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Abstract

In this paper, we examine a spectral clustering algorithm for similarity graphs drawn from a simple
random graph model, where nodes are allowed to have varying degrees, and we provide theoretical
bounds on its performance. The random graph model we study is the Extended Planted Partition
(EPP) model, a variant of the classical planted partition model.

The standard approach to spectral clustering of graphs is to compute the bottom k& singular vec-
tors or eigenvectors of a suitable graph Laplacian, project the nodes of the graph onto these vectors,
and then use an iterative clustering algorithm on the projected nodes. However a challenge with
applying this approach to graphs generated from the EPP model is that unnormalized Laplacians
do not work, and normalized Laplacians do not concentrate well when the graph has a number of
low degree nodes.

We resolve this issue by introducing the notion of a degree-corrected graph Laplacian. For
graphs with many low degree nodes, degree correction has a regularizing effect on the Laplacian.
Our spectral clustering algorithm projects the nodes in the graph onto the bottom k right singular
vectors of the degree-corrected random-walk Laplacian, and clusters the nodes in this subspace.
We show guarantees on the performance of this algorithm, demonstrating that it outputs the correct
partition under a wide range of parameter values. Unlike some previous work, our algorithm does
not require access to any generative parameters of the model.

Keywords: Spectral clustering, unsupervised learning, normalized Laplacian

1. Introduction

Spectral clustering of similarity graphs is a fundamental tool in exploratory data analysis, which
has enjoyed much empirical success (Shi and Malik, 2000; Ng et al., 2002; von Luxburg, 2007) in
machine-learning. In this paper, we examine a spectral clustering algorithm for similarity graphs
drawn from a simple random graph model, where nodes are allowed to have varying degrees, and
we provide theoretical bounds on its performance. Such clustering problems arise in the context
of partitioning social network graphs to reveal hidden communities, or partitioning communication
networks to reveal groups of nodes that frequently communicate.

The random graph model we study is the Extended Planted Partition (EPP) model, a variant of
the classical planted partition model. A graph G = (V, E) generated from this model has a hidden
partition Vi,..., Vs, as well as a number d,, associated with each node u. If two nodes u and v
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lie in the same cluster V;, then the edge (u,v) is present in G with probability d,pd,; otherwise,
it is present with probability d,qd,. Given a graph G generated from this model, the Extended
Planted Partition problem is to recover the hidden partition V1, ..., V} without prior knolwedge of
the specific model parameters.

The standard approach to spectral clustering of graphs is to compute the bottom & singular vec-
tors or eigenvectors of a suitable graph Laplacian, project the nodes of the graph onto these vectors,
and then use an iterative clustering algorithm on the projected nodes. This approach performs well
when nodes from different clusters are well-separated when projected on to the bottom k singular
space or eigenspace of the appropriate graph Laplacian. For graphs drawn from the EPP model,
projecting onto the bottom few eigenvectors of the unnormalized Laplacian does not work; indeed
it is shown by Mihail and Papadimitriou (2002) that high-degree nodes skew the top eigenspace
of the adjacency matrix in the direction of the indicator vectors of those vertices. Thus, to cluster
such graphs, we must counteract this effect with suitable degree normalization. However, if the
minimum degree of any node in the graph is low, then the usual normalized Laplacians have poor
concentration properties, and their bottom singular space or eigenspace may not correspond to a
subspace where the clusters are well-separated.

A line of previous work (Dasgupta et al., 2004) on clustering graphs generated by this model
bypasses this problem by assuming that the generative parameter vector of d,’s is given to the
algorithm. Their algorithm and analysis depend critically on the known parameters assumption,
which does not usually hold in real graph partitioning problems. A second line of work (Coja-
Oghlan and Lanka, 2009) addresses poor concentration by eliminating the low degree nodes and
clustering the rest of the graph. Their algorithm thus applies to graphs which have a small number
of low degree nodes; moreover, they use the adjacency matrix normalized by the product of the
degrees, which requires further constraints on the nodes and cluster sizes — see Section 6 for more
details.

