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Abstract

Modeling spatiotemporal dynamics with neural
differential equations has become a major line of
research that opens new ways to handle various
real-world scenarios (e.g., missing observations,
irregular times, etc.). Despite such progress, most
existing methods still face challenges in providing
a general framework for analyzing time series. To
tackle this, we adopt stochastic differential games
to suggest a new philosophy of utilizing interact-
ing collective intelligence in time series analysis.
For the implementation, we develop the novel gra-
dient descent-based algorithm called deep neural
fictitious play to approximate the Nash equilib-
rium. We theoretically analyze the convergence
result of the proposed algorithm and discuss the
advantage of cooperative games in handling non-
informative observation. Throughout the exper-
iments on various datasets, we demonstrate the
superiority of our framework over all the tested
benchmarks in modeling time-series prediction by
capitalizing on the advantages of applying cooper-
ative games. An ablation study shows that neural
agents of the proposed framework learn intrinsic
temporal relevance to make accurate time-series
predictions.

1. Introduction

The key challenge of time-series prediction is understanding
how past observations contribute to the future and building
a probabilistic model that intrinsically captures the temporal
correlation. A model is required to differentiate the relative
importance of past observations on the future time-series
such that the redundant information is well-suppressed dur-
ing inference. To address this challenge, a series of pre-
vious works followed the philosophy of defining informa-
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tion redundancy by adopting a concept known as temporal
decay (Che et al., 2018; Mei & Eisner, 2017). Such an
inductive bias relies on the belief that the influence of past
observations exponentially decreases over time. However,
due to this strong assumption, any method built upon the
fixed inductive bias may fail to capture different temporal
dynamics in various real-world scenarios properly.

A promising direction to tackle this challenge is to learn
the temporal correlation structure from data. One candi-
date for learning the implicit relation is recurrent neural
networks (RNNs) which subsequently encode past observa-
tions into a latent space with a gating mechanism. Due to
the implicitness of latent encoding, the model provides am-
biguous explanations of how observations are related to the
prediction. Furthermore, conventional RNNs are incapable
of capturing the irregularly sampled time-series, which is
problematic for many real-world applications.

Recently, remarkable advances have been made to model
underlying continuous temporal dynamics utilizing neural
differential equations (Chen et al., 2018; Li et al., 2020;
Kidger et al., 2020) (NDEs). For instance, a stream of
research (Rubanova et al., 2019; Deng et al., 2021; Schirmer
et al., 2022) has focused on overcoming the initial condition
problem of conventional differential equation models by
encoding temporal dynamics into the latent space. A set of
past observations are incorporated into latent representations
and fully utilized for time-series prediction. However, owing
to the inexplicable relation between temporal states in the
latent representations, these methods are still incapable of
showing the explicit rationale that can reveal the impact of
past observations on the future.

In this paper, we present a novel framework built upon
game theory to model temporal dynamics of time-series
data. More specifically, we extend the conventional dif-
ferential equation (DE) to the multi-agent counterpart for
decomposing the observational time-series. Each agent in-
dividually encodes the impact of a partial observation into
an underlying stochastic trajectory and interacts with each
other to extract meaningful information to predict the future.
We formulate the collaboration among agents utilizing co-
operative differential games (Leitmann, 1974; Staatz, 1983;
Sexton, 1986) to integrate the individual information and
adaptively balance the importance of each agent. As a result
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Multi- agent Neural SDEs (MaSDEs)
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Figure 1: Conceptual illustration of the proposed framework: (a) The proposed MaSDEs encode separate initial conditions and
propagate individual decisions over the interval ¢ 2 [s;, T']. The bold black line indicates the time-series on prediction interval T, and the
dashed green lines are the decisions of neural agents. (b) The temporal aggregation integrates separate decisions. The red crosses show

the predictor

of the differential game, cooperative agents achieve the Nash
equilibrium and agree to suppress non-informative observa-
tions to highlight the contribution of important observations
for accurate prediction.

Main Contribution. To the best of our knowledge, this
work is the first attempt to adopt a philosophy of game the-
ory in dealing with multivariate time-series. For tractability
of applying differential games, we propose a novel gradi-
ent descent-based algorithm called deep neural fictitious
play, which operates in a tractable and parallel way to ob-
tain the Nash equilibrium. Theoretical results based on the
Feynman-Kac formalism guarantee the convergence of the
proposed algorithm and unveil the underlying rationale for
the temporal relevance of past and future. To demonstrate
superiority, we validate our method on various types of mul-
tivariate synthetic and real-world datasets. Experimental
results show that our method outperforms state-of-the-art
DE-based methods and verify the implication of theoreti-
cal findings about the advantages of applying cooperative
games.

2. Methods

Problem Setup. Consider a general time-series forecast-
ing set-up where each instance of a time-series is defined
on the entire time interval [0; T] comprising of observ-
able past (i.e., O) and target future intervals (i.e., T). We
assume that the irregularly sampled observations are col-
lected at time stamps O = fs;;:::;5,9 where S; 2 O for
i 2 N:= fl;:::;1g. Then, we focus on building a prob-
abilistic model that can predict future values at any time
t 2 T based on the set of past observations in O. We define
I-simplex as ' :=fa2[0;1]'j1~a = 1g.

Multi-agent Neural SDEs. Suppose we have a set of |
number of past observations for a given time-series, i.e.,
TYs,0s;20. The primary object of our interest is the set of
stochastic processes X, = [X{' ; 2i X¢ ] parameter-
ized by multiple control agents = 1; - : ; 1), which is

+ representing the cooperative prediction. (c) The optimal action profiles

are obtained in the Nash equilibrium.

defined as a collection of solutions to the following multi-
agent stochastic differential equations (MaSDEs)':

Definition 2.1. (Multi-agent Neural SDES). Let us define
RY-valued stochastic processes X; controlled by Marko-
vian control agents

8 .
=dX{ =b.dt+ dW/;

(Xt ; rysi%iiZO; . >bti = b(t;x_tl; ; i); (1)
past observations t = (t; XE' ); 8i 2 N;

where FW{gi2n are independent d-dimensional Wiener pro-
cesses, and by' = b : [0;T] R A8 RIgnd =
:[0;T] RY ¥ RY 9 gre drift and diffusion functions,
respectively. The control agent i :[0;T] RY 1 RY
which we refer to as a neural agent, is modeled as a neural
network = i(t;X¢ ;i) parameterized by ;.

Each neural agent takes spatio-temporal variables (t; X;' )
and produces infinitesimally successive outputs (t +
dt; X¢', ). We define a neural agent’s decision as a con-
tinuous stochastic trajectory over the future interval T, i.e.,
X{ geot. By setting the past observation ys, as the initial
condition, the decision of a neural agent can be considered
as an information propagator that can explicitly represent
the impact of the corresponding past observation via the
conditional expression p(Xt27jYs20); see Figure 1-(a) for
a pictorial illustration.

Multi-conditioned Score-based Predictor. Since each neu-
ral agent ; can only represent the individual impact of par-
tial information Ys;, we aggregate the individual decisions
made by each neural agent to capitalize on the temporal
dynamics available from the entire set of past observations.
Inspired by recent work (Song et al., 2021), we introduce
the multi-conditioned predictor  that produces the col-
laborative prediction between neural agents.

"From this point forward, we use boldface letters to denote
a collection of objects obtained from multi-agents, e.g., X; =
[th T X tI * ], and we omit the dependence on temporal state
when clear in the context.
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Definition 2.2. (Multi-conditioned Predictor)” Let us de-
fine a simplex-valued function A, : T RY L I
Then, the prediction made by proposed MaSDE's is deﬁned
as follows:

> 1
d ¢ = A bt S r ot
i2N

2)

where we denote ¢+ { = ¢, rlogpl(jys,) is the score
Sfunction of the agent i conditioned by past observation Ys,.

In the definition, we suggest temporal aggregation A; =
[Act i Al'] that provides the attention map (i.e.,
welghted sum) to each decision regarding the relative impor-
tance, i.e., Ay T Rd I ! Given the temporal
aggregation, the predictor ; produces an aggregated de-
cision from the decisions made by the individual agents.
Since the goal of this work is to capture the future states
given past observable events accurately, we hope to find
the best combination of neural agents  to minimize the
discrepancy at every time T:

yt[ 10 h t ijsiQsizo; (3)

where Yy is a target to predict, ; is a prediction made by
MaSDEs conditioned on past observations fys, gs;20.

