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Abstract
Learning deep discrete latent presentations offers
a promise of better symbolic and summarized
abstractions that are more useful to subsequent
downstream tasks. Inspired by the seminal Vector
Quantized Variational Auto-Encoder (VQ-VAE),
most of work in learning deep discrete representa-
tions has mainly focused on improving the orig-
inal VQ-VAE form and none of them has stud-
ied learning deep discrete representations from
the generative viewpoint. In this work, we study
learning deep discrete representations from the
generative viewpoint. Specifically, we endow dis-
crete distributions over sequences of codewords
and learn a deterministic decoder that transports
the distribution over the sequences of codewords
to the data distribution via minimizing a WS dis-
tance between them. We develop further theo-
ries to connect it with the clustering viewpoint of
WS distance, allowing us to have a better and
more controllable clustering solution. Finally,
we empirically evaluate our method on several
well-known benchmarks, where it achieves better
qualitative and quantitative performances than the
other VQ-VAE variants in terms of the codebook
utilization and image reconstruction/generation.

1. Introduction
Learning compact yet expressive representations from large-
scale and high-dimensional unlabeled data is an important
and long-standing task in machine learning (Kingma &
Welling, 2013; Chen et al., 2020; Chen & He, 2021). Among
many different kinds of methods, Variational Auto-Encoder
(VAE) (Kingma & Welling, 2013) and its variants (Tol-
stikhin et al., 2017; Alemi et al., 2016; Higgins et al., 2016;
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Voloshynovskiy et al., 2019) have shown great success in un-
supervised representation learning. Although these continu-
ous representation learning methods have been successfully
applied to various problems, ranging from images (Pathak
et al., 2016; Goodfellow et al., 2014; Kingma et al., 2016),
video, and audio (Reed et al., 2017; Oord et al., 2016; Kalch-
brenner et al., 2017), in some contexts, input data is more
naturally modeled and encoded as discrete symbols rather
than continuous ones. For example, discrete representations
are a natural fit for complex reasoning, planning, and predic-
tive learning (Van Den Oord et al., 2017). This motivates the
need for learning discrete representations while preserving
the insightful characteristics of the input data. The Vec-
tor Quantization Variational Auto-Encoder (VQ-VAE) (Van
Den Oord et al., 2017) is a pioneering generative model
that successfully combines the VAE framework with dis-
crete latent representations. In particular, vector quantized
models learn a compact discrete representation using a deter-
ministic encoder-decoder architecture in the first stage and
subsequently apply this highly compressed representation
to various downstream tasks. Examples include image gen-
eration (Esser et al., 2021), cross-modal translation (Kim
et al., 2022), and image recognition (Yu et al., 2021).

VQ-VAE aims at learning encoder-decoder and a trainable
codebook. The codebook is formed by set of codewords
C = {ck}Kk=1 on the latent space Z ∈ Rnz (C ∈ RK×nz ).
We denote a M -dimensional discrete latent space related
to the codebook as the M -ary Cartesian power of C:
CM ∈ RM×nz with M is the number of components in
the latent space. We also denote a latent variable in CM and
its m-th component as z̄n ∈ CM and z̄mn ∈ C respectively.
The encoder fe : Rnx → RM×nz first map the data exam-
ples xn ∈ Rnx to the latent zn ∈ RM×nz (zmn = fm

e (xn) is
the m-th component of zn), followed by a quantization QC

projecting zn onto CM : z̄n = QC(zn). The quantization
process is modelled as a deterministic categorical poste-
rior distribution such that: z̄mn = argminkρz (f

m
e (xn) , ck)

where ρz is a metric on the latent space. The decoder
fd : RM×nz → Rnx reconstructs accurately the data exam-
ples from the discrete latent representations.

The objective function of VQ-VAE is as follows:

Ex∼Px

[
[dx (fd (QC(fe (x))) , x)

+dz (sg (fe (x)) , z̄) + βdz (fe (x) , sg (z̄))

]
,
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wherePx = 1
N

P N
n =1 � x n is the empirical data distribution,

sgspeci�es stop gradient,dx is a distance on data space, and
� is set between0:1 and2:0 (Van Den Oord et al., 2017).

