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Abstract
Unsupervised learning with functional data is an
emerging paradigm of machine learning research
with applications to computer vision, climate mod-
eling and physical systems. A natural way of
modeling functional data is by learning operators
between infinite dimensional spaces, leading to
discretization invariant representations that scale
independently of the sample grid resolution. Here
we present Variational Autoencoding Neural Op-
erators (VANO), a general strategy for making
a large class of operator learning architectures
act as variational autoencoders. For this purpose,
we provide a novel rigorous mathematical for-
mulation of the variational objective in function
spaces for training. VANO first maps an input
function to a distribution over a latent space using
a parametric encoder and then decodes a sample
from the latent distribution to reconstruct the in-
put, as in classic variational autoencoders. We
test VANO with different model set-ups and archi-
tecture choices for a variety of benchmarks. We
start from a simple Gaussian random field where
we can analytically track what the model learns
and progressively transition to more challenging
benchmarks including modeling phase separation
in Cahn-Hilliard systems and real world satellite
data for measuring Earth surface deformation.

1. Introduction
Much of machine learning research focuses on data residing
in finite dimensional vector spaces. For example, images are
commonly seen as vectors in a space with dimension equal
to the number of pixels (Santhanam et al., 2017) and words
are represented by one-hot encodings in a space representing
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a dictionary (Vaswani et al., 2017). Architectures that act
on such data are built with this structure in mind; they aim
to learn maps between finite dimensional spaces of data.

On the other hand, physics often models signals of interest
in the natural world in terms of continuous fields, e.g. veloc-
ity in fluid dynamics or temperature in heat transfer. These
fields are typically functions over a continuous domain,
and therefore correspond to vectors in infinite-dimensional
vector spaces, also known as functional data. To use ma-
chine learning tools for continuous signals in these physical
applications, models must be able to act on and return rep-
resentations of functional data.

The most straightforward way to do this is known as the
discretize-first approach. Here, functional data is mapped
into a finite dimensional vector space via measurements
along a predefined collection of locations. At this point,
standard machine learning tools for finite dimensional data
can be used to generate measurements of a desired output
function, also evaluated along a predefined set of locations.
The drawback of these methods is their rigidity with respect
to the underlying discretization scheme; they will not be
able to evaluate the output function at any location outside
of the original discretization.

As an alternative, operator learning methods aim to de-
sign models which give well defined operators between
the function spaces themselves instead of their discretiza-
tions. These methods often take a discretization agnostic
approach and are able to produce outputs that can be queried
at arbitrary points in their target domain. The Graph Neural
Operator (Anandkumar et al., 2020) proposed a composi-
tional architecture built from parameterized integral trans-
formations of the input combined with point-wise linear and
nonlinear maps. This approach was modified to leverage
fast Fourier transforms in computing the integral transform
component, leading to the Fourier Neural Operator (Li et al.,
2020), U-net variants (Wen et al., 2022), as well as guaran-
tees of universal approximation (Kovachki et al., 2021).

Inspired from one of the first operator architectures in (Chen
& Chen, 1995), the DeepONet (Lu et al., 2021) uses finite
dimensional representations of input functions to derive co-
efficients along a learned basis of output functions. While
this approach has been shown to have universal approxima-
tion properties as well (Lanthaler et al., 2022), the required
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Figure 1. Schematic representation of the VANO framework: The encoder Eϕ maps a point from the input function manifold to a random
point sampled from a variational distribution Qϕ

z|u which is then mapped to a point on the output function manifold using the decoder Dθ .

size of the architecture can scale unfavorably due to the lin-
ear nature of the output function representations (Lanthaler
et al., 2022; Seidman et al., 2022). Under the assumption
that the output functions concentrate along a finite dimen-
sional manifold in the ambient function space, (Seidman
et al., 2022) proposed a model which builds nonlinear pa-
rameterizations of output functions and circumvents the
limitations of purely linear representations.

While much recent work has focused on designing methods
for functional data in a supervised setting, less has been done
for unsupervised learning. Here we focus on two key aspects
of unsupervised learning, namely dimensionality reduction
and generative modeling. For dimensionality reduction of
functional data living in a Hilbert space, the inner product
structure allows for generalizations of principal components
analysis (PCA) (Wang et al., 2016), also known as proper
orthogonal decomposition (Chatterjee, 2000). Kernel tricks
can also be employed on functional data to obtain nonlinear
versions of PCA in feature spaces (Song & Li, 2021). A
generalization of the manifold learning (Nadler et al., 2006)
approach was taken in (Du et al., 2021) to learn distance
preserving and locally linear embeddings of functional data
into finite dimensional spaces.

Generative modeling of functional data has been approached
by defining stochastic processes with neural networks,
dubbed neural processes (Garnelo et al., 2018b;a; Kim et al.,
2018). Adversarial generative models for continuous im-
ages trained on point-wise data have also been proposed
in (Skorokhodov et al., 2021) and (Dupont et al., 2021),
while a variational autoencoder (VAE) approach with neural
radiance fields (NeRFs) was taken in (Kosiorek et al., 2021).

These methods formulate their training objective in terms of
point-wise measurements, resulting in models which learn
to maximize the probability of observing a collection of
points and not a function itself. This makes the function
sampling density play a decisive role in how well the model
performs; if high and low resolution data coexist in a data-
set, the model will over-fit the high resolution data (Rahman

et al., 2022a). Recently, the U-NO architecture (Rahman
et al., 2022b) was used in the Generative Adversarial Neural
Operator (GANO) framework (Rahman et al., 2022a) to
build a generator acting on samples of Gaussian random
fields and a functional discriminator in order to overcome
the aforementioned drawbacks.

In this paper, we provide a novel method of using encoder-
decoder operator learning architectures for dimensionality
reduction and generative modeling of functional data. Un-
der the manifold hypothesis for functional data (Seidman
et al., 2022), if we train these models to learn the identity
map then the latent space attempts to learn finite dimen-
sional coordinates for the data manifold. In Figure 1 we
give a visual representation of our approach. We will addi-
tionally view the data as coming from a generative model
on this coordinate space and train the corresponding oper-
ator learning architecture via an auto-encoding variational
Bayes approach. The decoder component of the architecture
then creates functions from samples in the latent coordinate
space which can be queried at any point along their domain.
To overcome over-fitting pathologies at higher data resolu-
tions we describe the variational objective in a discretization
agnostic way by putting forth a well-defined formulation
with respect to the functional data space instead of spaces
of point-wise evaluations.

Our main contributions can be summarized as:

• We provide the first rigorous mathematical formula-
tion of a variational objective which is completely dis-
cretization agnostic and easily computable.

• Using this objective, we give a novel formulation of a
variational autoencoder for functional data with opera-
tor learning architectures.

• We perform zero-shot super-resolution sampling of
functions describing complex physical processes and
real world satellite data.

• We demonstrate state-of-the-art performance in terms
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of reconstruction error and sample generation quality
while taking a fraction of the training time and model
size compared to competing approaches.

Outline of Paper: The remainder of the paper will be
structured as follows. First we will describe the class of
encoder-decoder operator learning architectures and de-
scribe how they perform dimensionality reduction on func-
tional data. Next, we will briefly review the VAE formula-
tion for finite dimensional data before giving a mathemati-
cally precise generalization to functional data and describing
the components of our model. Section 6 will present several
experiments illustrating the effectiveness of this approach.

Notation We denote our functional data by u ∈ X , where
X is a function space over some domain X ⊂ Rd. Typically
we will take X = L2(X) or X = Hs(X), where Hs(X) is
the Sobolev space of index s over X . Probability measures
will be denoted by blackboard bold typefaced letters P, Q,
and V.

2. Encoder-Decoder Neural Operators
A large class of architectures built to learn mappings be-
tween spaces of functions X → Y make use of a finite
dimensional latent space in the following way. First, an en-
coding map E : X → Rn is learned from the input functions
to a n-dimensional latent space. Then, the latent code cor-
responding to a functional input, z = E(u) is mapped to a
queryable output function via a decoding map D : Rn → Y ,
f(·) = D(z). For example, in the DeepONet architecture
(Lu et al., 2021), input functions u are mapped via a “branch
network” to a hidden vector z ∈ Rn, which is then used
as coefficients of a learned basis to reconstruct an output
function. These methods can be interpreted as giving a
finite dimensional parameterization to the set of output func-
tions, where the parameters for a fixed output function are
determined from the corresponding input function.