In this paper, we resolve the issue of poor concentration by introducing the notion of a degree-
corrected normalized graph Laplacian. For a constant 7 > 0 and a graph with adjacency matrix A,
the degree-corrected random-walk Laplacian is the matrix / — (T—i—TI ) ~1 A, where T is the diagonal
matrix of degrees. For 7 = 0, the degree-corrected Laplacian reduces to the regular Laplacian. If
all the nodes in the graph have high degrees relative to 7, then the bottom & singular subspace of the
degree-corrected random walk Laplacian is close to the bottom & singular subspace of the random-
walk Laplacian. However, if the graph has a number of low degree nodes, then degree-correction
has a regularizing effect on the Laplacian.

Our spectral clustering algorithm projects the nodes in the graph onto the bottom k right singu-
lar vectors of the degree-corrected random-walk Laplacian, and clusters the nodes in this subspace.
We show guarantees on the performance of this algorithm, demonstrating that it outputs the correct
partition under a wide range of parameter values. Unlike Coja-Oghlan and Lanka (2009), our al-
gorithm can find the correct partition even if the cluster sizes are not well-balanced. Our analysis
is also tighter than Dasgupta et al. (2004); while our bounds may generally be worse, particularly
when the graph has many low degree nodes, under certain conditions, we can show that our perfor-
mance guarantees are better than those of Dasgupta et al. (2004). Finally, even if the graph has very
many low degree nodes, which cannot be reliably clustered because we simply do not have enough
adjacent edges available, our algorithm can still use these nodes in the degree-corrected Laplacian
to compute a subspace for clustering the high degree nodes reliably.
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A key tool in our analysis is a sharp concentration bound on the spectral norm of the degree-
corrected random-walk graph Laplacian, which approximately degrades with O( \F) These bounds
are then used to show that if the clusters are well-separated, then, after projection onto the bottom &
right singular subspace of the degree-corrected random walk Laplacian, nodes from different clus-
ters are well-separated while nodes from the same cluster are close together. A simple thresholding
algorithm can then be used to recover the clusters correctly.

Finally, we provide some statistical lower bounds on the performance of any algorithm for
finding planted partitions in graphs generated by the EPP model. Our bounds show that when the
nodes have uniform degrees, the separation between the clusters required by our algorithm is within
a factor of O( \/uﬁ) of the optimal separation; here wy,;y is the fraction of nodes that belong to the

smallest cluster in the graph.

2. Preliminaries

Planted Partition Model. The planted partition (PP) model is a generative model for random
graphs. A graph G = (V| E) generated according to this model has a hidden partition V1,..., Vj
suchthat Vi UVo U...Vp, =V,and V; NV, = () for i # j. If a pair of nodes u and v both lie in
some V;, then, Pr[(u,v) € E] = p; otherwise Pr[(u,v) € E]| = g. Thus, in the planted partition
model, if © and v are two nodes in the same cluster, then their expected degrees are equal.

In the planted partition problem, we are given a graph G generated by the planted partition
model, and our goal is to find the hidden partition Vi, ..., V) with high probability over graphs
generated according to this model.

Extended Planted Partition Model. The extended planted partition (EPP) model extends this
model to graphs with non-uniform degree distributions. A graph G = (V, E') generated according
to this model again has a hidden partition V3 U ... UV} = V. In addition each node w is associated
with a number d,,. If two nodes u and v lie in the same cluster V;, then, Pr[(u,v) € E] = dypdy;
otherwise Pr[(u,v) € E]| = dyqd,.

An extended planted partition model is characterized by parameters (V,d, p, q), where V =
{Vi,..., Vi } is the hidden partition, d is the vector of d,,’s and p and g are numbers between 0 and
1. We note that the description of a particular model is not unique; for example, for any constant
¢ > 0, the parameters (V,d, p, q) and (V, cd, p/c?, q/c?) describe the same EPP model.

