6 Appendix

The appendix contains a collection of known results as well as the technical
proofs.

6.1 Tail bounds for Chi-squared variables

Throughout the paper we will often use one of the following tail bounds for
central x2 random variables. These are well known and proofs can be found in
the original papers.

Lemma 6 ([25]). Let X ~ x%. For all z > 0,

P[X —d > 2Vdx + 2z] < exp(—2z) (24)
P[X —d < —2Vdz] < exp(—=x). (25)

Lemma 7 ([21]). Let X ~ x3, then
Plld= X ~ 1] > o] < exp(~eda?), w0, 3). (26)

The following result provide a tail bound for non-central y? random variable
with non-centrality parameter v.

Lemma 8 ([4]). Let X ~ x2(v), then for all x > 0

PX > (d+v) +2y/(d+ 2v)z + 2z] < exp(—=x) (27)
PX < (d+v)—2y/(d+ 2v)z] < exp(—z). (28)

6.2 Spectral norms for random matrices
The following results can be found in literature on random matrix theory. We
collect some useful results that we use throughout the paper.

Lemma 9 ([9]). Let A € R™¥* be a random matriz from the standard Gaussian
ensemble with k < n. Then for all t > 0

PlAmax(n PA’A — 1) > f(n, k,t)] < 2exp(—nt?/2) (29)
where f(n, k,t) = 2(\/54— t) + (\/g—i— t)2.

The above results holds for random matrices whose elements are independent

and identically distributed A(0,1). The result can be extended to random
matrices with correlated elements in each row.

Lemma 10 ([39]). Let A € R™** be a random matriz with rows sampled iid
from N(0,X%). Then for all t >0

P[Amax(n PA’A — ) > Apan () f(n, k, )] < 2exp(—nt?/2). (30)

Corollary 11. Let A € R™** be a random matriz with rows sampled iid from
N(0,%). Then

P [[Amar (0 AVA) | > 0A e (5)] < 2exp(—ny2). (31)



6.3 Sample covariance matrix

Let X € R™*P be a random matrix whose rows are independent and identically
distributed A(0,X). The matrix ¥ = (0,5) and denote pap = (Taaoy) Y 20ap.
The following result provides element-wise deviation of the empirical covariance
matrix ¥ = n~!X’X from the population quantity .

Lemma 12. Let vy, = max{(1l — pab)\/TaaObb, (1L + pab)r/TaaObs}- Then or all
t€[0,va/2)

~ 3nt?
P[|Gas — oap| = t] < 4dexp (—%) . (32)

The proof is based on Lemma A.3. in [3] with explicit constants.

Proof. Let x}, = ©;4/\/Taa. Then using (26)
PIE Y B

- Tialib — Oab| =

n 2 b b

1 n
— B Sty — gl > =]

t
i—1 vV aa0bb

=P ;((Iéa +20)? = 2(1 4 pap)) — ((#he — 253)% = 2(1 — pap))| > \/%]
< Bl Y (i + 98 = 201+ pua))| > ]

(2

1
PR (@ — ) — 20— pu) 2 —22
i=1 VvV TaaTbb
2

nt 3nt
< 2P[|x5 —n| > Tb] < 46XP(—167
a ab

where vy, = max{(l - pab)\/ Ylaa2ibb, (1 + pab)\/ EaaEbb} and t € [O, I/a/2). ]

This result implies that, for any § € (0,1), we have

2log 2d + log(1/6) S1_s
3n - ’

);

P| sup |Gap — 0ap| < 4dmax I/ab\/
0<a<b<p ab

As a corollary of Lemma 12, we have a tail bound for sum of product-normal
random variables.

Corollary 13. Let Z1 and Zs be two independent Gaussian random variables
and let X; % 7,725, i =1...n. Then forte0,1/2)

3nt2)
16 7

P[n* Z Xi| > t] <4dexp(—

i€[n]

(33)



6.4 Proof of Theorem 1

We introduce some notation before providing the proof of Theorem 1. Consider
a p + 1 dimensional random vector (Y, X’) = (Y, X1,...,X,) and assume that

Y o g00 C/

with C = (ogp);—; = EYX € RP and ¥ = (04),, ,—, = EXX'. Define

_ P’
EplzﬂF:(wgJ o ))

with P = (wop)}_; and Q = (wab)g,b:r The partial correlation between Y and
X is defined as

woq
p; = Corr (Y, X; | X\(jy) = _7600011]‘]‘ (34)

Therefore, nonzero entries of the inverse covariance matrix correspond to nonzero
partial correlation coefficients. For Gaussian models, p; = 0 correspond to Y
and X are conditionally independent given X\ (;;. The relationship between
the partial correlation estimation and a regression problem can be formulated
by the following well-known proposition [26].

