)) to show that updating θk through
projected gradient descent results in an upper bound for∑K

k=1(λ
k(sk1)− λc(s

k
1))(−V k

c,1(s
k
1)).

We now bound the regret of {π}Kk=1.
Lemma 5.5. Consider any πc. With high probability,
Rp({π}Kk=1, πc) ≤ 2H(1 + B + H) +

∑K
k=1 V

k
r,1(s

k
1) −

V πk

r,1 (s
k
1) + λk(sk1)(V

πk

c,1 (s
k
1)− V k

c,1(s
k
1)).

Proof. First we expand the regret into two terms.

Rp({π}Kk=1, πc) =
∑K

k=1 L
k(πc, λ

k)− Lk(πk, λk)

=
∑K

k=1V
πc
r,1 (s

k
1)−λk(sk1)V

πc
c,1 (s

k
1)−[V πk

r,1 (s
k
1)−λk(sk1)V

πk

c,1 (s
k
1)]

=
∑K

k=1V
πc
r,1 (s

k
1)−λk(sk1)V

πc
c,1 (s

k
1)−[V k

r,1(s
k
1)−λk(sk1)V

k
c,1(s

k
1)]

+
∑K

k=1 V
k
r,1(s

k
1)−V πk

r,1 (s
k
1)+λk(sk1)(V

πk

c,1 (s
k
1)−V k

c,1(s
k
1)).

To bound the first term, we use Lemma 3 from Ghosh
et al. (2022), which characterizes the property of upper
confidence bound.

Lastly, we derive a bound on Rd({λk}Kk=1, λc) +
Rp({πk}Kk=1, πc), which directly implies our final upper
bound on Regret(K) and Resets(K) in Theorem 5.3 by The-
orem 4.5. Combining the upper bounds in Lemma 5.4 and
Lemma 5.5, we have a high-probability upper bound of

Rd({λk}Kk=1, λc) +Rp({πk}Kk=1, πc)

≤ 1.5B
√
K + 2H(1 +B +H)+

+
∑K

k=1V
k
r,1(s

k
1)−V πk

r,1 (s
k
1)+λc(s

k
1)(V

πk

c,1 (s
k
1)−V k

c,1(s
k
1))
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Algorithm 1 Primal-Dual Reset-Free RL Algorithm for Linear MDP with Adaptive Initial States
1: Input: Feature maps ϕ and ξ. Failure probability p. Some universal constant C.

2: Initialization: θ1 = 0, wr,h = 0, wc,h = 0, α =
log(|A|)K

2(1 +B +H)
, β = CdH

√
log(4 log |A|dKH/p)

3: for episodes k = 1, ...K do
4: Observe the initial state sk1 .
5: for step h = 1, ...,H do

6: Compute πh,k(a|·)←
exp(α(Qk

r,h(·, a)− λk(sk1)Q
k
c,h(·, a)))∑

a exp(α(Q
k
r,h(·, a)− λk(sk1)Q

k
c,h(·, a)))

.

7: Take action akh ∼ πh,k(·|skh) and observe skh+1.
8: end for
9: ηk ← B/

√
k

10: Update θk+1 ← ProjU (θ
k + ηk · ξ(sk1)V k

c,1(s
k
1))

11: λk+1(·)← ⟨θk+1, ξ(·)⟩
12: for step h = H, ..., 1 do

13: Λk+1
h ←

k∑
i=1

ϕ(sih, a
i
h)ϕ(s

i
h, a

i
h)

T + λI.

14: wk+1
r,h ← (Λk+1

h )−1[
k∑

i=1

ϕ(sih, a
i
h)[rh(s

i
h, a

i
h) + V k+1

r,h+1(s
i
h+1)]]

15: wk+1
c,h ← (Λk+1

h )−1[
k∑

i=1

ϕ(sih, a
i
h)[ch(s

i
h, a

i
h) + V k+1

c,h+1(s
i
h+1)]]

16: Qk+1
r,h (·, ·)← max{min{⟨wk+1

r,h , ϕ(·, ·)⟩+ β(ϕ(·, ·)T (Λk+1
h )−1ϕ(·, ·))1/2, H − h+ 1}, 0}

17: Qk+1
c,h (·, ·)← max{min{⟨wk+1

c,h , ϕ(·, ·)⟩ − β(ϕ(·, ·)T (Λk+1
h )−1ϕ(·, ·))1/2, 1}, 0}

18: V k+1
r,h (·) =

∑
a πh,k(a|·)Qk+1

r,h (·, a)
19: V k+1

c,h (·) =
∑

a πh,k(a|·)Qk+1
c,h (·, a)