In the extended planted partition problem, we are given a graph G generated by an extended
planted partition model, and our goal is to find the hidden partition V7, .. ., Vj with high probability
over graphs generated according to this model. Observe that unlike the work of Dasgupta et al.
(2004), we do not have access to the d,, vector.

Laplacian. The Laplacian of a graph G = (V, E) is defined as the matrix L=T-— A, where T is
the diagonal matrix of degrees and A is the adjacency matrix of the graph.

Random-walk Laplac1an The random-walk Laplacian of a graph G = (V, E) is defined as the
matrix A = I — 71 A, where 7" is the diagonal matrix of degrees and A is the adjacency matrix of
the graph.

Degree-corrected Random-walk Laplacian. The degree-corrected random-walk Laplacian of a
graph G = (V, E) is defined as the matrix: A’ = I — (T'+71)~' A, where T is the diagonal matrix
of degrees, A is the adjacency matrix of the graph, and 7 is a constant to be specified later.
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Normalized Laplacian. The normalized Laplacian of a graph G = (V, E) is defined as the matrix
L=1—T"Y2AT-Y2 where T is the diagonal matrix of degrees and A is the adjacency matrix
of the graph.

Degree-corrected Normalized Laplacnan The degree-corrected normalized Laplacian of a graph
G = (V, E) is defined as the matrix: £/ = I —(T+71)~"/2A(T+7I)~/?, where T is the diagonal
matrix of degrees, Ais the adjacency matrix of the graph, and 7 is a constant to be specified later.

Notation. For a node u in graph G, we use the notation deg(u) to denote the actual degree of u,
and E[deg(u)] to denote its expected degree.

We use the notation A = E[A] and T = E[T]. In addition, we use S to denote the n x n
diagonal matrix T + 71, where 7 is a constant to be specified later, and S to denote its expectation
E[S]. We use the notation A’ = I — S~'Aand £/ =1 — S~'/2A5~1/2,

For much of the paper, we work with a subgraph of G = (V, E') induced by some subset P
of nodes. In this case, we use the subscript P to denote the relevant quantities for this subgraph.
For example, Ap denotes the adjacency matrix of the subgraph on P, degp(u) denotes the total
number of edges between a node u and the nodes in P, and so on.

For a matrix M, we use the notation || M/ || to denote its spectral or Ly norm. For the rest of the
paper, all expectations are taken over graphs drawn from the extended planted partiton model.

We use the notation d to denote the average of the d,,’s in the graph: d = % > wev du, and for
a cluster C;, we use the notation d; to denote the average of the d,’s among nodes in cluster Cj:
d; = |0171| > wev du. For a cluster C;, we use w; to denote the fraction of nodes in the graph that
belong to cluster C;. We use: wpi, = min; w;. Moreover, we use the notation 1 to denote the
all-ones vector of length n, and 1; to denote the vector of size n the u-th entry of which is 1 if node
u belongs to cluster 5 and O otherwise.

We use the notation D to denote the diagonal matrix diag(d).

3. Algorithm

We provide Algorithm 1, an algorithm for finding a planted partition in a graph G = (V, E) drawn
from an EPP model. To facilitate the analysis, we split V' randomly into two parts P and Q; @
is then projected on to the bottom k right singular subspace of the degree-corrected random-walk
Laplacian computed based on P, and partitioned in this subspace; the nodes in P are partitioned
analogously. This procedure preserves independence between the subspace-computation and the
graph-partitioning steps, thus making the analysis easier.

Observe that Algorithm 1 outputs separate clusterings for P and (), instead of computing a
clustering of the entire graph. Theorem 3 shows that provided certain conditions hold, with high
probability, these are correct clusterings of P and () respectively. In practice however, we may
require a clustering of the entire graph; in this case, we can merge the output clusterings into a
combined one by merging pairs of clusters C; of P and CJ’- of @ if C; and Cj‘ have the closest
centers. A second observation is that Algorithm 1 may output some r clusters, where r is not
necessarily equal to k; however, if the conditions in Theorem 3 hold, then with probability 1 — 4,
r = k, and the clusters will be the correct clusterings of P and Q).

