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Abstract

We investigate the learning rate of multiple
kernel leaning (MKL) with ¢; and elastic-net
regularizations. The elastic-net regulariza-
tion is a composition of an ¢;-regularizer for
inducing the sparsity and an ¢-regularizer
for controlling the smoothness. We focus on
a sparse setting where the total number of
kernels is large but the number of non-zero
components of the ground truth is relatively
small, and show sharper convergence rates
than the learning rates ever shown for both ¢,
and elastic-net regularizations. Our analysis
shows there appears a trade-off between the
sparsity and the smoothness when it comes
to selecting which of /; and elastic-net reg-
ularizations to use; if the ground truth is
smooth, the elastic-net regularization is pre-
ferred, otherwise the ¢, regularization is pre-
ferred.

1 Introduction

Learning with kernels such as support vector ma-
chines has been demonstrated to be a promising ap-
proach, given that kernels were chosen appropriately
(Scholkopf and Smola, 2002, Shawe-Taylor and Cris-
tianini, 2004). So far, various strategies have been em-
ployed for choosing appropriate kernels, ranging from
simple cross-validation (Chapelle et al., 2002) to more
sophisticated “kernel learning” approaches (Ong et al.,
2005, Argyriou et al., 2006, Bach, 2009, Cortes et al.,
2009b, Varma and Babu, 2009).

Multiple kernel learning (MKL) is one of the system-
atic approaches to learning kernels, which tries to
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find the optimal linear combination of prefixed base-
kernels by convex optimization (Lanckriet et al., 2004).
The seminal paper by Bach et al. (2004) showed that
this linear-combination MKL formulation can be inter-
preted as ¢1-mixed-norm regularization (i.e., the sum
of the norms of the base kernels). Based on this inter-
pretation, several variations of MKL were proposed,
and promising performance was achieved by ‘inter-
mediate’ regularization strategies between the sparse
(¢1) and dense (f2) regularizers, e.g., a mixture of
{1-mixed-norm and f>-mixed-norm called the elastic-
net regularization (Shawe-Taylor, 2008, Tomioka and
Suzuki, 2009) and £,-mixed-norm regularization with
1 < p < 2 (Micchelli and Pontil, 2005, Kloft et al.,
2009).

Together with the active development of practical
MKL optimization algorithms, theoretical analysis of
MKL has also been extensively conducted. For /¢;-
mixed-norm MKL, Koltchinskii and Yuan (2008) es-
tablished the learning rate A n T+ dlog(M)/n
under rather restrictive conditions, where n is the
number of samples, d is the number of non-zero com-
ponents of the ground truth, M is the number of
kernels, and s (0 < s < 1) is a constant represent-
ing the complexity of the reproducing kernel Hilbert
spaces (RKHSs). Their conditions include a smooth-
ness assumption of the ground truth. For elastic-net
regularization (which we call elastic-net MKL), Meier
et al. (2009) gave a near optimal convergence rate

d (n/log(M ))7ﬁ Recently, Koltchinskii and Yuan
(2010) showed that MKL with a variant of ¢;-mixed-
norm regularization (which we call L;-MKL) achieves
the minimax optimal convergence rate, which success-
fully captured sharper dependency with respect to
log(M) than the bound of Meier et al. (2009) and es-
tablished the bound dn~ T + dlog(M)/n. Another
line of research considers the cases where the ground
truth is not sparse, and bounds the Rademacher
complexity of a candidate kernel class by a pseudo-
dimension of the kernel class (Srebro and Ben-David,
2006, Ying and Campbell, 2009, Cortes et al., 2009a,
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Table 1: Relation between our analysis and existing analyses.

regularizer smoothness (¢) minimaxity convergence rate
Koltchinskii and Yuan (2008) £y g=1 ? diFep T + ‘“L(M)
Meier et al. (2009) Elastic-net qg=0 not optimal d <1og(M )) T+
Koltchinskii and Yuan (2010) 0y qg=0 {oo-ball (d+ R1 f*) ul-s 4 ‘“%(M)
This paper Elastic-net 0<qg<1 f2-ball (%) s RH‘I+s + ‘“%(M)
A =0 1-ball dTEs leuf; + dlos(M)

Kloft et al., 2010).

In this paper, we focus on the sparse setting (i.e., the
total number of kernels is large, but the number of
non-zero components of the ground truth is relatively
small), and derive sharp learning rates for both L;-
MKL and elastic-net MKL. Our new learning rates,

atit -k gt o 4108
1,f n ,

dlog(M)
n

(L1-MKL)

2s
(Elastic-net MKL) dTF et~ T Ry i
are faster than all the existing bounds, where Ry g«
is the ¢;-mixed-norm of the truth, Ry 4~ is a kind of
ly-mixed-norm of the truth, and ¢ (0 < ¢ < 1) is a
constant depending on the smoothness of the ground
truth.

Our contributions are summarized as follows:

(a) The sharpest existing bound for L;-MKL given by
Koltchinskii and Yuan (2010) achieves the minimax
rate on the £,-mixed-norm ball (Raskutti et al., 2009,
2010). Our work follows this line and show that the
learning rates for Li-MKL and elastic-net MKL fur-
ther achieve the minimax rates on the ¢1-mized-norm
ball and £o-mized-norm ball respectively, both of which
are faster than that on the ¢o.-mixed-norm ball. This
result implies that the bound by Koltchinskii and Yuan
(2010) is tight only when the ground truth is evenly
spread in the non-zero components.

(b) We included the smoothness q of the ground truth
into our learning rate, where the ground truth is said to
be smooth if it is represented as a convolution of a cer-
tain function and an integral kernel (see Assumption
2). Intuitively, for larger g, the truth is smoother. We
show that elastic-net MKL properly makes use of the
smoothness of the truth: The smoother the truth is,
the faster the convergence rate of elastic-net MKL is.
That is, the resultant convergence rate of elastic-net
MKL becomes as if the complexity of RKHSs was 13-
instead of the true complexity s. Meier et al. (2009)
and Koltchinskii and Yuan (2010) assumed ¢ = 0 and
Koltchinskii and Yuan (2008) considered a situation of
q = 1. Our analysis covers both of those situations,
and is more general since any 0 < g < 1 is allowed.
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(¢c) We show that there is a trade-off between the
sparsity and the smoothness of the estimator. While
L1-MKL gives a sparser solution than elastic-net, a
smoother solution is generated by elastic-net MKL.
Our analysis claims that when the smoothness ¢ of
the truth is small (say ¢ = 0), L;-MKL achieves a
faster convergence rate than elastic-net MKL. On the
other hand, if the truth is smooth, the learning rate of
elastic-net MKL could be faster than L{-MKL.

The relation between our analysis and existing analy-
ses is summarized in Table 1.

2 Preliminaries

In this section, we formulate elastic-net MKL, and
summarize mathematical tools that are needed for our
theoretical analysis.

Formulation Suppose we are given n samples
{(zs,y:)}1~, where x; belongs to an input space X
and y; € R. We denote the marginal distribution of
X by II. We consider an MKL regression problem in
which the unknown target function is represented as
flz) = Z%zl fm(x), where each f,, belongs to a dif-
ferent RKHS H,,, (m =1,..., M) with kernel k,, over
X x X.

The elastic-net MKL we consider in this paper is the
version considered in Meier et al. (2009):

2

N
f— arg min Z:(yz Z fm (i )
M m=1
3 (N ol + A ol + A 2, )
m=1
(1)

where || fin [l == \/ % Yict fm(@i)? and || fin 34, is the

RKHS norm of f,, in H,,. The regularizer is the
mixture of £i-term 32,7 (A falln + A5™ | fn130,,)
and fy-term M Aén)Hme?_[m In that sense, we

say that the regularizer is of the elastic-net type!

There is another version of MKL with elastic-net
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(Zou and Hastie, 2005). Here the ¢;-term is a mix-
ture of the empirical Lo-norm || fi, |, and the RKHS
norm || fm|l#,,. Koltchinskii and Yuan (2010) consid-
ered {;-regularization that contains only the /;-term:
> A fonlln A £ 122, - To distinguish the situ-
ations of )\gn) =0 and )\gn) > 0, we refer to the learning
method (1) with )\g”) = 0 as L;-MKL and that with
)\én) > 0 as elastic-net MKL.

By the representer theorem (Kimeldorf and Wahba,
1971), the solution f can be expressed as a linear
combination of nM kernels: Jau,; € R, fm(z) =
St Qmikm (2, 2;). Thus, using the Gram matrix
K,, = (kn(z;,2;));;, the regularizer in (1) is ex-
pressed as

. KK, .
Yot <A§ el T e, 1Al K,
n

+ )\gma:nKmam) ,

where o, = (apm,i)i=; € R". Thus, we can solve
the problem by an SOCP (second-order cone program-
ming) solver as in Bach et al. (2004), the coordinate
descent algorithms (Meier et al., 2008) or the alter-
nating direction method of multipliers (Boyd et al.,
2011).

Notations and Assumptions Here, we present
several assumptions used in our theoretical analysis
and prepare notations.

Let H=H1 D - -DHy. We utilize the same notation
f € H indicating both the vector (f1,...,fan) and
the function f = M f,. (fn € Hp). This is a
little abuse of notation because the decomposition f =
Z%zl fm might not be unique as an element of Lo (IT).
However, this will not cause any confusion. We denote
by f* € H the ground truth satisfying the following
assumption (the decomposition f* = Z%ﬂ 1 of the
truth might not be unique but we fix one possibility).

Assumption 1. (Basic Assumptions)

(A1-1) There exists f* = (ff,...,fx) € H such that
E[Y|X] = M| f5(X), and the noise ¢ ==Y —
fH(X) is bounded as |e| < L.

(A1-2) For each m = 1,...,M, H, is separable and
U e b (X, X)[ < 1.

regularization considered in Shawe-Taylor (2008) and
Tomioka and Suzuki (2009), that is, )\(2"> M Nl +
Aé”) et | fmll3,,, (i-e., there is no || fm|l» term in the
regularizer). However, we focus on Eq. (1) because the
above one is too loose to properly bound the irrelevant
components of the estimated function.
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The first assumption in (Al-1) ensures the model H
is correctly specified, and the technical assumption
le] < L allows €f to be Lipschitz continuous with re-
spect to f. These assumptions are not essential, and
can be relaxed to misspecified models and unbounded
noise such as Gaussian noise (Raskutti et al., 2010).
However, for the sake of simplicity, we assume these
conditions. It is known that the assumption (A1-2)
gives the relation || fo|lco < || fim |2, (see Chapter 4 of
Steinwart and Christmann (2008)).