20: end for
21: end for

where the last term is the overestimation error due to opti-
mism. Note that for all k ∈ [K], V k

r,1(s
k
1) and V k

c,1(s
k
1) are

as defined in Algorithm 1 and are optimistic estimates of
V π∗

r,1 (s
k
1) and V π∗

c,1 (s
k
1). To bound this term, we use Lemma

4 from (Ghosh et al., 2022).

5.3. Other Possible Instantiations

We demonstrated above that our general framework can be
instantiated to achieve sublinear regret and total number of
resets. Importantly, our algorithm serves as an example of
how our general framework can be used to systematically
design new algorithms for reset-free RL. We can leverage
the multitude of existing algorithms that aim to minimize
regret in a two-player game. An example of a different
strategy is using a no-regret algorithm like optimistic mir-
ror descent (Mertikopoulos et al., 2018) for the dual player.
We can also replace UCB for the primal player with an
online MDP no-regret algorithm such as a variation of PO-
LITEX (Abbasi-Yadkori et al., 2019). Further studying
different combinations of baseline algorithms is an inter-
esting future research direction, which perhaps could even
improve existing algorithms for more specialized settings.

6. Conclusion
We propose a generic no-regret reduction for designing prov-
able reset-free RL algorithms. Our reduction casts reset-free
RL into the regret minimization problem of a two-player
game, for which many existing no-regret algorithms are
available. As a result, we can reuse these techniques, and fu-
ture better techniques, to systematically build new reset-free
RL algorithms. In particular, we design a reset-free RL algo-
rithm for linear MDPs using our new reduction techniques,
taking the first step towards designing provable reset-free
RL algorithms. Extending these techniques to nonlinear
function approximators and verifying their effectiveness
empirically are important future research directions.
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A. Appendix
A.1. Missing Proofs for Section 4

A.1.1. PROOF OF THEOREM 4.1

Theorem 4.1. There exists a function λ̂(·) where for each s,

λ̂(s) ∈ argmin
y≥0

(
max
π∈∆

V π
r,1(s)− yV π

c,1(s)

)
,

and a Markovian policy π∗ ∈ ∆, such that (π∗, λ̂) is a saddle-point to the CMDPs

max
π∈∆

V π
r,1(s1), s.t. V π

c,1(s1) ≤ 0

for all initial states s1 ∈ S such that the CMDP is feasible. That is, for all π ∈ ∆, λ : S → R, and s1 ∈ S,

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) ≥ V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1)

≥ V π
r,1(s1)− λ̂(s1)V

π
c,1(s1). (6)

For policy π∗, we define it by the following construction (we ignore writing out the time dependency for simplicity): first,
we define a cost-based MDPMc = (S,A, P, c,H). Let Q∗

c(s, a) = minπ∈∆ Qπ
c (s, a) and V ∗

c (s) = minπ∈∆ V π
c (s) be

the optimal values, where we recall V π
c and Qπ

c are the state and state-action values under policy π with respect to the cost.
Now we construct another reward-based MDPM = (S,A, P, r,H), where we define the state-dependent action spaceA as

As = {a ∈ A : Q∗
c(s, a) ≤ V ∗

c (s)}.

By definition,As is non-empty for all s. We define a shorthand notation: we write π ∈ A(s) if Eπ[
∑H

t=1 1{at /∈ Ast}|s1 =
s] = 0. Then we have the following lemma, which is a straightforward application of the performance difference lemma.
Lemma 4.6. For any s1 ∈ S such that V ∗

c (s1) = 0 and any π ∈ ∆, it is true that π ∈ A(s1) if and only if V π
c (s1) = 0.

Proof. By performance difference lemma (Kakade & Langford, 2002), we can write

V π
c (s1)− V ∗

c (s1) = Eπ

[
H∑
t=1

Q∗
c(st, at)− V ∗

c (st)|s1 = s1

]
.

