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Abstract

We examine concept generalization at a large
scale in the natural visual spectrum. Estab-
lished computational modesd., rule-based or
similarity-based) are primarily studied isolated,
focusing on con ned and abstract problem spaces.
In this work, we study these two modes when the I m;rw ;f"‘
problem spacacales up and when tloemplexity oo
of concepts becomes diverse. At tlepresenta-
tional level, we investigate how the complexity
varies when a visual concept is mapped to the
representation space. Prior literature has shown
that two types of complexities3(if ths & Tenen-
baum 2003 build an inverted-U relationQ¥on-
deri, 2006 Sun & Firestong202]). Leveraging
Representativeness of AttributedA), we com-
putationally con rm: Models use attributes with
high RoA to describe visual concepts, and the
description length falls in an inverted-U relation
with the increment in visual complexity. At the
computational level we examine how the com- Can both approaches always be applied to all concepts we
plexity of representation affects the shift between see? Hardly. Let us consider how people learn to identify
the rule- and similarity-based generalization. We dog canteenandball. We can easily capture the main fea-
hypothesize that category-conditioned visual mod- ture of a dog given very few examples, yet we may get
eling estimates the co-occurrence frequency be-  confused with the complex rules to identify a dog. Con-
tween visual and categorical attributes, thus po-  versely, people may easily tell the limited rules that shape

Figure 1.Concepts can be described either directly by similar
examples or indirectly by a set of related rulesHere, we demon-
strate this intuition through the conceptstadll, canteenanddog

looks like this is a cucumbeGiven either answer as prior
knowledge, you can easily identify cucumbers; you may
check whether a candidate meets the rules described or judge
whether it is visually similar to the known example. Such ca-
pability is concept generalization, and the approaches used
to identify cucumber are rule- and similarity-based general-
ization (Sloman & Rips 1998 Shepargd1987), respectively.

tentially serving as the prior for the natural visual the concept of canteens, such as serving windows, tables,
world. Experimental results show that representa-  and chairs; and the concept of the ball is such a simple con-
tions with relatively high subjective complexity cept that can be easily captured by examples or a single rule.
outperform those with low subjective complexity We refer the readers to Fid.for an illustration. This obser-
in rule-based generalization, while the trend is the vation naturally leads to a hypothesis thdtether people
opposite in similarity-based generalization. generalize through rules or similariftyas something to do

. with how complex the concept instances look.likeok

1. Introduction like,” complexity, and generalization—these three elements

What is a cucumber®ne may respond by deep green Shape the hypothesis. In this work, we systematically look

colored slim-long cylinder with trichomes on the surface isinto these dimensions of concept generalization.

a cucumberor directly pick a cucumbersee, something \we contextualize the problem in the literature of concept
"Equal contribution!Peking University’National Key Labora- generallzatlon.—f[he.framework of Ba)_/eS@n inference uni-

tory of General Arti cial Intelligence, BIGARCornell University €S rule- and similarity-based generalizatiorefienbaum
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Figure 2.The landscape of the computation-mode-shifts the concept complexity(a) Representation levetriginal visual concepts

of diverse complexity and visualization of their representative attributes (around the peaks of heatm&ushpbjation levelan
illustration of similarity- and rule-based generalization. The former is similar to word learKing (Tenenbaum2007 Jiang et al.2023:
Given very few examples of known concefzx tell which is most likely to belaxin unseen examples. The latter is akin to concept
learning Salakhutdinov et al2012 Zhang et al.20193: Given a ruletufa over two known concepts, tell hotufagenerates the examples
of unknown concepts. Asoncept visual complexitincreases;oncept subjective complexitgst increases, then decreases—and the
computation mode shifts from similarity to rulessasbjective complexityncreases.

only demonstrated in con ned and abstract problem space&rease of concept complexity. Intuitively, both very sim-
a challenging problem remains: When the problem spacgple and complex concepts have a lower description length,
scales uge.g, using data collected from the natural world), generalized by similarity. Conversely, concepts neither too
is there a uni ed concept representation that combines theimple nor too complex have a higher description length,
two established modesd., rule- and similarity-based)? If generalized by rules. This observation echos modern litera-
it does, how does the generalization shift between the twaure in information theory and psychology, demonstrating
modes w.r.t. theomplexityof concepts? that subjective and visual complexité(if ths & Tenen-

One hypothesistonderi 2006 Wolfram et al, 2002 is baum 2003 come in an inverted-U relatiopnderj 2006

that we tend to describe visual concepts.(visual com- Sun & Firestone2021).

plexity, the complexity coded by pixels) by simple visual In essence, we seek to quantify the relation between
patterns with explicit semanticg€., subjective complex- the prior-studied but mostly isolated modéd<.( rule-

ity, the coding length for describing certain concepts). Foand similarity-based): What are thelationsbetween the

a simple concept, we may only need one attribatg; the = computation-mode-shift and the concept complexity, illus-
shapecircle for ball. As the concepts become more com-trated also in Fig2? Speci cally, we disassemble the above
plex, we adopt more attributes, suchcasiteens are rooms question into two on the basis of Marrsiarr, 1982 rep-

with serving windows, tables, and chai&hen the concept resentational leveand computational levelrespectively:
becomes even more complicated, we would chomdéo (i) How does the complexity change when a visual concept
describe it—the description would be much too long to beis mapped to the representation space? (ii) How does the
appropriate for communication if we describe it with the at-complexity of representation affect the shift between rule-
tributes generated by the complex rules. Hence, we capturgnd similarity-based generalization? By answering these
the main feature and view it as an “icon” for the concepttwo questions, we hope to provide a new perspective and
such aglog looks like dog the very rst pieces of evidence on unifying the two compu-

Together, we observe a shift in the continuous space spanneec)itlonal modes by mapping out the landscape of the concept
complexityvs the computation mode.

by the rule- and similarity-based approaches w.r.t. the in-
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Representationvs complexity Representing the natu- representation, and the latter pairs are two ends of a contin-
ral visual world merely with human prior is insuf cient uum of literal meaning. Visual categorization brings these
(Grifths et al., 2016 and oftentimes brittle to generalize. two pairs together because linguistic analogy and similar-
Despite that hierarchy empowers large-scale Bayesian wority come from generalizing the corresponding appearance
learning Miller, 1998 Abbott et al, 2012, extending it  instead of pure literal meaning—concepts with more easy-
to visual domains is still challengingling et al.2023. to-disentangle attribute®.@, shape and color) are more