While VQ-VAE has been widely applied to representation
learning in many areas (Henter et al., 2018; Baevski et al.,
2020; Razavi et al., 2019; Kumar et al., 2019; Dieleman
et al., 2018; Yan et al., 2021; Hu et al., 2023), it is known to
suffer fromcodebook collapse, which has a low codebook
usage,i.e. most of embedded latent vectors are quantized to
just few discrete codewords, while theother codewords are
rarely used, or dead. This issue arises due to the poor ini-
tialization of the codebook, which reduces the information
capacity of the bottleneck (Roy et al., 2018; Takida et al.,
2022; Yu et al., 2021).

To mitigate this issue, several additional training heuristics
were proposed, such as theexponential moving average
(EMA) update (Van Den Oord et al., 2017; Razavi et al.,
2019), soft expectation maximization (EM) update (Roy
et al., 2018), codebook reset (Dhariwal et al., 2020; Williams
et al., 2020). Notably, thesoft expectation maximization
(EM) update (Roy et al., 2018) connects the EMA update
with an EM algorithm and softens the EM algorithm with a
stochastic posterior.Codebook resetrandomly reinitializes
unused or low-used codewords to one of the encoder outputs
(Dhariwal et al., 2020) or those near codewords of high us-
age (Williams et al., 2020). Takida et al. (2022) extends the
standard VAE by incorporating stochastic quantization and
a trainable posterior categorical distribution. Their �ndings
demonstrate that annealing the stochasticity of the quantiza-
tion process leads to a signi�cant improvement in codebook
utilization.

Recently, Wasserstein (WS) distance has been applied suc-
cessfully togenerative modelsandcontinuousrepresenta-
tion learning(Arjovsky et al., 2017; Gulrajani et al., 2017;
Tolstikhin et al., 2017) owing to its nice properties and
theory. It is natural to ask:”Can we take advantages of intu-
itive properties of the WS distance and its mature theory for
learning compact yet expressive discreterepresentations?”

Towards addressing this question, in this paper, we develop
solid theories by connecting the theory bodies and view-
points of the WS distance, generative models, and deep
discrete representation learning. In particular, we establish
theories for the real and practical setting of learning discrete
representation in which a data exampleX is mapped to a
sequence ofM latent codesZ = [ Z1; : : : ; ZM ] correspond-
ing to a sequence ofM codewordsC = [ C1; : : : ; CM ]
via an encoderf e. Our theory development pathway is
as follows. We �rst endowM discrete distributions over
C1; : : : ; CM , sharing a common support set as the set of
codewordsC = [ ck ]Kk=1 2 RK � n z . We then use a joint
distribution
 , admitting these discrete distributions over
C1; : : : ; CM as its marginal distributions to sample a se-

quence ofM codewordsC = [ C1; : : : ; CM ]. From the
generative viewpoint, we propose learning a decoderf d to
minimize thecodebook-data distortionas the WS distance:
Wdz (f d# 
; Px ) (cf. (1)).

Subsequently, we develop rigorous theories to equivalently
turn the formulation in the generative viewpoint to a train-
able form in Theorem 2.3, engaging the deterministic en-
coderf e to minimize the reconstruction error and a WS
distance between the distribution over sequences of latent
codes[Z1; : : : ; ZM ] and the optimal
 over[C1; : : : ; CM ].
Additionally, this WS distance is further proven to equiva-
lently decompose into the sum ofM WS distances between
eachZm andCm ; m = 1 ; : : : ; M . Interestingly, in Corol-
lary 2.5, we prove that when minimizing the WS distance
between the latent codeZm and codewordCm , the code-
words tend to �exibly move to the clustering centroids of
the latent representations with a control on the proportion of
latent representations associated to a centroid. We argue and
empirically demonstrate that using the clustering viewpoint
of a WS distance to learn the codewords, we can obtain
morecontrollableandbetter centroidsthan using a simple
k-means as in VQ-VAE (cf. Sections 2.1 and 4.2).