Stochastic Optimal Control. To systemically search the
optimal neural agent, we adopt the stochastic optimal con-
trol (Yeung & Petrosjan, 2006; Carmona & Delarue, 2018)
as our central methodology to formally define an objective
functional J'. Specifically, each neural agent is given a
behavioral rule to follow:

Definition 2.3. (Objective Functional). Let us consider
generic objective functionals 3" of neural agents:

J (t;é;[ ) )

=E h's; X[ i XYy Xe=x ;

T

( i)] ds +

where we denote X = [Xti; ; X§ D: ] and other agent’s
decisions as X§ V' 2 RA0 D),

Among the various designs for functions h' and ', we

especially consider the following setting:

h' X[ &
i(X_;_;

¢ ]l = kvt K

(h; ): T
= Xy i

The cost h' is designed to encourage each neural agent to
make contributions in the temporal aggregation under the
goal of accurate prediction. The terminal cost ' regularizes

?Refer to Appendix A.2 for detailed formulation.

1 log pi(jys;) dt ;

decisions at the terminal state and plays a central role in the
Feynman-Kac formulas to solve the cooperative game.

Given the environment (i.e., the entire interacting objects),
each neural agent changes its action to find a value function
V! that defines the optimal state of actions:

fvi= mmlJ "ol o pDi 12N;g
i2A (6)
frpsz "OxL G ) oG

As an equivalent form, the value function in (6) can be
obtained by solving the PDE called Hamiltonian-Jacobi-
Bellman equation (HIBE) of individual neural agent:

VIHHIE FSD 6 oD+ 5T rv) =0, )

where Vti = @V, Hi is the stochastic Hamiltonian system
and Fti is an adjoint variable related to ¢ and b¢ in MaSDEs.
In the following section, we will further elaborate to tackle
solving HIBE under cooperative game scenarios.

2.1. Stochastic Differential Games

If the past observation Ys is highly associated with the fu-
ture event V¢ (ie:; p(YeaTjYs20) '), it is reasonable to pay
high attention (ite:;; A (t; ) ") to capitalize on the observa-
tion ys. Unfortunately, determining the optimal attention is
a daunting task as the temporal correlation is intrinsically
data-dependent and not given a priori in general. Hence,
the method requires a unified structure that (i) can systemi-
cally extract information from data to adjust the temporal
aggregation A based on the relative importance of past ob-
servations and (ii) can provide a framework on the coalition
of the interacting agents for the proper coordination.

To address the above requirements, we propose a novel
framework to formalize the time-series prediction problem
as a cooperative differential games between multiple agents.
Cooperative differential games have been extensively stud-
ied in many disciplines (Perelman et al., 2011; Jgrgensen
et al., 2010; Yeung & Petrosyan, 2012) to investigate the
group rationality of agents sharing the same goal. Inspired
by these works, we design a cooperative differential game
that provides cooperative prediction by achieving optimally
balanced past information. The critical point is that the
neural agent supporting a non-informative observation vol-
untarily sacrifices its own cost (ize:; V! ") by decreasing
the influence on temporal aggregation so that the impact of
other informative observations (i:e:; VI®J #) can be further
emphasized. Such cooperative behavior is mutually advan-
tageous to the interacting agents as it ultimately achieves
performance improvement. Figure 1-(c) shows the concep-
tual illustration of the proposed cooperative game where
enthusiastic agents gradually balance the homogeneous tem-
poral aggregation to follow the group rationality.
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Nash Equilibrium. For a mathematical derivation of the large number of agents considered in time-series prediction
optimal decision states, we introduce an important type oproblems of our experiments.€; | 50). Thus, for a
equilibrium state calletlash Equilibriumas follows: tractable computation, we instead rely on an alternative
De nition 2.4. (Markovian -Nash Equilibrium) Let us dynamical formulation. called:titiou_s play (Qardaliaguet
consider a set of closed-feedback type Markovian controllef Hadikhanloo, 2017) in the following section.
parameterized by neural networks = f ;g2n that
induce value functions. For the arbitrary actionstaken

in action setA, we say that neural agents are in thdash  The ctitious play is an iterative procedure that decouples
Equilibrium if the following inequality is satis ed: interacting agents and separately searches value functions.
i i The central idea is rst to share public information about
Il (pD I MExla oD+ i B he entire system and then to derszouple value functions by
solving individual Hamiltonian-Jacobi-Bellman equations
The inequality in (8) describes an optimal state of inter{HJBEs) in(7). To this goal, we start by introducing the set
acting agents having no incentive to change their actiongf adjoint equations called tHerward-backward stochas-
since any non-optimal action produces worse cost (with a tjc differential equation§FBSDESs) (Carmona, 2016) as a

margin = f jgion > 0) than taking the optimal actions probabilistic framework to tackle optimal control problems
. Here, the marginal constantrepresents a degree of of obtaining value functions.

ef ciency using neural agents to achieve the perfect equi.-l_heorem 3.1. (Non-linear Feynman Kac theorem (Pham

T S et agen Uil e e bt 2015) Lt usconsder closedoop fecdback ype Mt
P ' b y ' ¢ yian controls ;. We de ne the triple{X, ;Y ;Z, ) that

a more accurate prediction can be obtained. Further, the fofr 2N © i
: TR A ; constitutes the system of SDEs:
lowing relation implies that the equilibrium state achieved

3. Deep Neural Fictitious Play

in (8) is indeed a result of cooperation: OXt 1 > dx;, _ (t;‘Xt" )dB}; |
X @y, A JdY' = Hidt+Zz; dB{; (12)
Jeo(tX )= IEX[ 5 () Z, TYE o= ixEyi2N;
i ©
X D _ whereH| is the stochastic Hamiltonian system. Then, auxil-
el cphrd sup i iary adjoint variablesy,” andz{ can be reformulated
! as follows:
wherel ¢, is the objective functional that describes the coali-8 : ) ; ,
tion cost (Yeung & Petrosjan, 2006) of the cooperative neud Yo' = J'(t X5 )i Zy =1 xJ' (X );

ral agents. The inequality in (9) can be easily shown by the Ht'h= Hi(t X, R L cnd
alg(:]bralc property of costfuncnonsias the following: (t;xti; ) thi; ut;xti; )+ h‘(t;Xt; ):
E b 6X¢ Xy il () ; i N
h i (10) where we denoté;" = (X ) Tot;Xy ; ;) for
=E N tx) x{D 0y ()] s i6 simplicity.

In order to achieve the Nash equilibrium for multi-agents,1© Solve the optimal control problem, the existing

the previous interest in considering separate and individudi"€thod (Han & Hu, 2020) considers quadratic linear forms

objectives in (6) needs to be shifted to a new type of scdl the forward dynamics and its corresponding global convex
. . P . i — .

nario where interactions are key factors to decide optimality{@miltonian systenfi:e;r H' = 0).. Despite the numer-

From this new perspective, we transform the original valudcal advar\tage in obta|_n|ng an optimal control,. the restricted

function that only considers insensitive feedback into a neWfO™ Of linear SDEs limits the usage of their method on

one that can consider optimal colleagues' feedback drivepigh-level applications such as time-series prediction. This
by their contribution to the prediction: shortcoming motivates us to utilize neural networks when

modeling control agents for enough expressivity. A critical
DD P2 N issue, here, is to approximate the solution to non-convex
type HIBESs that support the neural networks structure. To
tackle this issue, we reformulate the equivalent adjoint prob-
lem to nd value functions:
VA
i =argmin . dy” ([ i; ( i)t (14)

Vi =min I2Ai~]i(t; i
Vi+HIG SFSD G D+ 3Tr( r2vy) =0;
(11)
Since nding an analytic solution to the Nash equilibrium
is PPAD hard (Daskalakis et al., 2009; Goldberg, 2011), it
is intractable to directly compute the equilibrium owing to a

4
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where p, is the learning rate of the optimizer at theth

Algorithm 1 Deep Neural Fictitious Play stage. In (16), gradient descent is applied to minimize the
Require: Time-series datg = ( fys, g, 20; fyi g2 7), Neural S(ranparate cosk im . while xing the parameters qf colleagues
network Parameters™ = =[ %::::; |d], mo= =10 3. ( i)- After solving (16) forl neural agents in a parallel
form=1toMdo _ - _ way, we collect action pro les and update the public infor-

Simulate MaSDEs with action pro les obtained from  mation for the next stagee., im+1 me, o+d).

the previous stagen 1.
forall i 2 Nin parallel do ) )
Fix the environment of the previous stage for the agent 3.1. Theoretical Analysis

m 1_r m 1, m 1. m 1_p m 1, m 19, Lo X
=07 5 ol il S (Y ¢ Convergence of the Fictitious Playln the previous con-
Solve the decoupled HIBEs in equation (16) for agent  tents, we suggest an alternative way to approximate the
VIm inf HI( m 11)])+ ETr( r2Vim =0 Nash equilibrium via the_z gradient descent scheme. In what
h R 2 i follows, we show the existence of an action Aatelated to
m o= m 1 T N ARN (S {“i)l])dt : the marginal constant:= f ;gion in the inequality of (8).
Collect the updated neural parametefs=[ I';:::; '] Proposition 32 (informal).The proposed algorithm 1 as-
end for sures an existence of action sef ) 2 A where neural
Update entire action pro les ™ ™G ™). agents in the set archive the MarkoviaiNash equilibrium.
endfor ) Moreover, there exists a constamt such that the obtained
Return Optimal action proles =[ q;:::; ]

optimal actions ™ 2 () preserve the stochastic opti-
Instead of searching the analytic solution to HJBEsMality by solving HIBEs 7).