One can also consider a variant of Algorithm 1 that uses the degree-corrected normalized Lapla-
cian I — S~1/248-1/2; however, our calculations show that we can get tighter bounds on the
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separation requirement between the clusters by using the degree-corrected random-walk Laplacian
instead.

Input: Graph G = (V, E), an integer k.
Output: A partition of V.

1. Split V randomly into two sets P and (), each of size n/2.
2. Compute the degree-corrected random-walk Laplacian on P
b=1-S5'Ap,
where for u € P, Sp = (Tp + 71), for some 7 to be determined later.

3. Compute a singular value decomposition of A’P Compute Up, the subspace spanned by
the bottom k right singular vectors of A’.

4. For each node v in @), let X,, be the row of the adjacency matrix corresponding to u
restricted to the nodes in P. Let Y, = P ( 0 (Te, (u)) and define:

9y/k1In(6kn/0)
V2(degp(u) — 8y/degp(u)In(6n/3))

Initially, all  in () are unlabelled.

u =

5. While there exists an unlabelled node in Q):

(a) Let u be an unlabelled node in ) that maximizes degp(u). Create a new label [, and
assign label [ to node .

(b) For each unlabelled node v in Q, if || Yy, — Y5 || < Ay + Ay, assign v the label [.

6. Let C] be the set of nodes in () that are labelled /. Output clusters Cy, Co, ..., C,.

7. Repeat Steps (2)-(6) to cluster the nodes in P.

Algorithm 1: Extended Planted Partition Algorithm

Observe that one difference between Algorithm 1 and McSherry (2001) is that we use the
degree-corrected random-walk Laplacian in Step 2; the degree-correction acts as a regularization
step for the random-walk Laplacian matrix.

A second difference is that we project the vectors deXiuu) instead of X, onto the bottom k right
subspace of the degree-corrected random walk Laplacian computed based on P. Unlike the planted
partition model, in EPP, if u and v are drawn from the same partition V;, then the vectors E[X,]
and E[X,] are no longer equal; instead we have E%[e)g(”(i)] Eﬁg’(i)]. Thus, to ensure that nodes
from the same partition are close together after projection, it is necessary to normalize by the degree

before projection.
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4. Analysis

We now provide performance guarantees for Algorithm 1. We begin with some basic notation. For
a cluster V;, we define the quantity Z; as: Z; = nqcz + nw;(p — q)Ji. Observe that for a node u in
@ and cluster V;: E[deg(u)] = > dypd, + ZvéVi dyqd, = dyZ;. We define the vector p; as:
pi = gD1 + (p — q)D1;.

We use an additional subscript P for these quantities restricted to a subset P of nodes. The
notation dp represents the average d, for nodes v € P, and Ji’ p is the average d,, for nodes
u € P NYV;. We also use the notation Z; p and p; p accordingly: Z; p = nqdp + nw; p(p —
q)d;.p, pi,p = qDpl + (p — q)Dpl;.

We first analyze clustering the nodes in () using a projection onto the Laplacian computed based
on the nodes in P. The analysis for the other case is analogous.

veV;

Theorem 1 Let G = (V, E) be a random graph drawn from an EPP model. Suppose V' can be split
into two parts P and Q such that for all u, E[degp(u)] > 32 In(6n/5). If u and v are two vertices
in Q, and if there exists a T such that for all pairs of clusters i and j,

~1/2
H pi,p P 6+/In(2n/9) _ Z d;
Zip Zjp Z;i p/T + mingep E[degp(u)] wevnP (Eldegp(u)] +7)2
~1/2

6+/1n(2n/9) ' Z d?
(E|

Zj p\/T + minyep E[degp(u)] VP degp(u)] +7)2

—|—2-< min A\, + min )\v>
ueV;NQ veV;NQ

then, with probability 1 — 20, the following statements hold:

1. If u and v belong to the same cluster in the EPP model, then Step 5(b) of Algorithm I run
with parameter T assigns them the same label.