We define an operator T, : H,, — Hm as

(frs Tongm) ., = E[fn(X)gm (X)),

where fy., gm € Hm. Due to Mercer’s theorem, there
are an orthonormal system {@¢m}em in Lo(II) and
the spectrum {t¢,m }o,m such that k,, has the following
spectral representation:

k:m(:r,m') = Zﬂﬁ,m¢€,7n,($)¢€,m,(x/)- (2)
=1

By this spectral representation, the inner product of
the RKHS #H,, can be expressed as (fm, gm)n,, =
Z;; /J’Z_ﬁlﬂ <f7m ¢Z,m>L2(H) <¢2,m7 gm>L2 (II) -
Assumption 2. (Convolution Assumption)
There ezist a real number 0 < g < 1 and g}, € Hp,
such that

(A2) mm:/mmmw%wmmm
X
(Vm=1,...,M),
where kﬁgﬂ)(x, ) = 32, uZ{iqﬁk’m(m)qbkym(m’).

This is equivalent to the following operator represen-
tation: .

fin = Tigrm-
We define g* € H as g* = (97,

M *
Zm:l Im,-

The constant ¢ represents the smoothness of the truth

> because f; is a convolution of the integral ker-

y9h) and g* =

nel kfg/ ?) and gy, and high frequency components are
suppressed as ¢ becomes large. Therefore, as ¢ be-
comes larger, f* becomes “smoother”. The assump-
tion (A2) was considered in Caponnetto and de Vito
(2007) to analyze the convergence rate of least-squares
estimators in a single kernel setting. In MKL settings,
Koltchinskii and Yuan (2008) showed a fast learning
rate of MKL, and Bach (2008) employed the assump-
tion for ¢ = 1 to show the consistency of MKL. Propo-
sition 9 of Bach (2008) gave a sufficient condition to
fulfill (A2) with ¢ = 1 for translation invariant kernels
Em(x,2") = hp(x —2'). Meier et al. (2009) considered
a situation with ¢ = 0 on Sobolev space; the analysis
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of Koltchinskii and Yuan (2010) also corresponds to
g = 0. Note that (A2) with ¢ = 0 imposes nothing on
the smoothness about the truth, and our analysis also
covers this case.

We show in Appendix A (supplementary material)
that as ¢ increases, the space of the functions that sat-
isfy (A2) becomes “simpler”. Thus, it might be natu-
ral to expect that, under the Convolution Assumption
(A2), the learning rate becomes faster as ¢ increases.
Although this conjecture is actually true, it is not obvi-
ous because the Convolution Assumption only restricts
the ground truth, not the search space.

Next we introduce a parameter representing the com-
plexity of RKHSs.

Assumption 3. (Spectral Assumption) There ex-
ist 0 < s < 1 and c such that

(A3)  pjm <cj 7, (1<Vj,1<Vm< M),
where {11,m }52 is the spectrum of the kernel ky, (see
Eq.(2)).

It was shown that the spectral assumption (A3) is
equivalent to the classical covering number assump-
tion? (Steinwart et al., 2009), but the spectral formu-
lation gives a clearer insight for the complexity of the
set of the smooth functions introduced in Assumption
2 (see Appendix A). If the spectral assumption (A3)
holds, there exists a constant C' that depends only on
s and c such that

N(E’BHm7L2(H)) S 0572S7 (1 g vm g M)? (3)
and the converse is also true (see Theorem 15 of
Steinwart et al. (2009) and Steinwart and Christmann
(2008) for details). Therefore, if s is large, at least one
of the RKHSs is “complex”; and if s is small, all the
RKHSs are “simple”. A more detailed characteriza-
tion of the covering number in terms of the spectrum
is provided in Appendix A in the supplementary ma-
terial. The covering number of the space of functions
that satisfy the Convolution Assumption (A2) is also
provided there.

We denote by I the indices of truly active kernels, i.e.,

Iy :=={m [ [ f5 ]2, >0}

We define the number of truly active components as
d = |Iy|. For f = Zf\f:lfm € H and a subset of
indices I C {1,..., M}, we define H; = ®merHm and
denote by fr € H; the restriction of f to an index set

2The e-covering number N (¢, By, , L2(I1)) with respect
to Lo(II) is the minimal number of balls with radius e
needed to cover the unit ball By, in H, (van der Vaart
and Wellner, 1996).
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I, ie., fr =>,cr fm For a given set of indices I C
{1,..., M}, we introduce a quantity x(I) representing
the correlation of RKHSs inside the indices I:

IS mer FllZ

K(I):=sups k>0 ‘ K<
{ et il

Vfm € Hm (m € I)}
Similarly, we define the canonical correlations of
RKHSs between I and I¢ as follows:

(f1,91¢) L)
p(I) ;= sup
{ I frll zocmyllgrell Ly

‘ fr € Hr, g1 € Hye,

fr#0,91¢ 7&0}-

These quantities give a connection between the Lo (1I)-
norm of f € H and the Lyo(II)-norm of {f,}mer as
shown in the following lemma. The proof is given in
Appendix B in the supplementary material.

Lemma 1. For all I C{1,..., M}, we have

117, = (1= p(1)?)s(T) (Z |fm|2LQ(n)> )

mel

We impose the following assumption for x(lp) and
p(lo).

Assumption 4. (Incoherence Assumption) For
the truly active components Iy, k(Iy) is strictly positive
and p(Iy) is strictly less than 1:

(Ad) 0 < (o) (1 = p*(Lo))-

This condition is known as the incoherence condition
(Koltchinskii and Yuan, 2008, Meier et al., 2009), i.e.,
RKHSs are not too dependent on each other. In addi-
tion to the lower bound (4), we also obtain an upper
bound of the Ly(IT)-norm of f — f* using the Ly (TI)-
norms of {fm — f }mer,- Thus, by the incoherence
condition and Lemma 1, we may focus on bound-
ing the La(II)-norm of the “low-dimensional” compo-
nents {f,, — £ Ymer,, instead of all the components.
Koltchinskii and Yuan (2010) considered a weaker con-
dition including the restricted isometry (Candes and
Tao, 2007) instead of (A4). Such a weaker condition
is also applicable to our analysis, but we employ (A4)
for simplicity.

Finally, we impose the following technical assumption
related to the sup-norm of the members in the RKHSs.

Assumption 5. (Sup-norm Assumption) Along
with the Spectral Assumption (A8), there exists a con-
stant Cy such that

(A5) I £mlloe < Cull fmll iy finll3e,..
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(Vfm € Hipy,m=1,..., M),

where s is the exponent defined in the Spectral Assump-
tion (A3).

This assumption might look a bit strong, but this is
satisfied if the RKHS is a Sobolev space or is contin-
uously embeddable in a Sobolev space. For example,
the RKHSs of Gaussian kernels are continuously em-
bedded in all Sobolev spaces, and thus satisfy the sup-
norm Assumption (A5). More generally, RKHSs with
~-times continuously differentiable kernels on a closed
Euclidean ball in R? are also continuously embedded
in a Sobolev space, and satisfy the sup-norm Assump-
tion (A5) with s = % (see Corollary 4.36 of Steinwart
and Christmann (2008)). Therefore, this assumption
is common for practically used kernels. A more gen-
eral necessary and sufficient condition in terms of real
interpolation is shown in Bennett and Sharpley (1988).
Steinwart et al. (2009) used this assumption to show
the optimal convergence rates for regularized regres-
sion with a single kernel function where the true func-
tion is not contained in the model, and one can find
detailed discussions about the assumption there.

3 Convergence Rate Analysis
In this section, we present our main result.

3.1 The Convergence Rate of L;-MKL and
Elastic-net MKL

Here we derive the learning rate of the estimator f
defined by Eq. (1). We may suppose that the num-
ber of kernels M and the number of active kernels
d are increasing with respect to the number of sam-
ples n. Our main purpose of this section is to show
that the learning rate can be faster than the existing
bounds. The existing bound has already been shown
to be optimal on the {s-mixed-norm ball (Koltchin-
skii and Yuan, 2010, Raskutti et al., 2010). Our claim
is that the convergence rates can further achieve the
minimax optimal rates on the £1-mized-norm ball and
lo-mized-norm ball, which are faster than that on the
{ +o-mixed-norm ball.

Define 7(t) for t > 0 and &,(X) for given A > 0 as
1(t) = max(1,V#,t/\/n), (5a)

€n = En()) = max ( o 2% , /%) . (5b)

For a given function f € H and 1 < p < oo, we define
the ¢,-mixed-norm of f as

Ros = (S 1l )
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Then we obtain the convergence rate of L1- and elastic-
net MKL as follows.

Theorem 2 (Convergence Rate of L;-MKL and
Elastic-net MKL). Suppose Assumptions 1-5 are
satisfied. Then there exist constants C and Vs de-
pending on s,c, L, C1, p(ly), k(Io) such that, for all n
sufficiently large, the following convergence rates hold:

(Li-MKL) If \™ = )&V, ég’“ =AMz,

)\én) — 0, where \ = di_ﬁn—ﬁ}{;?7 the general-

ization error of L1-MKL is bounded as

<d1+sn

s—1 1 = dlog(M
+dmn*mR;}";+7°i( )>n(t)2, (6)

1+SR1+S

1f = £ 1, < 1,/

with high probability.
(Elastic-net MKL) If A" = ¢ n(t )§n()\) M")

AIAE, A = A, where A = TR T TR R, T
the genemlzzatwn error of elastic-net MKL is bounded
as

Hf fr HLQ(H) <d1+q+°n 1+q+sRl+q+s

q+s —
+di+atsn ,

14q g(1—s) 2 leg(M)
qt+s s I+q+s 2
T+at+s  (+s)(A+ats) Rg,g* +7n n(t)

(7)
with high probability.

The rigorous statement and the proof of Theorem 2
is provided in Appendix E in the supplementary ma-
terial. The bounds presented in the theorem can be
further simplified under additional weak conditions: If
Ry ;- < Cd with a constant C' (this holds if || £, |2, <
C for all m), then the first term in the learning rate
(6) of L1-MKL dominates the second term, and thus
Eq. (6) becomes

||f—f*”i2(n)
<0, (stn 1+5R”* + (8)

Similarly, as for the bound of elastic-net MKL, if
R%,g* < CnTtid with a constant C (this holds if
g2, 122,, < V/C for all m), then Eq. (7) becomes

I1F = 13,

<0, (artitsn it ppyie o WERD) g
,4 .

dog(an),

n

We note that, as s becomes smaller (the RKHSs be-
come simpler), both learning rates of L;-MKL and
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elastic-net MKL become faster if Ry ¢+, Ry g« > 1. Al-
though the solutions of both L;-MKL and elastic-net
MKL are derived from the same optimization frame-
work (1), there appears two convergence rates (8) and
(9) that posses different characteristics depending on
)\g") = 0 or not. There appears no dependency on the
smoothness parameter ¢ in the bound (8) of L;-MKL,
while the bound (9) of elastic-net MKL depends on g.
Let us compare these two learning rates on the two
situations: ¢ = 0 and ¢ > 0.