(i:e; Al kerr H'), the newly suggested adjoint equa- _ _ iy .
tion in (14) enables us to apply the gradient descent schemEe main nding of Proposition 3.2 is that, under the

to nd optimal actions. In this case, our method searched"0P0Sed training scheme of deep neural ctitious play,

the parameter space to obtain the optimal admissible affoPosed MaSDEs with a large capacity assures small
tion (ize;; A i(::kerr HI[ '( )]) meaning that marginal values of Nash equilibrium. In other words,

the proposed gradient descent-based algorithm in Alg 1 is a
_ _ well-de ned approximation for solving cooperative differ-
Let us de ne an entire set of action pro les ag" atstage ential games. Next, we conduct the convergence analysis

we focus on the local Nash equilibrium.

the following two-step optimization: proposed algorithm.

1) Information Distribution. At the beginning of them-  Corollary 3.3. (Convergence of PredictdrThere exist a
th stage, each neural agent publicly shares the informatiooonstantC that is proportional tol , T and Lipschitz con-
aboutthe entire systen ™ ;X ™ ') fromthe(m 1)- stantsLy;L forfh; igiar 1.: ¢ Such that the following
th stage. In this case, we can de ne the decoupled valueelation holds:

function for individual neural agents as follows: Z 5
, E " " ds
V|,m (t;X) ] i T S S - (17)
=inf EJM@EX," I P X T oG ™ Mi*Cl Ll 1) ;
I2A\
1% where™ = sup, 7 E[k (t; )ke]is the maximal bound

mo1. . ) . with respect to quadratic variations of neural agents.
whereX indicates the set of decisions driven by action

proles ™ *ofthe(m 1)-th stage. In this step, each Corollary 3.3 shows that the convergence of the temporal
neural agent recognizes the response of colleagues towarﬁﬁgregation is highly dependent on the dynamics of the
the environment and makes its relative decision. Note tha«ﬁradient descert:e;;d ™) during the ctitious play. If one

each agent solves a minimization problem according to theeformulates the proposed cooperative game into a zero-sum
xed environment of the previous stage. type scenario, the opposed direction of gradients induced by

2) Decoupled Gradient Descerffter de ning the decou-  €ON ict agents can cause divergent learning dynamics gnd
pled problems in (15), each neural agent solves its individuatnPleéasant results. In other words, the proposed gradient

adjoint problem in (14) and updates its parameters as descent-based ctitious play ts the cooperative scenario
7 where neural agents pursue a shared goal. Appendix A.5

mel — g om qvi m.omonG provides the numerical analysis of the behavior of neural
i B i mos rodye (0 Cpbdt agents under the cooperation/competition to elucidate how
(16) the proposed ctitious play operates in different scenarios.
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BAQD Speech Commands Physionet

Methods MSE#/NLL " | MSE#/NLL " | MSE#/NLL "
RNN-VAE 0:4493= 1:878 0:5205= 2:234 0:6494= 2:878
GRU-D 0:4299= 1781 0:4721= 1:992 0:4403= 1:832
Latent ODE (RNN-Enc) 0:4058= 1:660 0:5098= 2:180 0:5313= 2:288
Latent ODE (ODE-Enc) 0:3839= 1:551 0:4950= 2:106 0:5046= 2:154
Latent SDE (RNN-Enc) 0:4049= 1.655 0:5003= 2:132 0:5301= 2:282
Latent SDE (ODE-Enc) 0:3806= 1:534 0:4980= 2:121 0:4966= 2:114
NJ-ODE 0:4803= 2:033 0:5314= 2:288 0:5167= 2:214
Res-Flow 0:4379= 1:821 0:4883= 2:073 0:4785= 2:025
GRU-Flow 0:4853= 2:054 0:4979= 2:120 0:4417= 1:840
Neural Laplace 0:3633= 1:447 0:4547= 1:918 0:5550= 2:392
CRU 0:3613= 1:438 0:4464= 1:863 0:5081= 2:172
CSDE-TP 0:3481= 1:371 0:4460= 1:861 0:3958= 1:610
Ours | 0:2802= 1:077 | 0:4087 = 1:674 | 0:3829 = 1:545

Table 1: Evaluation of time-series prediction on the Air Quality/Speech Commands/Physionet dataset3he best results are
highlighted inbold. The second best results are colored blue. Evaluations metrics are scalec?tlnd10 3, respectively.

Robustness to Non-informative SignalsFinally, we give ¢ Optimal Error Bound. Proposition 3.2 and the Nash
an in-depth theoretical analysis of how the uncertainty made equilibrium(8) guarantee that the second term is the best
by non-informative past observations can be dealt with by trial of cooperative agents to minimize the training error.
our method. To model the uninformativeness, we consider a Since an arbitrary set of actions that fails to satisfy Nash
scenario when white noisesg., i.i.d d-dimensional Gaus-  equilibrium induces a larger upper bound of this term,
sian vectors Z'S“ Ok2r 1. :ng N (0;&, are observed dur-  we argue that the proposed training methodology with
ing the inference. In this scenario, the temporal aggregation cooperative games plays a key role in minimizing the
of perturbed signalS; can be rewritten as the following: uncertainty due to non-informative signals.

TOF g werzis e o (18) 4. Related Work
The following result identi es how the rationale of MaSDESs

. . Neural DEs for Time-series Analysis.In the pioneering
effectively controls the uncertainty:

works (Dupont et al., 2019; Rubanova et al., 2019), the gen-
Proposition 3.4. Let 4 be a spectrum of noise co- gra| framework of encoding the complex time-series into
variance &  Then, there exist numerical constants the Jatent space was rst introduced to improve the represen-

;C;C;M2; D3 > Osuch that the following inequality  tational power of conventional Neural ODE. Further, latent

holds with probability at least " : SDEs (Li et al., 2020) was proposed to enrich conventional
deterministic models by considering a stochastic component
WZ({i g |{°~Z JTJ (e.g., Wiener process). Neural RDE (Morrill et al., 2021)
Uncertainty Aggregation] — exploited the representation of log-signatures of successive
Va“ance Eﬁecr time-series. CLPF (Deng et al., 2021) combined two dis-
1 log(2c=") *? tinctive ideas, continuous SDE and normalizing ow, to
* £2 Mo(1+ 7] cN : (19) " model continuous latent ows. CRU (Schirmer et al., 2022)
F {Z {z } extended Kalman lters to model-based continuous-discrete
Training Errors Particle Approximation

Iters and showed the relation to neural SDEs. Neural
whereW,, is 2-Wasserstein distancB,z = sup,1 t o Laplace (Holt et al., 2022) showed a novel interpretation of
is a maximal variation of the model volatility. time-series modeling by introducing the Laplace represen-
tation that generalizes conventional DEs in the frequency
The uncertainty induced by perturbed signals on the leftdomain. CSDE-TP (Park et al., 2022) suggested a different
hand side can be bounded by each term, where the rst twgerspective by adopting a control-theoretic interpretation
terms give the following important implications: of time-series prediction tasks to obtain the optimal paths

. . . driven by neural agents.
» Canceling Variance Effect.In the rst term, the variance y 9

effect (i:e;; 17 4) is canceled out by learned temporal Modeling Temporal Dynamics. In probabilistic model-
aggregatiorA}. As is clear from the inequality, one can ing for time-series analysis, existing methods assumed a
presume that MaSDEs robustly capture future dynamicstrong inductive bias on temporal states. The conditional
regardless of noisy past events. We will empirically vali-future statep(TjO) given past observatiorfsys, gs, 20 IS

date this property in Section 5.2. related to the temporal difference betweemandO. For
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Figure 2: Qualitative result on Mackey-Glass DDE The highlighted region in the plane depicts the level of temporal aggregation
for each decisioX{ . The vertical histogram in the past inter@lrepresents the averaged temporal aggregation on the entire future
intervalT (i.e, E; t[A,']) estimated by agemt

example, GRU-D (Che et al., 2018) suggested a temporal Method | RMSE# | MSE# | NLL"
decay module in the recurrent model that can exponentially