2.1. Linear versus Nonlinear Decoders

It was shown in (Seidman et al., 2022) that when these kinds
of architectures build output functions in a linear manner
from the latent space, such as in (Kissas et al., 2022; Lu
et al., 2021; Bhattacharya et al., 2021), they may miss low di-
mensional nonlinear structure in the set of output functions
that can otherwise be captured by a nonlinear map from the
latent space to the output function space. The authors further
gave an interpretation of this architecture under the assump-
tion that the distribution of output functions concentrates on
a low dimensional manifold in its ambient function space.
In this setting, the decoder map ideally would learn a coor-
dinate chart between the finite dimensional latent space and
the manifold of output functions. This suggests that success-

ful architectures are implicitly performing dimensionality
reduction on the set of output functions.

2.2. Dimensionality Reduction through the Latent Space

We will follow this interpretation to create a natural exten-
sion of encoder-decoder operator learning architectures for
dimensionality reduction and generation of functional data.
If the input and output function spaces are the same X = Y
and we learn the identity map on our data factored through
a finite dimensional latent space, then the encoding map
E : X → Rn gives a lower dimensional representation of
our functional data. That is, when trained to approximate
the identity map, these architectures become functional au-
toencoders.

If we additionally would like to generate new samples of our
functional data with this framework, it would suffice to learn
a probability measure over the latent space corresponding
to the finite dimensional embedding of our data. Similar to
the non-functional data case, this can be modelled through
the use of a Variational Auto-Encoder (VAE) (Kingma &
Welling, 2014), which takes a Bayesian approach to de-
termining latent representations of observed data. While
this method has been studied extensively on finite dimen-
sional data, its extension to functional data has only been
explored specifically for neural radiance fields in (Kosiorek
et al., 2021), where the variational objective is formulated
in terms of point-wise measurements.

In this paper, we will place operator learning architectures
with a finite dimensional latent space, such as DeepONet (Lu
et al., 2021) and NOMAD (Seidman et al., 2022), within the
formalism of autoencoding variational Bayesian methods
to simultaneously obtain a new method of dimensionality
reduction and generative modeling for functional data. To
do so, we must be careful to reformulate the VAE objec-
tive in function spaces. Variational objectives have been
formulated considering latent spaces as function spaces, as
in (Wild & Wynne, 2021; Wild et al., 2022), but a varia-
tional objective where the likelihood term is described in a
functional data space has not yet been addressed.

As we will see, while the immediate application of the
formulation for finite dimensional data does not apply, there
exists an appropriate generalization which is mathematically
rigorous and practically well behaved. The benefit of the
function space formulation is the lack of reference to a
particular choice of discretization of the data, leading to a
more flexible objective which remains valid under different
measurements of the functional data.

3. VAEs for Finite Dimensional Data
Here we review a simple generative model for finite dimen-
sional data and the resulting variational Bayesian approach
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to inference in the latent space. For this subsection only, we
will define our data space as X = Rd. As before, let the
latent space be Z = Rn, often with n << d.

Assume the following generative model for samples of u
from its probability measure Pu on X . Let Pz be a prior
probability measure on Z , D : Z → X a function from the
latent space to the data space, and η a noise vector sampled
from a probability measure V on X such that

u = D(z) + η, z ∼ Pz, η ∼ V, (1)

is distributed according to Pu.

According to this model, there exists a joint probability mea-
sure P on Z×X with marginals Pz and Pu as defined above.
Assume these three measures have well defined probability
density functions, p(z, u), p(z) and p(u), respectively, and
conditional densities p(z|u) and p(u|z).

Under full knowledge of these densities, we can form a
low dimensional representation of a given data point u by
sampling from p(z|u). However, in general, the evaluation
of the conditional density is intractable. This motivates
the variational approach (Kingma & Welling, 2014), where
we instead create a parameterized family of distributions
qϕ(z|u), and attempt to approximate the true conditional
p(z|u) with qϕ(z|u). When the KL divergence is used as a
quality of approximation from qϕ(z|u) to p(z|u), this can
be approached with the following optimization problem

minimize
ϕ

E
u∼p(u)

[
KL[qϕ(z|u) || p(z|u)]

]
. (2)

Since we do not have access to p(z|u) and cannot evalu-
ate the KL divergence term above, we optimize instead a
quantity known as the Evidence Lower Bound (ELBO),

L = − E
z∼qϕ(z|u)

[log p(u|z)] + KL[qϕ(z|u) || p(z)], (3)

which differs from the objective in (2) by a data-dependent
constant,

KL[qϕ(z|u) || p(z|u)] = −L+ log p(x) (4)

When the prior p(z) is a Gaussian and the variational distri-
bution qϕ(z|u) is also Gaussian with a mean and variance
dependent on the input u through a parameterized encoding
map Eϕ(u) = (µϕ(u), σϕ(u))), the KL term in (3) has a
closed form.

Under the assumption that the noise vector in (1) is a cen-
tered Gaussian with isotropic covariance, η ∼ N (0, δ2I),
the log likelihood term is equal to

log p(u | z) = log(2πδ2)−d/2 − 1

2δ2
∥u−D(z)∥22. (5)

By parameterizing the function D as well, we arrive at an
objective function that can be used to train the encoder Eϕ
and decoder Dθ in an end-to-end fashion.

4. VAEs for Functional Data
We begin formulating a VAE in this case analogously to
the previous section; we posit the generative model in (1)
which induces a joint measure P on Z × X with marginals
Pu and Pz . Under mild assumptions on the spaces Z and
X (such as being a separable Banach spaces), there exist
regular conditional measures Pz|u and Pu|z which are well
defined Pu-a.e. and Pz-a.e., respectively.

At this point the formulation begins to diverge from the
finite dimensional case. In an infinite dimensional function
space, such as X , we no longer have a canonical notion
of a probability density function to formulate our objective
function and ELBO. In particular, the first term of (3) is no
longer well defined as written. We will instead reason in
terms of the probability measures Pu, Pz , Pz|u, Pu|z , the
variational family of measures Qϕ

z|u, the noise process mea-
sure V, and various Radon-Nikodym derivatives between
them. Proceeding in this manner we are able to derive the
appropriate generalization of (3) for data in the function
space X .
Theorem 4.1. Let X and Z be Polish spaces. Given the gen-
erative model (1), assume that the conditional measure Pu|z
is absolutely continuous with respect to the noise measure
V. Then the following holds

KL[Qϕ
z|u || Pz] = −L+ log

dPu

dV
. (6)

with

L = − E
z∼Qϕ

z|u

[
log

dPu|z

dV
(u)
]
+KL[Qϕ

z|u || Pz] (7)

Proof. The proof is provided in Appendix 4.1.

The benefit of this formulation is that the objective function
makes no reference to any particular choice of discretization
or available function measurements. In this sense, it is a
training objective that is truly defined on a function space;
whatever measurements are available will be used to approx-
imate this objective, ensuring a form of consistency over
varying discretization schemes.

4.1. Computing the ELBO Objective

To compute the likelihood term in (7), first note that un-
der the generative model (1), given z ∈ Z the conditional
measure Pu|z corresponds to a shifted version of the noise
process centered at D(z). The Radon-Nikodym derivative
dPu|z
dV then represents the change of measure of V under a

shift by D(z).

In this work we will assume that V is a Gaussian measure
on the space X . Changes of measure for translated Gaus-
sian measures are well understood and are described by the
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Cameron-Martin formula (see Appendix A); this will be the
main tool which allows us to evaluate the first term in (7).

In particular, we will take η to be a pure white noise process
and V the corresponding white noise measure. Note that
this implies that our measured signals must live in the dual
Sobolev space X = H−s(X) for any s > d/2 (Lasanen
et al., 2018). In this case, the Cameron-Martin formula gives

log
dPu|z

dV
(u) = −1

2
∥D(z)∥2L2 − ⟨D(z), u⟩∼, (8)

where ⟨D(z), u⟩∼ can be thought of as the inner product
on L2(X) extended to H−s(X) in the second argument
and is well defined a.e. with respect to the noise process
V. Given sensor measurements of u, we can approximate
this second term as the standard inner product with the
corresponding measurements of D(z). For more details on
Gaussian measures in Banach spaces, white noise, and the
Cameron-Martin formula see Appendix A.