Proposition 14. Consider the following regression model:
P
Y=Y BX;+e e~ N(0,Var(e)) (35)
j=1

Then € is independent of X1, ..., Xq if and only if for allj=1,...,p

woq
Bj=——L=p;

Furthermore, Var(e) = 1/wog.

Let Xgo|g = Bgege — Vgeg(Lsg) ' Bgge be the conditional covariance of
(Xsc|Xs). We are now ready to prove Theorem 1.

Theorem 1. Consider the regression model in (1) with X = (x1,...,%Xy),

x; N, (0,%), and € ~ N, (0,0°1,) with known o > 0, X independent of €.
Assume that

3 n\Fs 2 7Ea6 < i 3
max [2;585| +7a(p, 5,8, 2, 9) < min |55



with

S
’Yn(pa s;ﬁv 275) = SAmax(ESS) 7||ﬁS||2 max(l + ||Ej5(255)71||2)
Vn jesc

_ 4(p—s)
Yis5(Xss) 1 Xs; log =%5
- Jnelg)é\/ wWoo +jné%)é [Bseis]13000 BE
4s
4 dmax [ 108
jeSs woo 3n
(36)

then
P[S(s) = S] > 1 — 35 — 2exp(—s/2).

Proof. Denoting ¢; = n™' Y7, y;z;;, we would like to establish that
20 < min 2l
max [¢;] < min [¢;]
Using Proposition 14, for j € S¢ we have X} = ¥is(Ess) 1 X + E’ with
E; = (ei;), €ij ~ N(0,[Esc|slj5). Now
Ej = n_lijSﬁS + 7’L_1Xj6
= nflzjs(zss)flxls(XSﬁs + 6) + nilE; (Xsﬁs + 6)
= 3X;908s + EjS(ESS)il(ESS - X55)Bs
+n7'E5(Bes) Xse +n ' Ej(XsBs + €),

(37)

where £ = n~!X’X is the empirical covariance matrix. Using (30) with ¢ =

\/8/n we have that

max|E;s(Xss) " H(Ess — Lss)Bs]
jesce

S —
< 8 (B[ 21051l ma 12,5(Sss)

with probability at least 1 — 2exp(—s/2). From (33) it follows that

—1 -1~/
max |n” " Xig(2 X'qel < 4 max
max | js(Bss)” Xige| < 4 max

4(p—s
%55(Sss) 1By [log M (g9)
woo 3n

with probability 1 — ¢ and

B log 4(p—s)
max In"'E(Xs8s +€)| < 4;?161255 v/ [Zsesljjooo \/ 37715 (40)



with probability 1 — §. Combining (37)-(40)

~ S 1
max [¢j] < [Zjs8s| + 8Amax(Bss) /- [1Bsl2 max[[¥js(Zss) ™ [l2

\/215(255)_12&‘ L

4 41
+ ;gg)é woo 3n ( )
log 4(176—8)
+ 4 max /[[Zseis]i5000 i

with probability 1 — 20 — 2exp(—s/2).
Similarly we can show for j € S that

rjxgg ;] > min |E558s| — Amax(Zss — Zs5)||Bs||2 — max [n ' Xe|

; s o.. |log 4s
> min [XgsB8s| — 8Amax(25‘5’)\/7|,85‘||2 — 4max \/7“ — 9
n JES woo 3n
(42)
with probability 1 — § — 2exp(—s/2). The theorem now follows from (41) and
(42). O

6.5 Proof of Theorem 2
In this section we prove Theorem 2. Define S_; := S\{;j} and let

=2 .y -1 .
05 =055 — Xjs_, (Bs_;s-,) Bs_;

denote the variance of (X

s

Xs_;.), J € S. The theorem is restated below.

Theorem 2. Assume that the conditions of Theorem 1 are satisfied. Let

~ [161og(16/6)
‘- 3(n—s+1)

and assume that 1 < % Furthermore, assume that

- {202 log(4n/3) , 20/2(1 + 1) 10g(8n/5)} 1

i€s | B7oi(1—u) Bioi(1—1)

Then R
P[S(5,) = S] > 1 —45 — 2exp(—s/2).

Proof. Define the event

From Theorem 1,
P[EC] < 36 + 2exp(—s/2). (44)



We proceed to show that for some small §' > 0
P[5, # 5] < P[5, # s|En|P[En] + PES] < &, (45)

which will prove the theorem together with (44). An upper bound on P[5, #
s|€,] is constructed by combining upper bounds on P[s,, > s|&,] and P[5, <
s|En]

Let 7 = 20%log 2. From {8, > s[€,} C UL_ {Sn( ) > 7|y} follows that

P[5, > s|€] < Z_:P[En(k) > 71&,]. (46)
k=s

Recalling definitions of Vn(k) and ﬁn(k) from p. 3, for a fixed s < k < p—1,
H(k+ 1) — H(k) is the projection matrix from R" to V,(k+ 1) NV, (k)*. Recall
also that we are using the second half of the sample to estimate s,, which
implies that the projection matrix H(k) is independent of € for all k. Now,
exactly one of the two events {V,, (k) = V,,(k + 1)} and {V,, (k) C Vn(k + 1)}
occur. On the event {‘7 (k) = v, (k+ 1)}, En( k) = 0. We analyze the event

{V (k) Vi (k+ 1)} N &, by conditioning on X. Since H(k +1)— H(k) is a
rank one projection matrix

En(k) = ||(FL(k + 1) — H(k))y|3 = || (E(k + 1) — H(k))e| [} < 02x3.

