
6 Appendix

The appendix contains a collection of known results as well as the technical
proofs.

6.1 Tail bounds for Chi-squared variables

Throughout the paper we will often use one of the following tail bounds for
central χ2 random variables. These are well known and proofs can be found in
the original papers.

Lemma 6 ([25]). Let X ∼ χ2
d. For all x ≥ 0,

P[X − d ≥ 2
√
dx+ 2x] ≤ exp(−x) (24)

P[X − d ≤ −2
√
dx] ≤ exp(−x). (25)

Lemma 7 ([21]). Let X ∼ χ2
d, then

P[|d−1X − 1| ≥ x] ≤ exp(− 3

16
dx2), x ∈ [0,

1

2
). (26)

The following result provide a tail bound for non-central χ2 random variable
with non-centrality parameter ν.

Lemma 8 ([4]). Let X ∼ χ2
d(ν), then for all x > 0

P[X ≥ (d+ ν) + 2
√

(d+ 2ν)x+ 2x] ≤ exp(−x) (27)

P[X ≤ (d+ ν)− 2
√

(d+ 2ν)x] ≤ exp(−x). (28)

6.2 Spectral norms for random matrices

The following results can be found in literature on random matrix theory. We
collect some useful results that we use throughout the paper.

Lemma 9 ([9]). Let A ∈ Rn×k be a random matrix from the standard Gaussian
ensemble with k < n. Then for all t > 0

P[Λmax(n
−1A′A− Ik) ≥ f(n, k, t)] ≤ 2 exp(−nt2/2) (29)

where f(n, k, t) = 2(
√

k
n + t) + (

√
k
n + t)2.

The above results holds for random matrices whose elements are independent
and identically distributed N (0, 1). The result can be extended to random
matrices with correlated elements in each row.

Lemma 10 ([39]). Let A ∈ Rn×k be a random matrix with rows sampled iid
from N (0,Σ). Then for all t > 0

P[Λmax(n
−1A′A−Σ) ≥ Λmax(Σ)f(n, k, t)] ≤ 2 exp(−nt2/2). (30)

Corollary 11. Let A ∈ Rn×k be a random matrix with rows sampled iid from
N (0,Σ). Then

P
[
|Λmax

(
n−1A′A

)
| ≥ 9Λmax (Σ)

]
≤ 2 exp(−n/2). (31)
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6.3 Sample covariance matrix

Let X ∈ Rn×p be a random matrix whose rows are independent and identically
distributed N (0,Σ). The matrix Σ = (σab) and denote ρab = (σaaσbb)

−1/2σab.
The following result provides element-wise deviation of the empirical covariance
matrix Σ̂ = n−1X′X from the population quantity Σ.

Lemma 12. Let νab = max{(1− ρab)
√
σaaσbb, (1 + ρab)

√
σaaσbb}. Then or all

t ∈ [0, νab/2)

P [|σ̂ab − σab| ≥ t] ≤ 4 exp

(
− 3nt2

16ν2ab

)
. (32)

The proof is based on Lemma A.3. in [3] with explicit constants.

Proof. Let x′
ia = xia/

√
σaa. Then using (26)

P[| 1
n

n∑

i=1

xiaxib − σab| ≥ t]

= P[| 1
n

n∑

i=1

x′
iax

′
ib − ρab| ≥

t√
σaaσbb

]

= P[|
n∑

i=1

((x′
ia + x′

ib)
2 − 2(1 + ρab))− ((x′

ia − x′
ib)

2 − 2(1− ρab))| ≥
4nt√
σaaσbb

]

≤ P[|
n∑

i=1

((x′
ia + x′

ib)
2 − 2(1 + ρab))| ≥

2nt√
σaaσbb

]

+ P[|
n∑

i=1

((x′
ia − x′

ib)
2 − 2(1− ρab))| ≥

2nt√
σaaσbb

]

≤ 2P[|χ2
n − n| ≥ nt

νab
] ≤ 4 exp(− 3nt2

16ν2ab
),

where νab = max{(1− ρab)
√
ΣaaΣbb, (1 + ρab)

√
ΣaaΣbb} and t ∈ [0, νa/2).

This result implies that, for any δ ∈ (0, 1), we have

P

[
sup

0≤a<b≤p
|σ̂ab − σab| ≤ 4max

ab
νab

√
2 log 2d+ log(1/δ)

3n

]
≥ 1− δ.

As a corollary of Lemma 12, we have a tail bound for sum of product-normal
random variables.

Corollary 13. Let Z1 and Z2 be two independent Gaussian random variables

and let Xi
iid∼ Z1Z2, i = 1 . . . n. Then for t ∈ [0, 1/2)

P[|n−1
∑

i∈[n]

Xi| > t] ≤ 4 exp(−3nt2

16
). (33)
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6.4 Proof of Theorem 1

We introduce some notation before providing the proof of Theorem 1. Consider
a p+ 1 dimensional random vector (Y,X′) = (Y,X1, . . . , Xp) and assume that

(
Y

X

)
∼ N (0,ΣF ) , ΣF =

(
σ00 C′

C Σ

)

with C = (σ0b)
p
b=1 = EYX ∈ Rp and Σ = (σab)

p
a,b=1 = EXX′. Define

Σ−1
F = ΩF =

(
ω00 P′

P Ω

)
,

with P = (ω0b)
p
b=1 and Ω = (ωab)

p
a,b=1. The partial correlation between Y and

Xj is defined as

ρj ≡ Corr
(
Y,Xj |X\{j}

)
= − ω0j√

ω00ωjj
(34)

Therefore, nonzero entries of the inverse covariance matrix correspond to nonzero
partial correlation coefficients. For Gaussian models, ρj = 0 correspond to Y
and Xj are conditionally independent given X\{j}. The relationship between
the partial correlation estimation and a regression problem can be formulated
by the following well-known proposition [26].