Note that the expression in (8) is the same as

−1

2
∥D(z)−u∥2L2 = −1

2
∥D(z)∥2L2 +⟨D(z), u⟩− 1

2
∥u∥2L2 ,

except for the last term. This is what we would expect to
see when our data is not functional and lies in Rd with a
Gaussian likelihood, but since u is drawn from a shifted
white noise measure it is not in L2. However, we see that
the expression we derived instead for the likelihood is the
same as what we would like to use up to the model indepen-
dent term ∥u∥2L2 . In this sense, the white noise likelihood
formulation of the ELBO is the natural extension of the
Gaussian likelihood from the finite dimensional case.

5. Variational Autoencoding Neural Operators
Given Theorem 4.1 we can define the full Variational Au-
toencoding Neural Operator (VANO) after making choices
for the encoding and decoding maps. See Figure 1 for a
visual illustration of the overall architecture.

Encoder: The encoder will map a function u ∈ X to the
probability measure Qϕ

z|u on the latent space Rn. We choose

the variational family Qϕ
z|u to be multivariate Gaussians

with diagonal covariance. It then suffices that the encod-
ing map takes as input the function u, and returns a mean
µ(u) ∈ Rn and n positive scalars σ1, . . . , σn = σ ∈ Rn to
parameterize this Gaussian. Hence, we define the encoder
as a map Eϕ : X → Rn × Rn. In this paper, we will use
architectures which pass measurements of the input func-
tion u through a neural network of fixed architecture. These
measurements can either be point-wise, as we take to be the
case in this paper, but could also be projections onto sets of
functions such as trigonometric polynomials, wavelets, or
other parameterized functions.

Decoder: The decoder will take a sample z of a probabil-
ity measure on the latent space Rn and map it to a function
D(z) ∈ X that can be queried at any point. In this paper,
we will parameterize decoders by defining a neural network
which takes in points in the domain of the functions in X ,
and condition its forward pass on the latent variable z. Here
we will use two main variations of this conditioning process:
linear conditioning, and concatenation conditioning (see
Appendix C.2 for details).

Evaluating ELBO for Training: Given a data-set of N
functions {ui}Ni=1, we train VANO by optimizing the objec-
tive function

L(ϕ, θ)= 1

N

N∑
i=1

[
EQϕ

z|ui
[
1

2
∥Dθ(z)∥2L2−⟨Dθ(z),u

i⟩∼]

+ KL[Qϕ
z|ui || Pz]

]
.

(9)

The expectation over the posterior Qϕ
z|ui is approximated

via Monte-Carlo by sampling S latent variables z ∼
Qϕ

z|ui and computing an empirical expectation. The re-
parameterization trick (Kingma & Welling, 2014) is used
when sampling from Qϕ

z|ui to decouple the randomness
from the parameters of the encoder Eϕ and allow for the
computation of gradients with respect to the parameters ϕ.
As D(z) can be evaluated at any point in the domain X ,
we can approximate the terms inside this expectation with
whichever measurements are available for the data ui. For
example, with point-wise measurements u(x1), . . . , u(xm)
we can use the approximation

⟨Dθ(z), u
i⟩∼ ≈

m∑
i=1

Dθ(xi)u(xi). (10)

To avoid pathologies in the optimization of (9), we train our
models with a scalar hyper-parameter β in front of the KL
divergence term as in (Higgins et al., 2017) to balance the
interplay between the KL and reconstruction losses.

6. Experiments
In this section we consider four examples for testing the
performance of our model. In the first example, we learn
the distribution corresponding to a Gaussian random field
(GRF). We show that a model with a linear decoder archi-
tecture is able to accurately recover the Karhunen-Loéve
decomposition (Adler, 1990), which is known to be an L2

optimal dimension reduced approximation of the true field.
Next, we examine the impact of different decoder architec-
tures for learning distributions which do not immediately
concentrate on low dimensional linear spaces, using a func-
tional data-set of bivariate Gaussian pdfs. Next, we learn
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Figure 2. Representative function samples from the different benchmarks considered in this work. Left: Example functions from the
testing data-sets, Right: Super-resolution samples generated by VANO.

solutions to a Cahn-Hilliard partial differential equation
(PDE) system representing patterns from a phase separation
processes in binary mixtures. Finally, we employ the real
world InSAR interferogram data-set presented in (Rahman
et al., 2022a) to demonstrate state-of-the-art performance
compared to recent operator learning methods for gener-
ative modeling. For the first three experiments, we use a
MMD metric for functional data (Wynne & Duncan, 2022)
between samples from the different models and the ground
truth to assess performance. For the last example we com-
pare angular statistics between model generated samples
and the ground truth. As an overview, Figure 2 shows some
samples generated by our model on three of the data-sets
we consider. More details on the metrics, hyper-parameters,
architectures and the training set-up can be found in the
Appendix in Section D.

6.1. Gaussian Random Field

The motivation of this example is to study the quality of
the reduced dimension approximation that our model learns.
For this purpose, we aim to learn a zero mean Gaussian
random field (GRF) on X = [0, 1] with zero boundary
conditions and covariance operator Γ = (I −∆)−α. This
operator admits the orthonormal eigendecomposition

Γ =
∞∑
i=1

λiφi ⊗ φi,

where λi = ((2πi)2 + τ2)−α and φi(x) =
√
2 sin(2πix).

From the Karhunen-Loéve theorem (Adler, 1990) we can
construct random functions distributed as

u =
∞∑
i=1

ξi
√
λiφi, (11)

where ξi ∼ N (0, 1) are normally distributed random vari-
ables.

We use the above sum truncated at 32 eigenpairs to con-
struct a data-set of N functions {ui}Ni=1 and use it to train
a Variational Autoencoding Neural Operator with a linear
decoder. By setting the prior Pz to be a standard Gaussian
on Rn, a linear decoder D learns basis functions τi ∈ X
which map samples from the prior to functions,

D(z)(x) =

n∑
i=1

ziτi(x), zi ∼ N (0, 1), i.i.d.

The Karhunen Loéve theorem again tells us that the optimal
choice of decoder basis functions τi should be exactly the
eigenfunctions φi of the covariance operator Γ scaled by√
λi. To evaluate the model performance we compare the

covariance operators between the true Gaussian random
field and the learned model (6.1) using a normalized Hilbert-
Schmidt norm, ∥Γ− Γ̂∥2HS/∥Γ∥2HS .

We present the values of the normalized Hilbert-Schmidt
norm for different latent dimension sizes and over multiple
model initializations in Figure 3. The right side of Figure 3
shows that the learned basis functions align closely with the
optimal choice from the Karhunen Loéve theorem, scaled
eigenfunctions

√
λiϕi. Generated samples from the trained

model are depicted in Figure 6 in the Appendix.

6.2. The Need for Nonlinear Decoders

In this example we examine the effect of using linear versus
nonlinear decoders for learning distributions of functional
data. We construct a data-set consisting of bivariate Gaus-
sian density functions over the unit square [0, 1]2 where the
mean is sampled randomly within the domain and the covari-
ance is a random positive multiple of the identity. Perform-
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Figure 3. Left: Normalized Hilbert-Schmidt norm error between
GRF samples generated from VANO and the ground truth for
different sizes of the latent space. Right: Comparison between
the optimal basis from the Karhunen Loéve theorem (top) and the
learned basis (bottom).

Figure 4. Left: Generalized MMD values for VANO with a linear
and a nonlinear decoder for different latent dimensions, Right:
Generated samples from VANO with a linear (top) and with a
nonlinear decoder (bottom).

ing PCA on this data-set shows a spectrum of eigenvalues
with slow decay, indicating that architectures with linear
decoders will not be able to capture these functional data
unless their hidden dimension is very large (see Appendix
figure 7). To test this, we train VANO models with a linear
and nonlinear decoder, respectively, over a range of hidden
dimensions. We measure the distance of the learned distri-
bution of functions to the ground truth via the generalized
MMD distance, see Appendix E.2.