. . CSDE-TP 0:759 0:576 2:513
decrease the in uence of past observations. Another strand , : ,

. . Latent ODE 0:385 0:181 0:537
of works (Mei & Eisner, 2017; Zuo et al., 2020; Chen et al., Latent SDE 0:366 0:134 0:301
2020) directly parameterized temporal point processes ( Coupling-Flow 0:539 0:531 2:283
Hawkes process) that intrinsically assume the temporal de-  Res-Flow 0:350 0:174 0:505
cay with exponential intensity kernels. More recently, Neu-  Neural Laplacé 0:282 0:128 0:275
ral CDE (Kidger et al., 2020) applied the cubic spline that CRU 0:272 0:074 0:251
combines information of temporally adjacent observations Oours | 012235 | 0:055 | 0:091

to enhance the representational power of the law data. Tc
the best of our knowledge, we propose the rst DE-basedTable 2: Mackey-Glass DDEY results from (Holt et al., 2022).
framework that fully utilizes the temporal correlation with-

out making any inductive bias on the temporal states. ~ €duation{DDEs) de ned as follows:
. SOy Yo _
5. Experiments Mackey-Glass DDE: - = ey, Y, (20)

Benchmarks. We compared our proposed method against

a broad range of DE-based continuous dynamical modg_gge vl/eos.it’r;]odel de_sigr;]n fac.tors- ashlo; n |= 1(.); - |
els. The dynamic models include GRU-D (Che et al.,” =~ — ~ '~ S one might notice in the qualitative result

2018), Latent ODE (Rubanova et al., 2019), Latent" Figure 2, the simulated trajectory is highly sensitive to
SDE (Li et al., 2020), NJ-ODE (Herrera et al., 2021), Res_the initial condition as it in uences the future valge; ina
Flow (Bilos et al., 2021), GRU-Flow (Bilet al., 2021), t|me?dt_alayed manner. To make an accurate prediction, the
CRU (Schirmer et al., 2022), Neural Laplace (Holt et al_,predlctmn models ne_ed to capture the ang-term dependency
2022), and CSDE-TP (Park et al., 2022). For the mul°f t€Mporal states given past observations.

tivariate Transformer-based methods, we compare witlResult. Table 2 shows comparison results of our method to
vanilla Transformer (Vaswani et al., 2017), Reformer (Ki-the benchmarks using the same experimental setting in (Holt
taev et al., 2020), Informer (Zhou et al., 2021) and Auto-t al., 2022). The result shows that our method outperforms
former (Wu et al., 2021) in Section A.10. We implementedall the benchmarks and effectively captures the delayed ef-
the benchmarks using open-source codes published by agct. It is worth highlighting that CSDE-TP failed to capture
thors except for Latent SDE whose decoder architecturéne temporal relevance and showed the worst performance
was replaced from Neural ODE to SDE (Li et al., 2020).since it is incapable of information balancing.

Further details on hyper-parameters and implementation

can be found in Appendix A.7. Our code is available at5 2 Real-world Dataset

https://github.com/LGAI-AML/MaSDEs ) ) ) )
Experimental Settings. We evaluated the time-series

5.1. Synthetic Dataset pred.iction performance of ours and the benchmarks on
multiple real-world datasets: BAQD (Zhang et al., 2017),

In the rst experiment, we consider synthetic dynamics Speech (Warden, 2018), and Physionet (Silva et al., 2012).

based on Mackey—-Glass DDE (Mackey & Glass, 1977) byMore detailed descriptions of these datasets are provided in

simulating deterministic trajectories délayed differential ~ Appendix A.7.2. We split each time-series in the interval
[0; T] into two sub-intervals: the rs80%as the observa-
tion interval,i.e., O = [0;0:8T], and the remainin@0%
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as the p_redlctlon mtgrval,e., T = [O:8T;T_]._ We split _ Method | &=0:1 | &=0:4 | &=0:7 | &=1:0
time-series samples into two halves as training/evaluation
sets in Physionet. For BAQD and Speech datasets, we di- LatentODE | 0:395 | 0:536 | 0:969 | 2:065
vided time-series samples into 80/20 training/testing splits Neural Laplace| 0:369 1} 0:407 | 0:458 | 0:549
for training and evaluation, respectively. For fair compar- CRU 0:370 0:411 0:430 0:448
isons, we normalized data features by utilizing a min-max CSDE-TP 0-359 0:467 0-627 0:849
normalization to ensure all data features lie within a unit Ours | 0:314 | 0:330 | 0:336 | 0:340
cube[0; 1]9. We used averaged mean square errors (MSES} ——
and negative log-likelihoods (NLLs) as the performance able 3: Robustness to Out-of-distribution signals on BAQD.
. We evaluate the performance by using MGELO ?).

metrics. To evaluate the performance of the benchmarks,
we followed an identical protocol suggested by (Rubanova

etal., 2019). drop can be observed after excluding agen(blue), clearly

. .. 1; . . .
Result. Table 1 shows the performance comparison of ours?r?;’\r"sng that the decisioN, Is less informative than

method and the benchmarks. As can be seen in the tabf2)
our model signi cantly outperforms all the benchmarks for Robustness to Non-informative Signals. To show the
the evaluated datasets by a large margin. Notably, mosbbustness of our method to the non-informative signals, we
of the existing methods based on latent encoding fail t&onduct an out-of-distribution (OOD) experiment on BAQD,
make accurate predictions. In prior works, the past obwhich is suggested in (Deng et al., 2021). During the test
servations are indiscriminately encoded in the latent spacme, we generate a set of random times from a Poisson
without awareness of the temporal uncertainty of irregulaprocess g Pois ( ) 2 O, and inject white noises at
time-series. Therefore, the model is vulnerable to the tenthese sampled times with intensity level Table 3 high-
porally noisy environment during testing, which may causelights that the existing methods lose the expressivity due to
a large generalization gap. In contrast, neural agents in ouncreased noise levels while our method maintains superior
method actively make cooperative decisions to calibrate th@erformance even under high noise le\&I3 he reason for
vicious effect of unseen data. If the agent detects harmfuihe performance gap can be explicated by the theoretical re-
signals, they voluntarily restrain the decision to follow the sult in Proposition 3.4, as such the proposed MaSDEs under
group rationality i.e., accurate prediction). Eventually, the Nash equilibrium capitalize on the variance-canceling prop-
cooperative group robustly suppresses the non-informativerty. When OOD signals are detected by neural agents, the
temporal dynamics during inference. learned temporal aggregation lters out the variance effect
in a way that the inequalit{19) holds. None of the existing
methods are capable of handling non-informative signals
since there is no sophisticated mechanism to calibrate the
impact of those non-informative observations.

6. Conclusion and Future Work

In this paper, we proposed a novel framework for time-

series prediction as an application of cooperative differential

games. The new formulation is built upon the multi-agent
Figure 3: Qualitative result on BAQD. Sampled trajectories  gynamics called MaSDEs where each individual agent en-
exclgdl_ng agents (blge) an(_j (ma_ger)ta)z re§pectlvely. The des th tial inf tion f t ob fi un-
prediction trajectory with full information is highlighted as (red). codes the partial information from past observations. _n

der the shared goal, neural agents collaborate to achieve
the Nash equilibrium and make accurate future predictions.
Theoretical analysis shows the convergence of the proposed
novel ctitious play highlighting the effectiveness of the
roposed differential game.

Qualitative Analysis. Figure 3 shows that neural agents un-
der the equilibrium can captutemporal decayo optimally
extract underlying latent information from the dataset. We
can observe this phenomenon at the prediction times proxP—
mate to the beginning of the prediction interval where theFuture Work. Beyond the basic form of objective func-
rational group assigns high energies, whereas this becomdisnal, the behavioral rule for neural agents can be delicately
less distinguishable when predicting the distant future. Thigedesigned for a speci ed goal of interest. For example,
is remarkable since the cooperative agents learn the temporahe may extend the proposed framework to the coopera-
decay (e;p(yi21jys20) / €l U Si) a posterioriwithout  tive mean- eld gamegCarmona & Delarue, 2018) where
any prior knowledge. Furthermore, the performance is drasn nitely many agents are considered. In this direction, the
tically worsened after excluding the ageng (magenta) in  system can provide mathematical formalism to understand
the decision-making whereas no meaningful performancéhe individual in uences of in nitely many observations.