(i) (¢ = 0) In this situation, the true function f* is not
smooth and ¢g* = f* from the definition of ¢ (see As-
sumption 2 for the definition of ¢*). The terms with
respect to d are A1 for L;-MKL (8) and d for
elastic-net MKL (9). Thus, L;-MKL has milder de-
pendency on d. This might reflect the fact that Li-
MKL tends to generate sparser solutions. Moreover,
one can check that the learning rate of L;-MKL (8)
is better than that of elastic-net MKL (9) because
Jensen’s inequality Ry s~ < \/ERz,f* gives

1
T 1+s R11+f; < d1+< 1+s RQIJ}“;

Therefore, when the truth is non-smooth, L;-MKL is
preferred.

1-s
dTFsn

(i) (¢ > 0) We see that, as ¢ becomes large (the truth
becomes smooth), the convergence rate of elastic-net
MKL becomes faster. The convergence rate with re-
spect to n is nilfﬁ for elastic-net MKL that is
faster than that of L;-MKL (nfﬁ) This shows that
elastic-net MKL properly captures the smoothness of
the truth f* using the additional ¢;-regularization
term. As we observed above, L1-MKL converges faster
than Lo-MKL when ¢ = 0. However, if f* is suffi-
ciently smooth (g* is small), as ¢ increases, there ap-
pears “phase-transition”, that is, the convergence rate
of elastic- net MKL turns out to be faster than that of
LlMKL@ﬁ%n1%Rﬁ*>dwﬁwzwwﬁﬁyﬂy
This indicates that, when the truth f* is smooth,
elastic-net MKL is preferred.

An interesting observation here is that depending on
the smoothness ¢ of the truth, the preferred regular-
ization changes. This is due to the trade-off between
the sparsity and the smoothness. Below, we show that
these bounds (8) and (9) achieve the minimax opti-
mal rates on the £;-mixed-norm ball and the ¢5-mixed-
norm ball, respectively.

3.2 Minimax Learning Rate

Here we consider a simple setup to investigate the min-
imax rate. First, we assume that the input space X
is expressed as X = XM for some space X. Second,
all the RKHSs {H,,, }M_, are the same as an RKHS #H
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defined on X. Finally, we assume that the marginal
distribution II of input is the product of a probabil-
ity distribution @, i.e., II = Q™. Thus, an input
= (M, gM) ¢ ¥ = XM is concatenation
of M random variables {#(™ }M_, independently and
identically distributed from the distribution ). More-
over, the function class H is assumed to be a class
of functions f such that f(z) = f(z(,..., () =
fo L fm (™) where f,, € H for all m. Without
loss of generality, we may suppose that all functions
in H are centered: EXNQ[f(X)} =0 (Vf € H). Fur-
thermore, we assume that the spectrum of the kernel
k corresponding to the RKHS H decays at the rate of
f%. That is, in addition to Assumption 3, we impose
the following lower bound on the spectrum: There ex-
ist ¢, ¢ (> 0) such that

i <y <cjE, (10)

where {y;}; is the spectrum of the kernel & (sce
Eq.(2)). We also assume that the noise {¢;}7 ; is gen-
erated by the Gaussian distribution with mean 0 and
standard deviation o.

Let Ho(d) be the set of functions with d non-zero com-
ponents in H defined by Ho(d) := {(f1,...,fm) € H |
#{m | || fmll2,,, # 0} < d}, where # denotes the car-
dinality of the set. We define the £,-mixed-norm ball
(p > 1) with radius R in Ho(d) as

H?;q(R) :—{f = Z fm ’ (91, ---,9m) € Hold),

m=1
M i
1 P
fm = mgma (Zm:l Hgme m) < R}«

In Raskutti et al. (2010), the minimax learning rate
on ’HZS(R) (i.e., p = co and ¢ = 0) was derived3. We
show (a lower bound of) the minimax learning rate for
more general settings (1 < p <ocand 0 < ¢ <1)in
the following theorem.

Theorem 3. Let 5§ = 1_‘7_(1. Assume d < M/4. Then
the minimaz learning rates are lower bounded as fol-

lows. If the radius of the £,-mized-norm ball R, sat-

isfies R, > d%\/ I%V(NM, there exists a constant Cy
such that

inf sup
Fopremy i (Ry)

E(lf = f*l17,m)]

>C <d1717(12i§)n7 e R;Qfé + 7d10g(M/d)> , (11)

n
where ‘inf’ is taken over all measurable functions of
the samples {(zi,y:)}", and the expectation is taken
for the sample distribution.

3The set Far,a(R) in Raskutti et al. (2010) corre-
sponds to ’HZ’)S(R) in the current paper.
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A proof of Theorem 3 is provided in Appendix H in
the supplementary material.

Substituting ¢ = 0 and p = 1 into the minimax learn-
ing rate (11), we see that the learning rate (8) of Ls-
MKL achieves the minimax optimal rate of the #;-
mixed-norm ball for ¢ = 0. Moreover, the learning rate
of L;-MKL (that is minimax optimal on the ¢;-mixed-
norm ball) is fastest among all the optimal minimax
rates on £,-mixed-norm ball for p > 1 when ¢ = 0. To

1
see this, let Ry, - 1= (30, [ fmll5, )7 then we always

have Ry« < dlfiRp,f* < dRy,f+ due to Jensen’s
inequality, and consequently we have
1—s 1

2s 2s | 2s
diFsn”TERITL < d' TR T T R,

1 2s
<dn =R

oo, f*+

(12)

On the other hand, the learning rate (9) of elastic-net
MKL achieves the minimax optimal rate (11) on the
lo-mixed-norm ball (p = 2). When g = 0, the rate of
elastic-net MKL is slower than that of L;-MKL, but
the optimal rate is achieved over the whole range of
smoothness parameter 0 < ¢ < 1, which is advanta-
geous against L;-MKL. Moreover, the optimal rate on
the fo-mixed-norm ball is still faster than that on the
lo-mixed-norm ball due to the relation (12).

The learning rates of both L; and elastic-net MKL
coincide with the minimax optimal rate of the (.-
mixed-norm ball when the truth is homogeneous. For
simplicity, assume ¢ = 0. If || 5|3, = 1 (Vm € Iy)
and f* = 0 (otherwisc), then R, - = d». Thus,
both rates are dn” 75 + '“%(M) that is the minimax
rate on the f,.-mixed-norm ball. We also notice that
this homogeneous situation is the only situation where
those convergence rates coincide with each other. As
seen later, the existing bounds are the minimax rate
on the ¢-mixed-norm ball, and thus are tight only in
the homogeneous setting.

3.3 Optimal Parameter Selection

We need the knowledge of parameters such as
q,5,d, R1 g«, Ro 4+ to obtain the optimal learning rate
shown in Theorem 2. However this is not realistic in
practice.

To overcome this problem, we give an algorithmic pro-
cedure such as cross-validation to achieve the optimal
learning rate. Roughly speaking, we split the data
into the training set and the validation set and utilize
the validation set to choose the optimal parameter.
Given the data D = {(x;,y;)}}—;, the training set Dy,
is generated by using the half of the given data Dy, =
{(xs,y:)}7, where n/ = | 5] and the remaining data is
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used as the validation set Dye = { (@4, )} p41- Let
f,\ be the estimator given by our MKL formulation
(1) where the parameter setting A = ()\g"), )\é"), )\gn))
is employed and the training set Dy, is used instead of
the whole data set D.

We utilize a clipped estimator to let the estimator
bounded so that the validation procedure is effective.
Given the estimator fA and a positive real B > 0, the
clipped estimator f, is given as

B (B < fa(@)),

Falx) (-B < fa(z) < B),
-B  (falz) £-DB).

fA(l’) =

To appropriately choose B, we assume that we can
roughly estimate the range of y, and B is set to satisfy
ly| < B almost surely. This assumption is not unreal-
istic because if we set B sufficiently large so that we
have max; |y;| < B, then with high probability such
B satisfies |y| < B (a.s.). Instead of estimating the
range of y, we can set B as ||f|lco + L < B because
I/ lloo + L bounds the range of y from above (see As-
sumption 1 for the definition of L). For simplicity, we
assume that B is greater than (but proportional to)
I/ lloo + L. It should be noted that the clipped esti-
mator does not make the generalization error worse:

1£a = F Lo < Ifa = £l

because | fo (z)— f*(z)| < |fa(z)—f*(z)| forall z € X.

Now, for a finite set of parameter candidates ©, C
R4+ xRy x R, we choose an optimal parameter that
minimizes the error on the validation set:

Z (fA(ﬂUi)—yz‘)2~ (13)

(J?uyi)EDce

Ap,, = argmin ——
' reo, |Drel

Then we can show that the estimator fy p,, achieves
the optimal learning rate. To show that, we deter-
mine the finite set ©,, of the candidate parameters as
follows: Let T, := {1/n?,2/n?,...,1} and

1
On = {(A1, A2, A3) [ A1, A3 €T, Ao = MA )
U{(A1, A2, A3) | A, A € Ty Ag = A A2, A3 = 0}
With this parameter set, we have the following theo-

rem that shows the optimality of the validation proce-
dure (13).

Theorem 4. Assume Ryp,Rog« > 1 and
ol gt g, < C with some constant C, then
under the same settings as Theorem 2, we have

I fap, = £
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2s 2s
S S _Adaq _ _14q A
TR A dTFer T TR Ry i
, )

<0, (dhi

| dlog(M) | B%log(1 + n)>’

n n

where a A b means min{a, b}.

This can be shown by combining our bound in Theo-
rem 2 and the technique used in Theorem 7.2 of Stein-
wart and Christmann (2008). According to Theorem
4, the estimator fADte with the validated parameter
Ap,, achieves the minimum learning rate among the
oracle bound for L;-MKL (8) and that for elastic-net
MKL (9) if B is sufficiently small. Therefore, our
bound is almost attainable (at the cost of the term

B2 log(1+n) )

> by a simple executable algorithm.

3.4 Comparison with Existing Bounds

Finally, we compare out bound with the existing
bounds. Roughly speaking, the difference from the
existing bounds is summarized in the following two
points (see also Table 1 summarizing the relations be-
tween our analysis and existing analyses):

(a) Our learning rate achieves the minimax rates of
the £1-mixed-norm ball or the ¢5-mixed-norm ball,
instead of the /,.-mixed-norm ball.

(b) Our bound includes the smoothing parameter ¢
(Assumption 2), and thus is more general and
faster than existing bounds.

The first bound on the convergence rate of MKL was
derived by Koltchinskii and Yuan (2008), which as-
sumed g = 1 and 13,1, (g5 I3, /I1/3,.) < C-
Under these rather strong conditions, they showed the
bound d1F n~ T + %L(M) Our convergence rate
of Li-MKL achieves this learning rate without the
two strong conditions. Moreover, for the smooth case
q = 1, we have shown that elastic-net MKL has a faster

2, 1
rate n~ 2+ instead of n~ T+ with respect to n.

The second bound was given by Meier et al. (2009),
which showed d (log(M)/ n)lﬁis for elastic-net regular-
ization under ¢ = 0. Their bound almost achieves the
minimax rate on the ¢, ,-mixed-norm ball except the
additional log(M) term. Compared with our bound,
their bound has the log(M) term and the rate with
respect to d is larger than dT+ in our learning rate of
elastic-net MKL. Moreover, our result for elastic-net
MKL covers all 0 < g < 1.