If for some s1 ∈ S , π ∈ A(s1), then Eπ

[∑H
t=1 Q

∗
c(st, at)− V ∗

c (st)
]
≤ 0, which implies V π

c (s1) ≤ V ∗
c (s1). But since V ∗

c

is optimal, V π
c (s1) = V ∗

c (s1). On the other hand, suppose V π
c (s1) = 0. It implies Eπ

[∑H
t=1 Q

∗
c(st, at)− V ∗

c (st)
]
= 0

since V ∗
c (s1) = 0. Because by definition of optimality Q∗

c(st, at)− V ∗
c (st) ≥ 0, this implies π ∈ A(s1).

We set our candidate policy π∗ as the optimal policy of thisM. By Lemma 4.6, we have V π∗

c (s) = V ∗
c (s), so it is also an

optimal policy toMc. We prove our main claim of Theorem 4.1 below:

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) ≥ V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1) ≥ V π
r,1(s1)− λ̂(s1)V

π
c,1(s1).

Proof. Because V π∗

c,1 (s1) = 0 (for an initial state s1 such that the CMDP is feasible), the first inequality is trivial:

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) = V π∗

r,1 (s1) = V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1).

For the second inequality, we use Lemma 4.6:

V π
r,1(s1)− λ̂(s1)V

π
c,1(s1) ≤ max

π∈∆
V π
r,1(s1)− λ̂(s1)V

π
c,1(s1)

= min
y≥0

max
π∈∆

V π
r,1(s1)− yV π

c,1(s1)

= max
π∈Ac(s1)

V π
r,1(s1) (By Lemma 4.6 )

= V π∗

r,1 (s1)

= V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1).

12



Provable Reset-free Reinforcement Learning by No-Regret Reduction

A.1.2. PROOF OF COROLLARY 4.2

Corollary 4.2. For π∗ in Theorem 4.1, it holds that Regret(K) =
∑K

k=1 V
π∗

r,1 (s
k
1)− V πk

r,1 (s
k
1).

Proof. To prove Regret(K) =
∑K

k=1 V
π∗

r,1 (s
k
1) − V πk

r,1 (s
k
1), it suffices to prove

∑K
k=1 V

π∗

r,1 (s
k
1) =

maxπ∈∆0(K)

∑K
k=1 V

π
r,1(s

k
1). By Lemma 4.6 and under Assumption 3.1, we notice that maxπ∈∆0(K)

∑K
k=1 V

π
r,1(s

k
1) =

maxπ∈A(sk1 ),∀k∈[K]

∑K
k=1 V

π
r,1(s

k
1). This is equal to

∑K
k=1 V

π∗

r,1 (s
k
1) by the definition of π∗ in the proof of Theorem 4.1.

A.1.3. PROOF OF COROLLARY 4.3

Corollary 4.3. For any saddle-point to the CMDPs

max
π∈∆

V π
r,1(s1), s.t. V π

c,1(s1) ≤ 0

of (π∗, λ̂) from Theorem 4.1, (π∗, λ∗) =: (π∗, λ̂+ 1) is also a saddle-point as defined in (6).

Proof. We prove that eq (6) holds for (π∗, λ∗), that is

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) ≥ V π∗

r,1 (s1)− λ∗(s1)V
π∗

c,1 (s1) ≥ V π
r,1(s1)− λ∗(s1)V

π
c,1(s1).

Because V π∗

c,1 (s1) = 0 (for an initial state s1 such that the CMDP is feasible), the first inequality is trivial:

V π∗

r,1 (s1)− λ(s1)V
π∗

c,1 (s1) = V π∗

r,1 (s1) = V π∗

r,1 (s1)− λ∗(s1)V
π∗

c,1 (s1).

For the second inequality, we use Theorem 4.1:

V π
r,1(s1)− λ∗(s1)V

π
c,1(s1) ≤V π

r,1(s1)− λ̂(s1)V
π
c,1(s1)

≤V π∗

r,1 (s1)− λ̂(s1)V
π∗

c,1 (s1)

=V π∗

r,1 (s1)− λ∗(s1)V
π∗

c,1 (s1)

where the first step is because V π
c,1(s1) by definition is in [0, 1] and λ∗ = λ̂+ 1, and the second step is by Theorem 4.1.

