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Abstract
In this paper, we propose a novel Hadamard Trans-
form (HT)-based neural network layer for hy-
brid quantum-classical computing. It implements
the regular convolutional layers in the Hadamard
transform domain. The idea is based on the HT
convolution theorem which states that the dyadic
convolution between two vectors is equivalent
to the element-wise multiplication of their HT
representation. Computing the HT is simply the
application of a Hadamard gate to each qubit indi-
vidually, so the HT computations of our proposed
layer can be implemented on a quantum com-
puter. Compared to the regular Conv2D layer, the
proposed HT-perceptron layer is computationally
more efficient. Compared to a CNN with the same
number of trainable parameters and 99.26% test
accuracy, our HT network reaches 99.31% test ac-
curacy with 57.1% MACs reduced in the MNIST
dataset; and in our ImageNet-1K experiments,
our HT-based ResNet-50 exceeds the accuracy of
the baseline ResNet-50 by 0.59% center-crop top-
1 accuracy using 11.5% fewer parameters with
12.6% fewer MACs.

1. Introduction
Recently, with the rapid progress in quantum computing
hardware, implementing deep neural networks on a quantum
computer such as IBM Quantum System (IBM-Q) become
feasible for researchers (Matsuo et al., 2019; Koppenhöfer
et al., 2020). On the microscopic scale, a quantum is in-
divisible. All well-known microscopic particles such as
electrons and photons are manifestations of the quantum.
Classical computers use 0 and 1 to store and process data,
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while quantum computers’ basic computing unit, which is
called the qubit, can be both 0 and 1 at the same time. It al-
lows the co-existence of “superposition states” and thus has
more powerful parallel capabilities. Therefore, a quantum
computer could perform certain calculations exponentially
faster than any modern classical computer.

However, quantum neural networks (QNN) use as many
qubits as the size of the input, which makes it unlikely to be
implemented on current quantum computers to solve real-
world problems. Therefore, researchers investigate hybrid
quantum-classical neural networks instead of pure quantum
domain computing.

Fourier convolution theorem states that the convolution of
two vectors in the one-dimensional (1D) time domain and
the two-dimensional (2D) spatial domain is equivalent to the
element-wise multiplication in the Fourier domain. How-
ever, Discrete Fourier Transform (DFT) is a complex trans-
form and it is difficult to implement it using quantum com-
puting. On the other hand, Hadamard Transform (HT) is
a binary transform and also holds a similar convolution
transform. The Hadamard convolution theorem, which will
be reviewed in Section 2.2, inspires us to design a hybrid
quantum-classical implementable convolutional layer for
deep neural networks. The HT of a vector can be computed
in O(1) time using the quantum Hadamard gates. In this
paper, we use a hybrid quantum-classical method that takes
O(N) time to compute the HT for a N -length vector, while
the classical fast HT algorithm takes O(N log2 N) time.

In this work, we propose a hybrid quantum-classical neural
network layer based on the HT, and the proposed layer can
be used to replace the classical Conv2D layer. It reduces
the computational cost significantly by producing compa-
rable or better accuracy results than the baseline classical
convolutional model. Our proposed layer is trained as the
classical neural network layers using the back-propagation
algorithm as it can also be implemented in a purely classical
manner.

Related works include the following:

WHT-Based Neural Networks Walsh-Hadamard Trans-
form (WHT) is the permuted version of the HT. In (Zhao
et al., 2021), authors use WHT is used to assist their ”ZerO
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Initialization” method. They apply the WHT in the skip
connections, but they did not use the Hadamard convolution
theorem and they did not replace the convolutional layers
with multiplicative layers in the Hadamard domain. The
method described in (Zhao et al., 2021) does not reduce
the number of parameters or the computational cost. Their
goal is to improve the accuracy of their networks. Other
WHT-based neural networks including (Deveci et al., 2018;
Pan et al., 2021; Park & Lee, 2022; Pan et al., 2022a) are
used to reduce the computational cost. In (Deveci et al.,
2018), a binary neural network with a two-stream structure
is proposed, where one input is the regular image and the
other is the WHT of the image, and convolutions are not
implemented in the transform domain. The WHT is only
applied at the beginning in (Deveci et al., 2018). In (Park &
Lee, 2022), authors do not take advantage of the Hadamard
convolution theorem. They compute the WHT or related bi-
nary transforms and apply the convolution in the transform
domain. The WHT-based layers in (Pan et al., 2021; 2022a)
also use take the element-wise multiplication in the WHT
domain like this work, but they do not extract any channel-
wise features. They only extract the features width-wise and
height-wise, as they have a similar scaling layer to this work.
On the contrary, we have channel-wise processing layers in
the Hadamard domain to extract the channel-wise features
and introduce the quantum-computer-based implementation
of the network.

Trainable Soft-Thresholding The soft-thresholding func-
tion is commonly used in wavelet transform domain denois-
ing (Donoho, 1995) and as a proximal operator for the ℓ1
norm based optimization problems (Karakuş et al., 2020).
With trainable threshold parameters, soft-thresholding and
its variants can be employed to remove the noise in the
transform domain-based networks (Badawi et al., 2021; Pan
et al., 2021; 2022a;b; 2023).

QNN, QCNN, and QCCNN Quantum neural networks
(QNNs) based on the principles of quantum mechanics were
proposed in (Kak, 1995), and quantum convolutional neural
networks (QCNNs) were proposed in (Cong et al., 2019).
The training method for the QNNs was proposed in (Ricks
& Ventura, 2003). A QCNN uses as many qubits as the size
of the input, which makes it unlikely to be implemented on
current quantum computers to solve real-world problems.
To combine classical neural networks with the advantages
of quantum information in order to develop more efficient
algorithms, the hybrid quantum-classical convolutional neu-
ral networks (QCCNNs) were proposed in (Liu et al., 2021).
To create a QCCNN, the hidden layers can be implemented
using parameterized quantum circuits, where the rotation an-
gles for each quantum gate are specified by the components
of a classical input vector. The outputs from the previous
layer are collected and used as the inputs for the parameter-
ized circuit, and the outputs of the quantum circuits can be

obtained from the measurement statistics.