Most recently, Koltchinskii and Yuan (2010) presented
the bound 1~ 7 (d + e, [ filla,) + 5 for
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Li-MKL and ¢ = 0. Their bound achieves the min-
imax rate on the /,.,-mixed-norm ball, but is not as
tight as our bound (8) of L;-MKL because by Young’s
inequality we always have

2s

1—s
(Y Ml

mely

a s<dt 3 Il

mely

However, their bound is dT¥s times slower than ours
if the ground truth is inhomogeneous. For example,
when ||f5|ln, = m™t (m € Iy = {1,...,d}) and
1 =0 (otherwise), their bound is nTTEd + dl%(M),

while our bound for L{-MKL is n~ T 41 + 'ﬂ%(M).
Moreover they assumed the global boundedness, that
is, the sup-norm of f* is bounded by a constant:
1 * e = |l Z%zl filleo < C. This assumption is
standard and does not affect the convergence rate in
single kernel learning settings. However, in MKL set-
tings, it is pointed out that the rate is not minimax
optimal in large d regime (in particular d = Q(y/n))
under the global boundedness (Raskutti et al., 2010).
Our analysis omits the global boundedness by utilizing
the Sup-norm Assumption (Assumption 5).

All the bounds explained above focused on either ¢ = 0
or 1. On the other hand, our analysis is more general
in that the whole range of 0 < ¢ < 1 is allowed.

4 Conclusion

We presented a new learning rate of both L;-MKL
and elastic-net MKL, which is faster than the existing
bounds of several MKL formulations. According to our
bound, the learning rates of L;-MKL and elastic-net
MKL achieve the minimax optimal rates on the /;-
mixed-norm ball and the ¢3-mixed-norm ball respec-
tively, instead of the {,,-mixed-norm ball. We also
showed that a procedure like cross validation gives the
optimal choice of the parameters. We observed that,
depending on the smoothness of the ground truth, pre-
ferred methods (L;-MKL or elastic-net MKL) change.
This theoretical insight supports the recent experimen-
tal results (Cortes et al., 2009a, Kloft et al., 2009,
Tomioka and Suzuki, 2009) such that intermediate reg-
ularization between ¢; and ¢ often shows favorable
performances.
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—Appendix—Supplementary Material—

Fast Learning Rate of Multiple Kernel Learning:
Trade-Off between Sparsity and Smoothness

A Covering Number

Here, we give a detailed characterization of the covering number in terms of the spectrum using the operator Ty,.
Accordingly, we give the complexity of the set of functions satisfying the Convolution Assumption (Assumption
2). We extend the domain and the range of the operator T}, to the whole space of Lo(II), and define its power
TB . Ly(T1) — Lo(T0) for B € [0,1] as

TOF = 1o Fs k) Loy Bhims  (f € La(I)).
k=1

Moreover, we define a Hilbert space H,, g as

Hm,ﬁ = {220:1 bk¢k,m ‘ 220:1 N’l;,fnbz < OO}7

and equip this space with the Hilbert space norm || 72, bbr,mllqy, = NI N;;,fnb%' One can check that
Hm,1 = Hpm. Here we define, for R > 0,

Hi (R) == {fom = Tingm | gm € Hons [gm 2., < R} (14)

Then we obtain the following lemma.
Lemma 5. H (1) is equivalent to the unit ball of Hum11q: HE(1) = {fm € Hm14q | 1fmll2tm 10y < 11

This can be shown as follows. For all f,, € H4, (1), there exists g, € H, such that f,, = é Gm and || gm ||, <
q — 49 —
1. Thus, gm = (Tnzz)_lfm = Zzil Mk,in<f7 ¢k,m>L2(H)¢k,m and 1 > HgmHHm = Zzozl :uk,}m<g,¢k,m>%2(n) =

PRy M;,5i+Q)<f’ ¢k,m>%2 my- Therefore, f € H,, is in H4 (1) if and only if the norm of f in H, 144 is well-
defined and not greater than 1.

Now Theorem 15 of Steinwart et al. (2009) gives an upper bound of the covering number of the unit ball By, ,
in M5 as logN'(e, By, ,. Lo(Il)) < Ce™?5, where C is a constant depending on ¢, s, 3. This inequality with
B =1 corresponds to Eq. (3). Moreover, substituting 8 = 1 + ¢ into the above equation, we have

N(e, Ha, (1), Ly(IT)) < Ce™ 7. (15)
B Proof of Lemma 1

Proof. (Lemma 1) For J = I¢, we have

P2 = £l + 201 £) raany + 150 = 110 F ) = 20D 11 o 1 5l oy + 11F1F 5y

> (1= p(D)frlZ,am = (1= p(1)?)s(1) (Z |fm|%g(1’[)> ; (16)
mel
where we used Cauchy-Schwarz’s inequality in the last line. O

C Useful Inequalities

Here we describe some inequalities that are used in the proofs many times.

Young’s inequality: for all a,b € R and all a € [0, 1], we have

a“b' ™ < aa+ (1 —a)b.
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Hélder’s inequality: for all @,b € RM and all 1 < p, ¢ < oo such that % + % =1, we have
T
a b <l|lall,lalk,

where |la’|lg, is the £,-norm of the vector a': |la’|l,, = (Z%zl\amﬁ’)% for (1 < p < ) and ||a|le, =
max,, {|am|}. The special case of Holder’s inequality for p = ¢ = 2 is the Cauchy-Schwarz inequality.

D Talagrand’s Concentration Inequality

The following proposition is a key tool for our analysis.

Proposition 6. (Talagrand’s Concentration Inequality (Talagrand, 1996, Bousquet, 2002)) Let G be
a function class on X that is separable with respect to co-norm, and {x;}"_, be i.i.d. random variables with
values in X. Furthermore, let B> 0 and U > 0 be B := sup,¢ E[(g— E[g])?] and U := sup,c¢ ||glloc, then there

exists a universal constant K such that, for Z := sup g ’% S g(z;) — E[g]

Bt Ut
E[Z] + 1/ — + —
n n

, we have

) <e ™t (17)

To prove Theorem 2, we start from the following relation that is derived from the fact that f minimizes the
objective function (1):

P(Z>K

E Proof of Theorem 2

n M
1 P n R n P n P
w2 w0+ 3 Al + 257 Falla, + A5 Fonl3e,)

m=1

gfz — 24 S Ol + A il + AN 13- (18)

mely

Through a simple calculation, we obatin

M
1 = 712 + 3 Ol + AN Fonll 3, + AN Fal3,.)
R 7A 1 n M
S(Hfff*lliﬂn)*Hfff*l\i)+*ZZ (fon i) = ()
=1 m=
+ 3 Ol + AN, + A FN3,)-

mely

To bound the right hand side, we will show the following two bounds for the first two terms (Theorems 7 and 8):

n

;z Fa@)| < 0p (€N (I = Fallzaan + A1 = £l )| (19)
'H :an 1 fm Hzm 1 _fm)’Lg(H)
M 2
< 0, { Va(V)? [Z (||f:n—fm||L2<n>+A%|f;—fm|H,,,,)} : (20)
m=1

for an arbitrary fixed A > 0. Substituting these relations in to Eq. (18) yields the following inequality:

M
1 = 120 + 3 Ol + AT Fonll3, + A5 N Fal3,.)
m=1
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2
SOP{VE&M)? {Z (1 = Fll o + A2 05 fmnﬂm)} }

M
n * e *
+ OP{ Z én(A)(Hfm_ fnzlle(H)+ )\2 Hfm - f?’anm)}
m=1
+ 3 L A ANl + SN,
mely

This is our start point. We show the convergence rates of both elastic-net MKL and L;-MKL from this type of
inequality. Thus we require inequalities like Eq. (19) and Eq. (20).

Remind the definition of n(t):
() = max(1, vV, t/v/n). (21)
We define
¢s :=max {2KL(Cs + 14 C1),K [8K(Cs +1+ C1) + C1 + CF] , 1}, (22)

where K is the universal constant appeared in Talagrand’s concentration inequality (Proposition 6). and Cj is
a constant depending on s and C that will be given in Lemma 15. Moreover we define

r2 log(M) T >
nén(MN)1927 € (N)2ds )

Finally we introduce two events &} (t) and &5(r) for given A > 0 as

Ca(7,\) := min (

n

l Z 6z‘f7n(xi)

& (t) = { .

< U(t)¢36n (HmeLg(H) + )‘%Hfm”?-tm) P me € ’H,,“Vm = 17 ) M} )

i=1

M 2 M 2 M ) 2
&(r)—{ S fml =D fm < max(¢.v/né,r) [Z (||fm|L2(n>+Az||fm|Hm)} :
m=1 n llm=1 Lo(10) m=1

mee?-lm,szl,...,M}.

Then the following Theorems 7 and 8 indicate that the events & (t) and &5(r) hold with probabilities greater
than 1 — exp(—t) and 1 — exp(—¢,(r, \)) respectively if % < 1. Thus substituting f,, — f, into fp, in the
definition of & (t) and &5(r), we obtain Eq. (19) and Eq. (20).

Theorem 7. Under the Basic Assumption, the Spectral Assumption and the Supnorm Assumption, when
%Sl, we have for all A >0 and allt > 1

e
P(&(t)) > 1 — exp(—t).

Theorem 8. Under the Spectral Assumption and the Supnorm Assumption, when % <1, forall A\ >0 and

all v > 0 we have

P(&(r)) > 1 — exp(—(,(r, N)).

The proofs of these two theorems will be given in Appendix F.

Next we give a bound of irrelevant components (m € I§) of f (that should vanish or neglectably small) in terms
of the relevant components ( Foms fa form € Iy) in Lemma 9. Using Theorems 7, 8 and Lemma 9, we can show the
convergence rate of elastic-net MKL and L;-MKL; the rate of elastic-net MKL will be shown in Theorem 10 and
Corollary 11 and that of L;-MKL will be shown in Theorem 12 and Corollary 13. To prove the convergence rates,
we first give upper bounds of the generalization errors that depend on the choice of regularization parameters
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,\§”>, )\é"), and /\én) in Theorems 10 and 12. Then we substitute optimal regularization parameters into these
results in Corollaries 11 and 13. The assertion of Theorem 2 is directly obtained from Corollaries 11 and 13.

Now we show the statement of Lemma 9 that bounds irrelevant components (m € I§) of f in terms of the
relevant components (f,,, f for m € Iy).

Lemma 9. Set Aﬁ”) = 4¢sn(t)&n () and /\én) = )\%)\gn) for arbitrary X > 0 and set )\g") > 0 be an arbitrary
positive. Then for all n and r satisfying % <1 and max(¢s/n€2,r) < é, we have

M

ST = Fallaa + AN~ Fanllae,)
m=1
=Y {Ai’”nf;; — Fllzacm + AL — Fnllaen +
mely
(n) 2" ; ()2 ;
n * * n *
A gt (IIfm — Fllzam + A 5 fmnam) , (23)
and
M R .
> (MU = Fllaaan + A87055 = Fnlle,)
m=1
< 3 (SN 1 = Fllzac + 83l + 467 175, ) (24)
méely

on the events &(t) and &(r).