In comparison, modern discriminative models trained forlikely to generalize by rules, while concepts represented
visual categorization by leveraging large-scale datasets camith more iconicity Fay et al, 2014 (i.e., those more likely
capture the rich concept of attributesié€ et al, 2020. to be viewed holistically) tend to generalize by similarity.
These observations and Progresses nat.urfally Ieaq tq the.pro(t,)bmputationally, the above hypothesis is consistent with
lem of concept representation complexity: If we distinguish

visual concepts using attributes, at least how many attributeg:g nnzsclur}glsgguva\tllusege?:.e(:v?eitto?:,sz(%(\:\?éﬁtesgj;:fg}t/:;rll
should we useGhaitin, 1977 Li et al., 20087 ' ’

2005 can be composed by very simple concefitsl (et al,

To tackle this problem, we bridge the subjective complexity2010, akin to rule-based generalization. In comparison,
with the visual complexity via Representativeness of Attextures (high-entropy)Jlesz 1962 cannot be represented
tribute (RoA), consisting of (i) the probability of recalling by rules Zhu et al, 1997); instead, they are evaluated and
an attributez when referring to a concept and (ii) the  generalized in terms of similarity by “pursuitZfiu et al,
probability of recalling other concepésvhen referringto  1998. As such, we hypothesize that generalization shifts
an attributez. This design echoes the principles in ratio-from similarity to rules as subjective complexity increases.

nal analysis fenenbaum & Grif ths 20010 yet can be In the remainder of the paper, we rst present the new met-

obtained by frequentist statistics for large problem spaces . .
(e.g, natural visual worldAbbott et al, 2017). rics, Representativeness of AttribuRRdA), to measure the

subjective complexity and analyze the computation-mode-
Computation vs complexity Modern statistical learn- shiftin Sec2. Next, through a series of experiments, we pro-
ing methods have demonstrated strong expressiveness\ite strong evidence to support our hypotheses in $ace
concept representation by implicitly calculating the co-have two primaryndings in response to the two problems
occurrence frequency between visual attributes and cataised at the beginning: (Representation:the subjective
egories {Wu et al, 2019 Xie et al, 2016, even when complexity signi cantly falls in an inverted-U relation with
scaling up to the complex and large-scale visual domain—-the increment of visual complexity. (ifomputation: rule-

the learned representation ts the prior distribution of based generalization is signi cantly positively correlated
visual concepts conditioned on categorical descriptiorwith the subjective complexity of the representation, while
(Xie et al, 2020. It can also bridge sensory-derived and the trend is the opposite for similarity-based generalization.
language-derived knowledgBi( 2021). Hence, this learn-

ing paradigm should somehow have inherent semantic propy Bayesian generalization and complexities
erties in addition to visual properties, such as iconidtsty

et al, 2010 2013 Qiu et al, 2022 and disentanglement In this section, we formulate Bayesian generalization for vi-
(Allen & Hospedales2019 Gittens et al.2017 Mikolov  sual concept learning (Sez.1), followed by the de nitions

et al, 2013 Edmonds et a|2019. of subjective complexity and visual complexity (S€c2).

To properly evaluate the computation, we extend the prob- . L .

lem domain from generalization over single concepts to tha?'l' Bayesian geqerallzatlon for large-scale visual

across multiple concepts. This is because, in the natural concept leaming

visual world, we cannot precisely answer how a conceptoncept-conditional modeling Let us considerf

is generated by rules or which examples are suf cient torP 71 Rd, which maps the input 2 RP to a represen-
represent a concept. Hence, instead of considering the afation vectorz 2 RY. Here,f might be part of a discrimi-
solute measurements for single concepts, we consider theative model trained for visual categorization tasks, such
relative measures between concepts; for exanupieym-  as a pre x for a convolutional neural network without the
ber to banana is watermelon to whatr dog is more sim-  |ast fully-connected layer for mappingto the category
ilar to cat or to bike-only the signi cant differences are vectorc 2 R¢; z is a collection of independent attributes
considered. We argue thatle-basedandsimilarity-based  fz;: z,; :::: zyg whered is the dimensionality of the attribute
generalization re ects thanalogyandsimilarity properties  space. These attributes are not one-hot encoders but are re-
in psycholinguistics Gentner & Markman1997 Zhang  |axed to normalized weights. Without loss of generality,
et al, 2019h 2021k 2022 Holyoak et al, 2022, where  \ve assume all samples share the same attribute $pace
the former pairs are two ends of a continuum of conceptrraining a discriminator for image categorization is to esti-
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mate the Iibelihood of concejptgiven a set of samples:  Generalize to the unseen Given an appropriate modeling
P(cX)= ",,x P(cx).Here, we assume thatprovides of P(zjX; ), the goal is to generalize an unknown concept
a good estimation d? (zjX ; ), where is the parameter of c®to a small set of unseen exampls= fx1;  ;Xng,

f ; Tishbyet al. (Tishby & Zaslavsky2015 provides empir- wheren tends to be a small integer. The generalization
ical evidence that a discriminative model may rst learn how functionP (c§X) is given by:

to extract proper attributes to model imagésonditioned

X
O: — 0: N
on ¢, then learn to discriminate their categories based on P(CIX) = P(I2)P@X: )

z2Z

the attribute distribution. Some dimensionszofusually X P (P ()

5% 10%of the total dimensions) capture concrete seman- = PP(WP(zj%; ) 4

tic attributes of visual concepts when the activation score 222 CZCX )

f,(X) is relatively high Bau et al, 2020. Combining this / HZC(? exp RoA(z;c) P(zjX; );

concept-conditional measurement with attribute modeling, Az | mfm{rﬁa“ve Y

we rewrite the category prediction considering the attribute prior prior

as a latent variable and marginalize the observable joint \yhere the uninformative priorP(c®) encodes the

distribution(X; c) overz: computation-mode-shift. Speci cally, the similarity-based
P(ciX) = X P(c:ZiX: )= X P(G2)P(ziX: ); (1) generalizationhc :: ¢4 between a concept pair i§ de-