Hybrid Quantum-Classical WHT Hybrid quantum-
classical algorithms for the Walsh-Hadamard Transform
(WHT) are proposed in (Shukla & Vedula, 2023a;b), where
the hybrid WHT is used to obtain the WHT in the classical
domain for the digital images in the classical domain, but
using the Quantum Hadamard gate for computational effi-
ciency. Other procedures are still operated using classical
methods. In (Shukla & Vedula, 2023a), authors propose
an image denoising method by only changing the high-
frequency components in the transform domain to 0. This
change is implemented in a classical manner. Then, they
apply the hybrid inverse WHT to obtain denoised images,
which are essentially low-pass filtered versions of the origi-
nal images. In (Shukla & Vedula, 2023b), authors use the
hybrid WHT to solve differential equations. The above two
papers are not related to neural networks.

Other Transform-Based Neural Networks The Discrete
Fourier Transform (DFT) and Discrete Cosine Transforms
are the two of the most important signal and image pro-
cessing tools. One-dimensional (1D) and two-dimensional
(2D) convolutions can be implemented using element-wise
multiplications in the 1D and 2D transform domains, re-
spectively. DFT-based neural networks include (Chi et al.,
2020; Mohammad & Almekkawy, 2021), and DCT-based
neural networks include (Gueguen et al., 2018; dos Santos
et al., 2020; dos Santos & Almeida, 2021; Xu & Nakayama,
2021; Ulicny et al., 2022). However, the DFT is a complex
transformation, and Quantum Fourier Transform (QFT) is
actually implemented using the Hadamard gates (Weinstein
et al., 2001). On the other hand, the HT is implemented only
using additions and subtractions and it can be implemented
very efficiently using quantum computers. Therefore, the
HT is more efficient than other transforms.

2. Methodology
2.1. Background: Hybrid quantum-classical approach

for Hadamard Transform

The HT is a member of generalized Fourier transforms. It
can be considered as constructed from size-2 DFT’s. As a
result, the transform matrix only has ±1 instead of complex
exponential weights as in DFT. Let x = [x0 x1 . . . xN−1]

T

be a vector with N = 2M components for M ∈ N, its HT
vector X = [X0 X1 . . . XN1

]T is computed as

Xk =

√
1

N

N−1∑
m=0

xm(−1)
∑M−1

i=0 kimi , (1)

where, ki and mi are the i-bits in the binary representations
of k and m, respectively. The HT can be computed as the
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matrix product between X and the Hadamard matrix HN :

X = H(x) =

√
1

N
HNx. (2)

The Hadamard matrix HN is constructed as

HN =



1, N = 1,[
1 1

1 −1

]
, N = 2,[

HN
2

HN
2

HN
2

−HN
2

]
, N ≥ 4,

(3)

Alternatively, for N ≥ 4, N = 2M , HN can also be com-
puted using Kronecker product ⊗:

HN = H2 ⊗HN
2
= H⊗M

2 . (4)

The Walsh matrix WN for the Walsh-Hadamard Trans-
form (WHT) is the sequency-order-rearranged version of
the Hadamard matrix HN (Walsh, 1923; Yuen, 1972). The
sequency ordering can be derived from the natural order-
ing (Hadamard ordering) by first applying the bit-reversal
permutation and then the Gray-code permutation.

With the squency ordering, the number of sign changes in
a row is in increasing order. The more changes there are,
the higher the frequency component is extracted. There-
fore, the Walsh matrix is more commonly used. However,
in this work, we apply element-wise multiplication in the
Hadamard domain. Therefore, permutation is unnecessary
in this work, so we use HT instead of WHT to simplify the
implementation.

The Hadamard matrix HN is orthogonal and symmetric, as

HNHT
N = NIN ,HN = HT

N , (5)

so the Inverse Hadamard Transform (IHT) can be imple-
mented in a similar manner as the forward HT:

x = H−1(X) =

√
1

N
HNX = H(X). (6)

In practice, we can combine two
√

1
N normalization terms

from the HT and the IHT to one 1
N to avoid the square-root

operation.

Similar to the Fast Fourier Transform (FFT), HT can be
implemented in a fast way using the butterfly structures as
Eq. (1) in (Fino & Algazi, 1976). In this method, the Fast
Hadamard Transform (FHT) has the time complexity of
O(N log2 N) in the classical domain.

On the other hand, H =
√

1
2H2 =

√
1
2

[
1 1
1 −1

]
is the

transformation matrix of the quantum Hadamard gate in

a computational bias. Therefore, the Hadamard transform
can be computed in O(1) time in the quantum domain, as
it is a quantum logic gate that can be parallelized. Let
x̄ = [x̄0 x̄1 . . . x̄N−1]

T be a normalized version of x,
i. e, x̄ = 1

||x||x, the quantum implementation of HT of x̄

involves preparing the initial state
∑N−1

k=0 x̄k|k⟩, and then
applying quantum Hadamard gates H⊗M on it. It can be
verified that

H⊗M

[
N−1∑
k=0

x̄k|k⟩

]
=

√
1

N

N−1∑
k=0

N−1∑
m=0

x̄m(−1)
∑M−1

i=0 kimi

=

N−1∑
k=0

X̄k|k⟩,

(7)

where, X̄ is the HT of x̄, N = 2M . Although the quantum
approach for the HT on a M -length vector has the computa-
tional cost of O(1), the difficulty lies in the measurement.
One can only find the square of the amplitude of the HT
values by carrying out the measurement. However, the HT
of x̄ has both positive and negative values, but the sign in-
formation is lost during the amplitude measurement. To
obtain the correct sign information for the HT, we adopt the
Algorithm 1 in (Shukla & Vedula, 2023b), which is based on
Lemma 2.1 and increases the computational cost to O(N).
Lemma 2.1. Let x = [x0 x1 . . . xN−1]

T and X =

H(x) = [X0 X1 . . . XN−1]
T . If x0 >

∑N−1
k=1 |xk|, then

Xk > 0 for k = 0, 1, ..., N − 1.

