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Abstract

In Reinforcement Learning (RL), Laplacian Rep-
resentation (LapRep) is a task-agnostic state rep-
resentation that encodes the geometry of the envi-
ronment. A desirable property of LapRep stated
in prior works is that the Euclidean distance in
the LapRep space roughly reflects the reachabil-
ity between states, which motivates the usage of
this distance for reward shaping. However, we
find that LapRep does not necessarily have this
property in general: two states having a small
distance under LapRep can actually be far away
in the environment. Such a mismatch would im-
pede the learning process in reward shaping. To
fix this issue, we introduce a Reachability-Aware
Laplacian Representation (RA-LapRep), by prop-
erly scaling each dimension of LapRep. Despite
the simplicity, we demonstrate that RA-LapRep
can better capture the inter-state reachability as
compared to LapRep, through both theoretical ex-
planations and experimental results. Additionally,
we show that this improvement yields a signif-
icant boost in reward shaping performance and
benefits bottleneck state discovery.

1. Introduction

Reinforcement Learning (RL) seeks to learn a decision strat-
egy that advises the agent on how to take actions accord-
ing to the perceived states (Sutton & Barto, 2018). The
state representation plays an important role in the agent’s
learning process — a proper choice of the state represen-
tation can help improve generalization (Zhang et al., 2018;
Stooke et al., 2020; Agarwal et al., 2021), encourage ex-
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Figure 1. Euclidean distances between each state and the goal state
G, under LapRep (a) and RA-LapRep (b).

ploration (Pathak et al., 2017; Machado et al., 2017; 2020)
and enhance learning efficiency (Dubey et al., 2018; Wu
et al., 2019; Wang et al., 2021). In studying the state rep-
resentation, one direction of particular interest is to learn
a task-agnostic representation that encodes transition dy-
namics of the environment (Mahadevan & Maggioni, 2007;
Machado et al., 2021).

Along this line, the Laplacian Representation (LapRep) has
received increasing attention (Mahadevan, 2005; Machado
et al., 2017; Wu et al., 2019; Wang et al., 2021; Erraqabi
et al., 2022). Specifically, the LapRep is formed by the d
smallest eigenvectors of the Laplacian matrix of the graph
induced from the transition dynamic (see Section 2.2 for
definition). It is assumed in prior works (Wu et al., 2019;
Wang et al., 2021) that LapRep has a desirable property:
the Euclidean distance in the LapRep space roughly reflects
the reachability among states (Wu et al., 2019; Wang et al.,
2021), i.e., smaller distance implies that it is easier to reach
one state from another. This motivates the usage of the
Euclidean distance under LapRep for reward shaping (Wu
etal., 2019; Wang et al., 2021).

However, there is a lack of formal justification in previous
works (Wu et al., 2019; Wang et al., 2021) for this property.
In fact, it turns out that the Euclidean distance under LapRep
does not correctly capture the inter-state reachability in
general. Figure 1 (a) shows an example. Under LapRep, a
state that has a larger distance (e.g., ) might actually be
closer to the goal than another state (e.g., B). Consequently,
when the agent moves towards the goal, the pseudo-reward
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provided by LapRep would give a wrong learning signal.
Such a mismatch would hinder the learning process with
reward shaping and result in inferior performance.

In this work, we introduce a Reachability-Aware Lapla-
cian Representation (RA-LapRep) that reliably captures the
inter-state distances in the environment geometry (see Fig-
ure 1 (b)). Specifically, RA-LapRep is obtained by scaling
each dimension of the LapRep by the inverse square root
of the corresponding eigenvalue. Despite its simplicity, RA-
LapRep has theoretically justified advantages over LapRep
in the following two aspects. First, the Euclidean distance
under RA-LapRep can be interpreted as the average com-
mute time, which measures the expected number of steps
required in a random walk to navigate between two states.
Thus, such distance provides a good measure of reachability.
In contrast, to our best knowledge, there lacks a connec-
tion between the Euclidean distance under LapRep and the
reachability. Second, RA-LapRep is equivalent to the em-
bedding computed by the classic multidimensional scaling
(MDS) (Borg & Groenen, 2005), which preserves pairwise
distances globally (Tenenbaum et al., 2000). LapRep, on the
other hand, preserves only local information (i.e., mapping
neighboring states close), since it is essentially Laplacian
eigenmap (Belkin & Niyogi, 2003). Thus, LapRep is inher-
ently incompetent for measuring the inter-state reachability.

To further validate the advantages of RA-LapRep over
LapRep, we conduct experiments to compare them on two
discrete gridworld and two continuous control environments.
The results show that RA-LapRep indeed performs much
better in capturing the inter-state reachability as compared
to LapRep. Furthermore, when used for reward shaping in
the goal-reaching tasks, RA-LapRep significantly outper-
forms LapRep. In addition, we show that RA-LapRep can
be used to discover the bottleneck states based on graph
centrality measure, and more accurately find the key states
than LapRep.