227 227 ned as9c 2 C; o(c;d < , where is a relative

small neighbour. Similarly, the rule-based generalization
hey @ ¢, i ¢z : ¢4 over a quadruple of concepts is de ned
as9c;; ;3 2C; 1(c1 ez )< ,where y(;)

wherec is assumed to be conditionally independenkof
givenz, which is naturally consistent with the de nition of

attributes for visual concepts—concepts are all identi ed by. bit i t with an N-order inout
attributes whether holistically or partially. This expression's an arbitrary metric measurement with an IN-order input.
Further, we de neP(c®) / o 1=( o+ 1) (Tenenbaum

is essentially a Bayesian prediction view of visual catego: ) g :
rization, which can be derived to Bayesian generalization i 999, rgsultmg in the S|mple§t hypot_he_ses_: of concepts: The
the natural visual world. harmonic pr_operty_kee_ps guide Fo similarity-based general-
ization if ¢ is dominating, and vice versa.
Representativeness of Attribute RoA) as an informa-
tive prior ~ Statistically, we treat the concept-conditional 2 2. Complexities
attribute activation score as an estimation of the probability ]
P (zjc) that recalls an attributewhen referring to a concept Visual complexity

5
¢, similar to answeringDescribe how a dog looks likeln ~ Visual concepts come _
the context of the natural visual world, we also have all actiWith diverse complex- ,
vation scores generated by an attribute as an estimation 8% from very simple
the probabilityP (¢jz) that recalls all conceptsé cwhen  9€0metry concepts such =2 I
referring to the attribute, akin to answerindWhat do you ~ assquaresandtriangles 1 .
recall when seeing a blue thing in ball shape?” to very complex natural R

concepts such aslogs

6

Log Visual Complex

Formally, we de ne theRoA of a speci ¢ attributez; for and cats Inspired by Datasets
conceptt (Tenenbaum & Grif ths 2001H: Wu et al. (2009, we  Figure 3.Visual complexity of
P(zijc) . indicate  concept-wise datasets, in increasing orderL.

- 0) = p . . LEGO, G: 2D-Geo, A: ACRE, W:
RoA(z; ¢) = log = P(OP0)’ (2 visual complexity by €o

~ . AWA, P: Places, |: ImageNet.
) ] ) Shannon's information

whereP (€) is the prior of concepts in the context. We hy- entropy Ghannon194§. Formally, for a set of images
pothesize that humans estim&¢€) through both language x = fx,;x,; g belonging to a conce; the concept-
derivation and visual experience, essentially calculating thgyise entropy isH (X j¢) = Ex p(iollogP (X jo)]. Fig. 3
co-occurrence between visual attributes and categorical &pmputes the visual complexity of some image datasets: 2D
tnbuteg over thepmt@stnbunoﬁ(zi;C). Hence, modeling geometries Kl Korchi & Ghanoy 2020), single objects
RoA with large-scale image datasets and language corpoigatman 2017, compositional-attribute objectZifang
should yield human-level prior modeling. On this basis, weet a|, 20213 Johnson et 312017, human-made objects
usef to statistically estimat® (z; €) (Xie et al, 2020 (Deng et al, 2009, scenesZhou et al, 2017, and animals

i c: Xi l, 2018 D .2009.
P(zjo) / log P P(zjc, ) e (Xian et al, 2018 Deng et al. 2009

esc P(OP(210) esc P (825 ) Subjective complexity We quantify the subjective com-
whereP (zjc; ) andP(¢jz; ) are estimations oP (zjc) plexity over the prior model by Kolmogorov Complex-
andP(zje), respectively. Please refer to Appen@ix for ity (Li et al., 2008. We leverage the minimum descrip-
additional details about implementing RoA. tion length,i.e., the minimum number of attributes to

RoA(zi;c) =log P
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discriminate a concept: For each concepte rank all
attributesz 2 Z by RoA(z;c) decreasingly, such that —|_

8i;j 2 [L;d];i < j; ROA(z;c) RoA(z ;c). Starting

from K =1, we select the tojc attributes for each itera-

tion and check whether these attributes can distinguish the2 € —
conceptc from the others. This process continues if the cur-,g1

rent iteration cannot distinguish it from the others. FormallyﬁO —

: . : : . LEGO 2D-Geo ACRE AwWA Places365 ImageNet
we de ne subjective complexity of visual concdpft) as: Visual Complexity (Databases)

(a) Average subjective complexity w.r.t. datasets

==

]

——

w

Complexity

Log

=
o
o

L(@®=min 1 P(¢6 ¢ < jc=argmax P(qzi; iz ) ; (5)

@
o

where is the error rate threshold, andis the parameter
of f 's suf x in the same discriminative model for visual
categorizationd.g, the fully-connected layer). We calcu-

Accuracy (%)
B D
o o

lateP(cjzy;  ;zx; ) by removing the neurons' effects LEGO AWA
corresponding tax +1;  ;zg (Bau et al, 2020. Instead iz;;o ﬂﬁjﬁf
of maintaining all error rate thresholds, we leverageabe 0 o 20 0 60 % 100
curacy gainbetween every two iterations to search for the Relative Description Length (%)

minimum K . Of note, although accuracy may indeed be (b) Visual categorization accuracy w.r.t. description lengths
affected by the size of the training set or training epochs, the_., ., D.=LEGO D. = 2D-Geo D. = ACRE

metric of subjective complexity is intended to capture thee\;
essence of the attribute's representation in a concept, malg 0 i “““““ "“““
ing it a stable measure of subjective complexity. Thus, ourg "

measurement is fair because the subjective complexity oft 12345678490 12345678490 123456789 10

the visual concept is in uenced by positively correlated <100 P TAWA D. = Places365 D. = ImageNet
to model accuracy. This process yields the concept-wiséU; "
subjective complexity in RoA; see also Appendix3. g "“"l III
8 o diddddiidd i-' '
A < 12345678910 12345678910 123456789 10
3. Results and anaIyS|s Desc. Len. Desc. Len. Desc. Len.