The proof for Lemma 2.1 is presented in Appendix A. We
can change x0 to a large number to satisfy the condition
in Lemma 2.1. The HT of the revised vector will have all
positive entries that can be computed in the quantum domain
efficiently. After that, we can revise the HT results based on
the change on x0 to get the correct X = H(x).

We use Algorithm 1 in (Shukla & Vedula, 2023b) to im-
plement the HT in our deep neural network. In (Shukla &
Vedula, 2023b) they used WHT in Algorithm 1, instead, we
use HT. In summary, we first change the first element of
the vector x0 to a large number b and reconstruct the vector
as x̃, then we normalize it by c = ||x̃|| as x̄. We apply
such a normalization because the norm of the input vector
to the quantum state must be 1. After that, we prepare the
state |Ψ⟩ =

∑N−1
k=0 x̄k|k⟩ and apply quantum Hadamard

gates H⊗M on |Ψ⟩. Then we measure all the M qubits to
compute the probability pk of obtaining the state |k⟩ for
k = 0 to N − 1. These pk are the scaled version of the
square amplitude of the HT of x̃, so we scale the

√
pk by

the normalization factor c. Finally, we subtract the results

by δ =
√

1
N (b− x0) to obtain the HT of x.

In this work, we design the proposed neural network
layer based on the Two-Dimensional Hadamard trans-
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Algorithm 1 The hybrid quantum-classical HT algorithm.

Input: The input vector x = [x0 x1 . . . xN−1]
T ∈ RN

where N = 2M , M ∈ N.
Output: The output vector X = [x0 x1 . . . xN−1]

T

which is the HT of the x.
b = ϵ+

∑N−1
k=0 |xk|, where ϵ is any positive number;

x̃ = [b x1 x2 . . . xN−1]
T ;

c = ||x̃|| =
√
b2 +

∑N−1
k=1 x2

k.
x̄ = [x̃0 x̃1 . . . x̃N−1]

T = x̃/c;
Prepare the state |Ψ⟩ =

∑N−1
k=0 x̄k|k⟩ using M qubits;

Apply H⊗M on |Ψ⟩;
Measure all the M qubits to compute the probability pk
of obtaining the state |k⟩ for k = 0 to N − 1;

δ =
√

1
N (b− x[0]);

X = [c
√
p0 − δ c

√
p1 − δ . . . c

√
pN−1 − δ]T .

form (HT2D). Let x =

 x0,0 · · · x0,N−1

...
. . .

...
xN−1,0 · · · xN−1,N−1

,

N = 2M , M ∈ N. The HT expression X = X0,0 · · · X0,N−1

...
. . .

...
XN−1,0 · · · XN−1,N−1

 is

Xk,l =
1

N

N−1∑
m=0

N−1∑
n=0

xm,n(−1)
∑M−1

i=0 kimi+lini

=
1

N

N−1∑
m=0

(
N−1∑
n=0

xm,n(−1)
∑M−1

i=0 lini

)
(−1)

∑M−1
i=0 kimi ,

(8)

where, ki, li, mi and ni are the i-bits in the binary rep-
resentations of k, l, m and n. Therefore, the HT2D can
be obtained from the one-dimensional Hadamard trans-
form (HT1D) in a separable manner for computational effi-
ciency (Vetterli, 1985), as Algorithm 2 presents. The com-
plexity of HT2D on an N ×N image is O(N2) (where N
is an integer power of 2) using Algorithm 2. On the other
hand, the complexity of the classical two-dimension Fast
Hadamard transform (FHT2D) is O(N2 log2 N).

2.2. Hadamard Convolution Theorem

Fourier convolution theorem states that an input feature
map x ∈ RN and a kernel a ∈ RK can be convolved in the
Fourier domain as follows:

a ∗c x = F−1 (A ◦X)) , (9)

where, F(·) stands for DFT and F−1(·) stands for IDFT.
A) = F(a), X = F(x). ∗c is the circular convolution

Algorithm 2 The two-dimensional HT algorithm. X[i] and
XT [i] represent the i-th column and row of X.

Input: The input matrix x ∈ RN1×N2 .
Output: The output vector X ∈ RN1×N2 which is the
HT of the x.
for i = 0 to N1 − 1 do

X[i] = H(x[i]) using Algorithm 1;
end for
for i = 0 to N1 − 1 do

XT [i] = H(XT [i]) using Algorithm 1;
end for

operator and ◦ represents the element-wise multiplication.
Similar to the Fourier convolution theorem, the Hadamard
convolution theorem holds as Theorem 2.2, which states
the dyadic convolution in the time domain is equivalent to
the element-wise multiplication in the Hadamard domain.
Theorem 2.2 inspires us to design the HT-based layer which
will be discussed in the following section to replace the con-
volutional layers in convolutional neural networks (CNNs).

Theorem 2.2 (Hadamard convolution theorem). Let M ∈
N, N = 2M , and a,x ∈ RN . The convolution y = a ∗d
x ⇐⇒ the element-wise multiplication Yk = AkXk for k =
0, 1, . . . , N − 1, where, Y = H(y) = [Y0 Y1 . . . YN−1]

T ,
A = H(a) = [A0 A1 . . . AN−1]

T , and X = H(x) =
[X0 X1 . . . XN−1]

T .

The proof of Theorem 2.2 is presented in Appendix B (Gu-
lamhusein, 1973; Usakova et al., 2002a;b; Gajić &
Stanković, 2011). Although the dyadic convolution ∗d is
not the same as circular convolution, we will use the HT for
convolutional filtering in neural networks. This is because
HT is also related to the block Haar wavelet packet trans-
form (Cetin et al., 1993) and each Hadamard coefficient
approximately represents a frequency band. As a result,
applying weights onto frequency bands and computing the
inverse HT is an approximate way of frequency domain fil-
tering similar to the Fourier transform-based convolutional
filtering.