In the left panel of Figure 4 we present values of the MMD
metric over five individual runs and samples generated from
VANO with a linear and nonlinear decoder. We observe
that the error metric for the linear model takes very high
values even at larger latent dimensions. In the right panel
we see representative samples generated from linear and
nonlinear decoder versions of VANO. The linear decoder is
not able to localize the 2D functions as in the data-set, while
the nonlinear decoder produces very similar samples. In
Figures 8 and 9 of the Appendix we show the reconstruction
of randomly chosen cases from the test data-set for the
linear and nonlinear decoders, respectively. More samples
from the linear and nonlinear decoder versions of VANO
are shown in Figures 11 and 10 of the Appendix.

Table 1. Varying Training Resolutions: Generalized MMD dis-
tance between ground truth test samples and samples generated
by different models. Both VANO and the discretize-first VAE are
trained and tested on 64×64, 128×128, and 256×256 resolution
data.

VANO VAE

64× 64 7.19e-03 ± 3.66e-04 7.77e-03 ± 4.38e-04
128× 128 6.95e-03 ± 4.37e-04 6.39e-03 ± 1.18e-04
256× 256 6.82e-03 ± 2.50e-04 6.38e-03 ± 3.61e-04

6.3. Phase Separation Patterns in Cahn-Hilliard
Systems

As a more challenging benchmark we consider the Cahn-
Hilliard patterns data-set (Kobeissi & Lejeune, 2022) which
contains different patterns derived from the solution of the
Cahn-Hilliard equation. The Cahn-Hilliard equation is a
fourth-order partial differential equation that describes the
evolution of the phase separation process in binary material
mixtures, see Appendix Section D.3, for details.

Here we compare the VANO model to a discretize-first con-
volutional VAE approach. Both models are trained and
tested on on Cahn-Hilliard patterns at resolutions 64x64,
128x128, and 256x256. We present the results of the gen-
eralized MMD metric for each model in Table 1. We ob-
serve that the VANO model performs better than the VAE
at resolution 64x64 while the VAE achieves slightly smaller
GMMD compared to VANO at higher resolutions. We at-
tribute this to the discontinuous nature of the target functions
in this benchmark in conjunction with the bias of the VANO
MLP decoders toward smooth functions (Rahaman et al.,
2019). However, we emphasize that the benefit of the func-
tion space formulation over the traditional discretize-first
approach is in its ability to generate samples of different
resolutions without any additional training or interpolation.

To showcase this ability, we train both VANO and the
discretize-first VAE on 64x64 resolution data and use the
trained models to generate samples of all resolutions. As
the discretize-first VAE can only generate samples at the
original 64x64 resolution, we generate samples of higher
resolution through a bilinear interpolation of the 64x64 gen-
erated samples. For VANO, samples of higher resolution
can be generated simply by evalutating the generated func-
tion samples at additional query locations. In Table 2 we
see that even though VANO was only trained at the low
resolution, it is still able to produce high resolution samples
with a small generalized MMD to the ground truth data,
while the generalized MMD of the interpolations from the
discretize-first VAE increases significatnly with larger reso-
lutions. This highlights the super-resolution capabilities of
using models designed to output true functional data. Addi-
tionally, we present functions sampled from both models in
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Table 2. Super-resolution sample generation from 64x64 resolu-
tion training: Generalized MMD distance between ground truth
test samples and samples generated by different models. Both
VANO and the discretize-first VAE are trained on 64× 64 resolu-
tion data. Data is then generated at higher resolutions for testing
either directly from the model (VANO) or through interpolation of
samples generated at 64× 64 resolution (VAE).

VANO VAE

64× 64 7.19e-03 ± 3.66e-04 7.77e-03 ± 4.38e-04
128× 128 8.62e-03 ± 3.66e-04 1.06e-02 ± 3.59e-04
256× 256 9.44e-03 ± 3.83e-04 1.15e-02 ± 3.40e-04

the Appendix Section D.4, as well as reconstructions from
each model at different resolutions. In Figure 13 we see that
at higher resolutions the samples generated by the VANO
model have smoother boundaries and appear more natural
than those created by the discretize-first VAE approach.

Finally, we compare VANO against a recently proposed
neural operator based GAN, the Generative Adversarial
Neural Operator (GANO) (Rahman et al., 2022a). We train
both models on 128x128 resolution Cahn-Hilliard data and
find that the GANO achieves a generalized MMD of 4.88e-
02 ± 4.02e-03, while VANO achieves a generalized MMD
of 1.05e-02 ± 3.40e-04. In Figure 14 of Appendix D.3 we
present a random selection of generated samples from each
model.

6.4. Interferometric Synthetic Aperture Radar data-set

As a final example, we consider the data-set proposed by
Rahman et. al. (Rahman et al., 2022a) consisting of Interfer-
ometric Synthetic Aperture Radar (InSAR) data. InSAR is
a sensing technology that exploits radar signals from aerial
vehicles to measure the deformation of the Earth surface
for studying the dilation of volcanoes, earthquakes or un-
derwater reserves. As a comparison, we use the Generative
Adversarial Neural Operator (GANO) architecture and train-
ing parameters provided in (Rahman et al., 2022a).

We train VANO on the entire data-set using the set-up pro-
vided in the Appendix Section D.4. We evaluate the perfor-
mance of our model using two metrics: circular variance and
circular skewness. These are moments of angular random
variables, see (Rahman et al., 2022a), used to evaluate the
quality of the generated functions. In Figure 5 we present a
comparison between the circular statistics (Rahman et al.,
2022a), see Appendix Section E.3 for details on the metrics,
for N = 4096 samples from the true data-set, and those
created from VANO and GANO. In Section D.4 we present
samples generated from both models. We observe that the
VANO model achieves superior performance both in terms
of circular statistics metrics, as well as in generating realistic
samples without spurious artifacts. In Figure 15 we present

sample reconstructions of the data from VANO and see that
it also acts as a denoiser for the original data. Moreover, we
find that VANO is trains 4x faster, with the 1/4 of model
size compared to GANO (see Appendix Tables 4 and 5).

7. Discussion
In this work, we have shown that a large class of architec-
tures designed for supervised operator learning can be mod-
ified to behave as variational auto-encoders for functional
data. The performance of this approach was demonstrated
through learning generative models for functional data com-
ing from synthetic benchmarks, solutions of PDE systems,
and real satellite data. By deriving an appropriate variational
objective in an (infinite-dimensional) functional data space,
we placed this approach on firm mathematical footing.

These models inherit some limitations common to all VAE
approaches. In particular, there is a constant tension in
the objective function of balancing the reconstruction loss
of the data and the distance of the variational posterior
distribution to the prior. The additional scalar parameter β
multiplying the KL divergence term (Higgins et al., 2017)
attempts to provide some control of this balance, but the
performance of the model can be sensitive to the setting of
this parameter. Some insight can be gained into controlling
this phenomenon through rate distortion theory (Burgess
et al., 2018), and it is an interesting direction of future
work to generalize this to functional data. The choice of
prior distribution on the latent space can also have a large
impact on model performance. Hierarchical priors could
provide additional structure for the generative model, as has
been shown in (Vahdat & Kautz, 2020). We note that as
the VANO models presented here use finite dimensional
latent spaces, they also inherit from VAEs the ability to do
interpolations in this latent space.

The approach presented in this paper bears some similarity
to generative models built for learning neural fields in com-
puter vision (Chen & Zhang, 2019; Anokhin et al., 2021).
Our theoretical foundation of a variational lower bound for
functional data can be directly applied to these approaches
instead of the typical formulation of a likelihood on fixed
point-wise measurements. This similarity also points to a
larger connection between operator learning methods and
conditioned neural fields in vision applications (Xie et al.,
2022). Both approaches aim to build neural representations
of functions which can be queried at arbitrary points of their
domains and the techniques developed to do so are likely to
be useful across both domains.