The proof will be given in Appendix G.

We are ready to show the convergence rates of elastic-net MKL and L;-MKL. The following Theorem 10 and
Corollary 11 gives the convergence rate of elastic-net MKL (the rate of L;-MKL will be shown in Theorem 12
and Corollary 13).

Theorem 10. Suppose Assumptions 1-5 are satisfied. Let )\gn) = 4¢sn(t)&n(N), )\g”) = A%)\gn), )\gn) = X for
arbitrary A > 0. In this setting, for all n and r satisfying % <1 and

AT v N
250 max(6, gk, r) (4+ 505 SIL L,
1

1
< = 2
0= p(To)2)r(To) S (25)
we have
M
P 104 ()2 |\ (n)lta 12

I = 1im < —— (dAl 25 gl | (26)

(1 - p(I0))2k(Io) L)

with probability 1 — exp(—t) — exp(—Cy(r, ) for all t > 1.
Proof. (Theorem 10) Notice that the assumption (25) implies max(¢sy/né2,r) < §. Thus the condition in

Lemma 9 is met. In the proof of Lemma 9, we will show that the following inequality holds on the events & (t)
and &;(r) (Eq. (60)):

n * 1 R R ) £ *
1f = £ + 5 22 O mllzay + A7 1 ) + D2 M= Ll

mel§ mely

M
<UF = £ = I1F = £712) + D 0@ sl fn— Frull o+ A2 [ fon = Fill2)

m=1
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+Z[ R fmnmmé”’uf;—fm|m>+2A§”><f:wf;,—fm>ﬂm}.

mely

Here on the event &(r), the above inequality gives

If - f|\L2(n)+ ST O fmllzan + A N Fmllre,) + > A = Flle,,
mEI‘ mely
2

M
< max (6, /€2, ) (Z(Hfm — Fillzam + A o fi;Ile)>

m=1

@

M
+ 3 n®)¢sbnlll fn— Fill o + A2 1 i = Filloe.,)
m=1

(if)

+3005 SN = Fullan + A 15— Fnllzen) + 208 Fs P Fondre | - (27)

mely

(iii) (iv)

1
From now on, we bound the terms (i) to (iv) in the RHS. By the assumption, we have /\én) Pz = )\gn)/)\g").
This and Eq. (23) yield
M R R
SO = Fllram + A0 55 = Fnllae,,)
m=1
<8y (A§”)||f; — Frulla + 25715 = Frnll, +
mely
(n) 2" ; (n)? ;
A b, (185 = Pl 087 185~ Fol,
X gl \ (oo e e 7
3 (1 T (M = Sl o + X570 57 = Fllaes, ) - (28)
mely

Step 1. (Bound of the first term (i) in the RHS of Eq. (27)) By Eq. (28) and Az = )\(") : )\é")/)\gn), the term
(i) on the RHS of Eq. (27) can be upper bounded as

M 1 2
max(¢v/ne2, ) (Z (1 fm = £l oy + 287 %1 fin — f;;mm))
m=1
1+4q 2
n) 2 %
) A gzl R 3
< ma’x((bs\/ﬁén?r) 8 Z 1+ )\(n) ||fm - fWLHLz(H) + /\3 ||fm - -fm”Hm . (29)
mely 1

By Cauchy-Schwarz’s inequality and (a + b)? < 2(a? + b?),

(n)* 2
AV g lae, . OIS
I R <||fm*fm\|L2(H)+)‘;(s)ZHfm*meHm)
mely 1
2
A gt . TP ETRS
SZ 1+T Z 1 = Foll oy + 237 = Fmll,
méely )\1 melo
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)1+q

DR [ _ WiE g
<4y 1+Tm > (Hfm—fm||%2(n)+>\:(a )”fm_me'QHm)'
mely )\1 mely
Thus the RHS of (29) is further bounded by
n)lta M *
R Dy 74

256 max(du/n€2, r) [ d + > (1= Sy + A5 1o = Fil,)

2
/\(1n) mely
1+4+q ~
@ S Drey [ 1f = 11 ;
<256 max(dsy/ne2, r) | d+ 23 m—t 10m 2 ST N — £lBL ), (30)
Am? (1= p(l0)*)x(1o) mEG:IO s o
where we used Eq. (4) in Lemma 1 in the last line. By the assumption (25), we have
(n)l+a M * (12
128 max(¢psv/né2,r) <d 42 Z;’{;j; llgm““’") /(1= p(Io)*)k(Io) < 5. Hence the RHS of the above inequality
1

is bounded by £ (1f = F*I2, 1) + Lo, A7 I = il ) -
Step 2. (Bound of the second term (ii) in the RHS of Eq. (27)) By Eq. (28), we have on the event &;

M
>~ 00¢s&n (I = Frallzain + A2 = Fil,)
m=1

1+q
)\:(317) 2

||g’;.’;'7.HH7n, R * E *
< E 81+ /\(n) U(t)¢sfn Hfm - fm”Lz(H) + )‘Z(‘)") ’ ||f’m - me'Hm
mely 1

1+q
256020078 (L A > llgnli?
< (1—;)(]0)2)"{([0) )\gn)Q m U Hm

m=1

_ 2 A L i
R M ([ RPN VAN

mely

M
16 ()2 (n)1Fa .2
S — )\ O > g,
(1 7p(10)2)ﬁ(10) ( 1 3 ”g ”Hm

m=1

1 WE e
+3 (IIf ~ st DA M — fmn%m) : (31)

mely

where we used (a 4 0)* < 2(a® +b*) and (1 — p(10)*)&(Lo) X e, || fm — SollZ,m < If - SN2, () (Lemma 1)
in the last inequality.

1
Step 3. (Bound of the third term (iii) in the RHS of Eq. (27)) By Cauchy-Schwarz inequality and /\;(jn)2 =
)\é")/)\gn), we have

3 n * P *
Z SO o — Tl zoqmy + AN fon = Fill3e,n)

2
mely
72 m? | (1= p(o)*)r(IH) 2 .2 )y . 12

< A"y S PER) = Fo 2 A o — £

R IAETTINI 5 mEEI:U(If Fial sy + 287 1o = £l )
(C) 36 (n)? 1 A 9 )y )
ST AN o LI =l a A3 | fm = fom . 32

(1= p(I0)2)s(Ty) ! s<” 120 mZ & 1., (32)

Step 4. (Bound of the last term (iv) in the RHS of Eq. (27)) By Eq. (61) in the proof of Lemma 9 (Appendix
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G), and Cauchy-Schwarz inequality, we have

n * * r (61) n # * r * n % r *
ST = Fadrn <250 MY gkl (1 = il o + A 1 fon = Fillae,,)

mely melo
160 gz 13 +g (1= p(Ip)*)k(lo) ; f
<202t W9, oyt (L= pU0)TIRM0) =~ (7 oy f
<= po))nlle) s n;n( Sl 7 = Sl
W16 0y gl cooi+e 1 (5 . P g
S = 1 5 m )\z()’n) + — ||f—f Hig(l‘[) + Z )\gn)Hfm_meg-Lm ? (33)
(1 — p(Ip)2)k(Ip) 8 mel,
0

where we used -, ||g;kn||§.[ = Z%:l ||g;*n|\§{ because g}, = 0 for m € I§.

Step 5. (Combining all the bounds) Substituting the inequalities (30), (31), (32) and (33) to Eq. (27), we obtain
1= £y + 30 A =l

mely

2 1+
(x4 A

16 ) 36 n)?
R2)+ ( i

S p(o)®)n(lo) 1= p(Io)2)r(Io)

16 R2. 1+¢ 1 N . .
Fammea ey (I S a + 3 N  = F,

mely
M
52 M2 (mlte 12
< (AN A > gl
— 2 1 3 mlHm,
(1= p(10)?)k(Io) < m=1
1 A * n) ¢ *
+5 <|f—f [aan + D A7 —fm|%,,,,> ‘
mely

Moving the term 1 (||f - f*||%2(n> + D mels )\é") | fon — ;;H%_lm) in the RHS to the left, we obtain the assertion.
The probability bound is given by Theorems 7 and 8. O

2
Substituting A = dTFeFs TS R, ;2" into the bound in Theorem 10, we obtain the convergence rate of
elastic-net MKL (7) in Theorem 2 as in the following Corollary 11.

Corollary 11. Suppose Assumptions 1-5 are satisfied, and set
__ 2
A= dﬁn*ﬁ}zz;jﬁﬁ

Then there exist constants Cy, Cy and s depending on s,c, L, Cy, p(Io), k(Io) such that if Aﬁ”), /\én) and )\g”)
are set as A§"> = Ysn(t)n(N), )\én) = )\gn)/\%, )\g") = A, then for all n satisfying % <1 and

Ci¢svV/n&n(N)?d <1, (34)
we have
If - Py
<é, (d— bt g OB | postte -t et Rf) n(t). (35)

with probability 1 — exp(—t) — exp(fg“n(é, A)) forallt > 1.
Proof. (Corollary 11) We set 15 = 4¢, and suppose the following relation is met:

(n)l+a y
256 max(o. /) (44 2050 S Nl )
1
1= p(ToPn(lo)

<. (36)

0| —
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Then the assumptions for Theorem 10 are met. Once we assume the above condition (36) is satisfied (later we
show this is satisfied), we can apply Theorem 10 that says

yL+a

“~ T72 n
IF = 12, S ™"+ A0 R .

B e ==
When A = d™FeFsn™ THas Ry 5070

)‘gn) = ﬂ}sgn()\)n(t) = ¢s (

Therefore
2 d =% dA7t  dlog(M)
(n)= _ 2 g 2
dxy” =y V—5-V n(t)
n ni+s n
d T T T e e ==
5 Fatsn +‘J+SR2,g* Fatsn +‘1+5R27g* leg(M) 5
= l/)s \ 2 N U(t)
n nits n
1y 14 —2s +s  _ _l4q ___ q(1-s) —2—  dlog(M
=2 dTFats p~ Thats RITTFS \/ dThats p~ Thats ~ (Fa)(FaFs) RITIFs v/ ﬁ n(t)2
s 2,9 2,9 n ’
and
14q 1tg 1tg 2014 1o 1tg 1tg 25
MRS . = di T TR Ry 0 = d et T Ry
, , ,

By Eq. (26) in Theorem 10, we have
1F = 112,

104 M2 )R .2
— — [ax A
S(l—p(zo»%uo)( AT Y ol
1043 + Dn()*
~ (1= p(Io))*k(1o)

Lig 14gq 2s gts  _ _14q _ _ q(l—s) . dlog(M
(d‘1+q+s n*‘1+q+sR21;1+S + dT+ats n = THats (1+s)(1+q+s>R21+g§{+5 + ﬁ .
) ,

Thus by setting Cs as
- 104(2 + 1)
CQ = = - P} ’
(1= p(1o))*x(1o)

we obtain the inequality (35).