Proposition 14. Consider the following regression model:

Y =

p∑

j=1

βjXj + ǫ, ǫ ∼ N(0,Var(ǫ)) (35)

Then ǫ is independent of X1, . . . , Xd if and only if for all j = 1, . . . , p

βj = −ω0j

ω00
= ρj

√
ωjj

ω00
.

Furthermore, Var(ǫ) = 1/ω00.

Let ΣSC |S = ΣSCSC −ΣSCS(ΣSS)
−1ΣSSC be the conditional covariance of

(XSC |XS). We are now ready to prove Theorem 1.

Theorem 1. Consider the regression model in (1) with X = (x1, . . . ,xn)
′,

xi
iid∼ Np(0,Σ), and ǫ ∼ Nn(0, σ

2In) with known σ > 0, X independent of ǫ.
Assume that

max
j∈SC

|ΣjSβS |+ γn(p, s,β,Σ, δ) < min
j∈S

|ΣjSβS |
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with

γn(p, s,β,Σ, δ) = 8Λmax(ΣSS)

√
s

n
||βS ||2 max

j∈SC
(1 + ||ΣjS(ΣSS)

−1||2)

+ 4


max

j∈SC

√
ΣjS(ΣSS)−1ΣSj

ω00
+ max

j∈SC

√
[ΣSC |S ]jjσ00




√
log 4(p−s)

δ

3n

+ 4max
j∈S

√
σjj

ω00

√
log 4s

δ

3n
(36)

then
P[Ŝ(s) = S] ≥ 1− 3δ − 2 exp(−s/2).

Proof. Denoting ĉj = n−1
∑n

i=1 yixij , we would like to establish that

max
j 6∈S

|ĉj | ≤ min
j∈S

|ĉj |.

Using Proposition 14, for j ∈ SC we have X′
j = ΣjS(ΣSS)

−1X′
S + E′

j with
Ej = (eij), eij ∼ N (0, [ΣSC |S ]jj). Now

ĉj = n−1XjXSβS + n−1Xjǫ

= n−1ΣjS(ΣSS)
−1X′

S(XSβS + ǫ) + n−1E′
j(XSβS + ǫ)

= ΣjSβS +ΣjS(ΣSS)
−1(Σ̂SS −ΣSS)βS

+ n−1ΣjS(ΣSS)
−1X′

Sǫ+ n−1E′
j(XSβS + ǫ),

(37)

where Σ̂ = n−1X′X is the empirical covariance matrix. Using (30) with t =√
s/n we have that

max
j∈SC

|ΣjS(ΣSS)
−1(Σ̂SS −ΣSS)βS |

≤ 8Λmax(ΣSS)

√
s

n
||βS ||2 max

j∈SC
||ΣjS(ΣSS)

−1||2
(38)

with probability at least 1− 2 exp(−s/2). From (33) it follows that

max
j∈SC

|n−1ΣjS(ΣSS)
−1X′

Sǫ| ≤ 4 max
j∈SC

√
ΣjS(ΣSS)−1ΣSj

ω00

√
log 4(p−s)

δ

3n
(39)

with probability 1− δ and

max
j∈SC

|n−1E′
j(XSβS + ǫ)| ≤ 4 max

j∈SC

√
[ΣSC |S ]jjσ00

√
log 4(p−s)

δ

3n
(40)
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with probability 1− δ. Combining (37)-(40)

max
j∈SC

|ĉj | ≤ |ΣjSβS |+ 8Λmax(ΣSS)

√
s

n
||βS ||2 max

j∈SC
||ΣjS(ΣSS)

−1||2

+ 4 max
j∈SC

√
ΣjS(ΣSS)−1ΣSj

ω00

√
log 4(p−s)

δ

3n

+ 4 max
j∈SC

√
[ΣSC |S ]jjσ00

√
log 4(p−s)

δ

3n

(41)

with probability 1− 2δ − 2 exp(−s/2).
Similarly we can show for j ∈ S that

min
j∈S

|ĉj | ≥ min |ΣSSβS | − Λmax(Σ̂SS −ΣSS)||βS ||2 −max |n−1X′
Sǫ|

≥ min |ΣSSβS | − 8Λmax(ΣSS)

√
s

n
||βS ||2 − 4max

j∈S

√
σjj

ω00

√
log 4s

δ

3n
(42)

with probability 1 − δ − 2 exp(−s/2). The theorem now follows from (41) and
(42).

6.5 Proof of Theorem 2

In this section we prove Theorem 2. Define S−j := S\{j} and let

σ̃2
j := σjj −ΣjS−j

(ΣS−jS−j
)−1ΣS−jj

denote the variance of (Xjs |XS−js
), j ∈ S. The theorem is restated below.