2. If uw and v belong to different clusters in the EPP model, then Step 5(b) of Algorithm I run
with parameter T assigns them different labels.

Statements 1 and 2 of Theorem 1 imply that the clustering output by Algorithm 1 is a correct
64/1n(2n/6)
Z; py/T+minye p E[degp (u)]

clustering of (). The theorem involves a parameter 7; the term decreases

with increasing 7, while (Zuevmp W ) 1/2 increases as 7 increases. The right hand
side of the condition in Theorem 1 is thus optimized when both terms are balanced. The optimal 7
has a complex dependence on the degree distribution of the graph; however, for many graphs, we
may expect 7 to be close to the average degree of G.

Suppose V' contains a number of low degree nodes L with large values of A, such that the
separation conditions in Theorem 1 are satisfied for V' \ L but not for L. Observe that we can still
apply Step 5 of Algorithm 1 on P \ L and @ \ L to cluster them; the proof of Theorem 1 can be

easily extended to show that this will yield the correct clustering. Furthermore, we can still use the
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nodes in L N P to compute the subspace U onto which nodes from @ \ L can be projected and vice
versa, even if we cannot actually cluster the nodes in L reliably.

Theorem 1, combined with Lemma 4 leads to our main theorems. Suppose that the d,,’s are all
equal; then we have the following result.

Theorem 2 (Main Theorem, uniform d) Let G = (V, E) be a random graph drawn from an ex-
tended planted partition model with all d,’s equal to d. Suppose G satisfies the conditions of
Lemma 4, q is a constant, and 1 — w; — wj is at least a constant for all pairs of vertices i and j. If

7 =0, and if:

(p—q)>c- <\/qln(2n/5) n \/kln(Gkn/6)>

dwmin\/ﬁ dQ\/ NWmin

where c is a fixed constant, then, w.p. > 1 — 60, Algorithm 1 outputs correct clusterings of P and

Q.

The lower bound on p — ¢ in Theorem 2 has two terms, the first term corresponding to recovering
the correct subspace, and the second term corresponding to distance concentration. Our bound is
better than the bound of Dasgupta et al. (2004) by a factor of v/k; we believe that this is an artifact
of our analysis. Observe from Theorem 9 that this bound is worse than the statistical lower bound
by a factor of \/ﬁ

Theorem 2 is a direct consequence of the following more general result:

Theorem 3 (Main Theorem, general case) Ler G = (V, E) be a random graph drawn from an
extended planted partition model which satisfies the conditions in Lemma 4. Then, there exists a
constant C' such that the following holds. If, for all u, E[deg(u)] > 221n(6n/6), and if for all
pairs of clusters V; and Vj,

2 2
P q o (P4 2
b4 pr_ 4 >
<Zz' Zj> Z,d"+<zj Zz’> 2 iz

ueV; u€Vj
~1/2
61 384+/In(2n/9) Z d2
Zin/T + minyev; E[deg(u)] =y (E[deg(u)] + 7)?
-1/2 N
384/In(2n/4) Z a2 N n 200+ A ))
min u+ Ao
Zj\ /7 + mingey; E[deg(u)] \ iev; (E[deg(u)] + 7)? u€V; weV;

then, w.p. > 1 — 66, Algorithm I outputs a correct clustering.

4.1. Main Lemmas

The main ingredients in the proofs of our main theorems are the following key lemmas.

Lemma4 Let G = (V, E) be a random graph drawn from an extended planted partition model
with parameters (V, d, p, q) such that for any cluster V;,

1. w; > 81n(4k/s)

n
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2. Zue\/i dy > % In(4k/0) Zue% d12r
30 Y ey, 42 > 54k /) /> ey di.

4. Forany T, ZuGV m % n(4k/é) \/ZuEV IEJ[deg ]+7')

Then, with probability > 1 — § over the splitting of the nodes in V into P and Q, for all clusters V;,

21n(4k/é
1. w;, p > %

2. Y uevinp du = § Y uey; du

3. EUEVF‘IP u = SEuGV u
d2 1 d2
4. Forany 7, 3 uevinp Eldegs (lF7)? 2 § 2ucV; Edea(u %"

A similar statement also holds for Q).