Finally, adapting the conditional version of the variational
objective (Sohn et al., 2015) can be useful for supervised
operator learning where there is aleatoric uncertainty in
the output functions. For example, this can often be the
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Figure 5. Left: Circular variance of the true data-set, the VANO generated data and the GANO generated data. Right: Circular skewness
and generated samples between the true data-set, the VANO generated data and the GANO generated data.

case in inverse problems where not all functional outputs
of a system are available for observation. Applying the
variational approach put forth in this paper would give a
natural notion of uncertainty quantification, while retaining
the approximation capabilities of encoder-decoder operator
learning architectures.
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A. Review of Gaussian Measures
Here we review some basic facts on Gaussian Measures defined Banach spaces. Our presentation follows the discussion in
(Kuo, 1975; Bogachev, 2015) and Chapter 8 of (Stroock, 2010). We call a probability measure P on the Borel σ-algebra
B(X ) a Gaussian measure if for every f ∈ X ∗, the pushforward measure P ◦ f−1 is Gaussian on R. For such a measure
there exists two objects that completely characterize it. The mean is an element m ∈ X such that for all f ∈ X ∗,

(f,m) =

∫
X
(f, x) dP(x), (12)

and the covariance operator C : X ∗ → X is defined by

Cf(g) =
∫
X
(f(x)− (f,m))(g(x)− (g,m)) dP(x). (13)

We see from the definition that the covariance operator can also be thought of as a bi-linear form on X ∗.

The definition of a Gaussian measure given above allows us to view each f ∈ X ∗ as an element of

L2(P) :=
{
f : X → R

∣∣ ∫
X
f(x)2 dP(x) < ∞

}
.

Thus, we have an embedding of X ∗ → L2(P). Forming the completion of the image of this embedding with respect to
the L2(P) norm forms the Cameron Martin space of the measure P, denoted HP. Note that by construction, X ∗ can be
identified with a dense subspace of HP and we have the inclusion map I : HP → L2(P). The map I is sometimes known as
the Paley-Wiener map (for example, when P is the Wiener measure I(h)(x) is the Ito integral

∫
ḣ dx(t)). Note that this

implies for any h ∈ HP, the quantity
⟨h, x⟩∼ := I(h)(x)

is well defined for P-almost-every x. It can additionally be shown that there exists a dense injection HP ↪→ X . The Cameron
Martin space has a number of equivalent definitions and determines many of the relevant properties of the measure P.

We will make repeated use of the Cameron Martin Theorem, which determines when the translation of a Gaussian measure
P by h ∈ X gives an equivalent measure. This will allow us to give an expression for the log likelihood as well as the KL
divergence term in the ELBO objective. For a proof see (Bogachev, 2015), (Kuo, 1975) or (Stroock, 2010).

Theorem A.1 (Cameron-Martin). Given a Gaussian measure P on X with Cameron Martin space HP, the translated
measure Ph(A) := P(A− h) is absolutely continuous with respect to P if and only if h ∈ HP, with

log
dPh

dP
(x) = −1

2
∥h∥2HP

+ ⟨h, x⟩∼. (14)

When the Gaussian measure P is supported on a Hilbert space H, the previous definitions simplify due to the Riesz
representation theorem which allows us to use the isomorphism H∗ ≃ H. In particular, for this case the covariance operator
is a trace-class, self-adjoint operator C : H → H. Further, in this case the Cameron Martin space can be identified with
im(C1/2) and has an inner product given by

⟨x, y⟩HP = ⟨C−1/2x, C−1/2y⟩H.

A.1. Abstract Wiener Space

There is an alternate characterization of Gaussian measures which instead begins with a separable infinite dimensional
Hilbert space H. If we attempt to sample from the “standard Gaussian” on H by taking an orthonormal basis {ei}∞i=1 and
try to form the sum

x =
∞∑
i=1

ξiei, ξi ∼ N (0, 1), i.i.d., (15)

we see that E[∥x∥2H] = ∞ and thus x /∈ H almost surely.

13



Variational Autoencoding Neural Operators

The way around this is to consider the convergence of the sum (15) with respect to a norm other than that from H. After
picking such a “measurable norm” (Kuo, 1975) we may complete the space H with respect to this norm to obtain a new
Banach space X , on which the measure we have tried to construct is supported. This completion gives us a dense inclusion
i : H ↪→ X . The triple (i,H, X) is called an Abstract Wiener Space (AWS). The induced Gaussian measure P on X has H
as its Cameron Martin space. Thus, the AWS construction gives us a way to construct a Gaussian measure starting from its
Cameron Martin space.

An example of this construction that will be particularly useful is that which starts from L2(X;R) with X ⊂ Rd compact
as the desired Cameron Martin space. If we consider the dense inclusion L2(X;R) ↪→ H−s(X;R), with s > d/2, then
(i, L2(X;R),H−s(X;R)) is an AWS and the associated measure is called the white noise measure.

B. Proof of Theorem 4.1
To prove the generalization of the ELBO, we will need to use a modified measure-theoretic formulation of Bayes theorem
phrased in terms of Radon-Nikodym derivatives. We begin from that presented in (Ghosal & Van der Vaart, 2017),

dPz|u

dPz
=

1

c(u)

dPu|z

dPu
, (16)

where

c(u) =

∫
Z

dPu|z

dPu
(u) dPz. (17)

We claim that c(u) = 1, Pu-a.e. Since the Radon-Nikodym derivative is non-negative, we have that c(u) ≥ 0. Next, we
show that c(u) ≤ 1. Assume this is not true. Then by the disintegration property of the regular conditional measures we
may write for any measurable f(u),∫

X
f(u) dPu =

∫
Z

∫
X
f(x) dPu|z dPz

=

∫
X
f(u)

(∫
Z

dPu|z

dPu
dPz

)
dPu

>

∫
X
f(u) dPu,

which is a contradiction. Hence, c(u) ≤ 1. This allows us to write∫
X
|1− c(x)| dPu =

∫
Z
1− c(x) dPu

=

∫
X
1−

∫
Z

dPu|z

dPu
(u) dPz dPu

= 1−
∫
Z

∫
X

dPu|z

dPu
(u) dPu dPz

= 1−
∫
Z

∫
X

dPu dPx

= 0,

and we have shown that c(x) = 1 Pu-a.e and thus from (16)

dPz|u

dPz
=

dPu|z

dPu
. (18)

We are now able to prove the generalize ELBO stated in Theorem 4.1. By the definition of the KL divergence,

KL[Qϕ
z|u||Pz|u] =

∫
Z
log

(
dQϕ

z|u

dPz|u
(z)

)
dQϕ

z|u. (19)
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From the chain rule for Radon-Nikodym derivatives we may write

dQϕ
z|u

dPz|u
=

dQϕ
z|u

dPz

dPz

dPz|u
. (20)

Using (18), we then have

dQϕ
z|u

dPz|u
=

dQϕ
z|u

dPz

dPu

dPu|z

=
dQϕ

z|u

dPz

dPu

dV
dV

dPu|z

=
dQϕ

z|u

dPz

dPu

dV

(
dPu|z

dV

)−1

, (21)

where the last equality holds under the assumption of mutual absolute continuity between all written measures. Placing this
relation in (19) shows that

KL[Qϕ
z|u||Pz|u] =

∫
Z
log

(
dQϕ

z|u

dPz

dPu

dV

(
dPu|z

dV

)−1
)

dQϕ
z|u

=

∫
Z
log

(
dQϕ

z|u

dPz

)
dQϕ

z|u +

∫
Z
log

(
dPu

dV

)
dQϕ

z|u −
∫
Z
log

(
dPu|z

dV

)
dQϕ

z|u. (22)

We identify the first term on the right as KL[Qϕ
z|u||Pz]. The integrand of the second term is a function of u only and Qϕ

z|u is
a probability measure, thus the second term is equal to the log likelihood of the data x. The third term is the expectation of
the conditional likelihood of x given z. We have thus proved the equality

KL[Qϕ
z|u||Pz|u] = KL[Qϕ

z|u||Pz] + log

(
dPu

dV
(x)

)
− Ez∼Qϕ

z|u

[
log

dPu|z

dV(x)

]
. (23)

C. Architectures
Here we present different architecture choices we have considered in the different experiments presented in this manuscript.
Specifically here we outline our specific choices in terms of encoder and decoder architectures, as well as different types of
positional encodings.

C.1. Encoders

We consider two types of encoders in our benchmarks. In the Gaussian Random Field we consider a Multi-layer Perceptron
(MLP) network encoder. In all other benchmarks we build encoders using a simple VGG-style deep convolutional network
(Simonyan & Zisserman, 2014), where in each layer the input feature maps are down-sampled by a factor of 2 using strided
convolutions, while the number of channels are doubled.