(c) Visual categorization accuracy w.r.t. relative description length
This section provides results and analyses that validate th2,

above hypotheséswWe conduct empirical analyses at both % 5
therepresentatior{Sec.3.1) andcomputationa(Sec.3.2) g 4
level, quantitatively analyze the computation-mode-shiftS 5
w.r.t. the concept complexity in Se8.2), and qualitatively
interpret the results via natural image statistics in Se.

N

3.1. Representatiorvs. complexity

Log Subjective
=

o o

] ] . ) . o 5 15 2.5 3.5 45 5.5 6.5
This experiment investigates the visual concepts' subjective Log Visual Complexity

complexity by visual categorization. Our predictions Were(d) Estimated inverted-U relation between visual and subjective complexity
that models use attributes with higtoA to describe visual Figure 4.Quantitative results of Representatiorvs. Complexity

concepts, and the description length falls in an inverted-U o
relation with the increment of visual complexity. mized to converge on the training set and tuned to the best

hyper-parameters on the validation set. Please refer to Ap-

Method  Six groups of discriminative models were trained pendicesB.1 andD for details about datasets and training.
from scratch on six datasets (see FAQ) with the super- ) ) _
vision of concept labels: LEGOTatman 2017, 2D-Geo ~ During the evaluatiorRoA was calculated for each attribute

(El Korchi & Ghanoy 2020, ACRE (Zhang et al.20213, in the context of all concepts for each dataset. Following the
AWA (Xian et al, 2018, Places Zhou et al, 2017, and  Protocol described in Se2.2, the models were tasked with
ImageNet Deng et al, 2009, ordered as the increment Visual categorization, leveraging from only one attribute
of concept-wise visual complexity. All models were opti- With the highest RoA to the entire attribute space.

IThe experiment source code and the dataset informdXesults  The main quantitative results are illustrated in
tion are available ahttps:/github.com/YuzheSHI/ Fig. 4. Subjective complexity shows signi cant diversity
bayesian-generalization-complexity . between the datasets. The logarithm values are as follows;


https://github.com/YuzheSHI/bayesian-generalization-complexity
https://github.com/YuzheSHI/bayesian-generalization-complexity
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see also Figda LEGO::10(Cl =[ :10;:52], p <:05), tained by the cosine similarity between two representation
2D-Geo0: 291 (Cl = [1:21;2:95], p < :05), ACRE: vectorscoqz;z%. The ground-truth ranking, is obtained
3:08(Cl = [2:993:46], p < :05), AWA: 5.08(CI = by human judgment. Hence, the generalization capability of
[4:82,5:36], p < :05), Places:2.74(Cl = [1:63,4:72], the representation can be quanti ed by the rank correlation
p <:05), and ImageNetl:28 (Cl =[1:16;1:51], p <:05).  coef cient (Spearmanl961) as an accuracy measurement.
All models' performances plateau after leveragin@0%

of all attributes; see Figib. Most models (5 out of 6) ex-
ploit very few (less tharb% of all) attributes to reach a
higher accuracy than that of all attributes; see Blg.The
models for the simplest datasee(, LEGO) and the most
complex dataset.€., ImageNet) obtain a large accuracy

. 0N v -
gain (overL0%) with the description length from 1 to 4 and tain the ground-truth concepts by literal meanings through

obtain smaller accuracy subsequently. In comparison, thfﬁe language representation model GloFernington et |
models for ACRE and Places obtain relatively small accu: guage rep 9 i

racy gain (aboub%) with description length from 1 to 10; 2014. The image examples are retrieved from datasets (in-

see Fig4c. Fig. 4d shows the estimated inverted-U relation domain) or the internet (out-of-domain) with label embed-

between subjective complexity and visual complexity. Fol-dIng matching Yendrov et al, 2019. The details of human

lowing the “two-lines” test §imonsohn2018, the relation study, approved by the Institutional Review Boalidi) of

is relatively robust across the datasets, decomposing the noﬁ_ekmg University, can be found in Appendi3.

monotonic relation via a “breakpoint”; the positive linear Results The quantitative results for in-domain generaliza-
relation p=1:10,z = 253:76;p < 1le 4) and the nega- tion evaluation are illustrated in Fi§. In similarity-based
tive linear relationlp= 2:57,z= 65926;p< le 4) generalization, the representation trained from ImageNet
are both signi cant. Please refer to Appendixl for as- outperforms others (ovei5%), and LEGO outperforms its
sumptions in applying the two-lines test approach. more complex counterparts 2D-Geo and ACRE (aM@¥0).
Discussion The above results reveal that (i) the deep fea—ln rule-based gener.alization, the representation trained from
. . ACRE outperforms its more complex counterpart, ImageNet
tures help the models to describe concepts with very few
attributes, (ii) representation trained from very simple or_ ;s 100

very complex datasets usually have a shorter concept ds ,,

scription length than those trained on other datasets, arg )5 80
(i) the subjective complexity signi cantly comes in an 6o
inverted-U relation with the visual complexity.
40
3.2. Computationvs complexity . 2o
This experiment evaluates the rule- and similarity-basec . . -
G. A. . L. G A. I.
@)

Similarly, the evaluation protocol for rule-based generaliza-
tion is de ned as follows. Given incomplete rul§(cs; c9)
and known rules;(c;;c;) 2 R, the ranking scor®, of
representation is reduced to a cosine similarity calculation
codz, z; + z3;¢9, and the ground-truth rankirgy, is
obtained by human judgmenti{kolov et al., 2013. We ob-

Rank Corre
= = N
o o o

(4]

generalization using the representations in Set. We L. .
hypothesized that representations with relatively high sub- a (b)
jective complexity outperform those with low subjective - 35 100
complexity in rule-based generalization, while the trend iss

the opposite in similarity-based generalization. 520 8o

(o]

Method The evaluation of generalization is designed with =

o

two phases: in-domain and out-of-domain generalization® 2o

The former consists of unseen samples from the test set (§
15

25

ACRE and ImageNet, whereas the latter contains unseex 20

samples of unknown concepts collected from the interne

Each phase has a dataset with pairs for similarity-base 1.083 2.288 4.39 6 1.083 2.288 4.39 6
generalization evaluation and a dataset with quadruples fc. Log Visual Complex Log Visual Complex
rule-based generalization evaluation. © @