Moreover, we leverage the developed theory to propose a
practical method calledVector Quantized Wasserstein Auto-
Encoder(VQ-WAE), which utilizes the WS distance to
learn a more controllable codebook, resulting in improved
the codebook utilization. We conduct comprehensive exper-
iments to demonstrate our key contributions by comparing
with VQ-VAE (Van Den Oord et al., 2017) and SQ-VAE
(Takida et al., 2022) (i.e., the recent work that can improve
the codebook utilization). The experimental results show
that our VQ-WAE can achieve better codebook utilization
with higher codebook perplexity, hence leading to lower
(compared with VQ-VAE) or comparable (compared with
SQ-VAE) reconstruction error, with signi�cantly lower re-
constructed Fŕechlet Inception Distance (FID) score (Heusel
et al., 2017). Generally, a better quantizer in the stage-1 can
naturally contribute to stage-2 downstream tasks (Yu et al.,
2021; Zheng et al., 2022). To further demonstrate this, we
conduct comprehensive experiments on four benchmark
datasets. The experimental results indicate that from the
codebooks of our VQ-WAE, we can generate better images
with lower FID scores.

Our contributions in this paper can be summarized:

• We are the �rst work that studies learning discrete
representations from the generative viewpoint. Sub-
sequently, we develop rigorous and comprehensive
theories that equivalently transform the formulation in
the generative viewpoint into another trainable form
involving a reconstruction term and a WS distance
alignment between the latent representations and learn-
able codewords.
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• We harvest our theory development to propose the prac-
tical method, namely VQ-WAE, that can learn more
controllable codebook for improving the codebook uti-
lization and reconstruct/generate better images with
lower FID scores.

2. Vector Quantized Wasserstein
Auto-Encoder

We present the theoretical development of our VQ-WAE
framework, which connects the viewpoints of the WS dis-
tance, generative models, and deep discrete representation
learning in Section 2.1. It is important to note that our theo-
ries are speci�cally developed for the real setting of discrete
representation learning, where a deterministic decoder maps
a data example to a sequence of latent codes correspond-
ing to a sequence of codewords. This poses a signi�cant
challenge in theory development. Based on the theoretical
development, we devise a practical algorithm for VQ-WAE
in Section 2.2. All proofs can be found in Appendix A.

2.1. Theoretical Development

Given a training setD = f x1; :::; xN g � Rn x , we wish
to learn a set ofcodewordsC = f ck gK

k=1 � RK � n z on a
latent spaceZ andan encoderto map each data example
to a sequence ofM codewords, preserving insightful char-
acteristics carried in the data. We now endowM discrete
distributions:

Pc;� m =
KX

k=1

� m
k � ck ; m = 1 ; : : : ; M

with the Dirac delta function� and the weights� m 2
� K � 1 = f � � 0 : k� k1 = 1g in the(K � 1)-simplex.

We denote� = �( Pc;� 1 ; :::; Pc;� M ) as the set of all joint
distributions over sequences ofM codewords, admitting
Pc;� 1 ; : : : ; Pc;� M as its marginal distributions. Let also de-
�ne � = [ � 1; : : : ; � M ] as the set of all weights.

From the generative viewpoint, we propose to learn a de-
coder functionf d : Z M ! X (i.e., mapping fromZ M

with the latent spaceZ � Rn z to the data spaceX ), the
codebookC, and the weights� , to minimize:

min
C;�

min

 2 �

min
f d

Wdx (f d# 
; Px ) ; (1)

wherePx = 1
N

P N
n =1 � x n is the empirical data distribution

anddx is a cost metric on the data space.

We interpret the optimization problem (OP) in Eq. (1) as
follows. Given discrete distributionsPc;� 1: M , we employ a
joint distribution
 2 � as a distribution over sequences of
M codewords inCM . We then use the decoderf d to map
the sequences ofM codewords inCM to the data space and

considerWdx (f d# 
; Px ) as thecodebook-data distortion
w.r.t. f d and 
 . We subsequently learnf d to minimize
the codebook-data distortion given
 and �nally adjust the
codebookC, � , and
 to minimize the optimal codebook-
data distortion. To offer more intuition for the OP in Eq. (1),
we introduce the following lemma.

Lemma 2.1. LetC � = f c�
k gk ; � � , 
 � , andf �

d be the opti-
mal solution of the OP in Eq. (1). AssumeK M < N , then
C � = f c�

k gk ; � � , andf �
d are also the optimal solution of

the following OP:

min
f d

min
�

min
� 1: M 2 � �

NX

n =1

dx
�
xn ; f d

�
[c� m (n ) ]

M
m =1

��
; (2)

where � � is the set of assignment functions� :
f 1; :::; N g ! f 1; :::; K g such that for everym the
cardinalities

�
� � � 1

m (k)
�
� ; k = 1 ; :::; K are proportional

to � m
k ; k = 1 ; :::; K . Here we denote� � 1

m (k) =
f n 2 [N ] : � m (n) = kg with [N ] = f 1; 2; :::; N g.