C.2. Decoders

First, we consider possible decoder choices. The decoders can be categorized broadly as linear and nonlinear.

Linear Decoder: Linear decoders take the form

D(z)(x) =
n∑

i=1

ziτi(γ(x)), zi ∼ N (0, 1), i.i.d.,

where τ is a vector-valued function parameterized by a Multi-layer Perceptron Network (MLP), and γ(x) is a positional
encoding of the query locations (see next section for more details).
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Nonlinear Decoders: Generalized nonlinear decoders can be constructed as

D(z)(x) = fθ(zi, γ(x)), zi ∼ N (0, 1), i.i.d.,

where f is a function parameterized by an MLP network, and γ(x) is a positional encoding of the query locations (see next
section for more details). Following the work of Rebain et. al. (Rebain et al., 2022) we consider two types of conditioning
f on the latent vector z. The first approach concatenates the latent vector z with the query location γ(x) before pushing
them through the decoder, as in (Seidman et al., 2022). An alternative approach is to split the latent vector into chunks and
concatenate each chunk to each hidden layer of the decoder, see (Rebain et al., 2022) for more details.

C.3. Positional Encodings

Positional encodings have been shown to help coordinate-MLPs to capture higher frequency components of signals thereby
mitigating spectral bias (Mildenhall et al., 2021; Tancik et al., 2020;?). Here we employ different types of positional
encodings depending on the nature of the benchmark we are considering.

Fourier Features: First we consider a periodic encoding of the form

γ(x) = [1, cos(ωx), sin(ωx), . . . , cos(kωx), sin(kωx)],

with ω = 2π
L , and some non-negative integer k. Here L denotes the length of the domain. This encoding was employed

in the GRF benchmark to ensure that the generated functions satisfy a zero Dirichlet boundary condition at the domain
boundaries.

Random Fourier Features: The Random Fourier Feature encoding can be written as:

γ(x) = [cos(2πBx), sin(2πBx)],

where B ∈ Rq×d is sampled from the Gaussian distribution N (0, σ2) using a user-specified variance parameter σ. Here
q denotes the number of Fourier features used and d is the dimension of the query point x. In our experiments we set
q = n/2, where n is the latent space dimension of the model. We empirically found that this positional encoding gives good
performance for the Cahn-Hilliard data-set.

Multi-resolution Hash Encoding: For cases where we expect the function to contain multiscale characteristics, such as in
the InSAR data-set, we considered the Multi-resolution Hash Encoding proposed in (Müller et al., 2022). We found that this
type of encoding gives the best performance for the InSar data-set.

C.4. Hyper-parameter Sweeps

In order to quantify the sensitivity of our results on the choice of different hyper-parameters, as well as to identify hyper-
parameter settings that lead to good performance, we have performed a series of hyper-parameter sweeps for each benchmark
considered in the main manuscript. Here we present the sweep settings and the best configuration identified for each
benchmark.

Gaussian Random Field: We perform a parametric sweep by considering different latent dimension sizes and different
model initialization seeds, as shown in Table 3. Our goal is to find the model out of these set-ups that minimizes the
normalized Hilbert-Schmidt norm between samples drawn from the ground truth data distribution and the VANO models.
The lowest Hilbert-Schmidt norm value is achieved for n = 64.

2D Gaussian Densities: We perform a parametric sweep by considering different latent dimension sizes and different
model initialization seeds, as shown in Table 3. Our goal is to find the model out of these set-ups that minimizes the
generalized MMD metric between samples drawn from the ground truth data distribution and the VANO models. The lowest
generalized MMD value is achieved for n = 32.

Cahn-Hilliard: We perform a parametric sweep by considering different latent dimension sizes, KL loss weights β and
decoder types, as shown in Table 3. Our goal is to find the model out of these set-ups that minimize the generalized MMD
metric between samples drawn from the ground truth data distribution and the VANO models. The lowest generalized MMD
value is achieved for n = 64, β = 10−4 and a concatenation decoder.
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Table 3. Hyper-parameter sweep settings for different examples (C and SC indicate a concatenation and a split concatenation decoder,
respectively, see Section C.2).

BENCHMARK RANDOM SEED n β DECODER LAYER WIDTH

GRF [0, . . . , 10] [2,4,8,16,32,64] - - -

2D GAUSSIAN DENSITIES [0, . . . , 4] [4, 32, 64, 128, 256] - - -

CAHN-HILLIARD - [32, 64, 128] [10−5 , 10−4 , 10−3] [C,SC] [64, 128, 256]

INSAR INTERFEROGRAMS - [128, 256, 512] [10−5 , 10−4 , 10−3] - [256, 512]

InSAR Interferograms: We perform a parametric sweep by considering different latent dimension sizes, KL loss weight
β and decoder layer width, as shown in Table 3. Our goal is to find the model out of these set-ups that minimize the
generalized MMD metric between samples drawn from the ground truth data distribution and the VANO models. The lowest
generalized MMD value is achieved for n = 256, β = 10−4 and a decoder layer width of 512.

D. Experimental Details
In this section we present details about each experimental set-up and the generation of the training and testing data-sets.

D.1. Gaussian Random Field

Data Generation: From the Karhunen-Loéve theorem (Adler, 1990) we can construct random functions distributed
according to a mean zero Gaussian measure with covariance Γ

u =

∞∑
i=1

ξi
√

λiϕi, (24)

where ξi ∼ N (0, 1) are i.i.d. normally distributed random variables, and λi and ϕi are the eigenvalues and eigenvectors of
the covariance operator.

We define λi = ((2πi)2+τ2)−α and ϕi(x) =
√
2 sin(2πix). These setup corresponds to the eigenvalues and eigenfunctions

of the operator (I +∆)−α on X = [0, 1] with zero boundary conditions. To generate these functions, we take samples of
the sum in (11) truncated at the first 32 eigenfunctions and eigenvalues to construct Ntrain = 2048 functions evaluated
at m = 128 points which we use to train our model. We independently sample an additional Ntest = 2048 functions for
testing.

Encoder: We parameterize the encoder using an MLP network with 3 hidden layers, width of 128 neurons and Gelu
(Hendrycks & Gimpel, 2016) activation functions.

Decoder: We consider a linear decoder parameterized by a 3-layer deep MLP network, with a width of 128 neurons width,
periodic positional encoding and Gelu activation functions.

Training Details: We consider a latent space dimension of n = 64, S = 16 Monte Carlo samples for evaluating the
expectation in the reconstruction loss, and a KL loss weighting factor β = 5 10−6. We train the model using the Adam
optimizer (Kingma & Ba, 2014) with random weight factorization (Wang et al., 2022b) for 40, 000 training iterations with a
batch size of 32 and a starting learning rate of 10−3 with exponential decay of 0.9 every 1,000 steps.

Additionally, it has been observed in the operator learning literature (Di Leoni et al., 2023; Wang et al., 2022a) that when a
functional data-set has examples of varying magnitudes the training can overfit those with larger magnitude, as they are
more heavily weighted in the loss function. To correct for this, we use a data dependent scaling factor in the likelihood terms.
We find this modification is only necessary for the first two experiments, as the other scenarios do not have this magnitude
variability in their data.

Evaluation: To test the performance of the linear decoder VANO model, we train it on a range of dimensions for its
latent space, n ∈ {2, 4, 8, 16, 32, 64}. We then generate data by sampling latent vectors from the prior z ∼ Pz = N (0, I)
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Figure 6. GRF benchmark: Left: Functions sampled from the ground truth datset, Right: Functions sampled from the VANO model.

and map them through the decoder to create functions as in (6.1). Since this distribution is a mean zero Gaussian, like the
ground truth Gaussian random field, it suffices to compare the resulting covariance operators to measure how close the two
distributions are. The covariance associated with the distribution described in (6.1) is given by

Γ̂ =
n∑

i=1

τi ⊗ τi. (25)

We use the ground truth covariance eigenfunctions and the approximated eigenfunctions to compute the true and approxi-
mated covariance operators, and compare them using the Hilber-Schmidt norm. We observe in Figure 3 that qualitatively the
two sets of look similar indicating the model is recovering the optimal choice of decoder.