Th luati tocol for similaritv-b d lizati Figure 5.Quantitative results of Computationvs. Complexity
€ evajuation protocol for similarty-based generaliza Ion(a)(b) The rank correlation of similarity- and rule-based generaliza-

extends its de nition in Se.1. Formally, given unknown i, with the four representations trained from four datasets. (c)(d)

conceptc® and known concepts 2 C, the ranking of  The rank correlation of similarity- and rule-based generalization

the pairwise metric measurementSs= f o(ci;c?) according to the visual complexity. These plots re ect the land-
o(g; Adjci; ¢ 2 Cg The representation rankir®y is ob-  scape in Fig2. (L: LEGO, G:2D-Geo, A: ACRE, I: ImageNet)
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Figure 6.A landscape of similarity- and rule-based generalization over concepts with relatively 1 and subjective complexity,
considering both concept complexities and concept hierarchy. Zoom in for more details. Bidirectional arrowmdenote the similarity
judgment between concepts, wherein concepts linked by solid lines are more similar than those linked by dashed lines. Arrows denote
rules over concepts. Rule-based generalization in basic-level generalizesulesto unknown rules. Similarity shifts to rules when

the sample hierarchy goésm superordinate-level to subordinate-level(e.g, from blockto blue cylinder from catto angora caj.

Rules shift to similarity as the sample hierarchy giesh subordinate-level to superordinate-level(e.g, from car on the roado car,

from dalmatianto spoj. We also note aonfusing similarity judgment between blue cylinder, blue cube, and green cylinder.
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(over20%). Though the models trained on ImageNet andtion. By contrast, those concepts with only one meaningful
ACRE reach the highest accuracy on similarity- and ruleattribute, such adog-like facefor dog, car-like shapefor
based generalization, this is not likely due to over- tting car, are sensitive to similarity-based generalization.

in training: The objective of visual categorization is differ- Discussion The above experiment reveals that (i) both

ent from that of generalization, thus the over- tting on one _. ~ =" o -
similarity- and rule-based generalizations are not signi -

visual categorization would not result in an over- tting on . . ",
2 - . . cantly related to the visual complexity of datasets, (ii) the
other objectives. Intuitively, representations trained on more . A . T
; capability of similarity-based generalization has a signi -
complex datasets span more complex attribute spaces. How-

ever, the result implies that the shift between similarity- andCant negative relationship with the subjective complexity

RN . of representation, and (iii) the capability of rule-based gen-

rule-based generalization is nhon-monotonic as the dataset_ .. » : R S
N o .. éralization has a positive relationship with the subjective

complexity increases; it is more correlated to the subjective

complexity based on Se8.1. Hence, there is a signi cant complexity of representation. We empirically articulate that

negative relationship between similarity-based generaliz the computation-mode-shift signi cantly exists, and simi-
€9 wonship R Y ) 9 &farity shifts to rules as the subjective complexity increases;
tion and subjective complexity & :48,p <:05),and a

signi cant positive relationship between rule-based generalplease refer to Appendi for more details.

ization and subjective complexity € :68, p <:01). 3.3. A statistical interpretation

Fig. 6 illustrates the qualitative results for out-of-domain L L . -
generalization. As shown in Fig, though never tuned on Subjective complexity in natural image statistics Ac-
the unseen examples, the representation model also captuf@¥ding to algorithmic information theor{haitin 1977, a
representative attributes for unknown concepts, which sufFONCepLs subjective complexity is proportional to the prob-
ports our argument in Se2.1 thatRoA has the potential ability qf perceiving th|§ congept. This is con3|stenF with
to serve as a prior for Bayesian generalization. Further, w&1€ Subjective complexity of visual concepts de ned in our
visualize the most representative attributes of each concef)fo'k: An attributez is representative for concepivhen

by upsampling the activated feature vector to the size of théRCA(Z; ©) is relatively high; we have a high probability of
original image Bau et al, 2020); the attributes are located ©PServing the attribute bythe conceptd, P (zjc) = 1) or
around the peaks. Most attributes with higbA are explain- Ny by the concepti., ¢ o P(€j2) is small). Speci -
able, such as the shape attribute shareblbg cylinderand cally, comple_x concepts(g, dog cap, though COI’\SIST[Ing
green cylindey shape and color captured by two distinct ©f many attributese.g, fur, ear), tend to have a unique

attributes inbananaandwatermelonand foreground object  attribute ofview as a wholgo distinguish these concepts
(plane, car) and background (road, eld) attributesirport from others because we can hardly observe them in other

andcar on the road Those concepts with more than one €ONcepts. Conversely, simple concegtsy( circle, cylinder)

meaningful attributes are sensitive to rule-based generaliz§2" Pe observed by many other conceptg (whee] chim-
ney) and also have other attributesg, number of angles

smoothnegsNevertheless, the attribuskapes one of the
simple attributes to describe these concepts; representation
of these concepts emerges iconiciBup et al, 2003 Fay

et al, 201Q 2013 Qiu et al, 2029).

lego block
triangle
star =

spot 1
snowfield -
sky -

road -
tennis -

Meanwhile, for those concepts that are either too simple or
too complex €.g, watermelonairport), no unique or simple
attribute can distinguish them from otherg;,, RoA(z; ¢)

is not high. In these cases, we have to describe them with
more attributes. Of note, this interpretation is also in line
with the principle of rational referenc&iank & Goodman
2012 Goodman & Frank2016.

banana -
cucumber -
watermelon -
blue cube

blue cylinder
green cylinder
carontheroad -
airport -
dalmatian

Concepts

samoyed -
spotted tabby
angora cat -
cat -

From similarity to rules  Since similarity gradient can be
viewed as a partial order de ned on a single Sestr{enbaum
1999, sorting hypotheses requires numerical comparison
in the same domain. Hence, similarity judgment in a sin-
Atributes gle attribute space; is simply calculating the similarity