Lemma 2.1 states that for the optimal solutionC � =
f c�

k g; � � , � �
1:M , andf �

d of the OP in (1), eachxn is as-
signed to the centroidf �

d ([c� �
m

(n)]M
m =1 ) which forms opti-

mal clustering centroids of the optimal clustering solution
minimizing the distortion. We establish the following theo-
rem to engage the OP in (1) with the latent space.

Theorem 2.2. We can equivalently turn the optimization
problem in (1) to

min
C;�;f d

min

 2 �

min
�f e : �f e # Px = 


Ex � Px

�
dx

�
f d

� �f e (x)
�

; x
��

; (3)

where �f e is a deterministic discreteencoder mapping data
examplex directly to a sequence ofM codewords inCM .

Theorem 2.2 can be interpreted as follows. First, we learn
both the codebookC and the weights� . Next, we glue
the codebook distributionsPc;� m ; m = 1 ; : : : ; M using the
joint distribution
 2 � . Subsequently, we seek adeter-
ministic discreteencoder �f e mapping data examplex to
sequence ofM codewords drawn from
 , concurring with
vector quantization and serving our further derivations. Fi-
nally, we minimize the reconstruction error of the sequence
of M codewords corresponding to�f e(x) andx.

Additionally, �f e is a deterministic discrete encoder mapping
a data examplex directly to a sequence of codewords. To
make it trainable, we replace�f e by a continuous encoder
f e : X ! Z M with f e(x) = [ f m

e (x)]M
m =1 (i.e., eachf m

e :
X ! Z ) in the following theorem.

Theorem 2.3. If we seekf d andf e in a family with in�nite
capacity (e.g., the family of all measurable functions), the
the two OPs of interest in (1) and (3) are equivalent to the
following OP

min
C;�

min

 2 �

min
f d ;f e

�
Ex � Px [dx (f d (QC (f e (x))) ; x)]

+ � Wdz (f e# Px ; 
 )

�
; (4)
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where QC (f e (x)) = [ QC (f m
e (x))]M

m =1 with
QC (f m

e (x)) = argminc2 C � z (f m
e (x) ; c) is a quanti-

zation operator which returns the sequence of closest
codewords tof m

e (x) ; m = 1 ; : : : ; M and the parameter
� > 0. Here we overload the quantization operator for
both f e(x) 2 Z M and f m

e (x) 2 Z . Additionally, given
z = [ zm ]Mm =1 2 Z M ; �z = [�zm ]Mm =1 2 Z M , the distance
between them is de�ned as

dz (z; �z) =
1

M

MX

m =1

� z (zm ; �zm ) ;

where� z is a distance onZ .

Particularly, we rigorously prove that the OPs of interest in
(1), (3), and (4) are equivalent under some mild conditions in
Theorem 2.3. This rationally explains why we could solve
the OP in (4) for our �nal tractable solution. Moreover,
the OP in (4) conveys important meaningful interpretations.
Speci�cally, by minimizing Wdz (f e# Px ; 
 ) w.r.t. C; �
where
 admitsPc;� 1: M as its marginal distributions, we
implicitly minimize W� z (f m

e # Px ; Pc;� m ); m = 1 ; : : : ; M
due to the fact that the former is an upper-bound of the latter
as in Lemma 2.4. Furthermore, in Lemma 2.4, we also
develop a close form for the WS distance of interest, hinting
us a practical method.

Lemma 2.4. The Wasserstein distance of interest
min � min 
 2 � Wdz (f e# Px ; 
 ) is upper-bounded by

1
M

MX

m =1

W� z (f m
e # Px ; Pc;� m ) : (5)

According to Lemma 2.4, the OP of interest in (4) can be
replaced by minimizing its upper-bound as follows

min
C;�

min
f d ;f e

�
Ex � Px [dx (f d (QC (f e (x))) ; x)]

+ �
M

P M
m =1 W� z (f m

e # Px ; Pc;� m )

�
: (6)

We now interpret the WS termW� z (f m
e # Px ; Pc;� m ) in

Corollary 2.5.