A.1.4. PROOF OF THEOREM 4.5

Theorem 4.5. Under Assumption 3.1, for any sequences {πk}Kk=1 and {λk}Kk=1 , it holds that

Regret(K) ≤ Rp({πk}Kk=1, π
∗) +Rd({λk}Kk=1, 0)

Resets(K) ≤ Rp({πk}Kk=1, π
∗) +Rd({λk}Kk=1, λ

∗)

where (π∗, λ∗) is the saddle-point defined in Corollary 4.3.

We first establish the following intermediate result that will help us with our decomposition.

Lemma 4.7. For any primal-dual sequence {πk, λk}Kk=1,
∑K

k=1(Lk(π∗, λ′) − Lk(πk, λk)) ≤ Rp({π}Kk=1, π
∗), where

(π∗, λ′) is the saddle-point defined in either Theorem 4.1 or Corollary 4.3.

Proof. We derive this lemma by Theorem 4.1 and Corollary 4.3. First notice by Theorem 4.1 and Corollary 4.3 that for
λ′ = λ∗, λ̂,

K∑
k=1

Lk(π∗, λ′) =

K∑
k=1

V π∗

r,1 (s
k
1)− λ′(sk1)V

π∗

c,1 (s
k
1)

≤
K∑

k=1

V π∗

r,1 (s
k
1)− λk(sk1)V

π∗

c,1 (s
k
1) =

K∑
k=1

Lk(π∗, λk).

13
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Then we can derive

K∑
k=1

(Lk(π∗, λ′)− Lk(πk, λk)) =

K∑
k=1

Lk(π∗, λ′)− Lk(π∗, λk) + Lk(π∗, λk)− Lk(πk, λk)

≤
K∑

k=1

Lk(π∗, λk)− Lk(πk, λk) = Rp({π}Kk=1, π
∗)

which finishes the proof.

Then we upper bound Regret(K) and Resets(K) by Rp({πk}Kk=1, πc) and Rd({λk}Kk=1, λc) for suitable comparators. This
decomposition is inspired by the techniques used in Ho-Nguyen & Kılınç-Karzan (2018).

We first bound Resets(K).

Lemma 4.8. For any primal-dual sequence {πk, λk}Kk=1,
∑K

k=1 V
πk

c,1 (s
k
1) ≤ Rp({π}Kk=1, π

∗) +Rd({λ}Kk=1, λ
∗), where

(π∗, λ∗) is the saddle-point defined in Corollary 4.3.

Proof. Notice
∑K

k=1 V
πk

c,1 (s
k
1) =

∑K
k=1 Lk(πk, λ̂)− Lk(πk, λ∗) where (π∗, λ̂) is the saddle-point defined in Theorem 4.1.

This is because, as defined, λ∗ = λ̂+ 1. Therefore, we bound the RHS. We have

K∑
k=1

Lk(πk, λ̂)− Lk(πk, λ∗) =

K∑
k=1

Lk(πk, λ̂)− Lk(πk, λk) + Lk(πk, λk)− Lk(πk, λ∗)

≤
K∑

k=1

Lk(π∗, λ̂)− Lk(πk, λk) + Lk(πk, λk)− Lk(πk, λ∗)

≤Rp({π}Kk=1, π
∗) +Rd({λ}Kk=1, λ

∗)

where second inequality is because
∑K

k=1 Lk(π∗, λ̂) ≥
∑K

k=1 Lk(πk, λ̂) by Theorem 4.1, and the first inequality follows
from Lemma 4.7 and Definition 4.4.

Lastly, we bound Regret(K) with the lemma below and Corollary 4.2.

Lemma 4.9. For any primal-dual sequence {πk, λk}Kk=1,
∑K

k=1(V
π∗

r,1 (s
k
1)−V πk

r,1 (s
k
1)) ≤ Rp({π}Kk=1, π

∗)+Rd({λ}Kk=1, 0),
where (π∗, λ∗) is the saddle-point defined in Corollary 4.3.

Proof. Note that L(π∗, λ∗) = L(π∗, 0) since V π∗

c,1 (s
k
1) = 0 for all k ∈ [K]. Since by definition, for any π, Lk(π, 0) =

V π
r,1(s

k
1), we have the following:

K∑
k=1

V π∗

r,1 (s
k
1)− V πk

r,1 (s
k
1) =

K∑
k=1

Lk(π∗, λ∗)− Lk(πk, 0)

=

K∑
k=1

Lk(π∗, λ∗)− Lk(πk, λk) + Lk(πk, λk)− Lk(πk, 0)

≤Rp({π}Kk=1, π
∗) +Rd({λ}Kk=1, 0)

where the last inequality follows from Lemma 4.7 and Definition 4.4.