Finally we show the condition (34) yields the condition (36) for appropriately chosen C; and r. Note that
>\(3n)1+q 9 itq BT L RN s Itg 25 9 d
TFqtsy  itqt+s RLTats “iFqfsy  itat+s RAitats
WRZQ* S d1+Q+ n.ottat R21g* /’ll)s (d T R2vg* ) T](t) g an(t)2 '
1 S

Here by the definitions (21) and (22) of n(¢) and ¢s, we have n(t) > 1 and ¢s = 4¢5 > 1. Thus

1+q

AT d

B R <———<d
Am? R ()2

Therefore the condition (36) is satisfied if the following inequality holds:

256 max(ps/né2, r) (d + d) 1
(1= p(10)?)k(1o) -8
Thus by setting C; = % and r = ﬁ, the condition (34) gives the condition (36). Substituting this
1
r into the claim of Theorem 10, we obtain the assertion. O
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The next theorem and Corollary 13 give the convergence rate of L1-MKL. Note that for the convergence rate of
L;-MKL, we don’t include the Convolution Assumption (Assumption 2), that is, the smoothness parameter ¢
does not appear in the rate of L{-MKL.

Theorem 12. Suppose Assumptions 1 and 3-5 are satisfied, Let /\(n> = 4¢sn(t)En(N), /\;”) = A%,\§”> for arbitrary
A >0 and /\én) 0. In this setting, for alln and r satisfying log(M) <1 and

128 max(psy/né2,r)d 1
0= por(le) =8 (37
we have
2
P w2 606 (n)2 y
1 = 5By < ooy |00 +/\<W;O|fm|m,,) 7 (39)

with probability 1 — exp(—t) — exp(—C,(r,\)) for all t > 1.

Proof. (Theorem 12) Notice again that the assumption (37) implies 7 < %. Thus the assertion of Lemma 9
holds. We assume the events & (t) and &(r) are met. By Theorems 7 and 8, the probability of &1 () U & (r) is
bounded from below by 1 — exp(—t) — exp(—(n(r, \)).

We start from Eq. (27) in the proof of Theorem 10 with )\g") =0

If - f||L2<m+ ST O fmllzaqn + A fmllae,,)
mEIC
M 2
< max(pov/né, r) (Zufm — fillaqn + AF || — f?;llam)>
m=1

@

M
+ Z n(t)ds&n( ||fm fm HLz(H)J'_ /\%Hfm = fll#.)
m=1

(i)
3 n * P n * A
+ 32 SO Fllaan + AN F5 = Fll,) (39)

mely

(iii)
As in the proof of Theorem 10, we bound each term (i) to (iv) as follows.

Step 1. (Bound of the first term (i) in the RHS of Eq. (39)) By Eq. (24) in Lemma 9 and the relation (a + b)? <
2(a? + b?), the term (i) on the RHS of Eq. (39) can be upper bounded as

M

2
max(¢sv/né;,, 7) (Z(Ifm — Frulany + A2 fon — fillllm))

m=1

2
(24) s 1
< max(¢,v/né;,v) (8 > (15 = Fllram +A2|ffnlﬂm)>

mely

2 2
<128 max(ps/n&}, 7) (Z I fmllLQ(n)) + 128 max(¢sv/n&y, 7)A <Z |fi;||Hm>

mely méely

128 max(¢sy/n&2,r) o
= (1= p(Lo)?)k(1o) (1= p(]O)Q)K(IO)dn;O fm — fm”%z(l‘[)
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2
+ 128 max(¢sv/nE2, 1)\ ( > Ifiilllam>

mely

2
128 max(ps/nE2,1)d, . o ) A .
< (1 — 9(10)2)/43(-[0) ||f - f”LQ(H) + 128 maX(Qf’s\/ﬁfmT)dE ( Z ||f’ﬂl|Hm> s (40)

mely

where we used (1 — p(10)?)s(Io) X er, I fm — f,*nHQLz(H) < |f - f*H2L2(n) (Eq. (4) in Lemma 1) in the last

. 2
inequality. By the assumption (37), we have W < %. Hence the RHS of the above inequality is

bounded by & [I1f = £12, 1) + H(Somer, il )?]

Step 2. (Bound of the second term (ii) in the RHS of Eq. (39)) By Eq. (24) in Lemma 9 and the relations
n(t)ps&n = Aﬁ”)/4, )\é") = )\%)\gn), we have on the event &
M

> 0t)6sén (I1fm = Frllaan + A 1 Fn = Fill, )

m=1

Mo
=3 7 (1 = Sl + A7 1o = Fi )

m=1
(24) .
< 3 2 (A = Sl + A7 )

mely

2

_ s L (1= p(0)))k(lo) Sl = FalZa +2 3 Al
< i m mll Lo (T 2 mil7tm

(1 — p(l0)?)r(To) 8 vt T
TN G DT SUPNTO PRI (1)
S U= o) Dsy) 8l 7 L 2 Mm T

(1 =p(lo)*)k(lo) 8 ’ melo

where we used 2ab < a? 4+ b? in the third inequality and (1 — p(1o)?)x(Io) Y mels | fn — f,’;Hi(H) <|If-r* Hi(n)
(Eq. (4) in Lemma 1) in the last inequality.

Step 3. (Bound of the third term (iii) in the RHS of Eq. (39)) By Eq. (24), we have

3 n P * n A *
> SO M = Fallaan + X7 1 = Filla,)

mely
M 3 A A
<3 SO = Frallzaan + 257 1 = Fll)
m=1
(24) n ~ . " .
< 3 20 f — Fallaan + A 15 5¢,0)
mely
2
8 x 36dA"" (1 - p(Io)*)k(To) : 2 ()
< + ST W = Fil2amm +12 30 A
_ 2 m (I1) 2 m 1 Hm
(1 - p(10)2)r(Io) 8 2 =
2
SN VP ST (42)
>~ 71 N9\ /T N\ S - Hom s
(1= p(lo)*)s(lo) 8 fall) 707 o 72

where we used the same technique as in Eq. (41), that is, we used 2ab < a? + b? in the third inequality and
(1 — p(I0)*)k(Lp) > mery 1fm — f;LHQLQ(H) <|[f- f*H%z(H) (Lemma 1) in the last inequality.

Step 4. (Combining all the bounds) Substituting the inequalities (40), (41) and (42) to Eq. (39), we obtain
I1f = £ 13 m
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2
8 +288 (n)? A
ST T F2H12)A 1 follot, + [ fll7¢..
(1= p(o)?)r (o) ";0 d ";0
3,z *
+ 3l = £y
Moving the term 3 ||f f* HL (my in the RHS to the left, we obtain
L
§||f*f 12,
2
296 (n)2 (n) A
<o AN 14N I foll#n + o5 Sl |-
(1= p(Io)))r(ly) ™M > mze;u [l S ";U [l £l

Finally, since the relation )\g") = /\gn))\% yields

2
1
A S Wil = AN S e, < 5 |07+ 5 (Zwmnm) ,

melo melp me&lo
the last inequality indicates

iz 296 + 7 (n)2
2 =l < ™+ (7+5) 3 (Z e '”)

mely
303 ’
p— — OV + ,
(1 _ p(]0)2)ﬁ(]0) mEZIO Hf HHm
where we used (1 — p(Ip)?)x(lp) < 1. O

Substituting A = diFin T R l“ which minimizes the bound obtained in Theorem 12 into the bound of
Theorem 12 we obtain the convergence rate (6) of L;-MKL in Theorem 2 as in the following Corollary 13.

Corollary 13. Suppose Assumptions 1 and 3-5 are satisfied, and set
A=diFn" 1+sR 1“

Then there exist constants Ci, Co and s depending on s,c,L,Cy, p(ly), k(Iy) such that if )\(n) (n> and )\gn)
are set as /\gn) = Ysn(t)én(N), )\én) = /\§”>A , )\g") 0, then for all n satisfying log\(fM) and
él¢e\/ﬁ€n(A)2d < 1, (43)

we have
P e 5 o 1ms 1 2e s=1 12 dlog(M)
If = £117,m < Ca <d1+sn RIS +dE T TE R + — n(t)2. (44)

with probability 1 — exp(—t) — exp(—Cn (=, \)) for all t > 1.

Cid’

Proof. (Corollary 13) The proof is similar to that of Corollary 11. Suppose we set ¢; = 4¢5 and

2
128max(¢s\2/ﬁ§n,r)d < 1 (45)
(1 =p(Lo)*)r(lo)  — 8
is satisfied. This inequality (45) is met from Eq. (43) if we set O = —5X128 __ and + = —L_. Then the

(1=p(I0)?)r(I0) Crd
assumptions for Theorem 12 are satisfied. Therefore we can apply Theorem 12 that says the followmg inequality

holds: N
7Rif* )

1F = £ 12, S A +
Ly(I) ~ @A d
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with probability 1 — exp(—t) — exp(an(%, A)) for all ¢ > 1. When A = dTn T R, 52

Lf*
)2 d\—%  d\7! dlog(M
wﬁ):¢§( vy g<))mw2

n ni+s n

dl 1+“’I’L1+5R11+3* dl 1+5n1+5R1+3* dlogM
=2 SARY — B oy

n ni+s n

. . 2 dlog(M
= 7 <di+s 5 R v diFn R R v 7°gn( )> n(t)?,

1,f*
and
A - 1+5 1-s _ 1 124-55
1f*—d1+< tn~ 1+sR =dFn RIS
d .9

By Eq. (38) in Theorem 12, we have

If - Iy

2
606 ()2 .
Sm dA7Y A (Z IfmIIH,,,)

mely

606(¢2 + 1) 1-s 1 25 s—1 _ 1 2 dlog(M)
s 7 | diFs s 1+.s* diTs Eery 1+‘; Gl ¢ 2.
ST o2y \TT T g A R G e )

Thus by setting Cy as

co 606(12 + 1)
27 (1= p(Io))2k(Io)”

we obtain the assertion (44). O

Theorem 2 is immediately derived from the combination of Corollaries 11 and 13 by setting C as the maximum
of Cy appeared in both corollaries.

F Proofs of Theorems 7 and 8

Here we give the proofs of Theorems 7 and 8. The proof shares the same spirit with Meier et al. (2009) and
Koltchinskii and Yuan (2010), but we give the proofs for the sake of completeness.

For a Hilbert space G C Lo(P), let the i-th entropy number e;(G — L(P)) be the infimum of ¢ > 0 for which
N (e, Bg, Lo(P)) < 2i71, where Bg is the unit ball of G. One can check that if the spectral assumption (A3)
holds, the i-th entropy number is bounded as

ei(Hm — Lo(I1)) < &% (46)

where ¢ is a constant depends on s and c.