Corollary 2.5. Givenm 2 [M ], consider minimizing the
term: minf e ;C W� z (f m

e # Px ; Pc;� m ) in (4), given� m and
assumeK < N , its optimal solutionf � m

e andC � are also
the optimal solution of the OP:

min
f e ;C

min
� 2 � �

NX

n =1

� z
�
f m

e (xn ) ; c� (n )
�

; (7)

where � � is the set of assignment functions� :
f 1; :::; N g ! f 1; :::; K g such that the cardinalities�
� � � 1 (k)

�
� ; k = 1 ; :::; K are proportional to � m

k ; k =
1; :::; K .

Corollary 2.5 indicates the aim of minimizing the second
term W� z (f m

e # Px ; Pc;� m ). By which, we adjust the en-
coderf e and the codebookC such that the codewords of
C become the clustering centroids of the latent represen-
tationsf f m

e (xn )gn to minimize thecodebook-latent dis-
tortion. Additionally, at the optimal solution, the optimal
assignment function� � , which indicates how latent repre-
sentations (or data examples) associated with the clustering
centroids (i.e., the codewords) has a valuable property, i.e.,
the cardinalities

�
�(� � ) � 1 (k)

�
� ; k = 1 ; :::; K are propor-

tional to � m
k ; k = 1 ; :::; K .

Remark: Recall the codebook collapse issue, i.e. most of
embedded latent vectors are quantized to just few discrete
codewords while the other codewords are rarely used. Corol-
lary 2.5 give us important properties:(1) we can control the
number of latent representations assigned to each codeword
by adjust� m , guaranteeing all codewords are utilized, (2)
codewords become the clustering centroids of the associated
latent representations to minimize the codebook-latent dis-
tortion, to develop our VQ-WAE framework. Particularly,
we propose adding the regularization termsDKL (� m ; UK )
as the Kullback-Leibler divergence between� m and the
uniform distributionUK = [ 1

K ]K to regularize� m .

2.2. Practical Algorithm for VQ-WAE

We now harvest our theoretical development to propose
a practical method namedVector Quantized Wasserstein
Auto-Encoder(VQ-WAE). Particularly, we combine the
objective function in (6) with the regularization terms
DKL (� m ; UK ); m = 1 ; : : : ; M andUK =

�
1
K

�
K inspired

by Corollary 2.5 to arrive at the following OP:

min
C;�;f d ;f e

8
<

:

Ex � Px [dx (f d (QC (f e (x))) ; x)]
+ �

M �
P M

m =1 W� z (f m
e # Px ; Pc;� m )

+ � r
P M

m =1 DKL (� m ; UK )

9
=

;
; (8)

where�; � r > 0 are two trade-off parameters.

To learn the weights� m , we parameterize� m =
� m (� m ) = softmax(� m ); m = 1 ; : : : ; M with � m 2 RK .
Additionally, in order to optimize (8), we have to deal with
M WS distancesW� z (f m

e # Px ; Pc;� m ) with m = 1 ; :::; M .
Therefore, we proposed to use entropic dual form of optimal
transport (Genevay et al., 2016) which enable us to compute
these WS distances in parallel by matrix computation from
current deep learning framework.

At each iteration, we sample a mini-batchx1; :::; xB and
then solve the above OP by updatingf d; f e andC; � 1::M

based on this mini-batch as follows. Let us denote

PB =
1
B

BX

i =1

� x i

as the empirical distribution over the current batch.
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For each mini-batch, we replaceW� z (f m
e # Px ; Pc;� m ) by

W� z (f m
e # PB ; Pc;� m ) and approximate it with entropic

regularized duality formR m
W S (see Eq. (27) in Appendix

B) as follows:

R m
W S = max

� m

(
1
B

BX

i =1

"

� � log

 
KX

k=1

� m
k

"

exp

(

� � z (f m
e (x i ); ck ) + � m (ck )

�

)#!#

+
KX

k=1

� m
k � m (ck )

)

(9)

where� m is the Kantorovich potential network.

Substituting (9) into (8), we reach �nal OP to update
f d; f e; C; f � m gM

m =1 for each mini-batch:

min
C; f � m gM

m =1

min
f d ;f e

8
><

>:

1
B

P B
i =1 dx (f d (Q (f e (x i ))))
+ �

M

P M
m =1 R m

W S

+ � r
P M

m =1 DKL (� m (� m ) ; UK )

9
>=

>;
:

(10)

We use the copy gradient trick (Van Den Oord et al., 2017)
to deal with the back-propagation from decoder to encoder
for reconstruction term. The pseudocode of our VQ-WAE
is summarized in Algorithm 1.