2.3. HT-Perceptron Layer

The proposed HT-perceptron layer is presented in Figure 1
and Algorithm 3. The HT-perceptron layers are combined
to construct deep “convolutional” neural networks as shown
in Tables 8 and 9 in Appendix C. They replace the Conv2D
layers in a typical CNN, therefore, we apply an HT2D along
the width and height of the tensor. Similar to a Conv2D layer
which contains multiple kernels, our structure has multiple
parallel paths. In each path, we first apply element-wise
multiplications on the tensor with a W by H trainable matrix
A. This operation is equivalent to convolutional filtering
and we call it scaling because the HT coefficients are scaled

4



Hybrid Quantum-Classical Hadamard Transform Layer

Figure 1. Structure of the proposed HT-perceptron layer for a ten-
sor in RC×W×H . The HT2D and IHT2D are implemented using
the quantum computer 2 (or the classical fast approach) and mul-
tiplications and soft-thresholding operations of the network are
implemented using the classical approach. We have parallel multi-
ple paths to increase the number of trainable parameters. Each path
corresponds to a convolutional kernel. If we want to change the
number of output channels, we can change the number of kernels
at each channel-wise processing.

Algorithm 3 P -Path HT-Perceptron Layer. Dimensions are
defined as batch size, channel, height, and width.

Input: The input tensor x ∈ RB×Ci×H×W .
Output: The output tensor y ∈ RB×Co×H×W .
Define: Ai,Ti ∈ RH×W , Vi = Conv2D(in channels=
Ci, out channels= Co, kernel size= 1), for i = 0 to P .
X = HT2D(x);
for i = 0 to P − 1 do

Xi = X ◦Ai;
Zi = Vi(Xi);
Yi = sign(Zi) ◦ ReLU(|Zi| −Ti);

end for
Y = sum(stack(Yi));
y = IHT2D(Y).

as in Fourier domain filtering. In this work, we initialize A
as random numbers from the uniform distribution of [0, 1).
Then, we perform channel-wise processing. This step is
implemented similarly to the so-called 1 × 1 convolution
of the Conv2D layer. If we want to change the number of
output channels, we can change the number of kernels at this
step. After scaling and 1× 1 convolution we apply a soft-
thresholding function as a nonlinearity instead of RELU
because both positive and negative amplitudes are important
in the transform domain. Soft-thresholding is widely used
in wavelet denoising to remove noise from the data (Chang
et al., 2000; Zhao & Cui, 2015). Parameters of the soft-
thresholding nonlinearity can be trainable, i. e, they can be
learned using the back-propagation algorithm. Finally, we
apply an IHT2D on the summation of all paths to obtain the
resulting tensor output of the HT-perceptron layer.

Figure 2. Procedure of each path in the HT-Perceptron layer. Each
entry along the width and the height is processed individually in
the Hadamard domain, so we don’t need to apply the permutation
as the Walsh-Hadamard transform.

Trainable soft-thresholding is applied to remove small en-
tries in the Hadamard domain. This operation is similar to
image coding and transform-domain denoising (Wallace,
1991; Le Gall, 1991). It is defined as follows:

Y = ST(X) = sign(X) ◦ (|X| −T)+, (10)

where, ◦ stands for the element-wise multiplication, (·)+
stands for the ReLU function, and T stands for non-negative
trainable threshold parameters which are determined us-
ing the back-propagation algorithm. T ∈ RW×H if
X ∈ RC×W×H . In this work, we initialize T as random
numbers from the uniform distribution of [0, 0.1). We ini-
tialize T with small positive values because it is the thresh-
old parameter to remove small valued feature maps which
correspond to noise. The ReLU function is not suitable
because both significantly large positive and negative values
are important in the Hadamard domain. For example, a
completely positive vector can have both significant positive
and negative values in the Hadamard domain. Furthermore,
the multiplication between sign(X) and (|X| −T)+ can be
implemented using sign-bit operations, so no multiplication
operation is required for the soft-thresholding.

In summary, an HT-perceptron layer with P paths mapping
from x to y is defined as:

y = H−1

(
P∑
i=0

STi
(H(x) ◦Ai ⊛Vi)

)
, (11)

where, H(·) and W−1(·) stand for HT2D and IHT2D, Ai

is the scaling matrix in the i-th path, Vi represents the
1× 1 Conv2D kernels used in the channel-wise processing
in the i-th path, Ti is the threshold parameter matrix in
the soft-thresholding layer in the i-th path, ◦ stands for
the element-wise multiplication, and ⊛ represents channel-
wise processing which can be implemented using the 1 ×
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Table 1. Parameters of a Conv2D Layer Versus an HT-perceptron
layer for a C-channel N ×N image. N is an integer power of 2.

LAYER (OPERATION) PARAMETERS

K ×K CONV2D K2C2

3× 3 CONV2D 9C2

HT2D 0
SCALING N2

CHANNEL-WISE PROCESSING C2

SOFT-THRESHOLDING N2

IHT2D 0

P -PATH HT-PERCEPTRON 2PN2 + PC2

1-PATH HT-PERCEPTRON 2N2 + C2

3-PATH HT-PERCEPTRON 6N2 + 3C2

5-PATH HT-PERCEPTRON 10N2 + 5C2

Table 2. Multiply–Accumulates (MACs) of a Conv2D Layer Ver-
sus an HT-perceptron layer for a C-channel N ×N image. N is
an integer power of 2. MACs from the HT2D and the IHT2D are
omitted.