2. Background

Notations. We use boldface letters (e.g., U) for vectors, and
calligraphic letters (e.g., U) for sets. For a vector u, kuk
denotes its L, norm, diag(u) denotes a diagonal matrix
whose main diagonal is U. We use 1 to denote an all-ones
vector, whose dimension can be inferred from the context.

2.1. Reinforcement Learning

In the Reinforcement Learning (RL) framework (Sutton
& Barto, 2018), an agent aims to learn a strategy that
advises how to take actions in each state, with the goal
of maximizing the expected cumulative reward. We con-
sider the standard Markov Decision Process (MDP) set-
ting (Puterman, 1990), and describe an MDP with a sex-

tuple (S, A,r, P,v, ). S is the state space and A is the
action space. The initial state sg is generated according to
the distribution 1 2 g, where g denotes the space of
probability distributions over S. At timestep ¢, the agent
observes from the environment a state s¢ 2 S and takes an
action a¢ 2 A. Then the environment provides the agent
with a reward signal r(s¢, at) 2 R. The state observation
in the next timestep st+1 2 S is sampled from the distri-
bution P(st,at) 2 s. Wereferto P2 ( g)S A asthe
transition functions and r : RS “ as the reward function. A
stationary stochastic policy 7 2 ( a)° specifies a decision
making strategy, where 7(s, a) is the probability of taking
action a in state s. The agent’s goal is to learn an optimal
policy m that maximizes the expected cumulative reward:

X
7 =argmaxE p  A'ry, (1)
2 t=0
where  denotes the policy space and v 2 [0,1) is the
discount factor.

2.2. Laplacian representation in RL

The Laplacian Representation (LapRep) (Wu et al., 2019)
is a task-agnostic state representation in RL, originally pro-
posed in (Mahadevan, 2005) (known as the proto-value
function). Formally, the Laplacian representations for all
states are the eigenfunctions of Laplace-Beltrami diffusion
operator on the state space manifold. For simplicity, here we
restrict the introduction of LapRep to the discrete state case
and refer readers to (Wu et al., 2019) for the formulation in
the continuous case.

The states and transitions in an MDP can be viewed as nodes
and edges in a graph. The LapRep is formed by d smallest
eigenvectors of the graph Laplacian (usually d  jSj). Each
eigenvector (of length jSj) corresponds to a dimension of
the LapRep. Formally, we denote the graph as G = (S,E)
where S is the node set consisting of all states and E is
the edge set consisting of transitions between states. The
Laplacian matrix of graph G is defined as L. '== D A,
where A is the adjacency matrix of G and D = diag(A41)
is the degree matrix (Chung & Graham, 1997). We sort the
eigenvalues of L by their magnitudes and denote the i-th
smallest one as \j. The unit eigenvector corresponding to Aj
is denoted as v; 2 RISI. Then, the d-dimensional LapRep
of a state s can be defined as

a(8) = (vals],vals], . vals]), (2)
where Vj[s] denotes the entry in vector V;j corresponding
to state s. In particular, V1 is a normalized all-ones vector
and hence it provides no information about the environment
geometry. Therefore we omit V1 and only consider other
dimensions.
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Figure 2.Visualizations of the Euclidean distances undapRepbetween all states and the st&te

For environments with a large or even continuous statevhich can x the issue ot apRepand better capture the
space, it is infeasible to obtain thapRepby directly com-  reachability between states. We provide both theoretical
puting the eigendecomposition. To approximbspRep  explanation (Section 3.2) and empirical results (Section 4)
with neural networks, previous works (Wu et al., 2019;to demonstrate the advantageRA-LapRepoverLapRep
Wang et al., 2021) propose sample-based methods based

on the spectral graph drawing (Koren, 2005). In particular3.2. Why RA-LapRep is more desirable than LapRep?
Wang et al. (2021) introduce a generalized graph drawin%;

objective that ensures dimension-wise faithful approximall? this subsection, we provide theoretical groundings for
tion to the ground truth (s). RA-LapRegdrom two aspects, which explains why it better

captures the inter-state reachability thaapRep

3. Method First, we nd that the Euclidean distance und®A-LapRep
3 _ _ is related to a quantity that measures the expected random
3.1. Reachability-aware Laplacian representation walk steps between states. Speci cally, digt (s;s9) =

In prior works (Wu et al., 2019; Wang et al., 2021),k 4(8) 4(s9k denote the Euclidean distance between