We denote by {c;}?_; the Rademacher random variable that is an i.i.d. random variable such that o; € {£1}.
It is known that, for a set of measurable functions F that is separable with respect to co-norm, the Rademacher
complezity Elsup ez % St oif(x;)] of F bounds the supremum of the discrepancy between the empirical and
population means of all functions f € F (see Lemma 2.3.1 of van der Vaart and Wellner (1996)):

© s |3 S0 i) PRt

where the expectations are taken for both {z;}? ; and {0} ;.

<2E sup

} : (47)

The following proposition is the key in our analysis.
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Proposition 14. Let Bs o5 C Him be a set such that Bsap = {fm € Hm | |fmlleoany < 0, | fmll#, < o) [l fmlleo <
b}. Assume the Spectral Assumption (A3), then there exist constants ¢s,Ch depending only s and ¢ such that

E[ sup liaifm(xi)

fm€Bsan | i

1-s(x s 2s _1—s 1
<c <% v (5Sa)mbmn*m> )
n

Proof. (Proposition 14) Let D,, be the empirical distribution: D,, = % Z?Zl 0,. To bound empirical processes,
a bound of the entropy number with respect to the empirical Lo-norm is needed. Corollary 7.31 of Steinwart
and Christmann (2008) gives the following upper bound: under the condition (46), there exists a constant ¢5 > 0
only depending on s such that

Ep, it [ei(Hom — La(Dy))] < cti .

Finally this and Theorem 7.16 of Steinwart and Christmann (2008) gives the assertion. O

Using Proposition 14 and the peeling device, we obtain the following lemma (see also Meier et al. (2009)).

Lemma 15. Under the Spectral Assumption (Assumption 3), there exists a constant Cy depending only on s

and C' such that for all A >0
A3 1
< Cs (7 \ 1 1 ) .
Voo \ipTs

Sy e
€Ml st <1 || fnllLoqmy + A2

Proof. (Lemma 15) Let H,,(8) := {fi € Hm | I[fmll. < L[ fmllzoam < 6} and 2 = 21/ > 1. Then by

noticing || fmlleo < || fmll2,., Proposition 14 gives

E | Yy i fm ()]
sup
T €Ham: | fn ll 3 <1 ||meL2(1'I)+)\2
1 e o] 1
<B sup | iy Oifm ()] . “ | Dy T fn ()]
Fn€Hom (A1/2) HfmIILQ(er/\? 0 et A2\ H (2F1012) | fmllzo(m) + A2

~1
Gl

1
nTHE 2k \3

Az >
<Ci| == + > Cq ;
<C! Mf > ¢ N5Y

AR k=0

el ~5 AT ~1+q AT ! s ., —sk A® ~% —k /\7%
=C| (csy/ - (n ))—I—ZC( A — V&2 =

1 A—s 1 2 (A2 A=s o 2l/s 2 a3
< ! ~S ~1+s — / ~S ~1+s
<20, (1 e g (nlis)) 2Cs <20$ TV ER T
21/5 2s S )\—%
! ~S ~T1+s
<2C <203 + o175 1 ) < " \Y% = .

,2s
By setting C; + 2C", (QEﬁ + %@HS ), we obtain the assertion. O

The above lemma immediately gives the following corollary.

Corollary 16. Under the Spectral Assumption (Assumption 3), for all X >0

£ aif (@) }<CS(A—5 L),

E

sup

VA
fm€Hm fm||L2(H) + Az | frnll24,, Vvn \ipTHs

where Cy is the constant appeared in the statement of Lemma 15, and we employed a convention such that % =0.

Proof. (Corollary 16) Dividing the denominator and the numerator in the supremand in the LHS by || fn /%, ,
the inequality reduces to Lemma 15. O
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This corollary gives the following lemma.

Lemma 17. Under the Spectral Assumption (Assumption 3), for all A >0

1 _s
1Jm K3 1
B sup xS ()] SQQL(A;v 1 >
Fm&ton | FonllLay + M1l e, Vi A

where Cy is the constant appeared in the statement of Lemma 15.

Proof. (Lemma 17) Here we write Pf = E[f] and P,f = %ZLI f(zi,y;) for a function f. Notice that
Pef,, = 0, thus %Z?:l € fm(zi) = (Py — P)(efm). By contraction inequality (Ledoux and Talagrand, 1991,
Theorem 4.12), we obtain

E{ (P = Pu)(efm)] }

sup 1
Fn€Hom | fmllLoany + A2 | frnll2,

€/m
(P-F,) f T
||meL2(H) + A2 Hfm||7'lm

1 ZZ 1(7151fm(xz) :|

=E | sup

fm€Hm

(47)
<2E| sup

|

S | | frnll a1ty + A2 | fonl 3¢,
1
<2LE | sup n Lzt Ulfm () } (. contraction inequality)
S | | frn | Loty + A2 | finll3¢,,
<2C,L (Aii Y ! ) (" Corollary 16)
. - Corollar
Vi \ipTEs Y
This gives the assertion. O

From now on, we refer to Cs as the constant appeared in the statement of Lemma 15. We are ready to show
Theorem 7 that gives the probability of &;(t).

Proof. (Theorem 7) Since

”fm”Lz(H)

. <1, (48)
I fnllaqmy + A2 [ fmlla,,
| frall oo - Cull fn | 2 oy 1 £ 15, voung Cy )\~ S fmll Locmy + A2 frnllae,,)
I fomll o + A2 Fmllae, — Wfmlloaan + A2 fmllae,  — | fmll oy + A2 || finll 22,
< CiN3, (49)

applying Talagrand’s concentration inequality (Proposition 6), we obtain

1 _s
€ Jm\Tq L2t Ci1LA" 2t
P sup n Zz 1 f (I )‘ 20 Lfn T 172
Frn€Hon | Frnll oy + A2 Hfm”Hm n "
<e"
Therefore the uniform bound over all m = 1,..., M is given as
1 _s
iJm(Ti L2t Ci LA =t
P | max sup | Ez 16 f (I )| 20 Lgn -4 172
M fm €t | fnll o) +/\2||meHm n n

< Z ( |1 Zz 1 €ifm(T)]

m—1 meHm ||meL2(H) + )‘2 ”meHm

3 -3
20, L&, + \/ﬂJriCl“ tD
n n

<Me™t.
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Setting t < t + log(M), we have

1 > s
P | max sup [ i 161fm(x1)| 9C, L&y + L2(t 4 log(M)) n C1 LA™ 2 (t + log(M))
™ fueto | fmllLam + A2 ol — n n
e (50)

Now

L2(t+1og(M)) C1LA™3 (t + log(M)) gL\/%+L log(M) +c*lLA—% ( t +1og(M)>

t
<én (L\/Z+ L+ C’lLﬁ + C’1L> < & (2L 4 2C1 L) (1)
where we used log(M) <1 in the second inequality. Thus Eq. (50) implies
1
max sup [ iy qu(afz)\ > K(20sL + 2L +2C1 L)§,n(1)
M €t | Loy + A2 finll2c,,

—t
By substituting gzzs +— 2KL(Cs + 1+ C4), we obtain

1
P | max sup lw 2i 1€me(xl)| > ds&an(t) | < et (51)
M fnHon || Fnll Loy + A2 | fn |34,

Since ¢; < ¢, by the definition, we obtain the assertion. O

15 ) )
By Theorem 7, we obtain the expectation of the quantity max,, sup;, o 2icy €ifm (@)l

Mo T , as in the fol-
Hf7nHL2(H)+>‘2 ”fmn?im

lowing lemma.

Lemma 18. Under the Basic Assumption, the Spectral Assumption and the Supnorm Assumption, when

log(M)
NG <1, we have for all A > 0

1
max sup [ i1 9ifm (22)] <8K(Cs + 1+ C1)&n(N). (52)

M fm€Hm ||meL2(H) + A2 | frnll24,,

E

Proof. Let ¢, = 2K(Cs + 1+ Cy). Substituting o; into ¢; in Eq. (51), Eq. (51) gives that

1 oo
E [max sup ‘ Z =1 9ifm (20 < (;sé-n +Ze‘t<53€nn(t+ 1)

M frn€Hom \/ £l + Al i, =

< Guln +¢>5an Ht+1) < dgs&n,

t=0

where we used n(¢t + 1) = max{l,v/t+1,(¢t + 1)/v/n} < ¢t + 1 in the second inequality. Thus we obtain the
assertion. O

Next we show Theorem 8 that gives the probability bound of &(r).

Proof. (Theorem 8) By the symmetrization argument,

[
e (Sl + Nl

E
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LY (D @)

Do
= sup , 2
€ (o U fmll )y + A )
M 1 M
s f| LS (SN fnl)
< sup 7 = x 2E | sup 7 T , (53)
st Sy (o + A2 fonlloen) |ttt Soni—y (o + A2 | fnl3c,0)

where we used the contraction inequality in the last line (Ledoux and Talagrand, 1991, Theorem 4.12). Here we
notice that

M M
Z fm < Z l”meLQ(n)HmeHm < Z CiA _5”fMHLQ(H)()‘inmH’QHm)S
m=1 00 m=1 m=1

M

= Z COATE (1= 8)l| fnll oy + AZ | fonl I3,

< ZCl 5(1 o + A2 [ Fmllre,, ), (54)

m=1

where we used Young’s inequality a'~*b* < (1 — s)a + sb in the second line. Thus the RHS of the inequality (53)
can be bounded as

n M
L0 (S fm(aa))|
2C1A\"2E | sup 7 T
£t Somy (1o + A2 [ fm )

|1 1szm($z)|

<2CiA\"2E | sup max ,
fm€Hm M ||meL2(H) +)‘2||f’mHHm
where we used the relation %m 5 < maxp, () for all a,, > 0 and by, > 0 with a convention 9 o = 0. Therefore,

by % < 1 and Eq. (52), the right hand side is upper bounded by 8K (C, 4+ 1 + C1)A"3¢,. Here we again
apply Talagrand’s concentration inequality, then we have

Lo (IT)

2
(Zas U fmllzam + A2 fmlle,))
2y—s
8K(Cy+14C1)A"3E, + \/%CM‘% + 012 tD <e ™, (55)

where we substituted the following upper bounds of B and U in Talagrand’s inequality (17):

P( ‘HZm 1me HZm 1fm)
meHm

> K

r 2

M 2
B = sup E (EmZIfm) y
M 1
P&t |\ (Sl + A il
S L O W (I Zies Fmlloo)?
<~ Ssup 3 o N 3
S €Hom i (Zm:l ”meLz(H)) (Zm:l(”-f’mHLz(H) + AE”-f””HHm))
2 i 2
& (Zrs fmllza)” (S CA 3 Ul flaan + A2 )
>~ sup 2 2
St (S Wmllia) (S (U flaan + A2 fnlle,)
<C?A7S,
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where in the second inequality we used the relation E[(E:T]\r/l[:1 fm)? = E[Z%m,zl ffm] <
M M '
Somami—1 N fmll ol fnr L Lony = ey | fmllLaqmy)?, and

U= sup (Zrn lf"L

et || (0L <||fm\|L2<n>+A 1l
(54) M m A2 || fm
D St OOl + A2 )

2
2l (zm=1<\|fm||Lz<n)+A§\|fm||ﬂm>)
<CIA,

where we used Eq. (54) in the second line. Now notice that

s t s
K [2C1(2C, + (Cy + DE)A"3¢, + \/;Cle +

-3 2¢2
201(20#(01“)1()%5” N \/@ 120D +C\l/%t}

t
log@n) ' * 7

<VnK

<VnK [201(203 +(Ci+1)K) + &

Therefore Eq. (55) gives the following inequality

'HZ me HZ’” 1fm‘L2(H)
& (S (s + X5l
<K [8K(Cs+ 1+ Cy) + Cy + CF] /€2 max(1,\/t/log(M),t//n).

with probability 1 — exp(—t). Since K [8K(Cs+ 1+ Cy) + Cy + CF] < ¢, from the definition of ¢,, by substi-
tuting ¢ = {,,(r, \) into this bound, we obtain

“ m= 1me Hzm 1fm‘L2(H)

su 2
s (Zr (U lac + A% Fnlle, )
<OoV/ER max(1,1/6n/RE2) = max(9oV/RE2, 7).

