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Abstract

This document contains supplementary material to the article ‘Statistical test for
consistent estimation of causal effects in linear non-Gaussian models’, AISTATS
2012. A table of contents is given below.
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1 Definitions and background

In this section we give some standard graph-specific terms, and the definitions of blocked and active
paths, and back-door paths, and we restate the back-door criterion (Pearl, 2009), which is a graphical
criterion for when adjustment is guaranteed to yield a consistent estimate of a causal effect from
observational data.

A directed graph G is a pair G = (V, £), with V a set of variables and £ C V x V a set of edges. If
an ordered pair (v;,v;) € £, we write v; — v; and say that v; is a parent of v;, and v; is a child of
v;. A path is a sequences of nodes (vy, ..., v;,Vit1, ..., V) such that for each pair of consecutive
nodes either (v;,v;41) € £ or (viy1,v;) €E, i =1,...,m — 1. A directed path from v; to vy, is a
path where all arrows point towards v, (V1 = ... U; = V41 ... = Up), 1.e. (v;,v;41) € € for all
1 =1,...,m — 1. If there is a directed path from v; to v;, then v; is called an ancestor of v;, and
v; a descendant of v;. A directed acyclic graph (DAG) is a directed graph that does not contain any
directed paths from a node to itself.

A path is blocked (d-separated) by a variable set Z if the path contains (i) a triple of the form
V; = Vg — U OF v; 4 v, — v; with vy, € Z or (ii) a triple v; — v; < v; (called a collider) with
neither v; nor any descendant of v; in Z. A path which is not blocked is called an active path. A set
Z C V\{vi,v;} d-separates two variables v; and v, if Z blocks all paths between v; and v; (Pearl,
2009, Ch. 1).

A back-door path from v; to v; is a path leaving v; via one of its parents, i.e. the first edge in the
path is v; < vy, for some k.

Given a DAG over a set of random variables (including x, y and Z), the back-door criterion (Pearl,
2009, Ch. 3) states that the total causal effect of = on y is identifiable from observational data if there
exists a set Z of observed variables such that no variable in Z is a descendant of x, and Z blocks
(d-separates) all back-door paths from x to y. A set Z satisfying the back-door criterion is called
admissible (Pearl, 2009, Ch. 3) (or ‘sufficient’, Greenland et al., 1999). In the linear case, the causal
effect of = on y can be consistently estimated by including an admissible set Z in the regression of
y on x, and the causal effect is obtained as the regression coefficient of = (Pearl, 2009, Ch. 5).

2 Detailed proof of Theorem 1

To recap, the model over the variable set V = {z,y} UW UU defined in Equation (1) of Section 2.2
of the paper is given by
v:=Bv+e (1)

where B can be permuted to lower triangularity (acyclicity assumption) and the disturbance terms
in e are mutually independent. We assume that the covariates in VV precede the ‘treatment’ variable
2 which in turn precedes the ‘outcome’ variable y.

We here provide a detailed proof of the main result (Theorem 1), which is used to judge the outcome
of the procedure of Algorithm 1. Both are restated for convenience.

Theorem 1. Given the model of Equation (1) and using the procedure described in Algorithm 1
with a fixed conditioning set Z, the following statements hold:

(a) Under the assumption that the disturbance term of x, denoted by e, has a non-Gaussian distri-
bution, if the residuals v, and r, are asymptotically mutually independent, then a is a consistent
estimator of the true causal effect o.

(b) Under the assumption that the distribution over the variables in V is linearly faithful to the
generating DAG (Spirtes et al., 2000, p. 47), if the residual r, is non-Gaussian, and r, and
ry are asymptotically mutually independent, then a is a consistent estimator of the true causal
effect a.

(c) If the residuals r, and ry are asymptotically statistically dependent, then the set Z is not admis-
sible.



Algorithm 1 (Statistical test for consistency)

Given a dataset over the observed variables {x, y} U (from a model as in Equation (1)) and a set
Z C W of covariates to adjust for.

Estimate the following two regressions using ordinary least squares (OLS):
r=b"z+r, 2)
y:ax+cTz+ry. 3)
Perform a statistical test for Gaussianity of the residual r,,, proceed only if Gaussianity is rejected.

Perform a statistical test for independence of r,, and 7, interpret the result as follows (Theorem 1):

If independence is not rejected at threshold p;:

The estimated effect a is inferred to be consistent
If independence is rejected at threshold p;:

The estimated effect a is inferred to be inconsistent

In the proofs we will use the ‘reduced form’ representation of the model in Equation (1), given by
v=Ae “4)

with A = (I — B)~! containing the total effects of the disturbances e on the variables v. That is,
each variable v € V can be written as a linear combination of the disturbance terms:

v=A,e (®)]
with A, being the corresponding row of matrix A.

Furthermore, we use a property about dependence and independence of two sums of independent
random variables, known as the Darmois-Skitovitch Theorem:

Darmois-Skitovitch Theorem (Darmois, 1953; Skitovitch, 1953). Let ey, ..., e, be independent
random variables (n > 2), s; = f1e1 + ... + Bpen and so = y1€1 + ... + Y€, With constants
Bisvi, © = 1,...,n. If 51 and s, are independent, then those e; which influence both sums s; and
s (i.e. B57v; # 0) are Gaussian.

Proof of Theorem 1(a). We show that if a is an inconsistent estimator of the true causal effect o
then the residuals 7, and r,, are dependent.