Algorithm 1 VQ-WAE

1: Initialize : encoderf e, decoderf d, codebookC and
f � m = softmax(� m ); � m gM

m =1 .
2: for iter in batch-iterationsdo
3: Sample a mini-batch of samplesx1; :::; xB forming

the empirical batch distributionPB .
4: Encode:z1:::B = f e(x1:::B )
5: Quantize:�z1::B = QC (z1:::B )
6: Decode:�x1:::B = f d(�z1:::B )
7: for iter in � -iterationsdo
8: Optimizef � m gM

m =1 by maximizing the objective
in (9).

9: end for
10: Optimizef e, f d, f � m gM

m =1 andC by minimizing the
objective in (10).

11: end for
12: Return: The optimalf e, f d andC.

3. Related Work

The Variational Auto-Encoder (VAE) was initially intro-
duced by Kingma & Welling (2013) for learning continuous
representations. However, learning discrete latent represen-
tations has proven to be much more challenging due to the
dif�culty of accurately evaluating the gradients required for
training the models. To make the gradients tractable, one

possible solution is to apply the Gumbel Softmax reparam-
eterization trick (Jang et al., 2016) to VAE, which allows
us to estimate stochastic gradients for updating the models.
Although this technique provides gradients with low vari-
ance, it introduces a high-bias gradient estimator. Another
possible solution is to employ the REINFORCE algorithm
(Williams, 1992), which is unbiased but has a high variance.
Furthermore, these two techniques can be combined in a
complementary manner (Tucker et al., 2017).

To facilitate the learning of discrete latent codes, VQ-VAE
(Van Den Oord et al., 2017) employs a deterministic en-
coder/decoder architecture and encourages the codebooks
to represent the clustering centroids of the latent represen-
tations. Additionally, the copy gradient trick is utilized to
back-propagate gradients from the decoder to the encoder
(Bengio, 2013). Several subsequent works have extended
VQ-VAE, notably Roy et al. (2018); Wu & Flierl (2020).Par-
ticularly, Roy et al. (2018) uses the Expectation Maximiza-
tion (EM) algorithm in the bottleneck stage to train the
VQ-VAE for improving the quality of the generated images.
However, to maintain the stability of this approach, we need
to collect a large number of samples on the latent space. Wu
& Flierl (2020) imposes noises on the latent codes and uses
a Bayesian estimator to optimize the quantizer-based rep-
resentation. The introduced bottleneck Bayesian estimator
outputs the posterior mean of the centroids to the decoder
and performs soft quantization of the noisy latent codes
which have latent representations preserving the similarity
relations of the data space. Recently, Takida et al. (2022)
extends the standard VAE with stochastic quantization and
trainable posterior categorical distribution, showing that the
annealing of the stochasticity of the quantization process
signi�cantly improves the codebook utilization.

Wasserstein (WS) distance has been widely used in various
problems (Zhao et al., 2021; Nguyen et al., 2021a;b; Le
et al., 2021; Bui et al., 2022), especially in generative mod-
els (Arjovsky et al., 2017; Gulrajani et al., 2017; Tolstikhin
et al., 2017; Dam et al., 2019). In their work, Arjovsky et al.
(2017) utilized a dual form of the WS distance to develop
the Wasserstein generative adversarial network (WGAN).
Subsequently, Gulrajani et al. (2017) introduced the gra-
dient penalty trick to enhance the stability of WGAN. In
terms of theory development, mostly related to our work is
Wasserstein Auto-Encoder (Tolstikhin et al., 2017), which
focuses on learning continuous latent representations while
preserving the characteristics of the input data.

4. Experiments

Datasets: We empirically evaluate the proposed VQ-WAE
in comparison with VQ-VAE (Van Den Oord et al., 2017)
that is the baseline method, VQ-GAN (Esser et al., 2021)
and recently proposed SQ-VAE (Takida et al., 2022) which
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is the state-of-the-art work of improving the codebook us-
age, on �ve different benchmark datasets: CIFAR10 (Van
Den Oord et al., 2017), MNIST (Deng, 2012), SVHN (Net-
zer et al., 2011), CelebA dataset (Liu et al., 2015; Takida
et al., 2022) and the high-resolution images dataset FFHQ.