Theorem 2. Assume that the conditions of Theorem 1 are satisfied. Let

ι =

√
16 log(16/δ)

3(n− s+ 1)

and assume that ι < 1
2 . Furthermore, assume that

max
j∈S

{
2σ2 log(4n/δ)

β2
j σ̃

2
j (1− ι)

+
2σ
√
2(1 + ι) log(8n/δ)

βj σ̃j(1− ι)

}
< 1.

Then
P[Ŝ(ŝn) = S] ≥ 1− 4δ − 2 exp(−s/2).

Proof. Define the event
En = {Ŝ(s) = S}. (43)

From Theorem 1,
P[EC

n ] ≤ 3δ + 2 exp(−s/2). (44)
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We proceed to show that for some small δ′ > 0

P[ŝn 6= s] ≤ P[ŝn 6= s|En]P[En] + P[EC
n ] ≤ δ′, (45)

which will prove the theorem together with (44). An upper bound on P[ŝn 6=
s|En] is constructed by combining upper bounds on P[ŝn > s|En] and P[ŝn <
s|En].

Let τ = 2σ2 log 4n
δ . From {ŝn > s|En} ⊆ ∪p−1

k=s{ξ̂n(k) ≥ τ |En} follows that

P[ŝn > s|En] ≤
p−1∑

k=s

P[ξ̂n(k) ≥ τ |En]. (46)

Recalling definitions of V̂n(k) and Ĥn(k) from p. 3, for a fixed s ≤ k ≤ p − 1,

Ĥ(k+1)− Ĥ(k) is the projection matrix from Rn to V̂n(k+1)∩ V̂n(k)
⊥. Recall

also that we are using the second half of the sample to estimate ŝn, which
implies that the projection matrix Ĥ(k) is independent of ǫ for all k. Now,

exactly one of the two events {V̂n(k) = V̂n(k + 1)} and {V̂n(k) ( V̂n(k + 1)}
occur. On the event {V̂n(k) = V̂n(k + 1)}, ξ̂n(k) = 0. We analyze the event

{V̂n(k) ( V̂n(k + 1)} ∩ En by conditioning on X. Since Ĥ(k + 1) − Ĥ(k) is a
rank one projection matrix

ξ̂n(k) = ||(Ĥ(k + 1)− Ĥ(k))y||22 = ||(Ĥ(k + 1)− Ĥ(k))ǫ||22
d
= σ2χ2

1.

Furthermore, (Ĥ(k + 1) − Ĥ(k))ǫ ⊥⊥ (Ĥ(k′ + 1) − Ĥ(k′))ǫ, k 6= k′. It follows

that for any realization of the sequences V̂n(1), . . . , V̂n(p),

p−1∑

k=s

P[ξ̂n(k) ≥ τ |En]

=

p−1∑

k=s

P[ξ̂n(k) ≥ τ |{V̂n(k) ( V̂n(k + 1)} ∩ En]P[V̂n(k) ( V̂n(k + 1)]

= P[σ2χ2
1 ≥ τ ]E

p−1∑

k=s

1I{V̂n(k) ( V̂n(k + 1)}

≤ nP[σ2χ2
1 ≥ τ ],

where the first equality follows since {V̂n(k) ( V̂n(k+ 1)} is independent of En.
Combining with (46) gives

P[ŝn > s|En] ≤ nP[σ2χ2
1 ≥ τ ] ≤ δ/2 (47)

using a standard normal tail bound.
Next, we focus on bounding P[ŝn < s|En]. Since {ŝn < s|En} ⊂ {ξ̂n(s− 1) <

τ |En}, we can bound P[ξ̂n(s − 1) < τ |En]. Using the definition of Ĥ(s) it is
straightforward to obtain that

(Ĥ(s)− Ĥ(s− 1))y = (Ĥ(s)− Ĥ(s− 1))(XjsβjS + ǫ).
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Using Proposition 14, we can write X′
js

= ΣjsS−js
(ΣS−jsS−js

)−1X′
S−js

+ E′

where E = (ei), ei
iid∼ N (0, σ̃2

js
). Then

(Ĥ(s)− Ĥ(s− 1))y = (Ĥ(s)− Ĥ(s− 1))(EβjS + ǫ)

= (In − Ĥ(s− 1))EβjS + (Ĥ(s)− Ĥ(s− 1))ǫ.

Define
T1 = β2

jSE
′(In − Ĥ(s− 1))E

and
T2 = ǫ′(Ĥ(s)− Ĥ(s− 1))ǫ.

Conditional on XS−js
, T1

d
= β2

jS
σ̃2
js
χ2
n−s+1 since E ⊥⊥ XS−js

, and conditional

on XS , T2
d
= σ2χ2

1. Define the events

A1 = {β2
jS σ̃

2
js(1− ι) ≤ T1 ≤ β2

jS σ̃
2
js(1 + ι)}

and

A2 = {T2 ≤ 2σ2 log
8n

δ
}.

From Eq. (26), P[A1(ι)
C ] ≤ δ/4, and using a normal tail bound, P[AC

2 ] < δ/4.
Setting

τ̃ = τ + 2βjS σ̃jsσ

√
2(1 + ι) log

8n

δ
,

under the assumptions of theorem

P[ξ̂n(s− 1) < τ |En] ≤ P[T1 + T2 < τ + 2
√

T1T2|En]
≤ P[β2

jS σ̃
2
js(1− ι) < τ̃ ] + P[AC

1 ] + P[AC
2 ]

≤ δ

2
.