8
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A. Appendix
A.1. Details on Forward-backward Stochastic Differential Equations

In this section, we brie y recall some basic elements of stochastic optimal controls needed in the paper. We start by
introducing thebackward stochastic differential equatiosed in Section 3. In particular, the adjoint variat(¥s ;Z; )
are derived from the classical theory of non-linear Feynman-Kac formula (Carmona & Delarue, 2018):

dYf = HUGX SR LG pDdt+ ZE dBj; (A21)
where the stochastic Hamiltonian system with uncontrolled volatilityfbragent is de ned as follows:
_ h _ o . _
HIGX GRS ST (pD= (X)) 728 BEXE 5 )+ hi(EX, 5 ) (A.22)

For simplicity, we de ne the auxiliary functiof having following form:
FioGXy 5 )= (X)) TREXE 5 ) (A.23)

Next, we introduce the diriftless stochastic differential equation:

dX{ = (tX{ )dB: (A.24)
Then, the Girsanov's theorem gives the following Radon-Nikodym derivative:
z
P (X ) bt Xy 5 oi) dBy (A.25)
dQ T

where we denot®! T :=[M |7 for any inevitable matriM . Note that the regularity conditiorfsi1) are essential to
ensure the existence of the Bahs-Dade exponentialwhich de nes the stochastic exponential for the (local) martingale
dM{ = F" (X ; i) dB{:
H i i 1 [V Rl i; BV i 1Rt-i‘ 200y B

..(Ml)T = eM‘ My sIMEMITT — eOF' (X 5 i)dB, 3 oIF" (uxy| .)du: (A.26)
The second equality holds sinté) = 0 and the quadratic variation is calculated[ss ;M ']; = RéjF“ jPds < 1.
Then, by de nition, the transformed representatit in following equation is also a Wiener process with respect to the
probability measur®.

Z, Z,
Wti — Bti (s;X_lj ) T[Xs;)(is; ; )ds= Bti Fh (t;Xt'; ; i)ds: (A.27)
0 0
Identically, the above relation can be rewritten as following differential form:
h _ i
dw/ = F" (X, ; {)dt dB! : (A.28)

Notably, we can restore the proposed controlled neural SDE from driftless SDE in (A.24) by the relation Batwarech
B! shown in (A.28).

dX! = XS o o)dt+ (EXT )dw: (A.29)
This relation gives the explicit form of adjoint dynamics as followé: :
. Z.
YOo= U(Xg )+ HIGX GRS [ pDds z{ dB;
Z ‘ -
= XE)+ R EX )+ (sxE ) TZE ) KsixE ;o) ds zE Bl
yA Z. ‘ (A.30)
= IxE o)+ hi(t X, ; )ds+  zi  Fb (s;xt ; )ds dBL
Z ya
= (XX )+ hi(X,; )ds Zh o dwi:
t t
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In the last equality, the Brownian motigg is changed fildinto W/, and the generic form of BSDE for tup(®; W, ) is
presented. Since the third termin last lin€g  dWjq is a martingale with respect to the measBreve can identify the
conditional expectation with original objective functiordalin (4) as follows:

. 4
Zy
"= E[YY jRl=Er (X3 )+  hi(tX,; )dsF. ; (A.31)
t

whereFy is the augmented Itration according to the Brownian motiin

A.2. Multi-conditioned Score-based Predictor

The aim of this section is to provide detailed information of the proposed Multi-conditioned Score-based Predictor. We start
by introducing a well-known transformation of a generic SDE calliediville equation(Gardiner, 2009):

bt X ¢ %G pdt+ (GX¢ F)dwy

bt X ¢ ") or o (6XE ) S OEXE ) ydogp(X( Kjys) dt

2

dXti; K
(A.32)

In the second line, one needs to evaluate the score functlog p}, which involves the transformation of the proposed
MaSDEs for the deterministic representation. Since the proposed framework applies the time discrétieatign, =
tm + t) for simulating MaSDEs, the score function started from i.i.d initial wélte ps, can be approximated as

[H X i i kv in k i T
rlogp(Xy "jys )= rlogp (X¢, "jX¢, )+ r logp(Xe, "jys)
m=2
11 ik h ik K ik i (A.33)
= (1) (tm 1 X¢, ) X, & Xyt (O)bltm 25X 75 i)
m=2 h |

() 1 Asuyk) XE*vE (OBsyEs )
From the evaluation in (A.33) and the ODE representation in (A.32), we have

dxi = eX{ ) or (uX{ ")

1 oo X AL C o ]
S EXE ) ()T Mm uXg ) X, O Xg T (Dbt 15X, ) (A34)
m=2

h i
1 T T
S (EXE D Meiys) X ys (DBsiys s i)t

For convenience, we additionally de ne the ratio between diffusion covariance atfiraadt as follows:
"m=CEXE ) MtmiX{) (A.35)

Finally, the proposed predictor, is given as

d M= ATEXT ) BEXE ) %r (tX{ ")
i2N
( .
+ 1(t) 1 X n hXi; K Xi; N t t .Xi; H : (A36)
é m 1 tm tm 1 ( )um LNty 10 |) .
m=2 ) #

h i
N -k

+ M0 XEK Yk (Ob(siyE; ) dt

13



Neural Stochastic Differential Games for Time-series Analysis

A.3. Proofs

Assumptions. Throughout the appendix, we make the following assumptions for the proof.

(H1)  T(tx; (;; )bt;x; (; ;) isuniformly bounded, twice differentiable, Lipschitz continuous.

(H2) Thek-th derivatives of neural agents with respect to both spatial and temporal variables are Lipschitz continuous to the
parameter space,

MG ) O Gx i+ i@ @) @) i Ll T (A.37)
foralli2f1;:::;19,0 k 2,8; 72
(H3) The expectation of Frobenius norm foe every adjoint variaBles Sym), 2 is boundedE kZikg <D ».

(H4) Letf [ (t)g2f 1. .dg be the real-valued positive spectrum of diffusion function:= T 2 synl, . Then, we
assume that there exists a constagtsuch that the following inequality holds

|
O O)

OO

D3; as;P;, 8<t" 6"%i6| (A.38)

(H5) An empirical measure of perturbed representaﬁoﬂnas a nite second moment, and every instance of the dataset
lying in the compact subset &¢. Finally, we assume that the dimensionality of the dataset satisgsl=2 2.

Lemma A.1. (Gronwall's Inequality (Jacod & Shiryaev, 2013)) The left inequality induces the inequality in right-hand
side: 7
R
B(t) A+ B(s)C(s)ds ! B(t) Ae rC(®)s: (A.39)
T

A.3.1. PROOF OFPROPOSITIONS.1

The rst step to showing the convergence of neural agents towards Nash equilibrium is to obtain the deviation of the adjoint
variableY; during the ctitious play. For this, we rst introduce the HIBE of decoupled SDE system. In particular, the
proposed system trains neural agents to solve the individual decoupled HIBE at eaah: stage

VT int HIGXES LT P D+ ST r AVimt) =0, (A.40)

where the cost functional at the next stdge:; m + 1) is related to the optimal actions in the previous stage that minimizes
the decoupled Hamiltonian in (A.40). Then, one of our interests is to investigate the deviation of the Hamiltonian system:

Hm = i—|i(t;Xtm;Fti; {;;[ SIIDY I RS gy (A41)

Fictitious Play Optimal Hamiltonian

where the deviation shows the difference between Hamiltonian systems that are derived by neural agents lying in optimal
and sub-optimal regions, respectively. Similarly, we de ne the deviations for both adjoint variables:

(AR AL AN S KU A (A.42)

Following by the notations in (A.42) and the equality (A.30), the deviation for the adjoint valﬁiaél,eYti;m ) at stagem
can be represented as the followingdtdifferential:

dy! ™™ = Himdt+ z/™" dBl: (A.43)

3The matrix manifoldsSym, is the space of semi-positive de nite matrices. In this paper, we regard the Euclidean at norm
(i:e; k kg ) is inherited to this space.
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Next, we evaluate the squared norm Zﬁt( ) to investigate the convergence of objective functional

2

d yrt f= o2vpt Hdee  zptt

dt+2( z"* vy dB;: (A.44)
Note that the equality in (A.44) follows byds lemma for squared norm of multi-dimensional representaiian
dkAKK® =2A; A dt+k o KEdt+2A, A, dBy; (A.45)

where A, and A, are the terms corresponding to bounded variations and local martingales of the proaespectively.
By taking the expectation on both sides of (A.44), we obtain the following result:

h Jo o h i z )
E Y “=E YPT T +E 2YPMT O HP zMt D dt
h i 'z z (A.46)
48 X1 2 42E Y S HMRdt E zp Zdt
T T