LAYER (OPERATION) MACS

K ×K CONV2D K2N2C2

3× 3 CONV2D 9N2C2

SCALING, SOFT-THRESHOLDING N2C
CHANNEL-WISE PROCESSING N2C2

P -PATH HT-PERCEPTRON PN2C + PN2C2

1-PATH HT-PERCEPTRON N2C +N2C2

3-PATH HT-PERCEPTRON 3N2C + 3N2C2

5-PATH HT-PERCEPTRON 5N2C + 5N2C2

1 Conv2D layer. The procedure in each path of the HT-
Perceptron layer is illustrated in Figure 2.

Table 1 shows the number of parameters in an HT-perceptron
layer is 2PN2 + PC2. The input and output tensors are
assumed to be in RC×N×N . In each path, there are N2

parameters in the scaling matrix, N2 parameters in the
soft-threshold matrix, and C2 parameters in the channel-
wise 1× 1 convolution. Therefore, a P -path HT-perceptron
layer has 2PN2 + PC2 parameters. For comparison, a
K ×K Conv2D layer has KC2 parameters. A 3-path HT-
perceptron layer has the same amount of parameters as a
3 × 3 Conv2D layer if C = N . Furthermore, in the most
main-stream CNNs such as ResNets (He et al., 2016), C
is usually much larger than N in the hidden layers, then
our proposed HT-perceptron layer can save parameters for
ResNet-type CNNs as discussed in Section 3.

If the input tensor and the output tensor are in RC×N×N , the
computational cost of a K ×K Conv2D is O(K2N2C2).
On the other hand, the classical FHT algorithm takes
O(N2 log2 N), and the hybrid quantum-classical HT al-

gorithm reduces it to O(N2). Compared to the 3 × 3
Conv2D whose complexity is O(N2C2), the O(N2C) from
the HT and the IHT can be omitted. In each path, the com-
plexity to compute the scaling and the soft-thresholding
is O(N2C), and the complexity of the channel-wise pro-
cessing is O(N2C2). Therefore, the total complexity of a
P -path HT-perceptron layer is O(PN2C2). To compare
the total computational cost between the HT-perceptron
layer with the Conv2D layer, we use Multiply–Accumulate
(MACs). 1 MAC contains 1 addition and 1 multiplication.
As Table 2 states, in each path, there are N2C multiplica-
tions in scaling and N2C additions in the soft-thresholding.
There is no addition in the scaling and no multiplication in
the soft-thresholding. Thus, we totally need N2C MACs to
compute the scaling and the soft-thresholding in each path.
In each path, the channel-wise processing has N2C2 MACs
because the channel-wise processing is implemented using
the 1×1 Conv2D layer. Furthermore, MACs from the HT2D
and IHT2D can be omitted even when we use the classical
FHT approach because the HT2D and the IHT2D can be
implemented without any multiplication, as the normaliza-
tion factor can be computed with the scaling. Therefore,
we totally need PN2C + PN2C2 MACs to compute a
P -path HT-perceptron layer. As a comparison, we totally
need K2N2C2 MACs to compute a K ×K Conv2D layer.
Briefly speaking, the proposed HT-perceptron layer reduces
some N2C2 MACs to N2C. In consequence, our proposed
HT-perceptron layer is more computationally efficient than
the Conv2D layer.

3. Experimental Results
Hybrid Hadamard Neural Network on MNIST We start
the experimental section with a toy example of MNIST hand-
written digits classification task using a hybrid quantum-
classical Hadamard neural network. The MNIST experi-
ments are carried out on the IBM Quantum Lab cloud com-
puter using PyTorch and Qiskit. Since the MNIST image
size is 28 × 28, we pad 2 pixels with 0s on all borders to
make the input image size 32 × 32. We first convert the
intensities of the raw images to the 0 - 1 range. We then
normalize the MNIST images with a mean of 0.1307 and a
standard deviation of 0.3081.

As Table 3 shows, the CNN is built using two 3×3 Conv2D
layers, one average pooling layer, and two linear layers.
ReLU is used as the activation function in the two con-
volution layers and the first linear layer. Dropout with
a probability of 0.2 is applied after the second Conv2D
layer and the first linear layer. Bias terms are applied in
all Conv2D and linear layers. The first Conv2D layer in-
creases the number of channels from 1 to 32. We retrain
the first Conv2D layer and replace the second Conv2D layer
using a 3-path HT-perceptron layer. The 3-path HT struc-
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Table 3. Toy CNN for the MNIST classification task. We pad all
borders 2 pixels with 0s to make the image size 32×32. We revise
the layer Conv2 using the proposed HT-perceptron layer.

LAYER OUTPUT SHAPE IMPLEMENTATION

INPUT 1× 32× 32 -
CONV1 32× 32× 32 3× 3, 32
CONV2 32× 32× 32 3× 3, 32
MAXPOOL 32× 16× 16 2× 2
FLATTEN 8192 -
DENSE 128 LINEAR, 128
OUTPUT 10 LINEAR, 10

Table 4. MNIST Experimental Results. There are 1,059,562 pa-
rameters in each neural network.

METHOD MACS (M) ACCURACY

CNN 10.85 99.26%
HT-CNN (3-PATH) 4.66 (57.1%↓) 99.31%

ture is used here because the input and output shapes of the
second Conv2D layer are both 32 × 32 × 32, so we keep
the number of parameters the same for the CNN and the
HT-CNN. There are 1, 059, 592 parameters in each neural
network (32 × 1× 32 + 32 = 320 are in the first Conv2D
layer, 32 × 322 + 32 = 9, 248 parameters are in the second
Conv2D layer, 8192× 128+ 128 = 1, 048, 704 parameters
are in the first linear layer, and 1, 290 parameters are in the
second linear layer).

To train the neural networks on the MNIST dataset, we use
the Adadelta optimizer (Zeiler, 2012) with an initial learning
rate of 1.0. The learning rate decays by 0.7 after each epoch.
Models are trained with the mini-batch size of 64 for 14
epochs. During the training, the best models are saved
based on the accuracy of the MNIST test dataset, and their
accuracy results are reported in Table 4. After replacing the
second Conv2D layer by the 3-path HT-perceptron layer,
9× 324 − (3× 324 + 3× 323) = 6.19 million MACs are
reduced (57.1%), while the accuracy even improves from
99.26% to 99.31%.