Let the variables in V be arranged in a causal order (i.e. no “later” variable has an effect on
any “earlier” variable in this order) such that v = (v1,...,v,_2,7,y)7 and the disturbances
e = (€yys---1€u, 5, €z,6y)T which implies that the matrix A in Equation (4) is lower triangu-
lar with a unit diagonal (possible by the acyclicity and partial temporal ordering assumption).

Using Equation (5) we can express the variable x as a linear combination of the underlying distur-
bances, v = Agze, where Ay = (A 1,. .., Az n_2,1,0), meaning that the coefficient of e, is equal
to 1, the coefficient of e, is equal to 0, and the coefficients A, ;, i = 1,...,n — 2, from the other
disturbances can be either zero or non-zero, depending on the graph and the parameters of the model.
Similarly, y is represented by y = Aye with A, = (Ay1,..., Ay n_2,q, 1) with a coefficient of

strength « for e,, unit coefficient for e, and zero or non-zero coefficients 4, ;, i = 1,...,n — 2,
for the other disturbances. The effect a of e, on y is the same as the true causal effect of x on y
because of the acyclicity assumption. Furthermore, for all other variables v;, i = 1,...,n — 2, the

representation v; = A, e is such that the coefficients of e, and e, are zero (because of the lower
triangularity of A).

Using the above we can express the residuals from Equations (2) and (3) in terms of the disturbances:

rx:x—sz:(Ax—szAz)e:(...,l,O)e
z€Z
ry:y—ax—cTz:(Ay—aAw—ZcZAz)e:(...,a—a,l)e
z€EZ



where the dots indicate the entries of the disturbances other than e, and e,. Given the premise

. . . . P . o
that the estimator a is inconsistent (i.e. (a — «) — 0) the disturbance e, has a non-vanishing
coefficient in the representation of both residuals 7, and r,. By the assumed non-Gaussianity of e,
the Darmois-Skitovitch theorem ensures that r, and 7, are statistically dependent. O

For the proofs of Theorem 1(b) and (c) we make use of the following lemma, which gives a criterion
when a disturbance variable e,, has a non-vanishing coefficient in the representation of a residual r,.

Lemma 1. We are given a set of variables V = v U V', where v is a single variable and V' a
non-empty set of variables not including v, following the model in Equation (1), and we assume that
the distribution over these variables is linearly faithful to the generating DAG. Regressing v on a set
Z' C V' not containing any descendants of v yields

Ty =V — E C.z = Aje— E c.Ae=dye
2€Z! 262!

= (dv’l,...,dv’ww..,dv’n)(el,...7ew,...,en)T

with A, and A ., z € 2', as in Equation (5) and d, = A, — ) 5 ¢.A.. When estimating the

regression using OLS, for w € V' holds that d,, ,, —PH 0 (with d, 4, the coefficient of e,, in d,) if and
only if

1. forw € Z' there is an active back-door path (not blocked by Z'\ {w}) from w to v pointing
into v (i.e. the last edge on the path is “— v”),

2. forw e V'\ Z' there is
(i) a directed active path from w to v (not blocked by Z') or

(ii) a directed active path from w to some z € Z' (not blocked by Z' \ {z}) for which
there is an active back-door path to v (not blocked by Z' \ {z}) pointing into v.

Note that the linear faithfulness assumption is only necessary for the “if-direction”, the “only-if-
statement” is valid without this assumption as can be seen from the proof.

Proof of Lemma 1. We will use in both directions of the proof the fact that points 1 and 2, respec-
tively, are equivalent to e,, being d-connected to v given Z’, by a path pointing into v (for w € Z’
and w € V' \ Z’, respectively), which follows straight from the definition of d-separation. Further-
more, in points 1 and 2(ii) any potentially active back-door path is pointing into v, since any other
back-door path contains a collider at some descendant of v, which is not in the conditioning set (by
assumption) and hence such paths are blocked.

“<" We show that if either point 1 or 2 holds, then d,, ,, fe 0.
First we note that for any w € Z’ which has no parents, i.e. w = e,,, point 1 never holds.

For any other disturbance variable e,, (independent of whether w is in the conditioning set Z’), if
point 1 or 2 is fulfilled, we know that e,, is not d-separated from v given Z’ which implies using the
faithfulness assumption that the partial correlation of e,, and v given Z’ is non-zero. Hence, in the
regression v = Zzez, ¢,z + bey, + 7, (which has non-collinear regressors since e,, # z,2 € Z')

the coefficient b —PA 0. We now show that in the regression v = 3 ~cz Cz22 + 7y the contribution
of the disturbance term e,, to the residual 7, is non-vanishing. We rewrite the regressions in matrix
form, with ¢ and ¢ collecting the coefficients ¢, and ¢, z € Z’, respectively, Z the data matrix over
the variables in Z’ and E,, the data vector of the disturbance term e,,:

v=2Zec+r,
v="2Zé+ E, b+ T,

The coefficients ¢ of the second regression can be expressed in terms of the coefficients ¢ and b as
c=¢— (ZTZ)’lzTEwb (Seber and Lee, 2003, p. 54), which yields for the second regression

v="2(¢— (ZT'Z)'ZT E,b) + E,b + 7,
=Zé+ (I —Z(Z7Z) ' Z7)Eyb + 7.



It follows that the residual r,, of the first regression is equal to
ry =1 —Z(Z"Z) ' Z")E b + 7.