5 A
LapRepis believed to have a desirable property that thedtatess and s under RA-LapRep Whend = |Sj,

Euclidean distance between two states und@Rep(i.e., dist (s;sY) has a nice interpretation (Fouss et al., 2007): it

dist (5:89 = k 4(s) (s9K) roughly re ects the reach- is proportional to the square root of the average commute
’ e d d H 0 ;

ability betweers ands®. That is, a smaller distance between time between statesands”, "er')’

two states implies that it is easier for the agent to reach dist (s;s9 / n(s;s9): (4)

one state from the other. Figure 2 (a) shows an illustrative

example similar to the one in (Wu et al., 2019). In this examH€re the average commute times; s measures the ex-

ple, dist (A;G is smaller thardist (B:G), which aligns pected numbe(r) of steps required in a rgndom walk to navi-
with the intuition that moving td&from A takes fewer steps 92t€ froms to s7and back (see Appendix A for the formal

than fromB. Motivated by thisLapRepis used for reward d€ Nition). Thus, dist (s;s) provides a good quanti -

shaping in goal-reaching tasks (Wu et al., 2019; Wang et a|_cation of the concept of reachability. Additionally, with
2021). the proportionality in Eqn(4), RA-LapRepcan be used

to discover bottleneck states (see Section 4.3 for a de-
However, little justi cation is provided in previous tailed discussion and experiments). In contrast, to the best
works (Wu et al., 2019; Wang et al., 2021) for this argu-of our knowledge, the Euclidean distance unbapRep
ment {.e., the Euclidean distance undespRepcaptures (i.e. dist (s;s%) does not have a similar interpretation that
the inter-state reachability). In fact, we nd that it does not matches the concept of reachability.
hold in general. As shown in Figure 2 (b-é)st (A; G is .
larger thardist (B;G), butAis clearly closer t@3thanB. ~ S€cond, we show th&A-LapReppreserves global infor-

As a result, when the agent moves towards the gtist, mation whileLapReponly focuses on preserving local in-

might give a wrong reward signal. Such a mismatch hinderdormation. Speci cally, we note tha&RA-LapReps equiva-

the policy learning process when we use this distance foleNt (UP to & constant factor) to the embedding obtained by
reward shaping. classic Multi-Dimensional Scaling (MDS) (Borg & Groe-

nen, 2005) with the squared distance matrix in MDS being
In this paper, we introduce the following Reachability-H@ — n(i;j ) (Fouss et al., 2007) (see Appendix A.2 for
. . | ij ’ ] .
Aware Laplacian RepresentatioRA-LapRe: a detailed derivation). Since classic MDS is known to pre-
Vo[s] va[s]. vgls] . serve pairwise distances globally (Tenenbaum et al., 2000),

as) = P - P 3 ' g ©) the Euclidean distance undBA-LapRepis then a good
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t for measuring the inter-state reachability. In compari-

son, theLapRepis only able to preserve local information.

This is because, when viewing the MDP transition dynamic

as a graph, theapRepis essentially the Laplacian eigen-

map (Belkin & Niyogi, 2003). As discussed in (Belkin &

Niyogi, 2003), the Laplacian eigenmap only aims to pre-

serve local graph structure for every single neighborhoodigure 3.Environments used in our experiments (agents shown in
in the graphi(e., mapping neighboring states close), while red, and walls in grey).

making no attempt in preserving global information about

the whole graphd.g, pairwise geodesic distances between

nodes (Tenenbaum et al., 2000)). Therefore, the Euclideal ;

distance undecapRepis inherently not intended for mea- 2. Experiments
suring the reachability between states, especially for distanh this section, we conduct experiments to validate the ben-

states. e ts of RA-LapRepcompared td_apRep Following (Wu
etal., 2019; Wang et al., 2021), we consider both discrete
3.3. Approximating RA-LapRep gridworld and continuous control environments in our ex-

eperiments. Figure 3 shows the layouts of environments
fSed. We brie y introduce them here and refer readers to
Appendix B for more details. In discrete gridworld environ-
Ments, the agent takes one of the four actiams down left,
right) to move from one cell to another. If hitting the wall,

We note that the theoretical reasonings in the above subs
tion are based od = jSj. In practice, however, for envi-

ronments with a large or even continuous state space, it
infeasible to havel = jSj and hence we need to take a small

d. One may argue that, using a smailvould lead to ap- the agent remains in the current cell. In continuous con-

proximation error: whewl < j§j, the distancelist (s; s) trol environments, the agent picks a continuous action from

is not exactly proportior?al to n(s;sY). Fortunately, the [ : ) that speci es the direction along which the agent
gap between the approximate(s; s ?S'}d theltruen(s; ) movesa xed small step forward. For all environments, the
turns out to be upper bounded By {Z;,; =, whereC  opservation is the agent(x; y)-position. We usel = 10

is a constant and the summation is overjile dlargest  as default for our experiments and include an analysis on
eigenvalues. Thus, this bound will not be very large. Weyaryingd in Section 4.2.

will empirically show in Section 4.2 that a smallis suf-

cient for good reward shaping performance and furthery 1 capturing reachability between states
increasingd does not yield any noticeable improvement.