(48)

Combining (44)-(48), we have that P[Ŝ(ŝn) = S] ≥ 1− 4δ− 2 exp(−s/2), which
completes the proof.

6.6 Proof of Theorem 3

We proceed to show that (11) holds with high probability under the assumptions
of the theorem. We start with the case when Φ(·) = || · ||2. Let σ2

n = σ2/n
and νj = σ−2

n

∑
k∈[T ](ΣjSk

βkSk
)2. With this notation, it is easy to observe

that Φ2({µ̂kj}k) ∼ σ2
nχ

2
T (νj) where χ2

T (νj) is a non-central chi-squared random
variable with T degrees of freedom and non-centrality parameter νj . From (27),

σ−2
n max

j∈SC
Φ2({µ̂kj}k) ≤ T + 2 log

2(p− s)

δ
+ max

j∈SC
νj + 2

√
(T + 2νj) log

2(p− s)

δ

7



with probability at least 1− δ/2. Similarly, from (28),

σ−2
n min

j∈S
Φ2({µ̂kj}k) ≥ T +min

j∈S
νj −max

j∈S
2

√
(T + 2νj) log

2s

δ

with probability at least 1−δ/2. Combining the last two displays we have shown

that (12) is sufficient to show that P[Ŝℓ2(s) = S] ≥ 1− δ.
Next, we proceed with Φ(·) = || · ||1, which can be dealt with similarly as

the previous case. Using (24) together with ||a||1 ≤ √
p||a||2, a ∈ Rp,

max
j∈SC

∑

k∈[T ]

|µ̂kj | ≤ max
j∈SC

∑

k∈[T ]

|ΣjSk
βkSk

|+ σn

√

T 2 + 2T

√
T log

2(p− s)

δ
+ 2T log

2(p− s)

δ

with probability at least 1− δ/2. Similarly,

min
j∈S

∑

k∈[T ]

|µ̂kj | ≥ min
j∈S

∑

k∈[T ]

|ΣjSk
βkSk

| − σn

√

T 2 + 2T

√
T log

2s

δ
+ 2T log

2s

δ

with probability 1− δ/2. Combining the last two displays we have shown that

(13) is sufficient to show that P[Ŝℓ1(s) = S] ≥ 1− δ.
We complete the proof with the case when Φ(·) = || · ||∞. Using a standard

normal tail bound together with union bound

max
j∈SC

Φ({µ̂kj}k) ≤ max
j∈SC

max
k∈[T ]

|ΣjSk
βkSk

|+ σn

√
2 log

2(p− s)T

δ

with probability 1− δ/2 and

min
j∈S

Φ({µ̂kj}k) ≥ min
j∈S

max
k∈[T ]

|ΣjSk
βkSk

| − σn

√
2 log

2sT

δ

with probability 1− δ/2, where σ2
n = σ2/n. This shows that (14) is sufficient to

show that P[Ŝℓ∞(s) = S] ≥ 1− δ.

6.7 Proof of Theorem 4

We proceed as in the proof of 2. Define the event

En = {Ŝφ(s) = S}.

Irrespective of which scoring function Φ is used, Theorem 1 provides the suffi-
cient conditions under which P[EC

n ] ≤ δ. It remains to upper bound P[ŝn 6= s|En],
since

P[ŝn 6= s] ≤ P[ŝn 6= s|En]P[En] + P[EC
n ]. (49)

An upper bound on P[ŝn 6= s|En] is constructed by combining upper bounds on
P[ŝn > s|En] and P[ŝn < s|En].
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Let τ = (T+2
√

T log(2/δ)+2 log(2/δ))σ2. From {ŝn > s|En} ⊆ ∪p−1
k=s{ξ̂ℓ2,n(k) ≥

τ |En} follows that

P[ŝn > s|En] ≤
p−1∑

k=s

P[ξ̂ℓ2,n(k) ≥ τ |En]. (50)

For a fixed s ≤ k ≤ p − 1, Ĥ(k + 1) − Ĥ(k) is the projection matrix from Rn

to V̂n(k + 1) ∩ V̂n(k)
⊥. Since we are estimating ŝn on the second half of the

samples, the projection matrix Ĥ(k) is independent of ǫ for all k. Now, exactly

one of the two events {V̂n(k) = V̂n(k + 1)} and {V̂n(k) ( V̂n(k + 1)} occur.

On the event {V̂n(k) = V̂n(k + 1)}, ξ̂ℓ2,n(k) = 0. Next we analyze the event

{V̂n(k) ( V̂n(k+1)}∩En. Since Ĥ(k+1)−Ĥ(k) is a rank one projection matrix

ξ̂ℓ2,n(k) =
∑

t∈[T ]

||(Ĥ(k+1)−Ĥ(k))yt||22 =
∑

t∈[T ]

||(Ĥ(k+1)−Ĥ(k))ǫt||22
d
= σ2χ2

T .

Furthermore, ξ̂ℓ2,n(k) ⊥⊥ ξ̂ℓ2,n(k
′), k 6= k′. It follows that for any realization of

the sequences V̂n(1), . . . , V̂n(p),

p−1∑

k=s

P[ξ̂ℓ2,n(k) ≥ τ |En]

=

p−1∑

k=s

P[ξ̂ℓ2,n(k) ≥ τ |{V̂n(k) ( V̂n(k + 1)} ∩ En]P[V̂n(k) ( V̂n(k + 1)]

= P[σ2χ2
T ≥ τ ]E

p−1∑

k=s

1I{V̂n(k) ( V̂n(k + 1)}

≤ nP[σ2χ2
T ≥ τ ],

where the first equality follows since {V̂n(k) ( V̂n(k+ 1)} is independent of En.
Combining with (50) gives

P[ŝn > s|En] ≤ nP[σ2χ2
T ≥ τ ] ≤ δ/2 (51)

using (24).