Furthermore, (H(k + 1) — H(k))e 1L (H(k’ ) H(K))e, k # k. Tt follows
that for any realization of the sequences V,, (1),...,Vu(p),

p—1
Y Plen(k) > 7[€]
k=s

-y PEn (k) > TH{Va(k) C Valk + 1)} N EJPV (k) & Vi(k + 1))
k=s
_Plo?y? 2 B Y 1{Ta(6) € Talk + 1)
k=s

where the first equality follows since {V,,(k) C V,,(k+ 1)} is independent of &,.
Combining with (46) gives

P[5, > 5|8, < nPlo?x3 > 7] < 6/2 (47)

using a standard normal tail bound.

Next, we focus on bounding P[s,, < s|&,]. Since {5, < s|&,} C {{n( -1)<
7|€,}, we can bound P[&,(s — 1) < 7|€,]. Using the definition of H(s) it is
straightforward to obtain that

(H(s) — H(s — 1))y = (H(s) — H(s — 1))(X;, 8j, +€).



Using Proposition 14, we can write X = 3;5 , (85, s, ) ' Xy +E
where E = (¢;), €; ifivd./\f(O, 7). Then

(H(s) — H(s — 1))y = (H(s) — H(s — 1))(EB), + €)

(I, — H(s — 1))EB;, + (H(s) — H(s — 1))e.

Define R
T, = ;. E'(1, —H(s — 1))E

and

-~ ~

Ty =€ (H(s) —H(s —1))e.
Conditional on Xg_, , T} < ]2-5532-5 X2_gq1 since E 1L X, and conditional
on Xg, T 4 a2x2. Define the events
A ={ ?SEJQ»S(l —1)<Ty < ?3&32‘5(1 +)}

and 8
Ay = {T < 20%log ?n}

From Eq. (26), P[A;(¢)¢] < 6/4, and using a normal tail bound, P[AS] < §/4.

Setting
T=T7+20505,04/2(1+¢)log 87”,

under the assumptions of theorem

Plen(s — 1) < 7€, < P[Ty + Ty < 7 + 2/ T1T3|E0)]
< P[B5,05,(1— ) < 7]+ PLAT] +PIAS]  (4g)
P
< =
-2

Combining (44)-(48), we have that P[§(§n) = 5] >1—-46—2exp(—s/2), which
completes the proof.
O

6.6 Proof of Theorem 3

We proceed to show that (11) holds with high probability under the assumptions
of the theorem. We start with the case when ®(-) = || - |[. Let 02 = o%/n
and v; = 0,2 Zke[T](ZjSkﬁk?Sk)z' With this notation, it is easy to observe
that ®2({fix; }x) ~ 02x%(v;) where x%(v;) is a non-central chi-squared random
variable with T" degrees of freedom and non-centrality parameter v;. From (27),

2(p — s)
5

2(p — )

0,2 max ©*({fig; 1) < T + 2log + max Vj+2\/(T+2Vj)lOg
jese jese



with probability at least 1 — 6/2. Similarly, from (28),
o, 2 min ®*({fir; }x) > T + min v; — max 2 (T—|—2y‘)log§
"ojes TR = jes 7 jes / 5

with probability at least 1—§/2. Combining the last two displays we have shown
that (12) is sufficient to show that P[Sy, (s) = S] > 1 — 4.

Next, we proceed with ®(-) = || - ||1, which can be dealt with similarly as
the previous case. Using (24) together with [la[[; < \/p||al|2, a € RP,

max Z |fk;| < max Z |Ejskﬁk5k|+an\/T2+2T\/Tl —|—2T1

ke(T) ke(T]

with probability at least 1 — §/2. Similarly,

. 2s 2s
min > |k > min > 1255, Bks. | —an\/T2+2T,/Tlog5+2Tlog6

ke[T] ke (1]

with probability 1 — §/2. Combining the last two displays we have shown that
(13) is sufficient to show that P[ggl (s)=95]>1-0.