Figure 7.The RoA matrix. Most (21 out of 25) concepts are un- between conceptg andcg by d(Zi(J ) ; Zi(k))1 whered( ; )
known; high saturation indicates higtoA value. The diagonal can be an arbitrary similarity or distance met@ntarion
elements are the most representative attributes of all concep020. As the number of independent attribute spaces in-
Please refer to Appendk for the full diagram. creasesi(e., subjective complexity increases), the similarity

mountain bike -
motor scooter -
plane -

car
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becomes subtle as we have to consider multiple independe02Q Fan et al.2022). Readers may refer to Appendix
attributes. Of note, the attribute spaces are those obtainddr additional remarks about the rationale for some decisions

after dimension reductiorX{e et al, 2016; those concept
representations are almost distributed uniforriju( et al,
2020 unless we assign weights to different attribute spaces
by only considering very few attributes. For exampia- °
termelonis similar totennisin the attribute space ahape
but it becomes similar toucumbeiin the attribute space of
color; airport is similar toplanein the attribute space of
foreground objectind is similar tdand and skyin the at-
tribute space obackground contextn this work, we reduce
similarity judgment over multiple attribute spaces to rules’
de ning relations over two concepts: At least one shared
attribute space bridges the two concepts.

From rules to similarities  As the number of independent
attribute spaces.é., subjective complexity) decreases, rules
are moved back to similarity. For example, we have the rule

made during the process of this work.

The limitations of this work lead to several future directions:

We only demonstrated the inverted-U relation and the cor-
relation empirically. Can we provide them theoretically,
from the aspect of information theory and statistics?

» Can we further extend the generalization evaluation to a

larger scale that helps to quantitatively probe the contin-
uum space between similarity and rules?

Are our ndings consistent with those in other environ-
ments where the concepts are represented in other modal-
ities (e.g, auditory, tactile, gustatory, and olfactory)?

If using only a few attributes with higRoA improves

the accuracy of the visual categorization task, as $dc.
suggests, can we build an algorithm that samples from
RoA adaptively for stronger generalization?

relatingdalmatianto spotted tabbyy fur texture and can .
generalize it tasamoyed to angora catiowever, when the

If ROA re ects humans' visual commonsense, can we
model the communications between individuals toward
concepts are more complex ¢, dalmatianandsamoyed  commonsense knowledge as a pursuit of the common
fall in dog or spotted tabbyndangora catbelong tocaf), grounds on representative attributes for the concepts to be
rules are dif cult on these concepts; instead, we directly communicated{omasell92010?

apply similarity judgment. With many questions unanswered, we hope to shed light

Concept complexities and hierarchy When visual com- ©Nn future research on Bayesian generalization and _offer a
plexity moves from low to high, we have visual conceptsdifferent view of generalizatiorL@ke & Baronj 2018 Ruis
move fromsimple and universab complex and uniquave ~ €tal, 2020 Xie etal, 2021, Li et al., 2022 2023.
argue that these two ends consissoperordinateconcepts
(Xu & Tenenbaum2007), usually on higher hierarchies. Ob- Acknowledgements
jects such asvatermelonattribute-speci ed animals such The authors thank Miss Chen Zhen (BIGAI) for designing
assamoyedare subordinate concepts lodll anddog re-  gures and four anonymous reviews for constructive feed-
spectively; scenes suchaisport are compositions of subor- back. M.X., S.-C.Z., and Y.Z. are supported in part by the
dinate concepts likplaneandland and skyIn a top-down  National Key R&D Program of China (2022ZD0114900),
view, we have concepts with increasing subjective complexM.X. and Y.Z. are supported in part by the Beijing Nova
ity and more shared attribute spaces to generalize by ruleBrogram, W.H. is supported in part by the startup fund of
In a bottom-up view, the attribute spaces are reduced to thBeijing Jiaotong University (2023XKRC006) and China
simpleor uniqueones, easy for similarity judgment. University of Petroleum-Beijing at Karamay, and Y.W. is
supported in part by NSF DMS-2015577.

4., Conclusion Broader impact

We have analyzed the complexity of concept generalizarye proader signi cance of this study lies in its potential to
tion in the nat_ural visual world, in Marraep_resentanonal enhance our understanding of concept generalization. By
andcomputational levelAt the representational level, the o, horing the relationship between concept complexity and
subjective complexities signi cantly fall in an inverted-U g shift hetween rule- and similarity-based generalization,
relation with the increment of visual complexity. At the yhis yesearch contributes to the development of more ad-

computational level, the rule-based generalization is signi 5,5 ced cognitive models and arti cial intelligence systems

cantly positively correlated with the subjective complexity (1,4t can better mimic human-like learning and reasoning.
of the representation, while the trend is the opposite ifryig i turn, could lead to the creation of more sophisti-
similarity-based generalizatioROoA bridges the two lev- 5ied and ef cient tools to assist humans in various tasks,
els by unifying the frequentist properties of natural imagesy,ch, a5 problem-solving and communication. Ultimately,
(sensory-based_) and _the Baye_SIan properties Of_ concepfiis research contributes to a deeper understanding of the
(knowledge-derived)i, 202]). Itis easy to obtain, IS €x- ¢4 ndations of human cognition and intelligence, provid-

ible to an extent, and captures contextual rationality, thu§hg insights that could shape the future trajectory of human
may serve as humangisual common sens@hu et al,  yeyelopment and interaction with arti cial intelligence.
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A. Additional remarks
A.1l. The uniqueness of the natural visual world

Why do we only use the modality of vision to investigate the complexity of Bayesian generalization? Vision is unique for
the diverse complexities both in the natural visual world and in the semantic dfexstefn et al.2004), which relates

vision to the discussion of levels of abstractiéf et al, 2008. To some extent, vision serves as the bridge between
abstract language-derived knowledge and perceptual sensory-derived knovled®§2(). The two ends of the continuum

of Bayesian generalization touch the functional essences of rule-based symbolic signals and similarity-based perceptual
signals Tenenbaum1999. In particular, the very nal development of symbolic signals leads to the emergence of language,
based on the compositionality of symbols and rules as the basic feature of language. The psychology literature supports
the hypothesis that language is emerged from visual communications by abstracting visual concepts toward hieroglyphs
through their iconicity Fay et al, 2010 2013 2014. Both simple and universal visual concepts, such as geometric shapes,
and complex and unique visual concepts, such as animals and arti cial objects, are all related to corresponding abstract
concepts by iconicity. By contrast, those concepts that are neither simple nor unique are unlikely to be abstracted by iconicity
since they are described by multiple representative attributes—though each attribute can be generalized through iconicity
respectively, putting different attribute spaces together is not making sense—by contrast, those concepts naturally satisfy the
compositionality of language, thus are appropriate for rule-based generalization. In this sense, vision is not only a modality
of data but is the hallmark of human intelligence, evolving perceptual senses toward language for communications. Hence,
vision is meaningful and suf cient for investigating the complexity of Bayesian generalization.