Owing to the characteristic of backward SDEe:; Y ), the integral sign is reversed in the second term in (A.46). The
expectation with respect to the local martingale term vanishes as set of Wiener pr@@easeselated t@. Since BSDE
imposes the terminal constrat’ = ™,Y = , the following result is given by Lipschitzness of as:
h i h i h i
E ymt 2 - mu 2 4 xme % (A.47)

This shows the inequality in (A.46). By rearranging the relation and applyiiidet's inequality we have
h i h i Z Z

Eo Y™ %+ zP 20 4gq  XT' % 42, ] Yyt 24t B Tk HMK?dt @ (A.48)
Finally, we apply Gonwall's inequality in Lemma A.1 to above inequality, we obtain
h 2i h 2i iTi R m 2

Eq th+1 Eo X?*l gTIN16E[ [k H K?dt]. (A.49)

Now, our next step is to bound the right-hand side of (A.49). We start by estimating an upper bound of the following time
averaged mean-squared Hamiltonian (A.21):

z 4

E  kHMKdt Ep Fmoozm g pm P (A.50)
T T

For this, we rearrange the Hamiltonian deviatidth" by inserting two termsF{" Z™ and h{". In this case, the
Hamiltonian deviation is rewritten as

Hi™ = FOXo ™™ 7D @™ z))
F(FEXD ™ Do) FEX ™) z¢

) (A.51)
+H(FEX; ™) FEXes ) Z¢
+h XL PyD X M+ R X ™) hEX ;)
Here, we de ne the Lipschitz constants of three different objects as follows:
Lp[ 1=Cn; f g2fF™; Tihlg, n=1;23: (A.52)

By the Lipschitz continuity de ned above (A.52), one can obtain the squared norm of the Hamiltonian deviation:

2
F
+C m+1 m 2 KZ. k +CX kK m K¢ zb (A.53)
1 [ t°F 1 t )
i

+C3 ;’n+l Im 2+C3k m k2:

k H'K* CikFK? zM* 7z,
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Consider we have a propdt = C;D;D, _ 2(C:D, _ C3) _ 21 (C1D, _ C3) from the de nitions of pre-determined

constant<,, C,, C3, D; andD,. Then, the above inequality can be rewritten in a compact form:
h i h i
EKkHMPK M E ™t mZiggm K (A.54)

Note that the equality[ i; E“ i)] moo= ™ holds for an arbitrary action 2 A. Finally, we conclude the

result (A.54) by showing following inequalities:

8 hP I 2
SE kzKk IsupE Z 21D »;
1 t™F t E 2,
3 h . (A.55)
|
" sup, 24 E KF(GX; )k CiE F(0;0;002 Dy

In previous contents, the detailed convergent states of adjoint valiabdee not speci ed. To continue our discussion
from (A.54), we develop a gradient descent-based update rule for training neural agents. For any neural parameters
we agsume that thieth agent's action; ! i(;; i), (i) liesinthe compact subsét2 A() 2L 2([0;T] RY)
(i.e, j i(tx; ;)jj?dtdp(x)dx < 1) for some > 0. Then, we introduce the following notations:

I G S () F A T (A.56)
where the auxiliary notatiom 2 R* is an indicator for gradient descent steps. Similarly, we de ne the notations
(Yimk .y mky and(H ™k 4™k ) |etus de ne the operatd® : N* I'L 2T RY)asB[ "(k)] = ™*!, and if
k>K ,thenwe denote["** = ¥ By Lipschitz continuity of neural agents, we have

h i

KBl (k)] Mkf.=E k M(tx; M(k+1)  M(tx; M(K)K
h i
L2()E k M(k) M(k+1)K?

. 2
C2E 1 EolYy™ jR]
(A57)
2
L2 2EEq r Y™ jR

h . ,

C2 2EE r h"™ “jF,
h i

=2 2 ¢ pimk 2 :

whereC = max; L;. In the fourth inequality, the probability measure for the integration is switched @§dmP with

the Radon-NikodyndP=dQ. Since the cost function is uniformly bounded with the vanishing derivative of terminal cost
(i:e; @ g (X1) = 0), the expectation is well-de ned. It is worth noting that the Itrati&a contains the information of
past observationfsys, g as we impose constraints to satisﬂ/ji = ys, almost surely for neural agents.

As a next step, we evaluate the upper bound of mean-squared evaluation as follows:

E r himk ?
m m 2 mes.om pom m M) 2
4E PA (U)X, T W rooA ;T OX T AT O X (A.58)
. m ... m H m m ) m . m 2
4 ik 2 AT gxE T e AT xg TG T

Let us assume that there exist representatﬁmssuch that(t; X ¢; ) = B(t;Xt) i(t X 1) andAi(t Xy; ) =
A(t) i(t;X¢; i). This brings the evaluations of the following two norm bounds:
e oxET Y R T ZtE Bu; X m(wXy M) d

rooX, r o u; r DU Xy u
i t i t s U) i ( u i ) (A59)

j Tic?Ejjfj*:
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Similarly, we have the gradient norm bound of individual temporal aggregation

m 2 2
E r A’ =E Ar  MtXg ™ E A? 2% (A.60)

For simplicity, suppose that there exists a conskptsuch that each functidy A, @A has expectation norm bound:
E %+ AP+ @R <My (A61)
The inequality in (A.58) together with evaluations in (A.59), (A.§O) yields:
E r  himk Eh pimic 2 402 5(1 + jT): (A.62)

This directly gives thé 2-bound of the operatd® during the ctitious play over stages according to the cost function shown
in the right-hand side: h i

kB[ M(k)] Mk’, E himk 2 40* 2M,(L+ jT)): (A.63)

Let us say that the gradient descent optimizes the neural parameters to achieve small enough values for the cost function for
k K.

h i )
K=min KEy. , (n. p h™ 2 UL (A.64)
k2N I 4C% 2Mo(1 + |Tj)

Following by the de nition of constari , thelL , deviation of neural agent can be bounded as follows:

h i
2
E M P =kBINKD TR e (A.65)
If we denote | = im' ,m; 2 N*, the following relation holds by triangle inequalities:
h i
Ep K | M (M m)sup (A.66)
m

AS im _SUPy, im = SUP, im forall m m , the expectation of Hamiltonian deviation can be bounded as a
summation of two terms in (A.54): h i

EKkH'K MM m+1) ; (A.67)
where = f ;m+1gandm = fm,g. By inserting above inequality into (A.49) and replacimg+ 1 ! m, we obtain
Ehk Y{“k2I Ehk x%“k2| gTi*inieM (m  m+2) o, (A.68)

Next, we evaluate the upper-bound of mean-squargd decision deviations in (A.68):
Eo hk x?k2I C3Tik ™ K®: (A.69)

By denoting the deviation of parameters aggs= k ™ k%, we select small enough valueg, thatis related to the marginal
constantsim :
N m  IN( mes C3jTj)
= = ; = sup im (A.70)
]T12|n16M(m m+2) fm m ;i2f 1, ;lgg v

m

If the neural agent has a large enough capacity to minimize the via gradient descent, these values assure minimal upper
bound of the inequality (A.49). Finally, the non-linear Feynman-Kac theorem, which is related to the equation (A.30),
directly gives the :
i . iim! m m. m 2 m! m 2 .
ICis (I ™mem ) EOYM : (A71)
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Sinced '( )< J'( ™), our next step is to show the inequality between cost functionals given the agtiobtained

from the ctitious play and the other arbitrary action6 ™:

VAR (RS B A (R (A.72)
Then, by triangle inequality, we obtain inequality that shows thash equilibrium:

I (n) J N (npD+ i 8L i (A.73)

The nal step of the proof is to show the stochastic optimality according to the de ned marginal constahtt

M(k): N* ! be the trajectory of the neural parameters ofitlle neural agents at learning iteratibnRecall the fact
that M= K= B[ "(K 1)]. Letus denote that "] is the adjoint variable given neural parameter§Ve de ne
the closed metric ballsB "im Ok2n+ centered at™ (k) with the radiu0 < ™ such that

B =f#2 ; k# [k  ["(k)isalocal minimum oEY {"j g: (A.74)

Next, we consider the sub-sequerfcg” (k)gon  f  {"(K)dkan, Which de nes the strictly-decreasing sequence
fEY{] m()O2n anordered index sét. Then, the admissible sét is de ned as follows:
8 9
A < (K[m ) =
A= M(;5BM) K =maxfNg, L %T R%; 1 m m; (A.75)
C (kD ’

whereK is a maximal element i . Intuitively saying, the admissible st is a collection of local metric balls centered at
neural parameters @fth agent updated by gradient descent.