We complete the proof with the case when ®(-) = || - ||oo. Using a standard
normal tail bound together with union bound

2(p—s)T
JHGI%X O({Lkjtr) < mgx Igrelz[%x |25, 8ks,| + ont/2log — 5

with probability 1 — §/2 and

25T
r]rgn O ({fik;}e) > mlgl I?é?x |25, Brs, | — ony/21og ST

with probability 1 —§/2, where 02 = 02 /n. This shows that (14) is sufficient to
show that P[Sy_(s) =S]>1-34.

6.7 Proof of Theorem 4

We proceed as in the proof of 2. Define the event

En = {54(s) = S}.

Irrespective of which scoring function @ is used, Theorem 1 provides the suffi-
cient conditions under which P[] < §. It remains to upper bound P[3,, # s|&,],
since

P[gn #* 3} < P[‘/S\n # 5|5n]P[8n] + P[SS] (49)

An upper bound on P[s,, # s|&,] is constructed by combining upper bounds on
P[5, > s|&,] and P[5, < s|&,].



Let T = (T+2+/Tlog(2/5)+21og(2/8))o?. From {3,, > s|€,} C ug;i{g}w(k) >
7|Ey} follows that

p—1
P[Sn > s|€n] < PlEe,n(k) > 7|E,]. (50)
k=s

For a fixed s < k < p— 1, H(k + 1) — H(k) is the projection matrix from R"
to Vo (k + 1) NV, (k)L. Since we are estimating ,, on the second half of the
samples, the projection matrix ﬁ(k) is independent of € for all k. Now, exactly
one of the two events {17 (k) = Vo (k ( 1)} and {V,,(k) € Vi(k + 1)} occur.
On the event {V, (k) = V,(k + 1)} 5427 (k ) = 0. Next we analyze the event
{V(k) € Voo (k+1)}NE,. Since H(k+1)—H(k) is a rank one projection matrix

d
(k) = D IER+1) —HE)yl5 = D [(Hk+1)—H(k))el3 = 0xF

te[T] te([T]

Furthermore, @Qn(k) u @M(k’), k # k. Tt follows that for any realization of
the sequences V,,(1),...,V,(p),

p—1
> Plér,n(k) > 7|€4]
k=s

" BlE, (k) > 1P (k) © Dk + 1)} 0 EJBT(k) € Tk + 1)
k=s
p—1
=Plo*x% > 7B T{Va(k) C Va(k + 1)}
k=s

where the first equality follows since {V,,(k) C V,,(k+ 1)} is independent of &,.
Combining with (50) gives

P[5, > s|€,] < nP[o*\3 > 7] < 6/2 (51)

using (24).

Next, we focus on bounding P[3,, < s|&,]. Since {8, < s|€,} C {Epn(s —
1) < 7|€,}, it is sufficient to bound P[ggz,n(s —1) < 7|&,]. Using the definition
of ﬁ(s) it is straightforward to obtain that

(H(s) — H(s — 1))y = (H(s) = H(s = 1)(X;, By, + €0)-
Write X, = Xéi) +X§§) where X;i) € Vy(s—1) and Xg) € Vp(s)NVu(s—1)*.

Then R R R R
(H(s) — H(s — 1))y: = (H(s) — H(s — 1))(X" 8,5, + &).



Furthermore we have that

I|(E(s) — H(s — 1))(X\P 8y, + e)ll2 = (XD By |2 + 2,)?

where Z, ¢ N(0,02). Tt follows that Etgm(s — 1) ~ 02\2(v) with v =
oY e ng)ﬁtjs 2. Tt is left to show that

Plo?x7(v) < 7] < 6/2. (52)
Using (28) and following the proof of Theorem 2 in [2], we have that (52) holds

if
V> 2\/510g1/2 < ) f+81og <§2)

Under the assumptions, we have that

4 4
min 3 1X28, [ > [Mlogw <5> VT +8log (5)} -

te[T)

which shows (52). Combining (51) and (52), we obtain (49) which completes
the proof.

6.8 Proof of Theorem 5
We have

(85102 3 [P (1851 = 01850 #0) + B (1851 20,1351 = )] . 53)
j=1

For 1 < j < p, we consider the hypothesis testing:

Hoj: [[B4ll2=0 vs. [|Bll2 #0. (54)

For 1 <t < T, we denote by B; any empirical realization of the coefficient
vector. Let B, := B; — B¢;je; where ¢; is the j-th canonical basis of RP. We define

h(y; E, a):=h(y1,...,y7;81,...,81,01,...,ar) be the joint distribution of

yl,...,yTwlT_[N(X <,§t—|—atej)71n). (55)
t=1
We then have

~ ~ T _ T o2
h(y: B,a) = h(y; 3,0) - exp (Z ay(yr — XBr) — > ;) : (56)

t=1 t=1

Let maxi<i<7 |oy| < 7. We define
~ ~ TTE
h(y; B,75) = h(y; 8,0) - exp Tpr ~XB) - " . (57)

10



Let G(3) be the joint distribution of By,...,Br. Using Neyman-Pearson
Lemma, Fubinni’s Theorem and some basic calculus, we have