The (1x1) matrix E! (I —Z(ZTZ)~'Z")E,, is positive definite (Seber and Lee, 2003, p. 54), which
for the scalar case means it is a positive number, and hence the vector (I — Z(Z*Z)"'Z")E,, is

. P . . o .

non-zero. Since b — 0, the residual r, has a non-vanishing contribution from the disturbance term
. P

ey, 1.6. dy .y — 0.

“=" We show that if neither point 1 nor 2 holds, then d, ,, i> 0.

First, for any w € Z’ with w = e,, point 1 never holds. In this case, since in the regression of v on
the variables in Z’ the regressors are uncorrelated with the residual r,,, we obtain 0 = cov(w, r,) =

cov(ey,ry) = Eleydye) = i dyi E(ey e;) and E(ey, e;) L0 for w # 1 (since all e; are

independent). Thus, Y " | d,; E(ey €;) £, dywE(eyey) = dyyV(ew) L, 0, implying that
P

dyw — 0.

For any other disturbance variable e,, (independent of whether w is in the conditioning set Z) we
know that the negation of points 1 and 2 imply that e,, is d-separated from v given Z’, which in the
linear model family implies that the partial correlation of e,, and v given Z’ is zero. Thus, in the
regression v = Zzez, ¢.z + bey, + 7, (which has non-collinear regressors since e,, # z,z € Z')

. . P . .
the regression coefficient b — 0, and hence for the regression v = »__~, ¢,z + 1, we get that for
all z € Z’ the coefficients ¢, and ¢, converge in probability to the same value and hence also 7, and

_ P
. Because 0 = cov(ey,, 7y) = cov(ey, ry) We can, as above, conclude that d,, ,, — 0. O

Proof of Theorem 1(b). As in the proof of Theorem 1(a), we show that if the estimator is inconsis-
tent, then the residuals are dependent.

First, the inconsistent estimator for the effect of x on y implies that there is an active back-door path
from x to y (not blocked by the set Z) pointing into y.

Additionally, since the residual r,, from Equation (2) is non-Gaussian, when expressing r, = = —
bz = d,e as a linear combination of the disturbances e, the coefficient of at least one non-
Gaussian residual e,, has to be non-vanishing. By Lemma 1 with v = z and Z’ = Z follows that
there exists an active path from w to z of the type in point 1 or 2 of the lemma (which is pointing
into x).

We now show that connecting this active path from w to x with the active back-door path from z to
y yields an active path from w to y when conditioning on {z} U Z, which has the form as one of the
paths in point 1 or 2 of Lemma 1 (with v = y and Z’ = {z} U Z). We consider the following three
cases, according to the lemma.

1. w € Z, active path as in point 1 of Lemma 1: Since this active back-door path from w to
x is pointing into z, the concatenated path has a collider at x, which is in Z’ and hence
the path is an active back-door path from w to y (not blocked by Z’) as in point 1 of the
lemma. (Note that if the two paths have more than the node x in common, this is still valid
using (Spirtes et al., 2000, Lemma 3.3.1), which states conditions under which a series of
active paths from nodes vy to v, v to vs,...,v,_1 to v, yield an active path from v; to
Up.)

2. w ¢ Z, active path as in point 2(i) of Lemma 1: We immediately obtain a path as in
point 2(ii): a directed active path from w to x (with z € Z’) for which there is an active
back-door path to y (not blocked by Z = Z’\ {x}).

3. w ¢ Z, active path as in point 2(ii) of Lemma 1: The active back-door path from some
z € Zto x is again pointing into z, and by the same argument as in point 1 by concatenating
this active back-door path with the active back-door path from x to y yields an active back-
door path (not blocked by Z’) from the given z to y, pointing into y. Hence, by using the
same directed path from w to z and the concatenated back-door path from z to y we obtain
a path as in point 2(ii) of the lemma.



Thus, there exists an active path from w to y when conditioning on {x} U Z as in point 1 or 2 of
Lemma 1 and applying the lemma with v = y and 2’ = {«} U Z now implies that the effect of
ew on y is also non-vanishing (as is the effect of e,, on x). (Note that in this step we need the
faithfulness assumption to apply Lemma 1.) From the non-Gaussianity of e,, and the Darmois-
Skitovitch theorem then follows that the residuals 7, and r, are dependent. O

Proof of Theorem 1(c). We show that if the residuals are dependent then there exists an active back-
door path from z to y.

We rewrite the regressions from Equations (2) and (3) to obtain r, = x — b'z = d,e and Ty =
y—ax—c’'z = dye. Since r, and r, are by assumption dependent there exists aw € {x} UWUU
whose error term e,, has a non-vanishing coefficient in the representation of both residuals r,, and
ry. By Lemma 1 we thus know that there exist some kind of active paths (as in point 1 or 2 of the
lemma) from w to x and from w to y, and we will show that by concatenating these paths we can
always construct an active back-door path from x to y. (Note that here we only made use of the
“only-if-statement” of Lemma 1 which does not need the linear faithfulness assumption.) Consider

the following cases:

1. w = z: By point 1 of Lemma 1 (with v = y, e,, = e, and Z’ = {z} U Z) there is an active
back-door path from x to y.

2. w € Z: This means by point 1 of Lemma 1 that there exist active back-door paths p =
(W« ... - z) fromwtoz and ¢ = (w < ... = y) from w to y. Hence, the
concatenated path x <— ... — w < ... — y is an active back-door path from z to y since
w € Z is an active collider. (Note that the two paths can have more than w in common,
but this does not change the fact that there is a d-connecting back-door path, using (Spirtes
et al., 2000, Lemma 3.3.1).)