A.2. Missing Proofs for Section 5

A.2.1. PROOF OF THEOREM 5.3

Theorem 5.3. Under Assumptions 3.1, 5.1, and 5.2, with high probability, Regret(K) ≤ Õ((B + 1)
√
d3H4K) and

Resets(K) ≤ Õ((B + 1)
√
d3H4K).

14
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We first bound the regret of {πk}Kk=1 and {λk}Kk=1, and then use this to prove the bounds on our algorithm’s regret and
number of resets with Theorem 4.5.

We first bound the regret of {λk}Kk=1.

Lemma 5.4. Consider λc(s) = ⟨ξ(s), θc⟩ for some θc ∈ U . Then it holds that Rd({λk}Kk=1, λc) ≤ 1.5B
√
K +∑K

k=1(λ
k(sk1)− λc(s

k
1))(V

k
c,1(s

k
1)− V πk

c,1 (s
k
1)).

Proof. We notice first an equality.

Rd({λk}Kk=1, λc) =

K∑
k=1

Lk(πk, λk)− Lk(πk, λc)

=

K∑
k=1

λc(s
k
1)V

πk

c,1 (s
k
1)− λk(sk1)V

πk

c,1 (s
k
1)

=

K∑
k=1

λc(s
k
1)V

πk

c,1 (s
k
1)− λk(sk1)V

πk

c,1 (s
k
1)

+

K∑
k=1

λc(s
k
1)V

k
c,1(s

k
1)− λc(s

k
1)V

k
c,1(s

k
1) + λk(sk1)V

k
c,1(s

k
1)− λk(sk1)V

k
c,1(s

k
1)

=

K∑
k=1

(λk(sk1)− λc(s
k
1))(−V k

c,1(s
k
1)) +

K∑
k=1

(λk(sk1)− λc(s
k
1))(V

k
c,1(s

k
1)− V πk

c,1 (s
k
1)).

We observe that the first term is an online linear problem for θk (the parameter of λk(·)). In episode k ∈ [K], λk is played,
and then the loss is revealed. Since the space of θk is convex, we use standard results (Lemma 3.1 (Hazan et al., 2016)) to
show that updating θk through projected gradient descent results in an upper bound for

∑K
k=1(λ

k(sk1)−λc(s
k
1))(−V k

c,1(s
k
1)).

We restate the lemma here.

Lemma A.1 (Lemma 3.1 (Hazan et al., 2016)). Let S ⊆ Rd be a bounded convex and closed set in Euclidean space. Denote
D as an upper bound on the diameter of S , and G as an upper bound on the norm of the subgradients of convex cost functions
fk over S. Using online projected gradient descent to generate sequence {xk}Kk=1 with step sizes {ηk = D

G
√
k
, k ∈ [K]}

guarantees, for all K ≥ 1:

RegretK = max
x∗∈K

K∑
k=1

fk(x
k)− fk(x

∗) ≤ 1.5GD
√
K.

Let us bound D. By Assumption 5.2, λ∗ = ⟨ξ(s), θ∗⟩ and ||θ∗||2 ≤ B. Since the comparator we use is λ∗, we can set D to
be B. To bound G, we observe that the subgradient of our loss function is ξ(s)V k

c,1(s
k
1) for each k ∈ [K]. Therefore, since

V k
c,1(s

k
1) ∈ [0, 1] and ||ξ(s)||2 ≤ 1 by Assumption 5.2, we can set G to be 1.

We now bound the regret of {π}Kk=1.

Lemma 5.5. Consider any πc. With high probability, Rp({π}Kk=1, πc) ≤ 2H(1 +B +H) +
∑K

k=1 V
k
r,1(s

k
1)− V πk

r,1 (s
k
1) +

λk(sk1)(V
πk

c,1 (s
k
1)− V k

c,1(s
k
1)).
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Proof. First we expand the regret into two terms.