P (118,112 = 0, 18,112 # 0) +P (18,112 # 0, 18]l = 0) (58)
> 55 [ |10 mntsiB.0) — nyhtysfeay | dny (@)a6(5) (59)
— 53 [ HB.cin(@)dG(B) (60)
where
H(B.0) = [|(0=m)hy: 6.0) = mh(y: o)y (61)
It can be seen that
H(B.a) < H(B.7). (62
We then have
2 (185l = 0,181 7 0) + B (18] £ 0,180 = 0) = 5 5 [ H(B.7,)dG(B). (63
For any realization of £y, ..., 3,, we define

T 2
DP(B) = {yl,...,yT 1 - €XP <TpZm;(yt —XB) — TQTP> > (1 —np)} . (64)

t=1

We know that y1,...,yr € Dp(,é) if and only if

T
Wi =Y ai(y: — XBy) > Ap. (65)

t=1
It is then easy to see that

W; ~ N(0,T) under Hy ; (66)
Wj ~ N(TTI),T) under HL]" (67)

Following exactly the same argument as in Lemma 6.1 from Ji and Jin (2011),
we obtain the lower bound:

1 1~ _ (A A
- ——H > (1—n,)F L FlL VT .
2 2 (/677-17) = ( 7717) <\/T) + 771? (\/T \/>TP>
Thus we finish the proof of the main argument (21).
To obtain more detailed rate, we have
1
——1=p"—1. (68)

Mlp

11



Also,

N

() = F)

[\
hS]

hS]

N

)

v

1
. ex
(v+Tr)v2logp +2rm P

4rT

(_ (v+Tr)? 10gp>

vrT L p~ (T /(4rT),

2(v+ Tr)y/mlogp

Therefore

L= </\P) - p
Mp VT 2w+ Tr)y/mlogp

VrT

VrT

We then evaluate the second term

v— (’U+T7')2/(47'T)

_ (=T /(rT)
2(v+Tr)y/mlogp
Ap JT 7 (VT Ap
P =VTn) = F(VTn- L),

VT

First, we have that

VT

If v > T'r, we have

which implies that

(3

2Tr

e

—VT7, = x,
VT P

- \/frp) > 1+ o(1).

Now, we consider the case that v < T'r,

VT

This finishes the whole proof.

2T'r
v2T'r 1

Tr)y/1
A VTr, - (v+Tr)yIogp T logp.

e N ”W@)

—(v=Tr)%/(4rT)

VT
(Tr —v)/alogp ©

12

(Tr —v)VIogp var ©

—(v=T7)%/(4rT)

(74)

(75)



6.9 Extended empirical results

6.9.1 Extended results for Simulation 1
Simulation 1: (n,p, s, T) = (500, 20000, 18, 500), Tron—zero = 500

Prob. (%) of

~

Fraction (%) of Fraction (%) of

Fraction (%) of

S SCS Correct zeros  Incorrect zeros 5=35 \§ |
Se. 100.0 100.0 0.0 91.0 18.1
SNR=15 g, 100.0 100.0 0.0 92.0 18.1
§52 100.0 100.0 0.0 92.0 18.1
Se, 100.0 100.0 0.0 63.0 18.5
SNR=10 §, 100.0 100.0 0.0 68.0 18.4
§52 100.0 100.0 0.0 68.0 18.4
Se, 100.0 100.0 0.0 87.0 18.1
SNR=5 §, 100.0 100.0 0.0 87.0 18.1
3\52 100.0 100.0 0.0 88.0 18.1
Se, 0.0 100.0 99.9 0.0 0.0
SNR=1 §, 0.0 100.0 100.0 0.0 0.0
§€z 0.0 100.0 99.9 0.0 0.0
Simulation 1: (n,p,s,T) = (500, 20000, 18,500), Thon—zero = 300
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
5 SCS Correct zeros  Incorrect zeros S=5 S|
St 100.0 100.0 0.0 100.0 18.0
SNR =15 G, 100.0 100.0 0.0 100.0 18.0
§g2 100.0 100.0 0.0 100.0 18.0
S 100.0 100.0 0.0 99.0 18.0
SNR =10 G, 100.0 100.0 0.0 100.0 18.0
§g2 100.0 100.0 0.0 100.0 18.0
Se, 100.0 100.0 0.0 76.0 18.3
SNR=5 g, 100.0 100.0 0.0 91.0 18.1
Se, 100.0 100.0 0.0 92.0 18.1
Se, 0.0 100.0 98.1 0.0 0.3
SNR=1 g, 0.0 100.0 98.4 0.0 0.3
§42 0.0 100.0 98.2 0.0 0.3