3. w ¢ {x} U Z: According to Lemma 1 there are four different possibilities:

2(i) + 2(i): There are directed active paths from w to = and to y, which immediately implies
an active back-door path from x to y.

2(i) + 2(ii): There is a directed active path from w to = and a directed active path from w
to some z € Z for which there is an active back-door path to y: Since z cannot be along
the directed active path from w to z we can concatenate the two paths and get an active
back-door path fromx toy: © <— ... < w — ... = z < ... — y (using (Spirtes et al.,
2000, Lemma 3.3.1) if the paths have more nodes than w in common).

2(ii) + 2(i): Completely analogous to 2(i) + 2(ii)

2(ii) + 2(ii): There are directed active paths from w to some 21,29 € Z and active back-
door paths from z; to x and from 25 to y, respectively. As before we can concatenate the

paths at w to get an active back-door path fromx toy: © < ... = 27 « ... < w —
... = Z9 < ... — y, (using once more (Spirtes et al., 2000, Lemma 3.3.1) if the paths
have more nodes than w in common). O

3 Pseudocode of the backward elimination search procedure

The pseudocode of the forward selection procedure was given in the paper in Algorithm 2. A similar
piece of code is shown in Algorithm 3 for the backward elimination procedure, omitted from the
main paper for reasons of space.

4 Details on the examples of Figure 1

In this section we present some details of the two example graphs in Figure 1 of the paper, redrawn
here for convenience also in Figure 1. Note that for Example 2 we relabeled the edge coefficients
with Latin letters, to be able to distinguish them from the coefficients of Example 1.



Algorithm 3 (Backward Elimination)
Let Zjy| = W and m = |[W)|
If the residual r,, from Algorithm 1 is Gaussian, set pjw| = NaN,
Else otain a p-value pyy| from the independence test of the residuals r,, and r,, from Algorithm 1
Repeat while m > 0
m=m—1
For every set Z = Z,,,11 \ {w}, w € Z,,41, test whether 7, is Gaussian
For every such Z with non-Gaussian 7, get a p-value pz from the independence test of r,, and 7,
Set p,,, = max{pz} and let Z,, be the corresponding set Z
If all r,, were Gaussian, set p,,, = NaN and let Z,, be the set Z yielding the least Gaussian 7,
Return max,,—o, .. w|{Pm} and the corresponding set Z,,

(a) Example 1 (b) Example 2

Figure 1: Two example models with w, x, and y observed, and u; and us hidden variables.

In Section 4.1 we first represent the models using Equations (1) and (4), and derive the covariance
matrices over the observed variables w, z and y, which will be used throughout the whole section. In
Section 4.2 we show what the effect of adjusting and not adjusting for variable w is in both examples,
i.e. when the estimator of the causal effect of x on y is consistent and when it is inconsistent. We
then prove in Section 4.3 that the two graphs in Figure 1 can model the same covariance matrices
over the three observed variables w, x and y, which implies that they are indistinguishable from data
over these variables when all disturbance variables are Gaussian. Finally, we show in Section 4.4 that
if the disturbances deviate from Gaussianity, the two models can be told apart from observational
data over w, = and y, using Theorem 1.

4.1 Model equations and covariance matrices

Writing the equations for the two example graphs in Figure 1 as in Equation (1) we obtain for

Example 1
w 0 0 0 w €w
<I>:<700>($>+<6r> (6)
Y B o 0 y ey

and for Example 2

U 0O 0 0 0 O Ul €u,

Uo 0 0 0 0 O Uo €usy

w = b d 0 0 0 w + Cw 7
T c 00 0 O T €

Y 0 f 0 a O Y ey

Rewriting both Equations (6) and (7) using the formula in Equation (4) yields for Example 1

w 1 0 0 ew
(o)-Cons o))
Y ay+ 6 a 1 ey



and for Example 2

U1 1 0 0 0 O €u,
Ug 0 1 0 00O Eaus
w = b d 1 0 0 €w &)
T c 0 0 1 0 €
y ac f 0 a 1 ey

We can obtain the covariance matrices over all variables in Examples 1 and 2 by using the formula
C(v) = E(vv’) = BE(Aee’ AT) = AC(e)AT (10)

where C'(v) and C'(e) are the covariance matrices over the variables in v and e, respectively. By
the independence of the disturbance variables e the matrix C'(e) is diagonal, with the variances

of the disturbances along the diagonal. Denoting these variances in Example 1 with 02,02 and
05, respectively, and in Example 2 with 72 1,7’32,731, 72 and Ty2, respectively, for Example 1 the

covariance matrix is given by (showing only the upper triangle because of symmetry)

WP (@y +Bos,
Cr= . V0w T 0% FY(O"Y_F/B)UHJ +aog (11)
. (ay + B)%0s, + 02 + 0
and for Example 2 by

T2 2 bT,lz , ete) ac7'§ .

Tito dry, 0 1o,
Cy = . R i et ol berl, abCTgb + df 72,
. 02731 + T$2 acQTu1 + G,Tg

2.2, 2 2.2 2,2 2
a“c*ts + femi, ta T, + Ty

Thus, in Example 2 the covariance matrix over the observed variables w, x and y results in

1927'51 + d27'52 + 7'3) ) b2C7'31 , abcﬁb + df7'122
C2,0ps = . Ty, + T ac T, +aty , (12)

2.2 2 212 2.2 2
a*cty + feri, +a T, + T,
the submatrix over these three variables (i.e. u; and us are marginalized out).