Next, we focus on bounding P[ŝn < s|En]. Since {ŝn < s|En} ⊂ {ξ̂ℓ2,n(s −
1) < τ |En}, it is sufficient to bound P[ξ̂ℓ2,n(s− 1) < τ |En]. Using the definition

of Ĥ(s) it is straightforward to obtain that

(Ĥ(s)− Ĥ(s− 1))yt = (Ĥ(s)− Ĥ(s− 1))(Xjsβtjs + ǫt).

Write Xjs = X
(1)
js

+X
(2)
js

where X
(1)
js

∈ V̂n(s−1) and X
(2)
js

∈ V̂n(s)∩ V̂n(s−1)⊥.
Then

(Ĥ(s)− Ĥ(s− 1))yt = (Ĥ(s)− Ĥ(s− 1))(X
(2)
js

βtjs + ǫt).

9



Furthermore we have that

||(Ĥ(s)− Ĥ(s− 1))(X
(2)
js

βtjs + ǫt)||22 = (||X(2)
js

βtjs ||2 + Zt)
2

where Zt
iid∼ N (0, σ2). It follows that ξ̂ℓ2,n(s − 1) ∼ σ2χ2

T (ν) with ν =

σ−2
∑

t∈[T ] ||X
(2)
js

βtjs ||22. It is left to show that

P[σ2χ2
T (ν) < τ ] ≤ δ/2. (52)

Using (28) and following the proof of Theorem 2 in [2], we have that (52) holds
if

ν > 2
√
5 log1/2

(
4

δ2

)√
T + 8 log

(
4

δ2

)
.

Under the assumptions, we have that

min
j∈S

∑

t∈[T ]

||X(2)
j βtj ||22 >

[
2
√
5 log1/2

(
4

δ2

)√
T + 8 log

(
4

δ2

)]
σ2

which shows (52). Combining (51) and (52), we obtain (49) which completes
the proof.

6.8 Proof of Theorem 5

We have

Hp(Ŝ, S |X) ≥
p∑

j=1

[
P
(
‖β·j‖2 = 0, ‖β̂·j‖2 6= 0

)
+ P

(
‖β·j‖2 6= 0, ‖β̂·j‖2 = 0

)]
. (53)

For 1 ≤ j ≤ p, we consider the hypothesis testing:

H0,j : ‖β·j‖2 = 0 vs. ‖β·j‖2 6= 0. (54)

For 1 ≤ t ≤ T , we denote by βt any empirical realization of the coefficient
vector. Let β̃t := βt−βtjej where ej is the j-th canonical basis of Rp. We define

h(y; β̃,α) := h(y1, . . . ,yT ; β̃1, . . . , β̃T , α1, . . . , αT ) be the joint distribution of

y1, . . . ,yT ∼
T∏

t=1

N
(
X
(
β̃t + αtej

)
, In

)
. (55)

We then have

h(y; β̃,α) = h(y; β̃, 0) · exp
(

T∑

t=1

αtx
′
j(yt −Xβ̃t)−

T∑

t=1

α2
t

2

)
. (56)

Let max1≤t≤T |αt| ≤ τp. We define

h(y; β̃, τp) = h(y; β̃, 0) · exp
(
τp

T∑

t=1

x′
j(yt −Xβ̃t)−

Tτ2p
2

)
. (57)
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Let G(β̃) be the joint distribution of β1, . . . ,βT . Using Neyman-Pearson
Lemma, Fubinni’s Theorem and some basic calculus, we have

P
(
‖β·j‖2 = 0, ‖β̂·j‖2 6= 0

)
+ P

(
‖β·j‖2 6= 0, ‖β̂·j‖2 = 0

)
(58)

≥ 1

2
− 1

2

∫ [∫ ∣∣∣(1− ηp)h(y; β̃, 0)− ηph(y; β̃,α)
∣∣∣dy
]
dπp(α)dG(β̃)(59)

=
1

2
− 1

2

∫
H(β̃,α)dπp(α)dG(β̃), (60)

where

H(β̃,α) ≡
∫ ∣∣∣(1− ηp)h(y; β̃, 0)− ηph(y; β̃,α)

∣∣∣dy. (61)

It can be seen that

H(β̃,α) ≤ H(β̃, τp). (62)

We then have

P
(
‖β·j‖2 = 0, ‖β̂·j‖2 6= 0

)
+ P

(
‖β·j‖2 6= 0, ‖β̂·j‖2 = 0

)
≥ 1

2
− 1

2

∫
H(β̃, τp)dG(β̃). (63)

For any realization of β̃1, . . . , β̃p, we define

Dp(β̃) :=

{
y1, . . . ,yT : ηp · exp

(
τp

T∑

t=1

x′
j(yt −Xβ̃t)−

Tτ2p
2

)
> (1− ηp)

}
. (64)

We know that y1, . . . ,yT ∈ Dp(β̃) if and only if

Wj =

T∑

t=1

x
′

j(yt −Xβ̃t) > λp. (65)

It is then easy to see that

Wj ∼ N (0, T ) under H0,j (66)

Wj ∼ N (Tτp, T ) under H1,j . (67)

Following exactly the same argument as in Lemma 6.1 from Ji and Jin (2011),
we obtain the lower bound:

1

2
− 1

2
H(β̃, τp) ≥ (1− ηp)F̄

(
λp√
T

)
+ ηpF

(
λp√
T

−
√
Tτp

)
.