13



Simulation 1: (n,p, s, T) = (500, 20000, 18,500), Thon—zero = 100

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

S Scs§ Correct zeros  Incorrect zeros §S=3 15|
Se, 100.0 100.0 0.0 100.0 18.0
SNR =15 §,, 100.0 100.0 0.0 100.0 18.0
§52 100.0 100.0 0.0 100.0 18.0
Se, 100.0 100.0 0.0 100.0 18.0
SNR =10 §,, 100.0 100.0 0.0 100.0 18.0
§42 100.0 100.0 0.0 100.0 18.0
Se 100.0 100.0 0.0 100.0 18.0
SNR=5 §, 100.0 100.0 0.0 100.0 18.0
§52 100.0 100.0 0.0 100.0 18.0
St 100.0 100.0 0.0 60.0 18.5
SNR=1 §, 100.0 100.0 0.0 96.0 18.0
§42 100.0 100.0 0.0 97.0 18.0
6.9.2 Extended results for Simulation 2
Simulation 2.a: (n,p, s,T) = (200, 5000, 10, 500), Thon—zero = 400
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
5 scS Correct zeros  Incorrect zeros 5=25 \g |
Se, 100.0 100.0 0.0 83.0 10.2
SNR =10 g, 100.0 100.0 0.0 88.0 10.1
:5'\@2 100.0 100.0 0.0 93.0 10.1
Se. 100.0 100.0 0.0 82.0 10.2
SNR=5 g, 100.0 100.0 0.0 91.0 10.1
Se, 100.0 100.0 0.0 91.0 10.1
Se, 0.0 100.0 98.4 0.0 0.2
SNR=1 g, 0.0 100.0 98.3 0.0 0.2
Se, 0.0 100.0 98.2 0.0 0.2
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Simulation 2.a: (n,p,s,T) = (200, 5000, 10, 500), Thon—zero = 250

Prob. (%) of Fraction (%) of

Fraction (%) of Fraction (%) of

S Scs§ Correct zeros  Incorrect zeros §S=3 15|
Se, 100.0 100.0 0.0 100.0 10.0
SNR=10 3, 100.0 100.0 0.0 100.0 10.0
§52 100.0 100.0 0.0 100.0 10.0
Se, 100.0 100.0 0.0 86.0 10.2
SNR=5 g, 100.0 100.0 0.0 98.0 10.0
§42 100.0 100.0 0.0 97.0 10.0
Se 1.0 100.0 41.0 1.0 5.9
SNR=1 §, 4.0 100.0 41.6 4.0 5.8
Se, 2.0 100.0 41.9 2.0 5.8
Simulation 2.a: (n,p,s,T) = (200, 5000, 10, 500), Thon—zero = 100
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
5 SCS Correct zeros  Incorrect zeros S=5 S|
St 100.0 100.0 0.0 100.0 10.0
SNR =10 §, 100.0 100.0 0.0 100.0 10.0
:5'\52 100.0 100.0 0.0 100.0 10.0
St 100.0 100.0 0.0 100.0 10.0
SNR=5 3, 100.0 100.0 0.0 100.0 10.0
§g2 100.0 100.0 0.0 100.0 10.0
Se, 100.0 100.0 0.0 77.0 10.3
SNR=1 g, 100.0 100.0 0.0 97.0 10.0
§e2 100.0 100.0 0.0 96.0 10.0
Simulation 2.b: (n,p,s,T) = (200, 5000, 10, 750), Thon—zero = 600
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
S scS Correct zeros  Incorrect zeros §=35 S|
St 100.0 100.0 0.0 88.0 10.1
SNR =10 §,, 100.0 100.0 0.0 87.0 10.2
Se, 100.0 100.0 0.0 89.0 10.1
St 100.0 100.0 0.0 72.0 10.3
SNR=5 §, 100.0 100.0 0.0 89.0 10.1
Se, 100.0 100.0 0.0 90.0 10.1
St 0.0 100.0 98.1 0.0 0.2
SNR=1 §, 0.0 100.0 97.9 0.0 0.2
Sy, 0.0 100.0 98.1 0.0 0.2
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Simulation 2.b: (n,p,s, T) = (200,5000, 10, 750), Thon—zero = 375