In this subsection, we evaluate the learfeLapRepand

Furthermore, even wit.h a smal) it is'still impractical to _ LapRepin capturing the reachability among states. We
obtainRA-LapRepvia directly computing eigendecomposi- 4154 include the ground-truRA-LapRepfor comparison.

tion. To tackle this, we follow (Wang et al., 2021) to approxi-speci cally, for each state, we compute the Euclidean dis-
mateRA-LapRepwith neural networks using sample-based ;e petwees and an arbitrarily chosen goal statga, un-
methods. Speci cally, we rst learn a parameterized aP-yer learned.apRep~, learnedRA-LapRep~, and ground-
proximationf;( ; ) for each eigenvectar; by optimizing truth RA-LapRep (i 'e dist_ (S: Syon) dist:(S'sg ) and

a generalized graph drawing objective (Wang et al., 2021)y. (5: Sqoa). Theﬁ,qwe use,h%ogtr,naps to’vis?aalize the
e, fi(s; ) vils], where denotes the Iearnab_le Param-,, oe distances. For continuous environments, the heatmaps
eters of the n(_aural networks. Next, we approximate eac re obtained by rst sampling a set of states roughly cover-
eigenvalue ; simply by ing the state space, and then performing interpolation among

2 sampled states.
= VLV Egsoar fi(si) fis%) 5 ) .

We train neural networks to leaRA-LapRepandLapRep
A . Speci cally, we implement the two-step approximation pro-
where " denotes the learned parameters, &rié the same  ceqyre introduced in Section 3.3 to le@A-LapRepand
transition data used to trafn Let ~; denote the approxi- adopt the method in (Wang et al., 2021) to lekapRep
mated eigenvalueRA-LapRepcan be approximated by petajls of training and network architectures are in Ap-

! pendix C. The ground trutRA-LapRep is calculated

\ /\
(9 ~u(9) = fgg(s2 ).fqp(si ). . fgb(si " . using Eqn(3). For discrete environments, the eigenvectors
~ ' ~3 o ~d and eigenvalues are computed by eigendecomposition; For

(6) continuous environments, the eigenfunctions and eigenval-
In experiments, we nd this approximation works quite well ues are approximated by the nite difference method with
and is on par with using the truey(s). 5-point stencil (Peter & Lutz, 2003).
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Figure 4.Left 3 columns: Visualizations of the Euclidean distances between all states and the goals in the four environments, under
learnedLapRep learnedRA-LapRep and ground-trutiRA-LapRep Example trajectories are shown in r&ight: Line charts of the
distance values for states in the trajectories (normaliz¢@ ), where the states are sorted by temporal order.

The visualization results are shown in Figure 4. For cleareand the goals. Apart from the highlighted trajectories, sim-
comparison, we highlight in each environment an examplélar observations can be obtained for other trajectories or
trajectory, and plot the distance values along each trajectorgoal positions (see Appendix D.1). Besides, the distances
in the line charts on the right. As we can see, for both disunder the learne®A-LapRepare very close to those un-
crete and continuous environments, as the agent is movinger the ground-truth one, indicating the effectiveness of our
towards the goal, the distances under the leatrsgdRep  approximation approach. To see how much error truncat-
are increasing in some segments of the trajectories. This isig the dimensioni(e., usingd = 10 instead of the full
contradictory to the belief that the Euclidean distances undedimension) incurs, we plot the distances calculated using
LapRepre ect the inter-state reachability. In contrast, the all dimensions of the ground-trufRA-LapRepfor the two
distances undeéRA-LapRepdecrease monotonically, which discrete environments. As shown in Figure 12, the error
accurately re ects the reachability between current statesaused by the truncation is small, indicating that the upper
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Figure 5.Reward shaping results in goal-reaching tasks, with different choices of the shaped reward.

Figure 6. Comparison in the reward shaping results among therigure 7. Comparison in the reward shaping results among using

learned representations and the ground-truth ones. differentd for the learnedRA-LapRep

bound of the gap is pretty tight. Asin (Wu et al., 2019; Wang et al., 2021), we also include
_ two baselinesL, shaping,i.e, rdst = Kk suq  Sgoak,

4.2. Reward shaping and no reward shapinge., ry = ré™. Following (Wang

The above experiments show that tR&-LapRepbetter et a_l., 2021), we CO”SideT ”"““?p'e goal po_sit_ions for ea.lCh
captures the reachability between states tharn#pRep environment (see Appc_andlx C), in order to minimize the bias
Next, we study if this advantage leads to higher performanc«?rm’ght .by goal positions. The nal results are averaged
for reward shaping in goal-reaching tasks. across different goals and 10 runs per goal.

Following (Wu et al., 2019; Wang et al., 2021), we de ne As shown in Figure 5, on both discrete and continuous en-

the shaped reward as vironments RA-LapRepoutperformd_apRepand the other
_ two baselines by a large margin. ComparedapRep us-
re=0:5 ré"+0:5 rdst (7)  ing RA-LapReor reward shaping is more sample ef cient,

reaching the same level of performance in fewer than half
'of the steps. We attribute this performance improvement to
She fact that the Euclidean distance unBe-LapRepmore
accurately captures the inter-state reachability.