We can use the covariance matrices to calculate the exact values of the estimates. To see this, for
the regression v = Ez cz/ €22 + Ty the coefficient vector ¢, is obtained by the OLS estimate which
converges for growing sample size to an expression depending only on the covariance matrix. Let
1z denote the indices of Z’, and i,, the index of v (among all observed variables) and let D be the
data matrix over the observed variables. Then we obtain for the coefficient vector

1 1
T T —1T T -1 T
CZ = (DiZ/DiZ/) DiZ/Div = (%Dizlpizl) %DileDiU (13)
Ly (Covlizr,iz]) " Covliz, iy) for k — oo (14)

with D;,qs the data submatrix over the variables with indices inds, k the sample size, and
Cou([indsy, indss]) the submatrix of the covariance matrix containing the rows with indices inds;
and columns with indices indss.

4.2 The effect of controlling for w in Figure 1 (a) and 1 (b)

We now show that in case of Example 1 of Figure 1, not controlling for w in the regression of y on
x yields an inconsistent estimator, whereas controlling for w will render the estimator consistent. In
Example 2, the situation is exactly the opposite.

Lets start with Example 1. When not including w in the regression, i.e. estimating

Yy=ar+r,



the regression coefficient ¢ is obtained as (using Equations (13) and (14))

R cov(z,y) _ Y(ay + B)o2 + ao? . By, (15)
V(@) 1203 + 03 Vil + ol

where the covariance of x and y and the variance of x can be read off the covariance matrix defined
in Equation (11). We can see that the estimator & converges to the true effect a plus a non-zero term,
depending on 3, v and the variances of e,, and e, (02, and o2, respectively) i.e. the estimator is not
consistent (for 5 # 0, v # 0).

On the other hand, if w is included in the regression of y on x, that means we are estimating
Yy = ax + fw + 1y,

the estimates can be obtained using the covariance matrix of Equation (11) as shown in Equa-
tions (13) and (14):

0_2

N -1
ﬂ P . . 9]—1 . _ w, 70—121) (Oé’)/ + /8)0121;
< a ) Danargtan 2= ( T o0 ot Bt g

_ 1 Yoo, 4+ 02 —yop, (ay + B)o,
0202 o3, os, v(ay + B)og, + a0

x

20_2 2 0_2
¥ wégv-%ﬂ) +(ay+B) — v (a'gﬁ) v oy B ( 3 )

_v(av;;ﬂ)ffi, +7(a'y:2ﬁ)ffi +a T\« (16)

where C1[1 : 2,1 : 2] is the submatrix of C; with rows 1 and 2, and columns 1 and 2, and similarly
C4]1 : 2,3] with rows 1 and 2, and column 3. This calculation shows that the estimator & of « is

consistent (as is the estimator B of ).

Turning now to the graph of Example 2 in Figure 1, we prove that not conditioning on w yields a
consistent estimator, and conditioning on w an inconsistent estimator of the causal effect of = on y.

When not including w in the regression, i.e. estimating
Yy =ax+ry
we obtain the estimate using the covariance matrix of Equation (12) as
cov(z,y) ac’t2 +at?

P
O — = = 17
¢ V(x) 212 472 “ a7

which is consistent.
Including w in the regression, as in
y =axr + hw+ry
we obtain the regression coefficient by using a similar calculation as in Example 1 (using Equa-
tions (13) and (14)):

( Z ) Ly Coopsll 12,12 Chps[1 1 2, 3]
_ < Vre +d*rl + Tl ber?, >1 ( aber? + dfT2, >

bc7’31 Ty Ty CLCQTul + arf

1 AT+ 72 —ber? J
(273, + 73)(c?72, +72) + 0273 72 —bery, b7 +dir, + 7

< aber? —|—df7'£2 )

2. 2
ac’T,, +aty

0 1 df722(027'2 +7'2)
_ w\CTuy TTe) ) (18
< a > * @BE, 1 2)( @2, 1 72) 1 PPrE A2 ( Zhedfr? 72, (1)

In particular, this calculation shows that the estimator a of a is inconsistent since the second expres-
sion on the right hand side is always non-zero (for non-zero edge coefficients b, ¢, d, f).



4.3 Models of Figure 1 (a) and 1 (b) are covariance-equivalent

We show that the two example graphs of Figure 1 can model the same covariance matrices over the
three observed variables w, x and y. It follows that for Gaussian disturbance variables e we cannot
distinguish the two models from data over the observed variables, and hence are not able to decide
whether to control for the variable w to obtain a consistent estimate of the causal effect of x on y.

In particular, we claim that any covariance matrix that can be modeled with the graph of Example 1
can also be obtained from the model of Example 2 and vice versa. Therefore, we solve two sets of
equations.

In the first set we solve the six equations from C = C3 o With regard to the parameters in the first
model (i.e. «,f,7,02,02, 03) which shows that any covariance matrix created from the second
model could have equally well been obtained from the first model.! We obtain

2.2
o defTulTu2 (19)
2722 2 2.2 2 2.2 2 2.2 2 2.2
¢ d TUITUQ +C Tu1Tw +b TulTx +d Tusz +T’w7—a:
2 (2.2 2
ﬁ_ dfTUQ(C Tul +Tz) (20)
— 2722 -2 2.2 2 2.2 2 2.2 2 2.2
c2d TulTuz +c 7_u17_w + b TulTr + d TugT., +7—1u7_ac
ber?
uy
7= 2.2 2 2n
b Tul-i-d Ta, T T
2 _ 2 2 2 2_2
O =Ta+0b Tul—i—d Teto (22)
2122 2 2.2 2
9 o CUAETL Ta, T CUTL T
o, =T, + (23)
x x D272+ d272 + 72
U1l U2 w
2022 2 2 2022 2 2 2.2 2.2
0_277_2+ b f TulTung+C f TulTusz+f TuQTwTw (24)
v~y 2722 2 2.2 2 2.2 2 2.2 2 2.2
cAd?rg Ta, + T e + 0TS T+ dPTE T + TET,

where we can see from Formulas (22), (23) and (24) that the variances are always positive.