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

S Scs§ Correct zeros  Incorrect zeros §S=3 15|
Se, 100.0 100.0 0.0 100.0 10.0
SNR =10 §,, 100.0 100.0 0.0 100.0 10.0
§52 100.0 100.0 0.0 100.0 10.0
Se, 100.0 100.0 0.0 91.0 10.1
SNR=5 g, 100.0 100.0 0.0 94.0 10.1
g@z 100.0 100.0 0.0 95.0 10.1
Se 9.0 100.0 28.6 9.0 7.1
SNR=1 §, 12.0 100.0 27.4 12.0 7.3
Se, 9.0 100.0 28.4 9.0 7.2
Simulation 2.b: (n,p,s,T) = (200, 5000, 10, 750), Thon—zero = 150
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
5 SCS Correct zeros  Incorrect zeros S=5 S|
St 100.0 100.0 0.0 100.0 10.0
SNR =10 §, 100.0 100.0 0.0 100.0 10.0
:5'\52 100.0 100.0 0.0 100.0 10.0
St 100.0 100.0 0.0 100.0 10.0
SNR=5 3, 100.0 100.0 0.0 100.0 10.0
§g2 100.0 100.0 0.0 100.0 10.0
Se, 100.0 100.0 0.0 77.0 10.3
SNR=1 g, 100.0 100.0 0.0 98.0 10.0
§e2 100.0 100.0 0.0 96.0 10.0
Simulation 2.c: (n,p,s,T) = (200, 5000, 10, 1000), Thon—zero = 800
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
S scS Correct zeros  Incorrect zeros §=35 S|
St 100.0 100.0 0.0 82.0 10.2
SNR =10 §,, 100.0 100.0 0.0 89.0 10.1
Se, 100.0 100.0 0.0 85.0 10.2
St 100.0 100.0 0.0 76.0 10.2
SNR=5 §, 100.0 100.0 0.0 83.0 10.2
Se, 100.0 100.0 0.0 83.0 10.2
St 0.0 100.0 97.6 0.0 0.2
SNR=1 §, 0.0 100.0 97.4 0.0 0.3
Sy, 0.0 100.0 97.5 0.0 0.2
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Simulation 2.c: (n, p,s,T) = (200,5000, 10, 1000), Thon—zero = 500

Prob. (%) of Fraction (%) of

Fraction (%) of Fraction (%) of

S Scs§ Correct zeros  Incorrect zeros §S=3 15|

Se, 100.0 100.0 0.0 100.0 10.0

SNR =10 §,, 100.0 100.0 0.0 100.0 10.0
§52 100.0 100.0 0.0 100.0 10.0

Se, 100.0 100.0 0.0 85.0 10.2

SNR=5 g, 100.0 100.0 0.0 94.0 10.1
§42 100.0 100.0 0.0 93.0 10.1

Se, 14.0 100.0 21.2 14.0 7.9

SNR=1 g, 15.0 100.0 20.9 15.0 7.9
Se, 16.0 100.0 20.1 16.0 8.0

Simulation 2.c: (n,p,s,T) = (200, 5000, 10, 1000), Thon—zero = 200
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

5 SCS Correct zeros  Incorrect zeros S=5 S|

St 100.0 100.0 0.0 100.0 10.0

SNR =10 §, 100.0 100.0 0.0 100.0 10.0
:5'\52 100.0 100.0 0.0 100.0 10.0

St 100.0 100.0 0.0 100.0 10.0

SNR=5 3, 100.0 100.0 0.0 100.0 10.0
§g2 100.0 100.0 0.0 100.0 10.0

Se, 100.0 100.0 0.0 79.0 10.3

SNR=1 g, 100.0 100.0 0.0 94.0 10.1
§e2 100.0 100.0 0.0 93.0 10.1

6.9.3 Extended results for Simulation 3

Simulation 3: (n,p,s,T) = (100, 5000, 3, 150),

Thon—zero = 80, P = 0.2

Prob. (%) of

~

~

Fraction (%) of Fraction (%) of Fraction (%) of

~

S SCS Correct zeros  Incorrect zeros S=S5 |5

Se, 100.0 100.0 0.0 100.0 3.0

SNR =10 G, 100.0 100.0 0.0 100.0 3.0
§g2 100.0 100.0 0.0 100.0 3.0

Se, 100.0 100.0 0.0 100.0 3.0

SNR=5 G, 100.0 100.0 0.0 100.0 3.0
§g2 100.0 100.0 0.0 100.0 3.0

Se, 100.0 100.0 0.0 97.0 3.0

SNR=1 G, 100.0 100.0 0.0 99.0 3.0
§g2 100.0 100.0 0.0 99.0 3.0
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Simulation 3: (n,p,s,T) = (100, 5000, 3, 150), Thon—zero = 80, p = 0.5

Prob. (%) of Fraction (%) of

~

Fraction (%) of Fraction (%) of

S SCS Correct zeros  Incorrect zeros §S=3 15|

Se, 100.0 100.0 0.0 100.0 3.0

SNR =10 §,, 100.0 100.0 0.0 100.0 3.0
§52 100.0 100.0 0.0 100.0 3.0

Se, 100.0 100.0 0.0 100.0 3.0

SNR=5 §, 100.0 100.0 0.0 100.0 3.0
§42 100.0 100.0 0.0 100.0 3.0

Se 100.0 100.0 0.0 79.0 3.2

SNR=1 §, 100.0 100.0 0.0 79.0 3.2
/5\52 100.0 100.0 0.0 72.0 3.3

Simulation 3: (n,p,s,T") = (100, 5000, 3, 150), Thon—zero = 80, p = 0.7
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