D.2. 2D Gaussian Densities

Data Generation: For this example we construct a functional data-set consisting of two-dimensional Gaussian pdf
functions in the unit square X = [0, 1]2

U(x, y) = (2π)−1/2 det(Σ)−1/2 exp
(
− 1

2
(x− µ)⊤Σ−1(x− µ)

)
, (26)

where µ ∼
(
µx, µy

)
and Σ = σI . We consider µx, µy ∼ U(0, 1) and σ ∼ U(0, 0.1) + 0.01 and generate Ntrain = 2, 048

training and Ntest = 2048 testing samples of m = 2, 304 measurement points on a 48× 48 equi-spaced grid.

Encoder: We parameterize the encoder using a 4-layer deep VGG-style convolutional network using a 2× 2 convolution
kernel, a stride of size two, (8, 16, 32, 64) channels at each layer, and Gelu activation functions.

Decoder: We consider two types of decoders, a linear and a nonlinear. The linear decoder is parameterized using a 3-layer
deep MLP network with 128 neurons per layer and Gelu activation functions. For the nonlinear decoder case we consider a
3-layer deep MLP network with 128 neurons per layers, Gelu activation functions and concatenation conditioning. In both
cases we also apply a softplus activation on the decoder output to ensure positivity in the predicted function values.

Training Details: We consider a latent space dimension of n = 32, S = 4 Monte Carlo samples for evaluating the
expectation of the reconstruction part of the loss and a KL loss weighting factor β = 10−5. We train the model using the
Adam optimizer (Kingma & Ba, 2014) with random weight factorization (Wang et al., 2022b) for 20, 000 training iterations
with a batch size of 32 and a starting learning rate of 10−3 with exponential decay of 0.9 every 1,000 steps. For this case, we
also re-scale the likelihood terms by the empirical norm of the input function to ensure the terms with larger magnitude do
not dominate the optimization procedure, as in (Wang et al., 2022a; Di Leoni et al., 2023).

Evaluation: In figure 7 we present the decay of the PCA eigenvalues computed across function samples. The eigenvalue
decay is slow which is the reason that makes the VANO with a linear decoder fail in reconstructing and generating function
samples as shown in Figures 9 and 10, respectively. We perform a comparison between samples from the true data-set and
samples generated by VANO using the generalized MMD metric computed using 512 function samples.
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Figure 7. 2D Gaussian densities benchmark: PCA eigenvalue decay of the training data-set.

D.3. Phase Separation Patterns in Cahn-Hilliard Systems

Data Generation: The Cahn-Hilliard equation is a fourth order partial differential equation that describes the evolution of
the phase separation process in an anisotropic binary alloys (Kobeissi & Lejeune, 2022). The Cahn-Hilliard equation is
written as:

∂c

∂t
−∇ · (M∇(µc − λ∇2c)) = 0 inΩ, (27)

where 0 < c < 1 denotes the concentration of one of the components of the binary mixture, M is a mobility parameter, µc

is the chemical potential of the uniform solution, and λ a positive scalar that describes the thickness of the interfaces of the
two mixtures. We consider boundary conditions

c = g on Γg,

Mλ∇c · n = 0 in ∂Ω,

Mλ∇c = r on Γr,

M∇(µc − λ∇2c) · n = s on Γs,

(28)

where Ω is two dimensional domain, ∂Ω the domain boundary, n the unit outward normal, and Γg

⋃
Γs = Γq

⋃
Γr, see

(Kobeissi & Lejeune, 2022). The initial conditions are given by

c(x, 0) = c0(x) in Ω. (29)

For the above set-up the chemical potential µc is chosen as a symmetric double well potential where the wells correspond
to the two different material phases, namely f = bc2(1− c2). For more information on the set-up we refer the interested
reader to (Kobeissi & Lejeune, 2022).

Encoder: We employ a VGG-style convolutional encoder with 5 layers using 2× 2 convolution kernels, stride of size two,
(8, 16, 32, 64, 128) channels per layer, and Gelu activation functions.

Decoder: We employ a nonlinear decoder parameterized by a 4-layer deep MLP network with 256 neurons per layer,
random Fourier Features positional encoding (Tancik et al., 2020) with σ2 = 10, Gelu activation functions and concatenation
conditioning. We also apply a sigmoid activation on the decoder outputs to ensure that the predicted function values are in
[0,1].

Training Details: We consider a latent space dimension of n = 64, S = 4 Monte Carlo samples for evaluating the
expectation of the reconstruction part of the loss and a KL loss weighting factor β = 10−4. We train the model using the
Adam optimizer (Kingma & Ba, 2014) with random weight factorization (Wang et al., 2022b) for 20, 000 training iterations
with a batch size of 16 and a starting learning rate of 10−3 with exponential decay of 0.9 every 1,000 steps.
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Figure 8. 2D Gaussian densities benchmark: Left: Ground truth functions samples from the test data-set, Middle: Linear VANO
reconstruction, Right: Absolute error.
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Figure 9. 2D Gaussian densities benchmark: Left: Ground truth functions samples from the test data-set, Middle: Nonlinear VANO
reconstruction, Right: Absolute point-wise error.
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Figure 10. 2D Gaussian densities benchmark: Gaussian density function samples generated from the VANO model with a nonlinear
decoder in super-resolution mode (training resolution: 48× 48, sample resolution 256× 256).
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Figure 11. 2D Gaussian densities benchmark: 2D Gaussian density function samples generated from the VANO model using a linear
decoder in super-resolution mode (training resolution: 48× 48, sample resolution 256× 256).
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Figure 12. Cahn-Hilliard benchmark: Ground truth data-set samples, VANO reconstructions, and discretize-first VAE reconstructions of
Cahn-Hilliard functions in different resolutions. For the VANO model, we train on 64x64 resolution and then perform super-resolution for
128x128 and 256x256, while for the discrete-first VAE models we must train a separate model at each target resolution.

Discretize-first VAE Training Set-up: For the discretize-first VAE simulations we consider an identical encoder as in the
VANO case, and a convolutional decoder that exactly mirrors the encoder structure, albeit using transposed convolutions.

Evaluation: We perform a comparison between the ground truth test data-set and samples generated by VANO and
the discretize-first VAE models using the generalized MMD metric computed using 256 function samples. We present
reconstructed function samples chosen randomly from the test data-set for the VANO model trained on a 64x64 resolution
and use to make predictions on higher resolutions, namely 128x128 and 256x256. Separate discretize-first VAE models
are trained on data with resolutions 64x64, 128x128 and 256x256. Representative test reconstructions from all models are
presented in Figure 12. In Figure 13 we show generated function samples at different resolutions. For the VANO model we
train the model on 64x64 resolution images and generate samples in super-resolution mode, while for the discretize-VAE
models we present samples of the same resolution as the images on which each model was trained on. The resolution of the
images used for training each model are indicated by subscripts.

D.4. Interferometric Synthetic Aperture Radar data-set

Data Generation: InSAR is a sensing technology that exploits radar signals from aerial vehicles in order to record
changes in echoes over time to measure the deformation of a point on the Earth between each pass of the aerial vehicle over
the specified point. This technology is employed in measuring deformation on the Earth’s surface caused by earthquakes,
volcanic eruptions, etc. The data returned by InSAR mostly consists of interferograms. An interferogram is an angular-valued
spatial field u ∈ X and u(x) ∈ [−π, π] where x ∈ X the domain of u which in this case corresponds to the Earth surface.
Interferograms contain different types of noise and are affected by local weather, Earth topography, and different passes of
the aerial vehicles which makes them complex to approximate (Rahman et al., 2022a).

The InSAR data-set we use consists of N = 4, 096 examples extracted from raw interferograms, each of 128 × 128
resolution coming from the Sentinel-1 satellites, as described in (Rahman et al., 2022a). The satellite image covers a 250
by 160 km area around the Long Valley Caldera, an active volcano in Mammoth Lakes, California, from November 2014
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Figure 13. Cahn-Hilliard benchmark: On the far left column we provide 256x256 image samples from the VANO model trained on 64x64
resolution. On the other columns, we provide discretize-first VAE samples where the training resolution is indicated by their subscript, i.e.
VAE64×64 indicates a samples coming from a VAE model trained on 64x64 resolution.
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Figure 14. Cahn-Hilliard benchmark: Comparison of generated 128× 128 samples from the ground truth dataset, VANO, and GANO.
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to March 2022, using the InSAR Scientific Computing Environment (Rosen et al., 2012). The data is pre-processed as
described in (Rahman et al., 2022a) to produce the training data-set. We train VANO on the entire data, as in (Rahman et al.,
2022a).