Hererg™ is the reward obtained from the environment
which is set to0 when the agent reaches the goal stat
and 1 otherwise. For discrete environment8) is simply
formalized ag¢™ = 1[s;+1 6 Sgoal. FOr continuous en-
vironments, we consider the agent to have reached the go&lomparing to the ground-truth To nd out if the neu-
when its distance to the goal is within a small preset radius ral network approximation limits the performance, we also
i.e,rf™=1[kSt+1 SgoaK > ]. The pseudo-rewand™  use the ground-trutRA-LapRepandLapRepfor reward

is the negative distance under the learned representationsshaping, and compare the results with the learned represen-
tations. From Figure 6, we can see that the performance

dist — ; .
rt"s = dist-(St+1;Sgoa) for LapRep of the learnedRA-LapRepis as good as the ground-truth
r{"S‘ = dist-(St+1;Sgoa) for RA-LapRep one, indicating the effectiveness of neural network approxi-
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Figure 8.Bottleneck discovery results of the learreA-LapRepandLapRep Discovered bottleneck states are those marked as dots (for
discrete environments) or those within the contour lines (for continuous environments).

mation. Besides, the learnédpRepperforms comparably underRA-LapRepmore accurately re ects the inter-state
to the ground-truth one, suggesting that the inferior perforreachability, we aim to see if it bene ts bottleneck discovery.

mance ofl-apRepis not due to poor approximation. Speci cally, we calculatecent(s) for all states withdist

Varying the dimensiond As mentioned in Section 3.3, the being the Euclidean distance under the learRédLapRep
theoretical approximation error of using a smatles not  or the learned.apRep and take to[20% states with low-
very large. Here we conduct experiments to see if this erroestcent(s) as the discovered bottlenecks. For continuous
causes signi cant performance degradation. Speci callyenvironments, the summation in Eq8) is calculated over

we vary the dimension from 2 to 10, and compare the a set of sampled states. Figure 8 visualizes the computed
resulting reward shaping performance. As Figure 7 showsent(s) and highlights the discovered bottleneck states. In
the performance rstimproves as we increakand then  this top row of Figure 8, we can see that the bottlenecks dis-
plateaus. Thus, a small(e.g, d = 10, compared t¢Sj > covered by the learnddA-LapRepare essentially the states

300) is suf cient to give a pretty good performance. that many paths pass through. In comparison, the results
of usingLapRepare not as satisfactory. For one thing, as
4.3. Discovering bottleneck states highlighted (with dashed red box) in Figure 8 (e) and (g),

. some of the discovered states are actually not in the cen-
The bottleneck states are analogous to the key nodes inggy of the environment.e., where most trajectories pass),

graph, which allows us to discover them based on the grapfyich does not match the concept of bottleneck states. For
centrality measure. Here we consider a simple de nition Ofanother, as highlighted in Figure 8 () and (h), some regions
the centrality (Bavelas, 1950): that should have been identi ed are however missing. We
- note that the vertical asymmetry in Figure 8 (g) is not due to

{(s) = X dist(s: ) . 9 truncating the dimension. We create the same visualization

cent(s) = . Ist(s; s ’ ©) using the ground-truth eigenfunctions instead of the learned

25 ones As shown in Figure 16 in the appendix, the heatmap is
Nertically symmetric. Thus, the asymmetry in Figure 8 (g)

wheredist is a generic distance measure. The states wit ) ; o
&z;\n be attributed to imperfect approximation.

high centrality are those where many paths pass, hence th
can be considered bottlenecks. Since the Euclidean distance

7
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5. Limitation both its capacity in capturing the reachability and its reward
shaping performance. Only when the distribution is too
non-uniform, the resulting graph will be disconnected and

One implicit assumption in our and previous works (Wu the performance will degrade. Please refer to Appendix E
etal., 2019; Wang et al., 2021) is that the underlying grapHor details about the experiments setup and results.

is undirected, which implies that the actions are reversible.

In practical settings such as robot control, this is often nog. Related Works

the case. To tackle this limitation, one way is generalizing

the notion ofRA-LapRepto directed graphs, for example, Our work is built upon prior works on learning Laplacian
by taking inspiration from effective resistance on directedrepresentation with neural networks (Wu et al., 2019; Wang

graphs (Young et al., 2016; Boley et al., 2011; Fitch, 2019)et al., 2021). We introducRA-LapRepthat can more accu-
rately re ect the inter-state reachability. Apart from Lapla-

However, itis a highly non-trivial challenge. First, itis not jan ‘representations, another line of works also aims to
straightforward to give a proper de nition f®®A-LapRep  |earn 4 representation that captures the inter-state reachabil-
in directed cases. Moreover, due to the complex—valueqi[y (Hartikainen et al., 2020; Savinov et al., 2019; Zhang
eigenvalues of directed graph Laplacian matrices, designing; 5 2020). However, their learned reachability is not satis-
an optimi_zation objective to approximate the eigenvectorsfying_ Both our work and the reachability network (Savinov
(as done in (Wu etal., 2019; Wang et al., 2021)) would be; 5| 2019) view the adjacent states as positive pairs and
dif cult. Despite the (_:hallenges, generahzanpn to directediq gistant states as negative pairs, for shaping the repre-
graphs would be an interesting research topic and worth 8entation, The reachability network is trained to classify
in-depth study beyond this work. whether two states are adjacent (within a preset radius) or far
away. While being exible, this method is largely based on
5.2. High-dimensional environments intuition. In comparison, our approach is more theoretically
In this work, we use 2D mazes because such environmen@rounded and ensures that the distance between two states

allow us to easily examine whether the inter-state reachd€ €Cts the reachability between them. As the Figure 11 in
bility is well captured. For applying our method to more (£hang etal., 2020) shows, even for a very simple two-room

complex environments such as Atari (Bellemare et al., 2013Nvironment, the adjacency learned by the reachability net-
we foresee some non-trivial challenges. For example, mo¥OrK (Savinov et al., 2019) is not good (note the adjacency

games contain irreversible transitions. So when dealingC0re Petwees, ands;).