Thus we finish the proof of the main argument (21).
To obtain more detailed rate, we have

1

ηp
− 1 = pv − 1. (68)
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Also,

Φ̄

(
λp√
T

)
≥

√
T

2λp
φ

(
λp√
T

)
(69)

≥
√
rT

(v + Tr)
√
2 log p

· 1√
2π

exp

(
− (v + Tr)2 log p

4rT

)
(70)

=

√
rT

2(v + Tr)
√
π log p

· p−(v+Tr)2/(4rT ). (71)

Therefore

1− ηp
ηp

F̄

(
λp√
T

)
≍

√
rT

2(v + Tr)
√
π log p

· pv−(v+Tr)2/(4rT ) (72)

=

√
rT

2(v + Tr)
√
π log p

· p−(v−Tr)2/(4rT ). (73)

We then evaluate the second term

F

(
λp√
T

−
√
Tτp

)
= F̄

(√
Tτp −

λp√
T

)
. (74)

First, we have that

λp√
T

−
√
Tτp =

(v + Tr)
√
log p√

2Tr
−
√
2rT log p. (75)

If v > Tr, we have
λp√
T

−
√
Tτp → ∞,

which implies that

F

(
λp√
T

−
√
Tτp

)
≥ 1 + o(1). (76)

Now, we consider the case that v < Tr,

F̄

(√
Tτp −

λp√
T

)
= F̄

(
(Tr − v)

√
log p√

2Tr

)
(77)

≥
√
2Tr

(Tr − v)
√
log p

1√
2π

· p−(v−Tr)2/(4rT ) (78)

=

√
Tr

(Tr − v)
√
π log p

· p−(v−Tr)2/(4rT ) (79)

This finishes the whole proof.
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6.9 Extended empirical results

6.9.1 Extended results for Simulation 1

Simulation 1: (n, p, s, T ) = (500, 20000, 18, 500), Tnon−zero = 500

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 15
Ŝℓ∞ 100.0 100.0 0.0 91.0 18.1

Ŝℓ1 100.0 100.0 0.0 92.0 18.1

Ŝℓ2 100.0 100.0 0.0 92.0 18.1

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 63.0 18.5

Ŝℓ1 100.0 100.0 0.0 68.0 18.4

Ŝℓ2 100.0 100.0 0.0 68.0 18.4

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 87.0 18.1

Ŝℓ1 100.0 100.0 0.0 87.0 18.1

Ŝℓ2 100.0 100.0 0.0 88.0 18.1

SNR = 1
Ŝℓ∞ 0.0 100.0 99.9 0.0 0.0

Ŝℓ1 0.0 100.0 100.0 0.0 0.0

Ŝℓ2 0.0 100.0 99.9 0.0 0.0

Simulation 1: (n, p, s, T ) = (500, 20000, 18, 500), Tnon−zero = 300

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 15
Ŝℓ∞ 100.0 100.0 0.0 100.0 18.0

Ŝℓ1 100.0 100.0 0.0 100.0 18.0

Ŝℓ2 100.0 100.0 0.0 100.0 18.0

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 99.0 18.0

Ŝℓ1 100.0 100.0 0.0 100.0 18.0

Ŝℓ2 100.0 100.0 0.0 100.0 18.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 76.0 18.3

Ŝℓ1 100.0 100.0 0.0 91.0 18.1

Ŝℓ2 100.0 100.0 0.0 92.0 18.1

SNR = 1
Ŝℓ∞ 0.0 100.0 98.1 0.0 0.3

Ŝℓ1 0.0 100.0 98.4 0.0 0.3

Ŝℓ2 0.0 100.0 98.2 0.0 0.3
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Simulation 1: (n, p, s, T ) = (500, 20000, 18, 500), Tnon−zero = 100

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 15
Ŝℓ∞ 100.0 100.0 0.0 100.0 18.0

Ŝℓ1 100.0 100.0 0.0 100.0 18.0

Ŝℓ2 100.0 100.0 0.0 100.0 18.0

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 18.0

Ŝℓ1 100.0 100.0 0.0 100.0 18.0

Ŝℓ2 100.0 100.0 0.0 100.0 18.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 18.0

Ŝℓ1 100.0 100.0 0.0 100.0 18.0

Ŝℓ2 100.0 100.0 0.0 100.0 18.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 60.0 18.5

Ŝℓ1 100.0 100.0 0.0 96.0 18.0

Ŝℓ2 100.0 100.0 0.0 97.0 18.0

6.9.2 Extended results for Simulation 2

Simulation 2.a: (n, p, s, T ) = (200, 5000, 10, 500), Tnon−zero = 400

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 83.0 10.2

Ŝℓ1 100.0 100.0 0.0 88.0 10.1

Ŝℓ2 100.0 100.0 0.0 93.0 10.1

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 82.0 10.2

Ŝℓ1 100.0 100.0 0.0 91.0 10.1

Ŝℓ2 100.0 100.0 0.0 91.0 10.1

SNR = 1
Ŝℓ∞ 0.0 100.0 98.4 0.0 0.2

Ŝℓ1 0.0 100.0 98.3 0.0 0.2

Ŝℓ2 0.0 100.0 98.2 0.0 0.2
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Simulation 2.a: (n, p, s, T ) = (200, 5000, 10, 500), Tnon−zero = 250