To de ne the optimal actions of neural agents, let us consider an arbitrary local convexX2s€t A whereA is the
admissible action set for multi-agents de ned as follows:

o
A= A LT RY " (A.76)
i=1
By the convexity, there exidtpairsf (! i; i)Giof 1,4 g Such that the following equality holds:
fB B sz(k:O)% = My (A.77)
K times

and () 6 0. Then, the Gteaux derivative (Carmona, 2016, Theorem 4.12) of adjoint var¥plas derived as follows:
Z

dYti; ( im+1+!i i)=E r iHi(t;Xt;Fti: [ im+1; Eni)]) idt

yd T , (A.78)

E v HGXGR 5T PpDic payy,, kikidt

T

d

O ar

The rst inequality is trivial due to the de nition of admissible sat. Sincek k® is nonzero, one can deduce that
r-Hj ms 0. In other words, the action pro les™ are optimal actions and any arbitrary actions2 C' are
eventually non-optimal. Hence, we can conclude from the above result that the inequality in (A.72) holds in the admissible
action set. Finally, we conclude this proof by showing the stochastic optimality is preserved during the ctitious play by the
de nition of A that induces the following relation:

Vi+ H(t S Fo( ™ B+ %Tr( r2vy)=0; (A.79)
where = T . The stochastic optimality is obtained by the Hamiltonian equation (A.79) for every stage.
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A.3.2. PROOF OFCOROLLARY 3.1

In the proof of Proposition 3.1, we have shown the existence of the local action set that assures the convergence of the
ctitious play. In this proof, we show the convergence of predictpraccording to the action set assuring the local Nash
equilibrium. We start by calculating the norm deviation for tlsltifferential of the predictoi:e;; ).

m
o
=
=
N .

1l

m
N

dl (]+[d (I'd

2E AjX) Ajbj+ Xi@A; + XiIr AT,

+%X{Tr[ iT2AL 4+ (P AT jdt
X (A.80)

2E (A?{bTx{;ﬂj X1ji?

i@ (Aar )]
(a) (b) (c)
1
+ IETr[ ir Al +(lr ﬁ’k)T -}dt ;

e
({d) } e)

i

Note that we follow the rules for notating the object deviation in the previous proof. The rst inequality From the last
equality of (A.80), we estimate the upper bounds of each term.

h

o 2
(@ : E  A?b/X}{ dt E jAjZihiz Z xl TC2M3 2 (A.81)

The result directly follows from By the assumption in (A.61), the following evaluation is trivial:

' n Z # Z 2
E X =E blds E bl “ds  TM,C e (A.82)
T T

Now, we estimate the two ternfb); (c) that contain spatial and temporal derivatives of aggregation function in the following
bracket:

h L (A.83)

2
(©:E ArAbldd=E A ™r Mdt M,E ™ I
J [l F

J J

8 h i

%(b) L E[ Aj@A;jdt] E A @& ; + A @ ; dt 20 ,Mdt
' M,LC? 2 dt;

where the basic property of vector gradiertv u)=(r v) u+v (r u)forallv;u2 R%r v;r u2 RY 9jsusedin

the estimation of (c). For the last two termi®; (d); (e), we used the fact that the deviation of the matriis not de ned
because our MaSDEs assume uncontrollable volatility.

8 1 1 h i
%(d) PSETL P ANt = 0B [ A 2 )
1
A\j éEkijrzA,-th
M (A.84)
% TE k jko dt;

(e :E (rAj))T j dt My nEk jk:]dt
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Note that the rst line in (A.84) can be obtained by the trace inequdiliey; Tr [AB] k Akg kBkg). By collecting the

evaluated terms above, we conclude the proof by showing the following relation:
z

3
E Tk Kds/ o ™ m IT2E3M§’t52quE[k kel (A.85)

A.4. Proof of Proposition 3.4
Consider a triplet of empirical measureg' ; A} ; N) with N -particles as followings:

NziX\I Ky NziX\I Ky ~N =£X\I Ky (A86)
t N yeor ot N TN Tt '
K K k

where we de ne the perturbation functional: P, ! P, that injects random observatiodsthat were unseen during the
training. Notice that the
= Ze s Toyes VsitZiows, = thys wsowss £ (A.87)

Recall that the original temporal aggregatqr is conditioned byt past observationg/s,;  ;¥s,; Vs, ). Following
by the de nition of the noisy observation, the perturbed prediction is conditiondgtdy ;s + Z; 1Ys, ) where
fZ¥gwr 1. ng  gfor generic Gaussian distributions.

Z ( X h i
R L T O R RCRS SO U
® m=3 g
+ %0 X4 vy Z&) (HH du
Ly _ 1 1 ( w h o N
FALY bED S st e xR X (opl 0 (ASE)
SC i 2 2 ) # m=2
N h (i) 5k k )|
+ %o Xy, Py, (Db ) du

1 1 'Zt/\ K ik
zé(t) Al oZgdu+

Si

In the equation (A.88), we de ne a ratio of covariance’asi= "o(t;x) = QDiag[ (t)= (0)]Q”.

_ ik 2 . ok 2 : 2
Wi AY) E t ytk E t'k t +E t’k Y:(
: "z 2# r—
(AD? YAk 1
E ZZ du + — A.89
st % o waem A%
- h i r—
i D3]TJ 2 Kk 2 1
b== - +
ATDTE B T an wae )
The second inequality is a direct cpnsequence of combif#reB) and(A.64). Following by the assumptiofH4), and the
factthatl Al (A2, " ojj2 oy i(0=1(0) D3 almost surely, the last equality holds. Consider the following
triangle inequality
WE( ™M) W ECG )+ WEC A+ Wi AY) (A.90)
Then, under the assumpti@H5) with the %esult of Theorem 2 from (Fournier & Guillin, 2015), we have
<p W22( ; N) ' Ce cNx ¢
Empirical Measure Concentration) : . d=4 A91
(Emp ) Wo( 3 Ny ele=) : with probability at least. (A.81)

for two empirical measures 2 f y; g. The proof is complete by setting = 15Tj and the fact Zg =Ty [ =
Q Q" = QQ" 1=1T7 4inthe lastterm of inequality (A.89).
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A.5. Non-cooperative Scenarios

Empirical Study for the Non-cooperation. This section is devoted to answering the following important questdmy do

we consider a cooperative scenario rather than a non-cooperative dhsquestion is crucial as the shared goal could

have been achieved in a highly competitive and non-cooperative environment (Ye et al., 2018). For an intuitive explanation,
we introduce a speci ¢ scenario where the neural agent becomes adversarial and determines that interfering with other
agent's objectives is the best possible strategy to achieve its own goal. Followed by the de nition, the behavioral rules for
the adversarial agent can be summarized by the following equations:

( ‘
VIEx)= 30 Ex [ ¢ pbs
JNEx [y (oD 3 'wx [y 5 i pbe

The second inequality shows that the adversarial agent (herjetthegent) can easily ruin other agent's goal although the
victim (here, the-th agent) produces its best respongeo the adversarial environment. Eventually, one can expect that the
competitive group will fail to accomplish the original goak(, the accurate prediction). To formalize the aforementioned
scenario by estimating the total amount of inef ciency derived from the non-cooperation, we formulate the non-cooperative
game é.g., min-max) by converting the cooperative behavior into an adversarial one:

(Adversarial Agent) (A.92)

il =n + A]-i 12; min Aj" 12:maxAj"; j6i2f1:::;1q (A.93)
i i
With the adversarial co$t , sel sh agents maximize the in uence on temporal aggregation by interfering with opponents.

As the symmetric relation in (10) fails to be satis ed, the proposed framework with cost function in (A.93) is regarded as a
non-cooperative game.

To elucidate the importance of cooperation in our framework

of time-series prediction, we conduct an experiment on the

Mackey-Glass dataset by setting a single adversarial agent

The red and blue learning curves in Figure A.4 illustrate the

coalition costs during the ctitious play ovetO stages pro-

duced by competitive and cooperative groups, respectively. As

one might expect, the cooperative group shows stable learning

dynamics until it converges to an agreement on the accurate _ N )

prediction. This shows that the proposed ctitious play devel- Figure A.4: Coalition cost for two scenarios.

oped in Section 3 enjoys the desirable characteristic for accurate time-series prediction. Contrarily, the non-cooperative
group under the competition fails to achieve a shared goal and shows that the adversarial behavior is fatal to the proposed
framework regardless of the number of adversaries. In the optimization perspective, the primal reason for the failure is the
instability induced by the naive approach for the gradient-descent based min-max type optimization. As a remedy, one may
restrict the admissible action sets by considering an additional constraint on neural agents such as PL condition (Nouiehed
et al., 2019) to develop a sophisticated algorithm for a convergent result. Yet, it is an open question whether this theoretical
perspective can lead to accurate time-series prediction.