This gives the assertion. O

G Proof of Lemma 9
On the event &(r), for all f,,, € H,, we obtain the upper bound of the regularization term as

A ol A+ A 32, (56)
<Nl 1y + 06V, ) (| Lot + AE [ )2 + AT |l

<A\ fml3, ) + 2max(9 V2, 1) (Ll ) + Al fle,, ) + A8 Frnllrc

WV Vil s + \|fmn%w+A§")||fmuHm

n)
< A“”\f lian + 22l + 2 b
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3
< 5 (A fmllzaam + 287 b, ) o)
because 2 max(¢sy/né2,r) < % and )\%,\gn) = )\g")_ On the other hand, we also obtain a lower bound as

M fmlln + A5 Frnl,,
> A fmas{ |l ) — 2max(@o/n€2, r) (L fml13, any + Ml ) 03+ A8 |l

zAﬁ"’\/max{ 1 fml13m) — /\Ilme%n,O}+>\§”)||meH,,,,

3 2 1 2
\/max {ZAg") Hmeiz(H) — Z)\én) Hfm”’%-tmvo} + )\gn)Hfm”Hm

NG
> 2 (Ml + A7l ) (58)
where in the last inequality we used the relation \/ max(2a? — 142,0) > 2=t for all a,b > 0 (this is because,
when a > b, we have \/max (3a2 — 1b%,0) > \/maX (a2 + 1b%,0) > L(a —b)).

Note that, since f minimizes the objective function,

M
1F = £5102 + 3 O fmlln + A Fmllr, + AT FmllZe,)

m=1

n M
1 n n n
522 @)+ Ol + A o, + 21 13,0 (59)

1m=1 mely

Applying the inequalities 3, o, A (Ifnlln + AV 0) = Smers A I Fnlle + ANl <

Smers A M = filln + AN o = Frllaen) and [ f5l3,, = fmlZe, = 20 i Fudan— I — Fall2, -
the above inequality (59) yields

1F =12+ S O fmlln + A Fonlloe,,)

melg
1 n M N
<2303 b — finla)
n=1m=1
+ Z )\(n)”f fm”n + )\;n)Hf:;l — meHm + )\:())n) (2<frtu f:;‘, fm>7—[m7 Hfmff;:z”%lm)]
mely

Thus on the event & (r), by Eq. (57) and Eq. (58), we have

. . 1 N .
1= 57124 5 D2 O Ml oy + A8 Fale,)

mel§
1 n M R
= D0 eilfmla) = fr @)+
n=1m=1

3 n * 7 n * A n * * R r *
> [50& M= Fnllan + A= Fnllaen) + A5 @ Fim Fondrto— 1 Fon— il -

mely

Moreover on the event &;(t), we have

I 1 SR s
1 =712+ 5 D Al zacn + 257 e,

mel§
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NE

<30 w00l Fallay + M Vo Sl )+
m=1
3 n * P n * P n * * P P *
SO Fuliay + X185 Sl )+ N QU i B =Sl 00
mely
=
1 (n)
IR TATHERE A

el§

oa

Z[ A fmnmm+Aé")\|f;—fm|mm>+2A§"><T%g;,f;—fmm},
mely

where we used the relation 7(t)¢s&, = /\5") /4 and )\é") = /\§")/\%. Finally we bound the last term <T7,%Lg;17 fr =
fm)#,,- By the Young’s inequality for positive symmetric operator, we have

(ny1—a mE ()5 )2\ \(m)E
AT = 2\ (MY T AY
< qT + (1 — )AL,
Thus
N £ =)o
=AU g, £y — o)t
i R L
A gl NS T (f = Fo) e

1tqg ~ N
<A g e, \/ i = Fons (T + (L= DA i = )

1+gq N ~
=N gl all i — P2y + (1= NSNS — Fll,
1tq " n ~
N gl 155 = Fnl2 ey + ANz = P2,

1+q . 1 ~
D T gl L = Pl oy + AV 21 = Fnlla,)- (61)

Therefore we have

1 w0 A ) e
1 2 Ol mllay + 257 )

mel§

<Z[ A = Fllzan + 287155 = Floe,)

mely

_+2AM) HgmHHm (Wf —-mean)+”“nﬂHfm fm|Hm>]

with probability 1 — exp(—t) — exp(—(,(r,A)). Adding %Zmelo()\gn)Hf;L — fm||L2(H) + A§”>||f;; — meHm) to
both LHS and RHS of this inequality, the first assertion (23) is obtained.

Next we show the second assertion (24). On the event & (¢), (59) yields

M
1F = 12+ 3 O il + AT il + AT 3,

m=1

M
ZU ¢s§n Hfm f;anz(H)+)‘%Hfm_f:1”7-tm)
m=1
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+ 30 Ol + A N, + A £ 13,,)-

mely

Applying || £ lln = || fulln < lfm — £3,lln, this gives

M
1F = 12+ 3 Al + S O iz, + AN 32,

mel§ m=1
M
* l P *
277 ¢s€n Hfm fm”Lz(H)"')‘ZHfm_meHm)
m=1

+ 3 L = Flln A A e, + AN 3)-

mely

Moreover, on the event £ (r), applying Eq. (57), Eq. (58) and the relations )\gn)/él = n(t)ps&n and )\én) = )\gn))\%,

we obtain

1 A .
> O M nllzaan + X5 1 mllee,) + 37 A7 Il + Z Al

mel§ mely
M
IPNONT: * (n)) ¢ »
< Z(/\ anl_meLZ(H)J’_)\Z ||fm_meHm)
m=
+Z( AN = Fllzaan + ISz = Pl + A7l + A 15 ||Hm)
mely
IPNOT (n)y f IO . 3. () ¢ .
=> 1O Mo + A7 | i3, ) + > M m = fallraan + 2227 1 fm = flla,
meI(‘; mely
+ 3 (U, + 87153,
mely
Loy z () 7 RO . 3. ()¢
< Z(A | fmllzaqm + A [ Fmllae,) + > A W = Fallcan + A2 i,
mel§ me€ly
S ( APl + A £5I2 )
m Hom
mely

where we used || £}, — finlls,, < 1f5 3 + [ finll,, in the last inequality. Moving the terms || ful| 1, and
| fmll3,, in the RHS to the LHS, we have

M
1 n P n P 1 n r n P
> O W mlaan + X W Fnllee,) + D7 A Wl + D2 A7 ol

mel§ mely m=1
7
<y ( MO = Falliac + NNl + XN E s, )
mely

Since f,, =0 for m € I§, adding >, ;. 4>\(n)||f* meLQ(H) to both terms, this inequality yields

iy} . .
7 (155 = Fllzaam + A8l )
1

n P * 7 n * n *
<D, (%S M = Fiallzaay + A8 il + 25 )ufmn%{m) :
mely
Finally by the relation | fllr,, > 7, = flls,, = [l we obtain

M
1 n * P n * £
> 3 (8 = Fllaan + X715 = Fllne,)

m=1
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< (2 = Fallzaay + 2387 b, + X711, ) -

mely

Thus we obtain the second assertion (24).

H Proof of Theorem 3

Proof. (Theorem 3) The ¢-packing number M(§,G, Ly(P)) of a function class G with respect to Lo(P) norm is
the largest number of functions {f1,..., far} C G such that || f; — f;|lz,(p) = 6 for all i # j. It is easily checked
that

First we give the assertion about the f.,-mixed-norm ball (p = c0). To simplify the notation, set R = R,. For
a given ¢, > 0 and &, > 0, let @ be the §,, packing number M(J,, H?;Z(R), Lo (1II)) of H?;Z(R) and N be the ¢,
covering number N (e, HZ;Z(R), Lo(ID)) of H?;Z(R). Raskutti et al. (2010) utilized the techniques developed by
Yang and Barron (1999) to show the following inequality in their proof of Theorem 2(b) :

: ¢ * : 5721, ¢ *
inf sup  E[lf = f*7,qp) > inf  sup 3P[||f— N7,y = 62/2]
I opremit(n) Foprenyt(m

- 4 (1 ~ log(N) + sl + log(Z))

T2 log(Q)

Now let Q, := M ((5,1/\/8, HL (R), L2(H)> (remind the definition of HZ, (R) (Eq. (14)), and since now H,, is

taken as H for all m, the value Q,, is common for all m). Thus by taking J,, and &, to satisfy

sred < log(N), (63)
410g(N) < log(Q), (64)

the minimax rate is lower bounded by %. In Lemma 5 of Raskutti et al. (2010), it is shown that if Q; > 2 and
d < M/4, we have

108(Q) ~ alox(Qu) +atox (7 ).

By the estimation of the covering number of HZ (1) (Eg. (15)), the strong spectrum assumption (Eqg. (10)) and

the relation (62), we have
} 5. \~2ta 5.\ "2
lo ~ o = o .
s(@) (Rﬂ) (Rﬂ)

Thus the conditions (64) and (63) are satisfied if we set d,, = C'e,, with an appropriately chosen constant C' and
we take g, so that the following inequality holds:

r r4 r4 M
ne? <A R*¢, % 4 dlog (j) .

It suffices to take

1 25 leg (%)

€2 ~dn” T RTEE 4 (65)

Note that we have taken R > 4/ W, thus Qm > 2 is satisfied if we take the constant in Eq. (65) appropriately.
Thus we obtain the assertion for p = oco.

Next we give the assertion about the £,-mixed-norm ball. To simplify the notation, set R = R,. Since ’HZQ (R) 2
H?;Z(R/d%), we obtain

inf sup E[lf - ] Zinf  swp E[f = )
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Here notice that we have R/d% > 4/ W by assumption. Thus we can apply the assertion about the
{so-mixed-norm ball to bound the RHS of the just above display. We have shown that

1 1 23 dl M
133 (R/d§)1+§ + 708;”( d )

inf sup E[|f — £117,am) 2 dn™
Foprengt(r/VA)

25: 4 dlog (%) .

This gives the assertion. O

1183