Encoder: We employ a simple VGG-style convolutional encoder with 6 layers using 2× 2 convolution kernels, stride of
size two, (8, 16, 32, 64, 128, 256) channels per layer, and Gelu activation functions.

Decoder: We employ a nonlinear decoder parameterized by an 8-layer deep MLP network with 512 neurons per layer and
split concatenation conditioning. We also employ the Multi-resolution Hash Encoding put forth by (Müller et al., 2022)
in order to capture the multi-resolution structure in the target functional signals (see (Müller et al., 2022) for the default
hyper-parameter settings).

Training Details: We consider a latent space dimension of n = 256, S = 4 Monte Carlo samples for evaluating the
expectation of the reconstruction part of the loss and a KL loss weighting factor β = 10−4. We train the model using the
Adam optimizer (Kingma & Ba, 2014) with random weight factorization (Wang et al., 2022b) for 20, 000 training iterations
with a batch size of 16 and a starting learning rate of 10−3 with exponential decay of 0.9 every 1,000 steps.

GANO Training Setup: We use the implementation from the official repository of the GANO paper 1 to train the model
with the recommended hyper-parameter settings.

Evaluation: We evaluate the performance of our model using two metrics: the circular variance and the circular skewness,
as explained in the Appendix Section E.3. Generated function samples are presented in Figure 17. We present reconstructions
from the data-set in Figure 15 and new generated function samples in Figure 16.

E. Comparison Metrics
In this section we provide a description of different metrics used for evaluating the quality of our results.

E.1. Hilbert-Schmidt Norm

The Hilbert-Schmidt norm of an operator T : H → H on a Hilbert space H with orthonormal basis ei is given by

∥T∥2HS =
∑
i

⟨Tei, ei⟩. (30)

If the operator T is self-adjoint with eigenvalues λi, this can also be written as

∥T∥2HS =
∑
i

λ2
i . (31)

Note that when H is a finite dimensional Hilbert space, this is equivalent to the standard 2 (Frobenius) norm for operators
(matrices).

Since covariance operators for Gaussian measures always have finite Hilbert-Schmidt norm, we measure the distance of the
two mean-zero Gaussian measures in the Gaussian random field example via the Hilbert-Schmidt norm of their difference.
We approximate this via the approximations of the covariance operators in the discretization space R128×128,

C =

neig∑
i=1

λiφ̃iφ̃
⊤
i , Ĉ =

n∑
i=1

τ̃iτ̃
⊤
i , (32)

where ϕ̃i, τ̃i ∈ R128 are the evaluations of the functions ϕi and τi along the measurement points used in the experiment. The
normalized Hilbert-Schmidt norm of the difference of the true covariance operators is then approximated as the Frobenius
norm of the difference of their approximations divided by the Frobeinus norm of the true covariance C.

1https://github.com/kazizzad/GANO
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Figure 15. InSar benchmark: Left: Ground truth functions samples from the data-set, Middle: Linear VANO reconstruction, Right:
Absolute error.
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Figure 16. InSar benchmark: VANO generated function samples for InSAR Interferograms.
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Figure 17. InSar benchmark: GANO (Rahman et al., 2022a) generated function samples for InSAR Interferograms.
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E.2. Generalized Maximum Mean Discrepancy

For measuring the distance between ground truth and learned distributions, we choose to use a version of the Maximum
Mean Discrepancy (MMD) distance. Given a probability distribution on a set X and a characteristic kernel k : X ×X → R
(Sriperumbudur et al., 2011), the kernel mean embedding (Muandet et al., 2017) is a map from probability measures µ on X
into the Reproducing Kernel Hilbert Space (RKHS) associated with k, Hk given by

µ̂k :=

∫
X
k(·, x) dµ(x). (33)

Note that if µ is an empirical distribution, that is, a sum of delta measures

µ =
1

N

N∑
i=1

δxi ,

then the kernel mean embedding is given by

µ̂k =
1

N

N∑
i=1

k(·, xi). (34)

Given two probability measures, µ and ν on a set X , we can define the MMD distance between them as the distance between
their kernel mean embeddings in the RKHS Hk,

MMDk(µ, ν) = ∥µ̂k − ν̂k∥2Hk
. (35)

When both µ and ν are empirical distributions on points {xi}Ni=1 and {yj}Mj=1, respectively, the MMD can be evaluated as

∥µ̂k − ν̂k∥2Hk
=

1

N2

N∑
i,k=1

k(xi, xk) +
1

M2

M∑
j,ℓ=1

k(yj , yℓ)−
2

NM

N∑
i=1

M∑
j=1

k(xi, yj). (36)

While this is convenient for giving a notion of distance between empirical distributions corresponding to samples from a
data-set and a generative model, it can be sensitive to the form of the kernel. For example, if a norm on X is used in a
Gaussian kernel with a length-scale σ,

kσ(x, y) = exp

(
1

2σ2
∥x− y∥2X

)
, (37)

for large enough σ the kernel will see all data points as being roughly the same and the MMD for any two fixed empirical
distributions will become arbitrarily small.

To mitigate this problem, the generalized MMD distance was proposed (Fukumizu et al., 2009), which instead of using a
single kernel uses a family of kernels F and defines a (pseudo-)metric between probability measures as

GMMDF (µ, ν) := sup
k∈F

MMDk(µ, ν). (38)

As long as one of the kernels in F is characteristic, this defines a valid distance (Fukumizu et al., 2009).

In our experiments, we use the GMMD as a measure of distance of distributions with the family of kernels

F =

{
kσ | kσ(x, y) = exp

(
1

2σ2
∥x− y∥2X

)
, σ− ≤ σ ≤ σ+

}
. (39)

Empirically, we find that the σ giving the largest MMD lies within the interval σ− = .1 and σ+ = 20 for all experiments,
and therefore use a mesh of σ in this interval to approximate this GMMD. In Figure 18 we plot an example of the MMD
for varying σ between 512 function samples from the 2D Gaussian densities data-set and those generated from the VANO
model.
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Figure 18. An example of MMDs computed over a range of lengthscales σ between the ground truth 2D Gaussian density data-set and the
data-set generated by VANO.

Table 4. Computational cost for training all the models considered in this manuscript: We present the wall clock time in seconds that is
needed to train each model on a single NVIDIA RTX A6000 GPU.

BENCHMARK VAE VANO (LINEAR) VANO (NONLINEAR) GANO

GRF - 53 - -

2D GAUSSIAN DENSITIES - 67 198 -

CAHN-HILLIARD (64× 64) 43 - 1,020 -

CAHN-HILLIARD (128× 128) 55 - - -

CAHN-HILLIARD (256× 256) 166 - - -

INSAR INTERFEROGRAM - - 11,820 42,060

E.3. Circular Variance and Skewness

The circular variance and skewness are moments of circular random variables, see (Rahman et al., 2022a), used to evaluate
the quality of generated angular valued functions. For N random variables given by angles, {θj}Nj=1, let zp =

∑N
i eipθj

with i =
√
−1. Define φp = arg(zp) where arg is the complex argument function (returns the angle of a complex

number to the real axis) and let Rp = |zp|/N . The circular variance is then defined by σ = 1−R1 and the skewness by
s = R2 sin(φ2−2φ1)

(1−R1)3/2
.

F. Trainable Parameters and Computational Cost
We present the training time in seconds for each experiment and model in the manuscript in Table 4 as well as the total
number of trainable parameters in Table 5.

Table 5. Total number of trainable parameters for all the models considered in this manuscript.
BENCHMARK VAE VANO (LINEAR) VANO (NONLINEAR) GANO

GRF - 107,712 - -

2D GAUSSIAN DENSITIES - 85,368 89,305 -

CAHN-HILLIARD (64× 64) 187,000 - 341,000 -

CAHN-HILLIARD (128× 128) 485,000 - - -

CAHN-HILLIARD (256× 256) 1,667,000 - - -

INSAR INTERFEROGRAM - - 11,130,420 48,827,763
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