Consider other modalities, say audio, the second common resource of sensory input. Although we could de ne audio
complexity and try to correlate it with subjective complexity, audio is only a perceptual sensory—abstraction of raw audio is
not related to any semantic meaning, thus does not provide much insight into human intelligence; also the diversity of audio
complexity is far less than its visual counterpart. Hence, generalizing the experiments to audio data may be a bonus but
never provides us insights as deep as that provided by visual data.

A.2. The appropriateness of the computational modeling

Thanks to Marr's paradigmMarr, 1982, we could separate the computational-level problem and the representational-level
problem, where we study computation problems regardless of their algorithmic representation or physical implementation in
either humans or machinesgke et al, 2015. Hence, under the same computation problem, whether the algorithm is neural
networks or brain circuits is not the problem in the scope.

Since the two parts of our computation problem—Bayesian generalizdgoeibaum & Grif ths 20013 and subjective
complexity (ake et al, 2017—have established solid backgrounds in human cognition, we have a suf cient prerequisite
for studying the complexities in the natural visual world. Though there may be in nite interpretations of human cognitive
models (ieder & Grif ths, 2020, constrained by previous theories and the principle of resource-rational analgsier(&

Grif ths, 2020 Gershman et gl2015, we can make assumptions about the Bayesian derivations.

B. Implementation details
B.1. Implementing basic discriminative models

The basic discriminative models are employed from ResNetdt al, 2016, thus the feature space is spanned by a 512-d or
2048-d feature vector (dimensions are different by the different depths of ResNet architecture). All models are trained on
eight NVIDIA A100 80GB GPUs. All images are resized to a xed size of 224 * 224, and data augmentation techniques
such as random cropping and horizontal ipping are applied to increase the variability of the training data. Mean subtraction
and standard deviation normalization are applied. During training, we used a cross-entropy loss function to optimize the
model for classi cation performance. We also employed early stopping based on the validation accuracy. For both ImageNet
and Places365 datasets, we utilized the of cial pre-trained models from PyTorch and proceeded to netune them over the
course of 20 epochs. For other datasets, we train our model from scratch.

B.2. Implementing RoA

In general, theRoA computes a score for each attribateover each concept The output ofRoA is a matrix where
the column space is the context of all the concepts in the natural visual world, and the row space is all the attributes.
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Assume we have three sampfed? ;x@ ;x® g 2 X of conceptc, then the output of provides the attribute vectors
z2W:z@:23 2 R W D respectively. We then adaptively pool each feature aidpz® ;z® 2 R W dineach
dimension of the attribute vector to a scatf? ; 2 ; 2%, thusz® ; 2@ ; z2® 2 R4, P(zjc) is calculated by normalizing
over the dimensions of the centroid vector ofadjiven the set of samples of concepe.g, 2K); k = 1;2; 3.

B.3. Implementing subjective complexity measurement

Since the calculation of the absolute valud-¢€) may encounter multiple solutions, we employ accuracy dgaau(et al,
2020 to compute a relativé (€) speci cally for €. The accuracy gain approach considers the categorization accuracy
difference for a single concept before and after removing the effect of a speci ¢ neuron, de ned as:

. (A1)
P ¢=cc=arg.maxP(czi;: 5z 15 ) ;

whereK 2and Acci(¢)= P ¢= cc=arg.maxP(czs; ) .Hence, the relative (€) is exactly computed by:

I—relative (ﬁ) = m|i<n max ACCK (C); (AZ)

which serves as the heuristic to search for the mininkunto calculate absolute(¢€).

C. Method appropriateness checking
C.1. Checking the assumptions of the two-lines test

The “two-lines test” requires a weaker assumption than the mostly used quadratic regression test for testing Wistiapes (

& Mehlum, 2010, hence the former is employed instead of the latter.yLet f (x) be the ground-truth function, the

U-shape assumes only a sign ip effect in discrete data, where there existeh thaf q(x);x  xc andf qx);x X has

opposite signsl(ind & Mehlum, 2010. To note, since the data is originally discrete, there is no need to check the existence

of f 4x) because it is estimated based on the discrete data points. Hence, the basic hypothesis of the U-shape is that at least
one suchx, exists, and the null hypothesis is that no suglexists. The null hypothesis is rejected by estimating many

X¢ values and running two separate linear regressions forx andx X, respectively. The fact that two regression

lines are of opposite signs rejects the null hypothesis. By contrast, the quadratic regression test assumes that the rst-order
derivative functiorf 9x) is continuous in the domain. Hence, there is no need to employ the quadratic regression test.

C.2. Checking the assumptions of the linear regression test

The assumptions of the test are (i) linearity of the datax(ifalues are statistically independent, and (iii) the errors are
homoscedastic and normally distributed. We did test the applicability of the linear regression test: (i) the two relations between
rank correlation and subjective complexity are intuitively in ling8:(; 7:8); (1:28; 79:1); (2:91; 46.7); (3:08; 99:5)] and
[(0:1;17:1); (1:28;33:2); (2:91; 15:8); (3:08; 10:2)]); (ii) all the evaluations are run separately with different random seeds,
thus the predictors are statistically independent; (iii) the errors are homoscedastic since the only independent variable is
the dataset, which is unlikely to be the source of constant variance of the errors. Consider the null hypothesis of the linear
regression test that the coef cient is zero, which leads to a trivial solution. However, the p-values of both the positive and
negative relations are less th@i@5, rejecting the null hypothesis.