Hadamard Network on CIFAR-10 and ImageNet-1K Ex-
periments on the CIFAR-10 and ImageNet-1K are carried
out on a workstation computer with an NVIDIA RTX3090
GPU using PyTorch. We don’t use the IBM-Q cloud plat-
form in these experiments because the cloud platform is
too slow for large datasets. We use the classical Fast-HT
algorithm instead of Algorithm 2. In these experiments,
ResNet-20 for the CIFAR-10 classification task and ResNet-
50 for the ImageNet-1K classification task (He et al., 2016)
are used as the backbone networks.

To revise ResNet-20 and ResNet-50, we retain the first 3×3

Conv2D layer, then we replace those 3×3 Conv2D layers at
the even indices (the second Conv2D in each convolutional
block in ResNet-20, and Conv2 2, Conv3 2, Conv3 4, etc.,
in ResNet-50) with the HT-perceptron layer. We keep the
3 × 3 Conv2D layers at odd indices because, in this way,
we use the regular 3 × 3 Conv2D layer and the proposed
HT-perceptron layer by turns, then the network can extract
features in different manners efficiently. We call those HT-
perceptron-layer-revised ResNets as HT-ResNets. Tables 8
and 9 in Appendix C describe the method we revising the
ResNet-20 and ResNet-50.

To train ResNet-20 and the HT-ResNet-20s, We use the SGD
optimizer with a weight decay of 0.0001 and momentum
of 0.9. Models are trained with a mini-batch size of 128
for 200 epochs. The initial learning rate is 0.1, and the
learning rate is reduced by 1/10 at epochs 82, 122, and 163,
respectively. Data augmentation is implemented as follows:
First, we pad 4 pixels on the training images. Then, we
apply random cropping to get 32 by 32 images. Finally,
we randomly flip images horizontally. We normalize the
images with the means of [0.4914, 0.4822, 0.4465] and the
standard variations of [0.2023, 0.1994, 02010]. During the
training, the best models are saved based on the accuracy of
the CIFAR-10 test dataset, and their accuracy numbers are
reported in Table 5.

In the CIFAR-10 experiments, we try different numbers
of paths ranging from 1 to 6 in the HT-ResNet-20s. As
shown in Table 5, the best accuracy (91.58%) is obtained
from the 5-path structure among the HT-ResNet-20s with
1 to 6 paths. Although in the CIFAR-10 experiments, we
do not obtain any better accuracy than our baseline model,
we successfully reduce many parameters and MACs with
producing comparable accuracy results, as the accuracy of
the 5-path HT-ResNet-20 drops less than 0.08% compared
to the baseline ResNet-20. Our HT-ResNet-20s obtains
higher accuracy results than (Pan et al., 2022a) because we
extract the channel-wise features using 1× 1 Conv2D in the
Hadamard domain.

In the ImageNet-1K experiments, we compare the baseline
ResNet-50 model with the 3-path HT-ResNet-50. However,
the most commonly used input size in the ImageNet-1K
tasks is 224× 224, which makes the input tensors sizes not
integers power of 2. We carry out two data pre-processing
approaches: First, we still use the input size of 224× 224,
but before each HT-perceptron layer, we apply zero-padding
to make the input tensor size be the integers power of 2.
This approach provides a comparison with other state-of-
the-art HT-based works. Second, we use the input size
of 256 × 256 instead. The number of parameters in each
approach is the same, but more computational consumption
is required in the second approach. As compensation, higher
accuracy results are obtained using the second approach. We
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Table 5. CIFAR-10 Experimental Results.
METHOD PARAMETERS MACS (M) ACCURACY

RESNET-20 (HE ET AL., 2016) 0.27M - 91.25%
WHT-BASED RESNET-20 (PAN ET AL., 2022A) 133,082 (51.26%↓) - 90.12%

RESNET-20 (OUR TRIAL, BASELINE) 272,474 41.32 91.66%
HT-RESNET-20 (1-PATH) 151,514 (44.39%↓) 22.53 (45.5%↓) 91.25%
HT-RESNET-20 (2-PATH) 175,706 (35.51%↓) 24.98 (39.6%↓) 91.28%
HT-RESNET-20 (3-PATH) 199,898 (26.64%↓) 27.42 (33.6%↓) 91.29%
HT-RESNET-20 (4-PATH) 224,090 (17.76%↓) 29.87 (27.7%↓) 91.50%
HT-RESNET-20 (5-PATH) 248,282 (8.88%↓) 32.31 (21.8%↓) 91.58%
HT-RESNET-20 (6-PATH) 272,474 (0.00%↓) 34.76 (15.9%↓) 91.21%

Table 6. ImageNet-1K center-crop accuracy with different input sizes.
METHOD PARAMETERS (M) MACS (G) TOP-1 TOP-5

RESNET-50 (TORCHVISION) (HE ET AL., 2016) 25.56 4.12 76.13% 92.86%
RESNET-50 (AUGSKIP) ZERO INIT (ZHAO ET AL., 2021) 25.56 4.12 76.37% -
RESNET-50 (OUR TRIAL, BASELINE) 25.56 4.12 76.06% 92.85%
HT-RESNET-50 (3-PATH) 22.63 (11.5%↓) 3.60 (12.6%↓) 76.36% 93.02%

RESNET-50 (OUR TRIAL, BASELINE, 256×256 INPUT) 25.56 5.38 76.18% 92.94%
HT-RESNET-50 (3-PATH, 256×256 INPUT) 22.63 (11.5%↓) 4.58 (14.9%↓) 76.77% 93.26%
NOTE: (DEVECI ET AL., 2018; AKHAURI, 2019) CONTAIN NO RESNET-50-BASED RESULT, BUT ALL OF THEIR NETWORKS
PRODUCE WORSE ACCURACY RESULTS THAN THEIR BASELINE MODELS ACCORDING TO TABLE 4 IN EACH PAPER.