5 SCS Correct zeros  Incorrect zeros S=5 S|

St 97.0 100.0 1.0 97.0 3.0

SNR =10 §, 99.0 100.0 0.3 99.0 3.0
:S'\gg 99.0 100.0 0.3 99.0 3.0

St 96.0 100.0 1.3 95.0 3.0

SNR=5 3, 99.0 100.0 0.3 97.0 3.0
§g2 97.0 100.0 1.0 95.0 3.0

Se, 94.0 100.0 2.0 67.0 3.3

SNR=1 g, 98.0 100.0 0.7 71.0 3.3
§42 94.0 100.0 2.0 63.0 3.3

6.9.4 Extended results for Simulation 4

Simulation 4: (n,p,s,T) = (150, 4000, 8, 150), T,

non—zero — SOa P = 0.2

Prob. (%) of

~

~

Fraction (%) of Fraction (%) of Fraction (%) of

~

S SCS Correct zeros  Incorrect zeros S=S5 |5

Si_ 100.0 100.0 0.0 100.0 8.0

SNR =10 3, 100.0 100.0 0.0 100.0 8.0
Se, 100.0 100.0 0.0 100.0 8.0

So_ 100.0 100.0 0.0 95.0 8.1

SNR =5 §5, 100.0 100.0 0.0 100.0 8.0
Se, 100.0 100.0 0.0 100.0 8.0

Si., 0.0 100.0 77.4 0.0 1.8

SNR=1 g, 0.0 100.0 77.6 0.0 1.8
Sy, 0.0 100.0 78.0 0.0 1.8
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Simulation 4: (n, p, s,T) = (150,4000, 8, 150), Thon—sero = 80, p = 0.5

Prob. (%) of Fraction (%) of

~

Fraction (%) of Fraction (%) of

S SCS Correct zeros  Incorrect zeros §S=3 15|
Si.. 100.0 100.0 0.0 100.0 8.0
SNR =10 g, 100.0 100.0 0.0 100.0 8.0
S, 100.0 100.0 0.0 100.0 8.0
Sy 100.0 100.0 0.0 84.0 8.2
SNR=5 §, 100.0 100.0 0.0 87.0 8.1
Se, 100.0 100.0 0.0 87.0 8.1
S 1.0 100.0 56.2 1.0 35
SNR=1 g, 0.0 100.0 57.2 0.0 3.4
Se, 0.0 100.0 57.0 0.0 3.4
6.9.5 Extended results for Simulation 5
Simulation 5: (n,p,s,T") = (200, 10000, 5,500), Thon—zero = 400
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
5 sSCS Correct zeros  Incorrect zeros 5=35 \§ |
S 0.0 100.0 20.0 0.0 8.6
o=15 5, 0.0 99.9 83.8 0.0 114
Se, 0.0 99.9 74.2 0.0 10.9
S 0.0 99.9 20.0 0.0 13.4
c=25 5§, 0.0 99.8 83.6 0.0 16.8
Se, 0.0 99.8 74.4 0.0 16.9
S 0.0 99.7 32.6 0.0 35.6
c=45 5, 0.0 99.7 83.2 0.0 29.3
Se, 0.0 99.7 74.6 0.0 29.7
Simulation 5: (n,p, s, T) = (200, 10000, 5,500), Thon—zero = 250
Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of
S SCS Correct zeros  Incorrect zeros §=5 S|
S, 100.0 100.0 0.0 99.0 5.0
c=15 g, 0.0 99.9 92.0 0.0 10.7
Sy, 0.0 99.9 54.4 0.0 8.7
S 87.0 100.0 2.6 39.0 5.9
c=25 §, 0.0 99.9 90.6 0.0 14.8
Sy, 0.0 99.9 55.0 0.0 125
Si. 0.0 99.9 20.2 0.0 16.2
oc=45 5, 0.0 99.8 86.4 0.0 22.2
Sy, 0.0 99.8 56.2 0.0 19.9
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Simulation 5: (n,p,s,T) = (200, 10000, 5,500), Thon—zero = 100

Prob. (%) of Fraction (%) of Fraction (%) of Fraction (%) of

S ScS Correct zeros  Incorrect zeros §=5 15|

S 100.0 100.0 0.0 100.0 5.0

c=15 5, 0.0 99.9 95.8 0.0 6.7
Se, 9.0 100.0 18.2 9.0 4.4

S 99.0 100.0 0.2 91.0 5.1

c=25 5, 0.0 99.9 93.0 0.0 7.7
Se, 0.0 100.0 21.6 0.0 45

S 9.0 100.0 18.2 4.0 5.1

c=45 5, 0.0 99.9 85.2 0.0 8.0
Se, 0.0 100.0 29.6 0.0 5.3
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