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 86.0 10.2

Ŝℓ1 100.0 100.0 0.0 98.0 10.0

Ŝℓ2 100.0 100.0 0.0 97.0 10.0

SNR = 1
Ŝℓ∞ 1.0 100.0 41.0 1.0 5.9

Ŝℓ1 4.0 100.0 41.6 4.0 5.8

Ŝℓ2 2.0 100.0 41.9 2.0 5.8

Simulation 2.a: (n, p, s, T ) = (200, 5000, 10, 500), Tnon−zero = 100

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 77.0 10.3

Ŝℓ1 100.0 100.0 0.0 97.0 10.0

Ŝℓ2 100.0 100.0 0.0 96.0 10.0

Simulation 2.b: (n, p, s, T ) = (200, 5000, 10, 750), Tnon−zero = 600

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 88.0 10.1

Ŝℓ1 100.0 100.0 0.0 87.0 10.2

Ŝℓ2 100.0 100.0 0.0 89.0 10.1

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 72.0 10.3

Ŝℓ1 100.0 100.0 0.0 89.0 10.1

Ŝℓ2 100.0 100.0 0.0 90.0 10.1

SNR = 1
Ŝℓ∞ 0.0 100.0 98.1 0.0 0.2

Ŝℓ1 0.0 100.0 97.9 0.0 0.2

Ŝℓ2 0.0 100.0 98.1 0.0 0.2
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Simulation 2.b: (n, p, s, T ) = (200, 5000, 10, 750), Tnon−zero = 375

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 91.0 10.1

Ŝℓ1 100.0 100.0 0.0 94.0 10.1

Ŝℓ2 100.0 100.0 0.0 95.0 10.1

SNR = 1
Ŝℓ∞ 9.0 100.0 28.6 9.0 7.1

Ŝℓ1 12.0 100.0 27.4 12.0 7.3

Ŝℓ2 9.0 100.0 28.4 9.0 7.2

Simulation 2.b: (n, p, s, T ) = (200, 5000, 10, 750), Tnon−zero = 150

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 77.0 10.3

Ŝℓ1 100.0 100.0 0.0 98.0 10.0

Ŝℓ2 100.0 100.0 0.0 96.0 10.0

Simulation 2.c: (n, p, s, T ) = (200, 5000, 10, 1000), Tnon−zero = 800

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 82.0 10.2

Ŝℓ1 100.0 100.0 0.0 89.0 10.1

Ŝℓ2 100.0 100.0 0.0 85.0 10.2

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 76.0 10.2

Ŝℓ1 100.0 100.0 0.0 83.0 10.2

Ŝℓ2 100.0 100.0 0.0 83.0 10.2

SNR = 1
Ŝℓ∞ 0.0 100.0 97.6 0.0 0.2

Ŝℓ1 0.0 100.0 97.4 0.0 0.3

Ŝℓ2 0.0 100.0 97.5 0.0 0.2
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Simulation 2.c: (n, p, s, T ) = (200, 5000, 10, 1000), Tnon−zero = 500

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 85.0 10.2

Ŝℓ1 100.0 100.0 0.0 94.0 10.1

Ŝℓ2 100.0 100.0 0.0 93.0 10.1

SNR = 1
Ŝℓ∞ 14.0 100.0 21.2 14.0 7.9

Ŝℓ1 15.0 100.0 20.9 15.0 7.9

Ŝℓ2 16.0 100.0 20.1 16.0 8.0

Simulation 2.c: (n, p, s, T ) = (200, 5000, 10, 1000), Tnon−zero = 200

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 10.0

Ŝℓ1 100.0 100.0 0.0 100.0 10.0

Ŝℓ2 100.0 100.0 0.0 100.0 10.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 79.0 10.3

Ŝℓ1 100.0 100.0 0.0 94.0 10.1

Ŝℓ2 100.0 100.0 0.0 93.0 10.1

6.9.3 Extended results for Simulation 3

Simulation 3: (n, p, s, T ) = (100, 5000, 3, 150), Tnon−zero = 80, ρ = 0.2

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 3.0

Ŝℓ1 100.0 100.0 0.0 100.0 3.0

Ŝℓ2 100.0 100.0 0.0 100.0 3.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 3.0

Ŝℓ1 100.0 100.0 0.0 100.0 3.0

Ŝℓ2 100.0 100.0 0.0 100.0 3.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 97.0 3.0

Ŝℓ1 100.0 100.0 0.0 99.0 3.0

Ŝℓ2 100.0 100.0 0.0 99.0 3.0
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Simulation 3: (n, p, s, T ) = (100, 5000, 3, 150), Tnon−zero = 80, ρ = 0.5

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 3.0

Ŝℓ1 100.0 100.0 0.0 100.0 3.0

Ŝℓ2 100.0 100.0 0.0 100.0 3.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 100.0 3.0