with these environments, we may need to rst generalizeyhile the adjacency network (Zhang et al., 2020) shows
our method to directed graphs. Nevertheless, as a rst stegome improvements over the reachability network (Savinov
towards applyindRA-LapRepto high-dimensional environ- et al., 2019), the results are still not satisfying. For example
ments, we conduct experiments by replacing th2ly)  in their Figure 11, the adjacency score betwsegands,
position input with the high-dimensional top-view images js lower than the one betwesn and the door connecting
input. The experiment results (see Appendix F) show thatwo rooms (it is supposed to be higher, sirsgés farther
with high-dimensional input, the learn&h-LapReps still  from s, than from the door). In comparison, our results are
able to accurately re ect the reachability among states angeri ed in more complicated mazes and do not have such
signi cantly boost the reward shaping performance. Thisjssues. More importantly, the adjacency network (Zhang
suggests that learnifigA-LapRepwith high-dimensional et al., 2020) needs to maintain an adjacency matrix, which

input on more complex environments is possible, and waimits its applicability to environments with large or even
will continue to explore along this direction in future works. continuous state spaces.

5.1. Environments with directed underlying graph

The dynamic distance method (Hartikainen et al., 2020)

also focuses on approximating the commute time between
As in (Wu et al., 2019; Wang et al., 2021), in our work, two states. They directly learn a parameterized function to
it is assumed that a set of transition data that roughly unipredict the temporal difference between two states sampled
formly cover the state space can be pre-collected. This mafrom the same trajectory. However, the learned distance is
be infeasible in practical cases. One may wonder how thenly visualized for a simple S-shaped maze. It is hard to

learnedRA-LapRepwould be affected when the uniformly tell whether this method can still learn good representations
full state coverage assumption breaks. To investigate thif environments with more complex geometry. In compari-

we conduct ablative experiments (learniRg-LapRepand  son, our method is able to accurately re ect the inter-state
reward shaping) by manipulating the distribution of col-reachability in complex environments (such as Discrete-A

lected data. The results show that, the lealR@dLapRep and Discrete-B in our paper).

is robust to moderate changes in the data distribution, w.r.t.

5.3. Assumption on uniform state coverage
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Apart from reward shaping, Laplacian representations have mensionality reduction and data representatideural
also found applications in option discovery (Machado et al., Computation 15(6):1373-1396, 2003. doi: 162/
2017; 2018; Jinnai et al., 2019; Wang et al., 2021). Note that 089976603321780317.

our RA-LapRepcan still be used for option discovery and

would yield same good results bapRep(Machado et al., Bellemare, M. G., Naddaf, Y., Veness, J., and Bowling,
2017; Wang et al., 2021), since the dimension-wise scaling M. The arcade learning environment: An evaluation
(in Egn. 3) does not change the eigen-options. Regarding Platform for general agentsJ. Artif. Intell. Res. 47:
bottleneck state discovery, there are prior works (Simsek 253-279, 2013. doi: 10613/jair3912. URLAhttps:

& Barto, 2008; Moradi et al., 2010) that adopt other cen- //doi  :org/10 :1613/jair  :3912.

trality measures in graph theorg.¢, betweenness) to nd

bottleneck states for skill characterization. Boley, D., Ranjan, G., and Zhang, Z-L. Commute

times for a directed graph using an asymmetric
. laplacian.  Linear Algebra and its Applications
7. Conclusion 435(2):224-242, 2011. ISSN 0024-3795.  doi:
https://doiorg/101016/jlaa2011021:030. URL
https://www  :sciencedirect :com/science/
article/pii/S0024379511000668

Laplacian RepresentatiohdpRep is a task-agnostic state
representation that encodes the geometry structure of the
environment. In this work, we point out a misconception in
prior works that the Euclidean distance in frapRepspace Borg, |. and Groenen, Modern Multidimensional Scaling:
can re ect the reachability among states. We show that this Th’eéry and ApplicétionsSpringer 2005 '
property does not actually hold in geneiia,, two distant ' '
states in the environment may have small distance undefhevalier-Boisvert, M., Willems, L., and Pal, S. Minimalis-
LapRep Such issue would limit the performance of using ¢ gridworld environment for openai gynittps:/

this distance for reward shaping (Wu et al., 2019; Wang gjthup :com/maximecb/gym-minigrid . 2018.
etal., 2021).