Rp({π}Kk=1, πc) =

K∑
k=1

Lk(πc, λ
k)− Lk(πk, λk)

=

K∑
k=1

V πc
r,1 (s

k
1)− λk(sk1)V

πc
c,1 (s

k
1)− [V πk

r,1 (s
k
1)− λk(sk1)V

πk

c,1 (s
k
1)]

=

K∑
k=1

V πc
r,1 (s

k
1)− λk(sk1)V

πc
c,1 (s

k
1)− [V πk

r,1 (s
k
1)− λk(sk1)V

πk

c,1 (s
k
1)]

+

K∑
k=1

[V k
r,1(s

k
1)− λk(sk1)V

k
c,1(s

k
1)]− [V k

r,1(s
k
1)− λk(sk1)V

k
c,1(s

k
1)]

=

K∑
k=1

V πc
r,1 (s

k
1)− λk(sk1)V

πc
c,1 (s

k
1)− [V k

r,1(s
k
1)− λk(sk1)V

k
c,1(s

k
1)]

+

K∑
k=1

V k
r,1(s

k
1)− V πk

r,1 (s
k
1) + λk(sk1)(V

πk

c,1 (s
k
1)− V k

c,1(s
k
1)).

To bound the first term, we use Lemma 3 from Ghosh et al. (2022), which characterize the property of upper confidence
bound. For completeness, we re-write the lemma here. 8

Lemma A.2 (Lemma 3 (Ghosh et al., 2022)). With probability 1−p/2, it holds that T1 =
∑K

k=1

(
V πc
r,1 (s

k
1)−λkV πc

c,1 (s
k
1)
)
−(

V k
r,1(s

k
1) − λkV k

c,1(s
k
1)
)
≤ KH log(|A|)/α. Hence, for α =

log(|A|)K
2(1 + C +H)

, T1 ≤ 2H(1 + C +H), where C is such

that λk ≤ C.

In our problem setting, we can set C = B in the lemma above. Therefore, the first term is bounded by 2H(1+B+H).

Lastly, we derive a bound on Rd({λk}Kk=1, λc) + Rp({πk}Kk=1, πc), which directly implies our final upper bound on
Regret(K) and Resets(K) in Theorem 5.3 by Theorem 4.5.

Lemma A.3. For any πc and λc(s) = ⟨ξ(s), θc⟩ such that ∥θc∥ ≤ B, we have with probability 1− p, Rd({λk}Kk=1, λc) +

Rp({πk}Kk=1, πc) ≤ 1.5B
√
K + 2H(1 +B +H) +O((B + 1)

√
d3H4Kι2) where ι = log[log(|A|)4dKH/p].

Proof. Combining the upper bounds in Lemma 5.4 and Lemma 5.5, we have an upper bound of

Rd({λk}Kk=1, λc) +Rp({πk}Kk=1, πc) =1.5B
√
K +

K∑
k=1

(λk(sk1)− λc(s
k
1))(V

k
c,1(s

k
1)− V πk

c,1 (s
k
1))

+ 2H(1 +B +H) +

K∑
k=1

V k
r,1(s

k
1)− V πk

r,1 (s
k
1) + λk(sk1)(V

πk

c,1 (s
k
1)− V k

c,1(s
k
1))

=1.5B
√
K + 2H(1 +B +H)+

+

K∑
k=1

V k
r,1(s

k
1)− V πk

r,1 (s
k
1) + λc(s

k
1)(V

πk

c,1 (s
k
1)− V k

c,1(s
k
1))

where the last term is the overestimation error due to optimism. To bound this term, we use Lemma 4 from Ghosh et al.
(2022). We re-write the lemma here.

8Note that Ghosh et al. (2022) use a utility function rather than a cost function to denote the constraint on the MDP (cost is just −1×
utility). Also note that their Lemma 3 is proved for an arbitrary initial state sequence and for any comparator (which includes π∗).
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Lemma A.4 (Lemma 4 (Ghosh et al., 2022)). WIth probability at least 1 − p/2, for any λ ∈ [0, C],
∑K

k=1

(
V k
r,1(s

k
1) −

V πk

r,1 (s
k
1)
)
+ λ

∑K
k=1

(
V πk

c,1 (s
k
1)− V k

c,1(s
k
1)
)
≤ O((λ+ 1)

√
d3H4Kι2) where ι = log[log(|A|)4dKH/p].

Since we have a bound on all λc(s
k
1) of B for all k ∈ [K], we have a bound of O((B + 1)

√
d3H4Kι2).
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