Conversely, to show that any covariance matrix created by the model in Example 1 could have been
produced by the graph of Example 2 as well, we solve the six equations from C; = C3 o With

regard to the parameters of the second model (i.e. a, b, ¢, d, f, 72 L 732, 72 72 72) and obtain:

wr Tx Yy

am et @s)
2o % (26)
= st .
7= et (07 + 0% Lol = Lot~ 02 as)
R AT @)
= (Rl Dot ot ot 0

and b, ¢, d and f are set such that the variances in Equations (26) - (30) are positive. Since the
coefficient o does not appear in the formulas for the variances it is enough to analyze the following
four cases.

'Tt is well known that the graph of Example 1 can model any covariance matrix over three observed variables
so it must also be able to produce the one from Example 2. We will show this here anyway.
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e For « arbitrary, 5 > 0, > 0 it is required that

Eq. (26): sign(b) = sign(c)

Eq. (27): sign(d) = sign(f)
2 2 2
Eq. (29): ¢ _00wtos
b o2,
252 52 1 3252 52 4 5242
d Bo2 o2
b d
Eq. (28): b,c,d, f also such that 202 4 02 > = (302 + vo2) + ?60233. (31)
c
Note that such b, ¢, d and f always exist since setting % = W;g;i;, and % =
7203705T§UZZ%EE+0305 for some € > 0,0 > 0 yields for Equation (31)
2 2 2
2 2 2 Vo TE Y, 3 9 2 Bonoy +0 2
7%+%>W7(7 e Boy

BPoro2 + 6 2

2 2
=70t t 555 2 2 9 2 2%
yog0, + BPog,o8 + o030y

from which follows that

B

252 52 & 3202 02 + 5252
Yiog0, + BPog,08 +ozo;

2 2 2

g
1>e5+9
oz oo+ BP0l +otog

252 52 2 2
Y?oi05 + B o 0

2 2,2
w—&—azoy

and since the last term of the right hand side is always smaller than 1 (because of the bold
parts), there always exist £ > 0 and § > 0 such that Equation (31) is fulfilled.

e For « arbitrary, 3 < 0,y > 0 it is required that

Eq. (26): sign(b) = sign(c)
Eq. (27): sign(d) = —sign(f)
2 2 2
Bq. 9y © < V7u o
b yo2
25252 1 3252 52 4 5242
Eq.(30):f>7 w9y ¥ 570w 030y
d Bo2 o2
b
Eq. (28): b,c,d, f also such that 4202 + 02 > = (7302 + ~v02)
c

+ ;BJ%

Similarly as for Equation (31) one can show that appropriate b, ¢, d and f always exist.

e For « arbitrary, 8 > 0,y < 0 it is required that

Eq. (26): sign(b) = —sign(c)
Eq. (27): sign(d) = sign(f)
2 2 2
Eq. (29): S > 10w + 0z
b VoL,
26202 + 20202 + 0202
Bq. G0); L < LTt P 0u0s + 020,
d Bo2 o2
b
Eq. (28): b,c,d, f also such that 202 + 02 > ~(y302 4 vo?2)
c

Again, such b, ¢, d and f always exist using a similar argument as above.

11
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e For « arbitrary, 5 < 0, < 0 it is required that

Eq. (26): sign(

b) = —sign(c)
Eq. (27): sign(d) =
2

—sign(f)
¢ Yontos
b ~o2
w
f_ 2Potol+ BPos0r +o0)

Eq. D=
q.(30): > ool

Eq. (29):

b d
Eq. (28): b,c,d, f also such that 4202 + o2 > E(*ysafu +vo2) + ?ﬁazx

An analog argument as in Equation (31) shows that appropriate b, ¢, d and f always exist.

This concludes the proof that the two graphs of Figure 1 can model the same covariance matrices.

4.4 Models of Figure 1 (a) and 1 (b) are distinguished for non-Gaussian disturbances

As shown in the previous section, the two graphs of Examples 1 and 2 in Figure 1 can generate
the same covariance matrices. Hence, in the case of Gaussian disturbances these two models are
indistinguishable and it is impossible to know whether to include w in the regression to obtain a
consistent estimate of the causal effect of x on y. We show now, that if the disturbance terms e
contain any kind of non-Gaussianity we can distinguish the two models from data over the observed
variables w, x and y (asymptotically), and thus are able to obtain a consistent estimator of the causal
effect of x on y by adjusting accordingly (using Theorem 1).

For the graph of Example 1, if we do not include w in the conditioning set Z which means that we
apply Algorithm 1 with Z = (), we estimate the two regressions

T =Ty

Y =0 +1y.