Implementation: For a fair comparison, we utilize the
same architectures and hyperparameters for all methods.
Additionally, in the primary setting, we use a codeword
(discrete latent) dimensionality of64 and codebook size
jCj = 512 for all datasets except FFHQ, which has a code-
word dimensionality of256and codebook sizejCj = 1024,
while the hyper-parametersf �; �; � g are speci�ed as pre-
sented in the original papers,i.e., � = 0 :25 for VQ-VAE
and VQ-GAN (Esser et al., 2021),� = 1e� 5 for SQ-VAE
and� = 1e� 3; � r = 1 :0 for our VQ-WAE. The details of
the experimental settings are presented in Appendix D.

4.1. Results on Benchmark Datasets

Quantitative assessment: In order to quantitatively as-
sess the quality of the reconstructed images, we report
the results on most common evaluation metrics, including
the pixel-level peak signal-to-noise ratio (PSNR), patch-
level structure similarity index (SSIM), feature-level LPIPS
(Zhang et al., 2018), and dataset-level Fréchlet Inception
Distance (FID) (Heusel et al., 2017). We report the test-set
reconstruction results on four datasets in Table 1. With
regard to the codebook utilization, we employ perplex-
ity score which is de�ned ase�

P K
k =1 pc k log pc k where

pck =
N c kP K

i =1 N c i
(i.e., Nci is the number of latent repre-

sentations associated with the codewordci ) is the probabil-
ity of the i th codeword being used. Note that by formula,
perplexitymax = jCj asP(c) becomes to the uniform dis-
tribution, which means that all the codewords are utilized
equally by the model.

We compare VQ-WAE with VQ-VAE, SQ-VAE and VQ-
GAN for image reconstruction in Table 1. All instantiations
of our model signi�cantly outperform the baseline VQ-VAE
under the same compression ratio, with the same network
architecture. While the latest state-of-the-art SQ-VAE or
VQ-GAN holds slightly better scores for traditional pixel-
and patch-level metrics, our method achieves much better
rFID scores which evaluate the image quality at the dataset
level. Note that our VQ-WAE signi�cantly improves the per-
plexity of the learned codebook. This suggests that the pro-
posed method signi�cantly improves the codebook usage,
resulting in better reconstruction quality. which is further
demonstrated in the following qualitative assessment.

Qualitative assessment: We present the reconstructed
samples from FFHQ (high-resolution images) for qualitative
evaluation. It can be clearly seen that the high-level semantic

Figure 1: Reconstruction results for the FFHQ dataset.

features of the input image and colors are better preserved
with VQ-WAE than the baseline. Particularly, we notice that
VQ-GAN often produces repeated artifact patterns in image
synthesis (see the hair of man is second column in Figure 1)
while VQ-WAE does not. This is because VQ-GAN is lack
of diversity in the codebook, which will be further analyzed
in Section 4.2.1. Consequently, the quantization operator
embeds similar patches into the same quantization index
and ignores the variance in these patches (e.g., VQ-GAN
reconstructs the background in third column of Figure 1 as
hair of woman).

4.2. Detailed Analysis

We run a number of ablations to analyze the properties of
VQ-VAE, SQ-VAE and VQ-WAE, in order to assess if our
VQ-WAE can simultaneously achieve (i)ef�cient codebook
usage, (ii) reasonable latent representation.

4.2.1. CODEBOOK USAGE

We observe the codebook utilization of three methods with
different codebook sizesf 64; 128; 256; 512gon MNIST and
CIFAR10 datasets. Particularly, we present the reconstruc-
tion performance for different settings in Table 2 and the
histogram of latent representations over the codebook in
Figure 2. As discussed in Section 2.1, the number of used
centroids re�ects the capability of the latent representations.
In other words, it represents the certain amount of informa-
tion is preserved in the latent space.

It can be seen from Figure 2 that the latent distribution
of VQ-WAE over the codebook is nearly uniform and the
codebook's perplexity almost reaches the optimal value (i.e.,
the value of perplexities reach to corresponding codebook
sizes) in different settings.It is also observed that as the
size of the codebook increases, the perplexity of codebook
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