Chung, F. and Graham, F. Spectral Graph The-
ory. Conference Board of Mathematical Sci-
ences. Conference Board of the mathematical
sciences, 1997. ISBN 9780821803158. URL
https://books :google :com:sg/books?id=
4IK8BDgAAQBAJ.

To x this issue, we introduce a Reachability-Aware Lapla-
cian RepresentatiorR@-LapRep. Compared td.apRep
we show that the Euclidean distariR&-LapRepprovides
a better quanti cation of the inter-state reachability. Fur-
thermore, this advantage BfA-LapRegeads to signi cant
performance improvements in reward shaping experiments.
In addition, we also provide theoretical explanation for the

Simsek, O. and Barto, A. Skill characterization based on
advantages dRA-LapRep

betweenness. In Koller, D., Schuurmans, D., Bengio, Y.,
and Bottou, L. (eds.)Advances in Neural Information
Acknowledgement Processing Systemgolume 21. Curran Associates, Inc.,

2008. URLhttps://proceedings :neurips :cc/
This research is supported by the National Research Founda'paper/2008/filloe/ P g P

tion Singapore under its Al Singapore Programme (Award 934815ad542a4a7c5e8a2dfa04feadfs-
Number: AISG2-RP-2021-023). Paper :pdf
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A. De nitions and Derivations

De nition A.1 (Average First-Passage TinfEouss et al., 2007; Kemeny & Snell, 198383iven a nite and connected
graphG, theaverage rst-passage timm(j ji) is de ned as the average number of steps required in a random walk that
starts from node, to reach nod¢ for the rsttime.

De nition A.2 (Average Commute Tin{€ouss et al., 2007; Gobel & Jagers, 19743)jven a nite and connected gragh
theaverage commute timg(i;j ) is de ned as the average number of steps required in a random walk that starts from node
i, to reach nodg for the rsttime and then go back to nodeThat is,n(i;j ) = m(jji) + m(ijj).

A.1. Connection between RA-LapRep and the average commute time

Let us rst set up some notations. We denote the pseudo-inverse of the graph LaplaciarLnaettix . We denote thé-th
smallest eigenvalue (sorted by magnitude).dfas ;, and the corresponding unit eigenvectouasRecall that we denote
thei-th smallest eigenvalue (sorted by magnitudel) afs ;, and the corresponding unit eigenvectovasAssuming the
graph is connected, we have the following correspondence between the eigenvectors/eigenidlwesdathose of :

Up = Vi,
(Uz;uz; Ujsj)i = (VjsjiVisj 15 ;V2)
I: 1 (10)
1 1 1
+. +. .t _ . . . .
(27 35 v S 1)‘(f’ . =)
isjoisjo1 2

In particular,u; = v is a normalized all-ones vector an@ = 1=0.
LetU = (ug;uz;  ;ugj)and =diag( 1; 2; ;Sj ). We usees 2 RS to denote a standard unit vector witith
entry being 1. Fouss et al. (2007) show the connection between the average commute time and the eigenvectors of the
pseudo-inverse of Laplacian mattix ,
nes;s9) = Vok zU%es  2U” eqk?: (11)
whereV is the volume of grapl (i.e., sum of the node degrees). Since = 0, we can obtain

q— q_— > q— q > 2
. — + . . + + . . + .
n(s, SO) = Vg 2 U2; ; iS] Ujsj (S 2 U2; , iS] Ujsj €s0 (12)

Based on Egn (10), we can get

! ! 2

nssd= Ve pi Pl e pS. g2 e, (13)
iSi 2 iSj 2
Therefore, whenl = |Sj, we have
n(s;s) = Vek 4(s)  q(sYK? = Ve (dist (s;s9)% (14)

and that idist (s;s%) / P n(s;s9).

A.2. Equivalence between RA-LapRep and MDS

Given an input matrix of pairwise dissimilarities betweeiitems, classic MDS (Borg & Groenen, 2005) outputs an
embedding for each item, such that the pairwise Euclidean distances between embeddings preserve the pairwise dissimilarities
as well as possible.

Speci cally, given the squared dissimilarity matix? 2 R" ", MDS rst applies doubly centering ob @ :

1
B = éJD<2>J; (15)

12



Reachability-Aware Laplacian Representation in Reinforcement Learning

whereJ = | %11> is a centering matrix. Next, MDS calculates the eigendecompositi@h dfet , denote the
diagonal matrix containing the eigenvalues greater than 0Qandenote the matrix made of corresponding eigenvectors.
1

Then the embedding matrix is given By= Q. 2.