C.3. The correctness for combining representation and computation

As illustrated in Fig.5, we integrated the results in representatisncomplexity into this plot to use these plots to
demonstrate the computation-mode-shift—the two U-shapes come with opposite trends intuitively show the landscape for
concept complexitys the computation mode, that similarity-based generalization tends to emerge in concepts with very
low or very high visual complexityife., the concepts with low subjective complexity, on the left and right ends of the visual
complexity axis), and rule-based generalization tends to emerge in concepts with neither very low nor very high visual
complexity {.e., the concepts with high subjective complexity, in the middle of the visual complexity axis). This is the
exact claim of the paper. The quantitative results on the signi cant positive relation between rule-based generalization rank
correlation and subjective complexity, and the signi cant negative relation between similarity-based generalization rank
correlation and subjective complexity, both support the claim.
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D. Dataset construction
D.1. Empirical analysis datasets

Several widely-used image datasets that represent different concept-wise visual complexity are selectedatB&@D (

2017, 2D-Geo El Korchi & Ghanoy 2020, ACRE (Zhang et al.2021g, AwA (Xian et al, 2018, PlacesZhou et al,

2017, and ImageNetjeng et al.2009. In particular, we use the ImageNet subset ImageNet-1k and the AwA2 version

of AWA. The ACRE dataset is based on the well-known CLEVR univedsé@iison et al2017), which can be rendered

with a single object in one panel and without the blicket machine accordirighen@ et al.20213. Please refer to Figh2

for some examples of the datasets we use. We limit images of each concept in all of these datasets to about 1k to ensure a
balanced number of learning samples, which may lead to a gap between our models and the SOTA.

All the codes including the dataset construction, training, and analyzing are availdiitpsat/github.com/
YuzheSHI/bayesian-generalization-complexity

D.2. De nition of the vocabulary

We leverage a fully-connected probabilistic graph model to obtain the representativeness of every attribute for every concept,
where each node is a piece of natural language that serves as either a concept or an attribute describing other concepts. We
exploit the RoA in language to generate the in-domain and out-of-domain visual datasets for Bayesian generalization.

Technically, we use the vocabulary from a WordPiece maglgl, (the base version of BeiVdswani et al.2017), where

a word is tokenized into word pieces (also known as subwords) so that each word piece is an element of the dictionary.
Non-word-initial units are pre xed with the sign “##” as a continuation symbol. In this way, there is no Out-Of-Vocabulary.
This brings the bene t of generalization over all words. Using all these words as attributes or features leads to suf cient
coverage. Moreover, some symbols are reserved for unused placeholders, leaving room for features that the language cannot
describe. The readers can refevtab.txt  in the supplementary materials for more details about the attribute list.

D.3. Human-in-the-loop dataset validation

We constructed theimilarity-based generalizatioand therule-based generalizatiodatasets using both manual approaches
and automatic approaches. Details of all datasets are demonstratedAiTab.

Forin-domain similarity-based generalizatipa concept pair with a human-annotated similarity score was rst retrieved
from MEN datasetBruni et al, 2014 and ImageNet datasdbéng et al. 2009. Next, we used Amazon Mechanical

Turk (AMT) to crowd-source the image aligned to the concept. In total, 305 pairs were selected from 500 candidates. One
image was aligned with each concept.

Forin-domain rule-based generalizatipwe generated the dataset using objects of easy-to-disentangle attrébgteshépe
and color) Zhang et al.2021a Johnson et al2017). Based on these attributes, we constructed the quadruple relatipn (
blue cube:red cube:blue cylinder:red cylinder ). In total, 4800 images and 24 quadruple relations
were collected.

For out-of-domain similarity-based generalizatiandout-of-domain rule-based generalizatiome collected images from

an open internet image datasktgsin et al, 2017 based on a prede ned set of similarity pairs and rule quadruples. Of note,

all the selected pairs or rules were uniformly sampled from the dataset instead of manually picked. All the selected images
were under human validation.

In the studyAMT workers recruited have acceptance rates higher than or equal to 90% and approved hits more than 500.
EachAMT worker was compensated at the rat®®ifl USD per selection. In total, we have testdD0judgments fo500

concept pairs; two judgments per pair. FAd. shows an example of tt®MT interface. This human evaluation is approved

by the IRB of Peking University.

E. Additional Results
E.1. The convergence of representations. generalization

Does the training setting of the representation model affect its generalization ability®3Fbows the rank correlation on
in-domain generalization evaluation w.r.t. the number of training epochs for visual categorization. This result empirically
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shows that the generalization ability converges when the representation models are well-trained after 6-10 epochs, and that
ability is stable after convergence. Tz is signi cantly vertical to the y-axisli{= :03;a=69:67;p < le 4).

Hence, we can assume that there are no signi cant distinctions in generalization ability between representation models being
trained to convergence but with different training settings.

E.2. Additional visualization of RoA

Additional visualization results dRoA are illustrated in FigA4. Most (21 out of 25) concepts are unknown; high saturation
indicates high RoA value.

Fig. Ada shows the concatenation of the 7 confusion matrices where-thadiagonal indicates the-top RoA of the
concepts.

Fig. Adb shows the concatenation of 120 highest (from the left) and 60 lowest (from the right) attributes with the mean of
ROA in the context.

Fig. Adc shows the concatenation of 120 highest (from the left) and 60 lowest (from the right) attributes with the variance of
ROA in the context.

*LYHQ WKH FRQFHSW SDLU SOHDVH HYDOXDWH ZKHWKHU WKH LPIL

6XQOLJIKW

Figure A1.The AMT interface used to collect human judgments.
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Figure A2.Examples of datasets used in our work.
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Table Al.Details of the datasets for generalization evaluationSubordinate level indicates the concept being generalized to is a
subordinate concept of the known ones, whereas superordinate level indicates the concept being generalized to is a superordinate concept
of the known ones. Subordinate level, basic level, and superordinate level are terms introdXze& ifrehenbaum2007).

Group In-domain Out-of-domain
Generalization typegl Similarity-based| Rule-based| Similarity-based Rule-based
Concept hierarchy basic level basic level basic level basic level | subordinate level superordinate level
Test-set size 305 24 21 10 10 10

Figure A3.Rank correlation of generalization w.r.t. the number of training epochs for visual categorization.
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