It is well known that we obtain an inconsistent estimator, i.e. (& — «) L0 (as shown in Equa-
tion (15) in Section 4.2). The important point is that now the estimated error terms 7, and r, are
by necessity statistically dependent (and we can thus use Theorem 1(c) to detect the inconsistent
estimator of ). This can be seen by expressing the two estimated residuals in terms of the original
disturbances e = (e, €5, €,) using Equation (8):

’I“a;:l‘:(’}/, 170)6
ry=y—adr=(ay+p,a,l)e—(ay, &, 0)e
=((a—ay+p8,a—a, l)e.

Because & is an inconsistent estimator of a (i.e. (& — ) TN 0) the contribution of e, (and in general
also of e,,) to both 7, and r,, is non-vanishing. By the Darmois-Skitovitch Theorem (Darmois, 1953;
Skitovitch, 1953) we have that the non-Gaussianity of the elements in e is sufficient to ensure that r,,
and r, are statistically dependent. This is in accordance with Theorem 1, since, on the one hand an
inconsistent estimate yields dependent residuals (parts (a) and (b) of the theorem), and on the other
hand, part (c) of the theorem states that the dependent residuals imply the existence of an active
back-door path from x to y (z < w — y), and hence we should not trust the estimate. Obviously,
in practice only the latter part of the theorem is applicable.

If we include w in the regressions, i.e. apply Algorithm 1 with Z = {w}, we obtain a consistent
estimator & of o (compare Equation (16), Section 4.2), the only back-door path from x to y (x <
w — y) is blocked, and for the residuals we obtain

r.=x—4fw=(y,1,0e—(%,0,0e=(y—7%, 1,0)e£>(0, 1,0)e
ry=y—dr—pw=(ay+p,a,)e-(4y,a,0e-(6,0,0)e
:((a—d)'y—i—(,é’—ﬁ), a—a, 1)65(0,0, 1) e,
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since 4 is a consistent estimator of v (using Equations (13) and (14), and the covariance matrix of
cov(z,w) _ vl

V(w) = op
are consistent estimators of o and 3, respectively. Thus, the residuals 7, and 7, are asymptotically
the same as the disturbances e, and e,, respectively, which are by assumption independent. This
is also in line with the claims of Theorem 1, since by parts (a) and (b) the independent residuals
imply a consistent estimate, and from part (c) follows that if all back-door paths are blocked then the
residuals are independent. In practice, we can of course only use the former statement to identify
consistent estimators.

Equation (11) we obtain % i) = 7) and, as shown in Equation (16), & and B

Considering now the graph of Example 2, if w is included in the conditioning set Z (i.e. Z = {w}
in Algorithm 1) we obtain the regressions

T =gw+ 1y

y:dx—i—ﬁw—i—ry

. . . . . . A .
where the estimated regression coefficients are in general inconsistent, i.e. § — 0 (using the co-

. .. . . ~ P b i ~ p
variance matrix in Equation (12) yields § — C"‘l;((fl;;“) = &= +sz2712 - # 0), and h — 0, and
2 2,+72

a5 oa (see Equation (18) in Section 4.2). The residuals can again be expressed in terms of the
original disturbance variables e = (e, , €y,, €w, €, €,) using Equation (9):

re=z—gw=1(c,0,0,1,0e—(g,dd,§,0,0)e
:(C_gb7 _gda _ga 17 0)6
ry:y—dx—flw:(ac, f,0,a,l)e—(ac,0,0,a,0)e—(hb, hd, h,0,0)e
=((a—a)c—hb, f—hd, —h,a—a, 1)e.
As above, since a is an inconsistent estimator of a, by the Darmois-Skitovitch theorem and the non-
Gaussianity of the variables in e follows that the two estimated residuals are dependent, because
they both have non-vanishing contributions, for example, from e,. Furthermore, there exists an
active back-door path from z to y (z < w1 — w <+ ug — y).
However, when excluding w from the analysis, we obtain a consistent estimator of the causal effect
of x on y (i.e. a i a, see Equation (17), Section 4.2), the only back-door path from z to y
(x < u; — w < us — y) is blocked, and the estimated residuals are given by
rm:x:(c, 0,0, ]., 0)6

ry=y—ar=((a—a), f,0,a—a, 1)e£>(0,f,0,0, 1)e

which are independent by the assumption of mutually independent components of e since they do
not share any components. All these facts are of course again in line with Theorem 1.

S An example where -, and r, are independent, but = and r, dependent

In our procedure (Algorithm 1) we test for independence between the residuals 7, and 7, to infer
whether an estimator is consistent. We now show that it is necessary to use the two residuals in the
independence test, and we cannot instead use the variable x and the residual r,, since these may be
dependent even though the estimator is consistent.

Consider the graph in Figure 2. Expressing the model in the form of Equation (4) yields

U 1 0 0 O €y
w | ¥ 1 0 0 Cw
N o TR S I (s 52)
Y afy+46 af a 1 ey
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Figure 2: Example model with w, x and y observed variables, and v a hidden variable.