A.6. Summary of Relevant Concepts

The most relevant strand of research about the multi-agent system in the machine learning community is multi-agent
reinforcement learning (MARL) (Foerster et al., 2016). However, MARL and the proposed method differ in that MARL
usually assumes model-free in discrete time, while we assume model-based in continuous time. The relevant concepts
between MARL and ours are summarized in Table A.4.

A.7. Implementation Details

Evaluation. In all experiments with real-world datasets, we train each model for 500 epochs using the Adam optimizer with

a learning rate 010 2 and batch size af28 We reported the MSE and (Gaussian) NLL as suggested in (Rubanova et al.,
2019). The performance is evaluated on the predicted parts of the test dataset. For the evaluation of our method, we evaluate
MSEs between the predictor and atestdatay;  * as follows:

(MSES): Es op 1, o %t lpeyumuys s, ; (A.94)
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Observations Tys;0si20
Targets Ty:gear
Agents Agents =log,... a1l ai =l 505)
Actions Actions ai(t, X ;0:)
States Decisions | X; = [th ey XtI’ ] .= MaSDEs(fy,;0s;20, )
Rewards Errors E: 1 Ky + k2
Objective functional _ Jit, X, v )
Value function Vi(t,z) = miﬂai oni (2, [o, ( pD
Nash equilibrium Jit, z, [y, (o) 3 Wty x, [Bs, ( ») e

Continuous Bellman HIBEs ‘ V:+H(@, ,F, (™ o)+ %Tr( r’y;) =0

Table A.4: Comparison of relevant concepts. The first column stands for RL terminology; the second column stands for our terminology.
In our works, agents and actions are neural networks and infinitesimal outputs given spatio-temporal variables (¢, X;’ ). Decisions are
continuous stochastic trajectories, and errors are L, loss between targets and aggregated decisions.

where the predictor is conditioned by the past observationg T¥s, s, 20 of the testing time-series. As neural agents collaborate
to minimize the temporally averaged utilities (i:e:; J" 1 Ellys < Jj?ds) via the cooperative differential game, the goal
of the proposed cooperative game becomes identical to forecast the time-series Yo7 given observations.

A.7.1. NETWORK ARCHITECTURE

In this section, we briefly introduce the network architecture of l
multi-agent neural SDEs as shown in Figure A.5. Given the initial (tha\_
condition fy( y9si20- each neural agent takes the spatio-temporal ’jtf ________________
variable (t; X¢’ ) and produces infinitesimally transformed out- X { AP
puts to propagate its own stochastic trajectory. First, the temporal / """""""" '
variable t is embedded into inhomogeneous and non-linear rep- -~~~ Teural Agent ]~—~
resentation as t° = (t; sin(t); cos(t)). Note that we adopt the :'
temporal privacy function suggested in (Park et al., 2022) for fur- E '""°"E‘r‘:‘g:::;:: Time
ther temporal encoding. After the non-linear time embedding, i ¥
the intermediate representations (to; X{; ) are fed into the novel E | Agent Identification Layer
module referred to as agent identification layer (AIL), which is i ¥
defined as follows: i I ”"ea; tayer |
. :‘\ | Linear Laye_r _____ |-/
O o l
AILRGE 3D = W T 1= 3=l Diffusion Drift || Ageregation [
t o(t, Xy || b, X5, o)

(A.95) — i
+—1—1 :

The AIL is motivated by the adaptive instance normaliza- ' !

tion (Huang & Belongie, 2017) that adaptively transforms the l """""
statistics of intermediate feature representations according to user- (t—i—dt,X”‘)

guided information (i.e., index for neural agent). This encourages ERu. R N N
each neural agent to propagate the individual stochastic trajectory X L Al g
and ensures the separated representations. The outputs from AIL / l e l """" '
are fed into two subsequent linear layers with LipSwish (Chen

et al., 2019) and produce values for drift b' and temporal aggrega-
tion functions A; . In the experiments with real-world datasets,
we identically set the dimension of hidden layers of each neural
agent and the drift network as 128 following the baseline model (Park et al., 2022). We set the number of hidden layers as 2
for neural agents and 1 for the drift network. For the aggregation network, we used a relatively small dimension (i.e., 36)
with 2 hidden layers across all the experiments. For the simulation of the stochastic trajectory given the architecture, we
discretize sampled times by applying the Euler-Maruyama scheme.

Figure A.5: The architecture of MaSDEs.
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A.7.2. DATASET

PhysioNet Challenge 2012, (Silva et al., 2012), contains 8000 multivariate clinical time-series obtained from the intensive
care unit (ICU). Each time-series has various clinical features of the patient’s first 48 hours after admission to the ICU. We
processed the dataset to hourly time-series and eliminated static features so that each time-series has a length of 48 with
35 time-varying features (e:g:; Albumin, Heart-rate, etc.,). We used half of the time-series as the training dataset and the
remaining parts as the test dataset.

Speech Commands, (Warden, 2018), consists of one-second audio records of various spoken words such as “Yes”, “No”,
“Up”, and “Down”. Since there are more than 100,000 record samples, we sub-sampled the dataset on two conflicting
classes (i.e., “Right” and “Left”). As a result, 6950 time-series records were selected. We pre-processed these time-series by
computing Mel-frequency cepstrum coefficients so that each time-series has a length of 54 with 65 channels. We used 80%
of selected data as the training dataset and the remaining parts as the test dataset.

Beijing Air-Quality, (Zhang et al., 2017; Dua & Graff, 2017), consists of multi-year air quality recordings across different
locations in Beijing. Each sample contains 6-dimensional time-series features of PM2:5, PM1g, SO2, NO,, CO, and Os,
which are recorded per hour. We segmented data per two days so that each sample has a length of 48. We combine recordings
of 12 different locations into a single dataset and randomly split 80% of data into the training dataset and 20% of data into
the test dataset.

A.8. Ablation Study: Impulse Signals

Modeling physical phenomenon with point processes (e.g., Hawkes process) is common in many domains including finance

for a high-frequency market (Bacry et al., 2015) and geology for earthquake (Ogata, 1998). In this experiment, we utilized

Gaussian-impulse noises to mimic such discrete noisy events occurring at random times. To generate the Gaussian-impulse

noise, we first sample the random time-stamp ft;;t,; g from a homogeneous Poisson process with an intensity level of
= 8:0. With this sampled time-stamps, we generate the data Y over the time interval [0; 48] as follows:

: + . . H .
v = 0B+Ug if ftq Pois( ); (A.96)
Zs; otherwise:

where Ug  Unif[0;1], Z¢ N(O; 2) and the standard deviation of Gaussian noise is set to 0:1. Similar to other datasets,
we set the observable and the prediction intervals to contain the first 80% and the last 20% of total points, respectively.

Figure A.6 illustrates the results of the proposed temporal aggregation of neural
agents. Given impulse signals in the observation interval O, neural agents accurately
restore random peaks. Interestingly, neural agents T 5; 17; 250 that encode
the past impulse signals focus on the times at which impulse noise occurs. In
other words, neural agents emulate stochastic peaks by learning intrinsic temporal
correlations (i:e:; p(YezTjYs20); t; S Pois) between the random occurrence
times of the past and the future impulse signals.

Based on the additional investigation, we conclude that the proposed neural agents
learn various types of temporal dynamics from the data by cooperatively pursuing
Figure A.6: Gaussian-Impulse Noises.  the group goal. The rational group filters out the influence of observations that are

redundant for predicting future states. This encourages neural agents to focus more
on the informative signals for accurate predictions by capitalizing on the data statistics.

A.9. Additional Qualitative Results

In this subsection, we provide additional qualitative results on BAQD across overall features of different instances to show
the effectiveness of the proposed method on time-series prediction. Figure A.7 shows prediction results for all features
and learned aggregations on the BAQD. We can observe that our method exhibits similar (but not strictly restricted) to the
temporal decay assumption. As can be seen in Figure A.7, the learned temporal aggregation varies depending on the given
observation. We claim that neural agents have a variety of cooperation patterns to generate an accurate prediction. That is,
our method flexibly extracts complex and heterogeneous temporal correlations beyond simple temporal decay assumed by
conventional methods.
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