Table 7. ImageNet-1K 10-crop accuracy with different input sizes.
METHOD PARAMETERS (M) MACS (G) TOP-1 TOP-5

RESNET-50 (TORCHVISION) (HE ET AL., 2016) 25.56 4.12 77.43% 93.75%
RESNET-50 (OUR TRIAL, BASELINE) 25.56 4.12 77.53% 93.75%
HT-RESNET-50 (3-PATH) 22.63 (11.5%↓) 3.60 (12.6%↓) 77.79% 94.02%

RESNET-50 (OUR TRIAL, BASELINE, 256× 256 INPUT) 25.56 5.38 77.61% 93.88%
HT-RESNET-50 (3-PATH, 256× 256 INPUT) 22.63 (11.5%↓) 4.58 (14.9%↓) 78.33% 94.14%

use the SGD optimizer with a weight decay of 0.0001 and
momentum of 0.9. Models are trained with a mini-batch
size of 128, the initial learning rate is 0.05 for 90 epochs.
The learning rate is reduced by 1/10 after every 30 epochs.
For data argumentation, we apply random resized crops on
training images to get 224 by 224 or 256 by 256 images,
then we randomly flip images horizontally. We normalize
the images with the means of [0.485, 0.456, 0.406] and the
standard variations of [0.229, 0.224, 0.225], respectively.
We evaluate our models on the ImageNet-1K validation
dataset. During the training, the best models are saved
based on the center-crop top-1 accuracy on the ImageNet-1K
validation dataset, and their accuracy numbers are reported
in Tables 6 and 7. Figure 3 shows the center-crop top-1
error history on the ImageNet-1K validation dataset during
the training phase. In the last two rows in Tables 6 and 7
the input size is 256× 256. In other rows, the input size is
224×224. With our revision using the 3-path HT perceptron
layer, 11.5% parameters and more than 12% MACs are
reduced. In both 224 × 224 and 256 × 256 resolutions,
the HT-ResNet-50 obtains higher accuracy results than the

baseline regular ResNet-50. We think the accuracy of the
HT-ResNet-50 is even better than the vanilla ResNet-50
on ImageNet is because of two reasons: First, we use the
regular 3×3 Conv2D layer and the proposed HT-perceptron
layer one after another, the HT-ResNet can extract features
in different manners and fuses them. Second, we perform
denoising in the transform domain similar to the classical
denoising based on wavelet and other transform domain
methods (Bruce et al., 1994).

4. Conclusion
We present a novel Hadamard Transform (HT)-based neural
network layer called the HT-perceptron layer. It is a hybrid
quantum-classical approach to implementing the Conv2D
layer in regular CNNs. The idea is based on the HT con-
volution theorem which states that the dyadic convolution
between two tensors is equivalent to the element-wise mul-
tiplication of their HT representations. As a result, we per-
form the convolutions in the HT domain using element-wise
multiplications. Computing the HT is simply the application
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Figure 3. Training on ImageNet-1K. Curves denote the validation center-crop top-1 errors.

of a Hadamard gate to each qubit individually in a quantum
computer. Therefore, the HT operations of the proposed
layer can be implemented on a quantum computer such as
an IBM-Q. Compared to the regular Conv2D layer, the pro-
posed HT-perceptron layer is more computationally efficient
as our layer requires fewer MACs than the regular Conv2D
layer. We compared our proposed HT-layer-based ResNet
with the regular Conv2D-based ResNets in the MNIST,
CIFAR-10, and ImageNet-1K tasks, and the ResNets us-
ing the HT-perceptron layer obtain higher accuracy results
on the ImageNet-1K using significantly fewer parameters
and MACs than the regular networks. Our code is released
at https://github.com/phy710/ICML2023-HT.
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Koppenhöfer, M., Bruder, C., and Roulet, A. Quantum
synchronization on the ibm q system. Physical Review
Research, 2(2):023026, 2020.

Le Gall, D. Mpeg: A video compression standard for multi-
media applications. Communications of the ACM, 34(4):
46–58, 1991.

Liu, J., Lim, K. H., Wood, K. L., Huang, W., Guo, C., and
Huang, H.-L. Hybrid quantum-classical convolutional
neural networks. Science China Physics, Mechanics &
Astronomy, 64(9):1–8, 2021.

Matsuo, A., Hattori, W., and Yamashita, S. Reducing the
overhead of mapping quantum circuits to ibm q system.
In 2019 IEEE International Symposium on Circuits and
Systems (ISCAS), pp. 1–5. IEEE, 2019.

Mohammad, U. F. and Almekkawy, M. A substitution of
convolutional layers by fft layers-a low computational
cost version. In 2021 IEEE International Ultrasonics
Symposium (IUS), pp. 1–3. IEEE, 2021.

Pan, H., Badawi, D., and Cetin, A. E. Fast walsh-hadamard
transform and smooth-thresholding based binary layers in
deep neural networks. In Proceedings of the IEEE/CVF

Conference on Computer Vision and Pattern Recognition,
pp. 4650–4659, 2021.

Pan, H., Badawi, D., and Cetin, A. E. Block walsh-
hadamard transform based binary layers in deep neural
networks. ACM Transactions on Embedded Computing
Systems (TECS), 2022a.

Pan, H., Badawi, D., Chen, C., Watts, A., Koyuncu, E., and
Cetin, A. E. Deep neural network with walsh-hadamard
transform layer for ember detection during a wildfire. In
Proceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognition, pp. 257–266, 2022b.

Pan, H., Zhu, X., Ye, Z., Chen, P.-Y., and Cetin, A. E.
Real-time wireless ecg-derived respiration rate estima-
tion using an autoencoder with a dct layer. In ICASSP
2023-2023 IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP), pp. 1–5. IEEE,
2023.

Park, J. and Lee, S. Energy-efficient image processing
using binary neural networks with hadamard transforms.
In Proceedings of the Asian Conference on Computer
Vision, pp. 4711–4725, 2022.