Ŝℓ1 100.0 100.0 0.0 100.0 3.0

Ŝℓ2 100.0 100.0 0.0 100.0 3.0

SNR = 1
Ŝℓ∞ 100.0 100.0 0.0 79.0 3.2

Ŝℓ1 100.0 100.0 0.0 79.0 3.2

Ŝℓ2 100.0 100.0 0.0 72.0 3.3

Simulation 3: (n, p, s, T ) = (100, 5000, 3, 150), Tnon−zero = 80, ρ = 0.7

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 97.0 100.0 1.0 97.0 3.0

Ŝℓ1 99.0 100.0 0.3 99.0 3.0

Ŝℓ2 99.0 100.0 0.3 99.0 3.0

SNR = 5
Ŝℓ∞ 96.0 100.0 1.3 95.0 3.0

Ŝℓ1 99.0 100.0 0.3 97.0 3.0

Ŝℓ2 97.0 100.0 1.0 95.0 3.0

SNR = 1
Ŝℓ∞ 94.0 100.0 2.0 67.0 3.3

Ŝℓ1 98.0 100.0 0.7 71.0 3.3

Ŝℓ2 94.0 100.0 2.0 63.0 3.3

6.9.4 Extended results for Simulation 4

Simulation 4: (n, p, s, T ) = (150, 4000, 8, 150), Tnon−zero = 80, ρ = 0.2

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 8.0

Ŝℓ1 100.0 100.0 0.0 100.0 8.0

Ŝℓ2 100.0 100.0 0.0 100.0 8.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 95.0 8.1

Ŝℓ1 100.0 100.0 0.0 100.0 8.0

Ŝℓ2 100.0 100.0 0.0 100.0 8.0

SNR = 1
Ŝℓ∞ 0.0 100.0 77.4 0.0 1.8

Ŝℓ1 0.0 100.0 77.6 0.0 1.8

Ŝℓ2 0.0 100.0 78.0 0.0 1.8
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Simulation 4: (n, p, s, T ) = (150, 4000, 8, 150), Tnon−zero = 80, ρ = 0.5

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

SNR = 10
Ŝℓ∞ 100.0 100.0 0.0 100.0 8.0

Ŝℓ1 100.0 100.0 0.0 100.0 8.0

Ŝℓ2 100.0 100.0 0.0 100.0 8.0

SNR = 5
Ŝℓ∞ 100.0 100.0 0.0 84.0 8.2

Ŝℓ1 100.0 100.0 0.0 87.0 8.1

Ŝℓ2 100.0 100.0 0.0 87.0 8.1

SNR = 1
Ŝℓ∞ 1.0 100.0 56.2 1.0 3.5

Ŝℓ1 0.0 100.0 57.2 0.0 3.4

Ŝℓ2 0.0 100.0 57.0 0.0 3.4

6.9.5 Extended results for Simulation 5

Simulation 5: (n, p, s, T ) = (200, 10000, 5, 500), Tnon−zero = 400

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

σ = 1.5
Ŝℓ∞ 0.0 100.0 20.0 0.0 8.6

Ŝℓ1 0.0 99.9 83.8 0.0 11.4

Ŝℓ2 0.0 99.9 74.2 0.0 10.9

σ = 2.5
Ŝℓ∞ 0.0 99.9 20.0 0.0 13.4

Ŝℓ1 0.0 99.8 83.6 0.0 16.8

Ŝℓ2 0.0 99.8 74.4 0.0 16.9

σ = 4.5
Ŝℓ∞ 0.0 99.7 32.6 0.0 35.6

Ŝℓ1 0.0 99.7 83.2 0.0 29.3

Ŝℓ2 0.0 99.7 74.6 0.0 29.7

Simulation 5: (n, p, s, T ) = (200, 10000, 5, 500), Tnon−zero = 250

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

σ = 1.5
Ŝℓ∞ 100.0 100.0 0.0 99.0 5.0

Ŝℓ1 0.0 99.9 92.0 0.0 10.7

Ŝℓ2 0.0 99.9 54.4 0.0 8.7

σ = 2.5
Ŝℓ∞ 87.0 100.0 2.6 39.0 5.9

Ŝℓ1 0.0 99.9 90.6 0.0 14.8

Ŝℓ2 0.0 99.9 55.0 0.0 12.5

σ = 4.5
Ŝℓ∞ 0.0 99.9 20.2 0.0 16.2

Ŝℓ1 0.0 99.8 86.4 0.0 22.2

Ŝℓ2 0.0 99.8 56.2 0.0 19.9
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Simulation 5: (n, p, s, T ) = (200, 10000, 5, 500), Tnon−zero = 100

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

Ŝ S ⊆ Ŝ Correct zeros Incorrect zeros S = Ŝ |Ŝ|

σ = 1.5
Ŝℓ∞ 100.0 100.0 0.0 100.0 5.0

Ŝℓ1 0.0 99.9 95.8 0.0 6.7

Ŝℓ2 9.0 100.0 18.2 9.0 4.4

σ = 2.5
Ŝℓ∞ 99.0 100.0 0.2 91.0 5.1

Ŝℓ1 0.0 99.9 93.0 0.0 7.7

Ŝℓ2 0.0 100.0 21.6 0.0 4.5

σ = 4.5
Ŝℓ∞ 9.0 100.0 18.2 4.0 5.1

Ŝℓ1 0.0 99.9 85.2 0.0 8.0

Ŝℓ2 0.0 100.0 29.6 0.0 5.3
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