Using Equation (10), the covariance matrix over u, w, x and y is obtained as

(33)

on 0. By (apy +08)a
- y202 + 02 By?02 + Bo? (afy + §)yo2 + afo?
Bylon + BPoy, +oi (aBy+8)Byor + afPol, + a0
(afy +6)%0s + a®B202 + P02 + 0
with 02,02 02 and 05 the variances of e, e,,, e, and e, respectively.
For Z = {w} we estimate the two regressions of Algorithm 1 as:
r=bw+r, (34)
Y = ax + cw +ry. 35)

Since the set Z blocks all back-door paths from z to y it is admissible and thus, in the regression for

vy, the coefficient a of x is a consistent estimator of o (i.e. a i> «, Back-door criterion, Pearl, 2009).
The coefficient ¢ of w is non vanishing because of the latent variable u. (This can also be shown
formally using Equations (13) and (14) as in the previous section.) Furthermore, in the regression

. . . . . P %52 480>
of « on w the coefficient b is a consistent estimator of /3 since b — C"‘i((z’;”) = b B‘ZY%J;EUU) =

Using Equation (32) to express 7, r, and x in terms of the disturbance variables e, €, ¢; and e,
we obtain

re=c—bw=(8y, 8, 1, 0)e— (by, b, 0, O)ei(O, 0, 1, 0)e
Ty =Y —ar — cw

:(aﬁ7+5a aﬂv a, 1)6—(0,5’)/7 a’ﬂv a, O)e—(C’Y, c, Oa 0)6
i)(5707, —c, 0, 1)e
z=(By, B, 1, O)e.

We can see that r,, and r,, are independent since they do not share any disturbance variables (asymp-
totically), and that x and r, are dependent by the non-Gaussianity of the disturbances and the
Darmois-Skitovitch Theorem. Hence, we cannot use a dependence between x and r, to detect
inconsistent estimators a of « (since in this example we obtained a consistent estimator a of «
although x and r, are dependent).

6 An example of a linearly unfaithful model for which the procedure fails

In this section we introduce an example that illustrates why the linear faithfulness assumption is
needed in Theorem 1(b). Consider the graph in Figure 3 with two latent variables u; and uy. We
show that by choosing an unfaithful parametrization we can obtain an inconsistent estimator a of «
even though the residual r,, is non-Gaussian and the residuals r,, and r,, are independent.

Writing the model in the form of Equation (4) yields

U 1 0 0 0 €uq
(%) o 0 1 0 0 (&)
T - y 1) 1 0 e; (36)
Y B+ay (+ad a 1 ey
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Figure 3: Example model with  and y observed, and u; and us hidden variables.

Denoting the variances of the disturbance variables e as o, , 0%, , 0 and o, respectively, we obtain

the covariance matrix over all four variables using Equation (10) as

og, 0 Vo, (B+ay)oz,
.o, oz, (¢ + ad)ay,
Vol +6%0L, +0i  A(B+ay)on, +6(¢+ad)or, + ao?
. (8 + av)zozl + (¢ + aé)zaiz +a?02 + 05
37

When regressing y on z (i.e. y = ax + ry, Z = (), the estimator a of « can be read off from the
covariance matrix C and is given by

R cov(z,y) _ ~(B+ a’y)ail +46(C+ aé)azz + ao? oy 75031 + 6(032 38)
V() V0%, 007, + o2 V0%, + 0, + o

To create an unfaithful parametrization we set the effect of one disturbance variable on 7, to zero.
Therefore, we express the residual r in terms of the disturbances e using Equation (36):

Ty =Y —ax
:(6—’—0477 C+O{6, «, 1)6_(0,’}/, aéa a, O)e
=B+ay—ay, (+ad—ad, a—a, 1)e

and set for example the first entry 5+ -y — a7 (the effect of e,,, on ) to zero. Solving this equation
with respect to the parameters yields

o _ 003, (Cy — B9)

oy = — 5 39)
For o2 to be a valid variance it must be positive, which holds for example when (y > (34 and
% > 0. The other parameters («, 07 ,05,,0.) are free ones. Keeping this in mind, we obtain

B+ ay — ay = 0 and hence we have

ry=(0, (+ad—ad, a—a, 1)e
T$:.’E:(’y, (57 1, 0)6

Furthermore, the estimator a of « (given in Equation (38)) remains inconsistent when using o2 from
Equation (39) and is given by
B

alsa+ 2. (40)
v

If now e,, and e, were Gaussian residuals, and e,,, was a non-Gaussian residual (the distribution
of e, does not matter), then 7, is non-Gaussian, but the residuals 7, and 7, are independent: To
see this, assume for a moment that r,, and r, are both only influenced by e,,, and e, (i.e. the only
non-vanishing coefficients are in the spots for these two residuals). Thus, r, and r, were sums of
Gaussian residuals, and since r, and r, are uncorrelated they are in this case independent. Adding a
(non-Gaussian) variable to only one of the two (for example ¢,,, to r,, or ¢, to r,) does not destroy
the independence of r, and r,.

This is a case of a linearly unfaithful parametrization since from the graph we see that u; = e, is
not d-separated from y given z, but the effect of u; on y given x is zero, and thus also the partial
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correlation of u; and y given «x is zero. This can be calculated using the covariance matrix C' in
Equation (37) and the formula for partial correlation

o Pvi,v2 — Pui,vzPua,vs

Porvsvs =
e \/1 — Pui,vs \/1 — Pus,vs

where p,, ,, denotes the correlation of v; and v;. Ignoring the denominator we get for the partial
correlation of u; and y given z

ou, (0202, 84 028 —vd02,C)
(203, + 0202, + %), (B + 00)20%, + (C+ ad)202, + a0t + 02
X (520526 + 028 — ’yéaizC

Puy,y.z X

which is zero when using o2 from Equation (39).

To sum up, this example shows that even if the estimator a of « is inconsistent and the estimated
residual of z, r,, is non-Gaussian, there may still exist a parametrization which yields independent
residuals 7, and r,. Once we rule out these unfaithful cases, we can always conclude that if 7, is
non-Gaussian and the residuals r,, and r, are independent then the estimator is consistent, as stated
in Theorem 1(b).
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