Ricks, B. and Ventura, D. Training a quantum neural net-
work. Advances in neural information processing systems,
16, 2003.

Shukla, A. and Vedula, P. A hybrid classical-quantum algo-
rithm for digital image processing. Quantum Information
Processing, 22(1):1–19, 2023a.

Shukla, A. and Vedula, P. A hybrid classical-quantum al-
gorithm for solution of nonlinear ordinary differential
equations. Applied Mathematics and Computation, 442:
127708, 2023b.

Ulicny, M., Krylov, V. A., and Dahyot, R. Harmonic con-
volutional networks based on discrete cosine transform.
Pattern Recognition, 129:108707, 2022.
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A. Proof of Lemma 2.1
Proof. For k = 0, 1, . . . , N−1, Xk is the form of a constant multiple of x0±x1±. . .±xN−1. Therefore, if x0 >

∑N−1
k=1 |xk|,

then Xk > 0 for k = 0, 1, . . . , N − 1.

B. Proof of Theorem 2.2 Hadamard convolution theorem
Proof. The sufficient condition can be proved using mathematical induction:

1. It is obvious that the theorem holds for M = 0, as with a single entry, Y = y, A = a, X = x.

2. Suppose the theorem holds for M ≥ 0, we prove that it also holds for M + 1. Let a = [a0, a1]
T and x = [x0, x1]

T ,
a0,a1,x0,x1 ∈ RN , N = 2M . Then, because of Eq. (3), we have

A = H(a) =

√
1

2N

[
HN HN

HN −HN

] [
a0
a1

]
, (12)

X = H(x) =

√
1

2N

[
HN HN

HN −HN

] [
x0

x1

]
. (13)

Let Ai = H(ai) and Xi = H(xi) for i = 0, 1. Then,

A =

√
1

2

[
A0 +A1

A0 −A1

]
, (14)

X =

√
1

2

[
X0 +X1

X0 −X1

]
. (15)

Using Eq. (14), Eq. (15), and the assumption that the sufficient condition holds for M , we can prove that if

y = a ∗d x =

[
a0
a1

]
∗d
[
x0

x1

]
=

[
a0 ∗d x0 + a1 ∗d x1

a0 ∗d x1 + a1 ∗d x0

]
, (16)

then

Y = H(y) =

√
1

2N

[
HN HN

HN −HN

] [
a0 ∗d x0 + a1 ∗d x1

a0 ∗d x1 + a1 ∗d x0

]
=

√
1

2

[
A0 ◦X0 +A1 ◦X1 +A0 ◦X1 +A1 ◦X0

A0 ◦X0 +A1 ◦X1 −A0 ◦X1 −A1 ◦X0

]
=

√
1

2

[
(A0 +A1) ◦ (X0 +X1)
(A0 −A1) ◦ (X0 −X1)

]
= A ◦X.

(17)

The necessary condition can be proved by writing part (2) of the proof for the sufficient condition backward.

C. ResNet Structures Used in Experiments

Table 8. Revising ResNet-20 for the CIFAR-10 classification task. HT-P stands for the proposed HT-perceptron layer. Building blocks are
shown in brackets, with the numbers of blocks stacked. Downsampling is performed by Conv3 1 and Conv4 1 with a stride of 2.

LAYER OUTPUT SHAPE IMPLEMENTATION

INPUT 3× 32× 32 -
CONV1 16× 32× 32 3× 3, 16

CONV2 X 16× 32× 32

[
3× 3, 16
HT-P, 16

]
× 3

CONV3 X 32× 16× 16

[
3× 3, 32
HT-P, 32

]
× 3

CONV4 X 64× 8× 8

[
3× 3, 32
HT-P, 64

]
× 3

GAP 64 AVERAGE POOLING
OUTPUT 10 LINEAR, 10
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Table 9. Revising ResNet-50 for the ImageNet-1K classification task. HT-P stands for the proposed HT-perceptron layer.

Layer Output Shape Implementation Details

INPUT 3× 224× 224 -
CONV1 64× 112× 112 7× 7, 64, STRIDE 2
MAXPOOL 64× 56× 56 2× 2, STRIDE 2

CONV2 1 256× 56× 56

 1× 1, 64
3× 3, 64,
1× 1, 256


CONV2 2 256× 56× 56

 1× 1, 64
HT-P, 64
1× 1, 256


CONV2 3 256× 56× 56

 1× 1, 64
3× 3, 64
1× 1, 256


CONV3 1 512× 28× 28

 1× 1, 128
3× 3, 128, STRIDE 2

1× 1, 512


CONV3 2 512× 28× 28

 1× 1, 128
HT-P, 128
1× 1, 512


CONV3 3 512× 28× 28

 1× 1, 128
3× 3, 128
1× 1, 512


CONV3 4 512× 28× 28

 1× 1, 128
HT-P, 128
1× 1, 512


CONV4 1 1024× 14× 14

 1× 1, 256
3× 3, 256, STRIDE 2

1× 1, 1024


CONV4 2 1024× 14× 14

 1× 1, 256
HT-P, 256
1× 1, 1024


CONV4 3 1024× 14× 14

 1× 1, 256
3× 3, 256
1× 1, 1024


CONV4 4 1024× 14× 14

 1× 1, 256
HT-P, 256
1× 1, 1024


CONV4 5 1024× 14× 14

 1× 1, 256
3× 3, 256
1× 1, 1024


CONV4 6 1024× 14× 14

 1× 1, 256
HT-P, 256
1× 1, 1024


CONV5 1 2048× 7× 7

 1× 1, 512
3× 3, 512, STRIDE 2

1× 1, 2048


CONV5 2 2048× 7× 7

 1× 1, 512
HT-P, 512
1× 1, 2048


CONV5 3 2048× 7× 7

 1× 1, 512
3× 3, 512
1× 1, 2048


GAP 2048 GLOBAL AVERAGE POOLING
OUTPUT 1000 LINEAR, 1000
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