LetN denote the matrix containing pairwise average commute fime[N J; = n(i;j ). Then we have

2
1 1, o1 ® 1 ® o R
SEONJ ]y = §4n(l;1) g @k e N s n(h;k)S: (16)
1Sh o 151 J h=1 k=1
Fouss et al. (2007) show that
n(i;j)= Ve(li +1j  27) (17)
wherel =[L*]; . Thus, we can get
2 & & & 5 3
1 1 1 X 1 X 1 XX
SN = SVed 27 + = 24+ 2n = 25,5
2 2 JSJ k=1 ]S] h=1 JSJ h=1 k=1
2 . . o3 (18)
1 K 1 K 1 KR
= Ve 4lIj o . o I + =7 15 S
15 k=1 1> h=1 1> h=1 k=1

SincelL* is doubly centered,e., the sum of each row or each column is 0 (see Appendix A.1.2 in (Fouss et al., 2007)), we
can obtain

1
SONJTy = Vel (19)
that is,B = VgL* with D@ = N. Therefore, the embeddings from MDS is equivalent to the embeddingsin

Eqn.(11) (up to a constant Vg). Based on the derivations in previous subsection, we can see the equivalence between
RA-LapRepand the embeddings from MDS.
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B. Environment descriptions

The two discrete environments used in our experiments are built with MiniGrid (Chevalier-Boisvert et al., 2018). Speci cally,
theDiscrete-A  environmentis 29 29 grid with 391 states, and tH2iscrete-B  environmentis 81 31grid

with 611 states. The agent has 4 four actiansving left moving right moving upandmoving downWe consider two

kinds of raw state representation§x; y) position and top-view image of the grid. To pre-process the input for network
training, we scalé€x; y) positions to the range 0:5; 0:5], and the top-view image to the ranfie1].

The two continuous environments used in our experiments are built with MuJoCo (Todorov et al., 2012). Speci cally,
bothContinuous-A  andContinuous-B  are of sizel5 15. A ball with diameter 1 is controlled to navigate in the
environment. At each step, the agent takes a continuous action (within[range)) that speci es a direction, and then
move a small step forward along this direction (step size set to 0.1). We consides yhgositions as the raw state
representations, and also scale them to the ran@; 0:5] in pre-processing.

C. Experiment details

C.1. Learning the representations (LapRep and RA-LapRep)

To learnLapRep we follow the training setup in (Wang et al., 2021) (see their Appendix E.1). Brie y speaking, we

rst collect a dataset of transitions using a uniformly random policy with random starts, and therLégRepon this

dataset with mini-batch gradient decent. We use the same network architectures as in (Wang et al., 2021) and the Adam
optimizer (Kingma & Ba, 2015). Other con gurations are summarized in Table 1. After leat@pRep we approximate
RA-LapRepwith the approach introduced in Section 3.3.

Table 1.Con gurations for learnind-apRep

Discrete environments Continuous environments

Dataset size (in terms of steps) 100,000 1,000,000
Episode length 50 500
Training iterations 200,000 400,000
Learning rate le-3 le-3
Batch size 1024 8192
LapRepdimensiond 10 10
Discount sampling 0.9 0.95

C.2. Reward shaping

Following (Wu et al., 2019; Wang et al., 2021), we train the agent in goal-achieving tasks using Deep Q-Network
(DON) (Mnih et al., 2013) for discrete environments, and Deep Deterministic Policy Gradient (DDPG) (Lillicrap et al.,
2016) for continuous environments. We use {kgy) position observation in both discrete and continuous cases. For DQN,
we use the same fully-connected network as in (Wang et al., 2021). For DDPG, we use a two-layer fully connected neural
network with unitg(400; 300) for both the actor and the critic. The detailed con gurations are summarized in Table 2. As
mentioned in Section 4.2, we consider multiple goals to minimize the bias brought by the goal positions. The locations of
these goals are shown in Figure 9.

C.3. Resource types and computation cost

Our experiments are run on Linux servers with Ifit€lore™ i7-5820K CPU and NVIDIA Titan X GPU. For discrete
environments witl{x; y) positions as observations, each run of representation learning requires about 600MB GPU memory
and takes about 50 minutes. Each run of reward shaping requires about 600MB GPU memory and takes about 20 minutes (for
Discrete-A ) or 40 minutes (foDiscrete-B ). For discrete environments with top-view images as observations, each

run of representation learning requires about 900MB GPU memory and takes about 1 hour. For continuous environments,
each run of representation learning requires about 4GB GPU memory and takes about 11 hours. Each run of reward shaping
requires about 900MB GPU memory and takes about 1.5 hours.
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Figure 9.Goal positions for reward shaping experiments. Each red star represents a goal.

Table 2.Con gurations for reward shaping.

DQN DDPG
Timesteps 200,000 Discrete-A ) Timesteps 500,000
400,000 Discrete-B ) Episode length 1,000
Episode length 150 Optimizer Adam
Optimizer Adam Learning rate le-3
Learning rate le-3 Learning starts 100,000
Learning starts 5,000 Target update rate 0.001
Training frequency 1 Replay size 200,000
Target update frequency 50 Batch size 2,048
Target update rate 0.05 Discount factor 0.99
Replay size 100,000 Action noise type  Gaussian noise
Batch size 128 Gaussian noise 0.5
Discount factor 0.99
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D. Additional results

D.1. Capturing reachability between states

Figure 10.Left 3 columns: Visualization of the Euclidean distance between all states and the goals in discrete environments. For each
environment, two additional trajectories (different from the one in the main paper) are shownRigkt.Normalized distance values
for states in the trajectories.
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