Lemma 5 Let G = (V, E) be a random graph drawn from an EPP model. Suppose V' can be split
into two parts P and Q such that for all u, E[degp(u)] > 32 In(6n/6). If u and v are two vertices
in Q, and if for all pairs of clusters i and j,

~1/2
H'UJZ"P _HGP 64/In(2n/9) . Z di
Zip Zjp Z; p\/T + minge p E[degp(u)] weVP (E[degp(u)] + 1)
~1/2

61/In(2n/6) By d2
(E

Zj p\/T + min,ep E[degp(u)] VP Eldegp(u)] + 7)2

—|—2-< min A, + min )\v>
ueV;NQ veV;NQ

then, with probability 1 — 20, the following statements hold:
1. If w and v belong to the same cluster in the EPP model, then ||Y,, — Y, || < Ay + Ay

2. If u and v belong to different clusters in the EPP model, then ||Y, — Y, || > Ay + Ao

The proof of Lemma 5 is in turn based on the following three lemmas.

Lemma 6 (Concentration of HA;D — A’PH) Let G be a graph on n vertices drawn from the ex-
tended planted partition model with parameters (V,d, p, q). Suppose § € (0,1) and for each vertex
u, E[degp(u)] > 61n(2n/6). Then, with probability > 1 — 6,

6+/In(2n/9)
\/T + min,ep E[deg(u)]

HA/ A/
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Lemma 7 (Distance ConAcentration) Let u be a node in ), and let X, be the subset of the row
of the adjacency matrix A corresponding to node u restricted to the nodes in P. If E[degp(u)] >
% In(6n/0), and if U is any fixed k-dimensional subspace, then, with probability > 1 — 6, for all u,

HPU <cve;:<m>‘P < Efdog (a )H fﬁfﬁei'fi/ff

Lemma 8 (Subspace Concentration) For all clusters 1,
—1/2

“Péglfip(“i) — M — Ap

Z %
: 2
u€EPNV; (duZi+7)

4.2. Proofs of the Main Theorems

Proof (Of Theorem 3) For a set P of vertices, let Fp denote the event that the consequences of
Lemma 4 hold true for P. Under the assumption that the conditions Lemma 4 hold, E'p occurs
with probability at least 1 — §. For the rest of the proof, it is assumed that E'p occurs. We define
Ouw = Ay + Ay. Recall that

P> d2< Zi.p > 2 d2<_Zz'q,P>2

2

Zip  Zjp VEViNP vEV;NP
_ }E: (F (p quP> j{: (ﬂ (pZzP Z >
veV;NP Zi,pZjp vEV;NP Zi,pZj,p

Recall, Z; p < Z; and Z; p < Z;. Conditioned on E'p, from Lemma 4, part 2:

1
= (pZ; — qZ;)

pZip—aZip = ) @ =)+ D, dualp—a) >3

ueV;NP ugV;UV;,ueP

Again conditioning on Ep, combining the two above inequalities with Lemma 4, part 3, we can
write:

2
H Hi,p P
Zip  Zjp

(G- 5) e (5-2) 5o

ueV; ueVj
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If the conditions of the theorem hold, then,

—1/2
HMZ‘,P WP 3844/In(2n/0) (> d,
Z@P Zj7P Z’L . \/7' + minuev E[deg(u)] (]E[deg(u)] + T)Q
—1/2

384+/In(2n/9) _ Z d? 9%
([

Zj /7 + mingey Eldeg(u)] | s (Eldeg(w)] +7)?

~1/2
6+/In(2n/9) Z d?
= Zip T micr Eldegp ()] \ 2 (Eldegp ()] 4 7)2
~1/2
6+/1n(2n/9) d?
: “ + 204.4-
Zjp - /T + minyep E[degp(u)] ue;jmp (E[degp(u)] +7)? ’

Here, the second inequality assumes that E'p occurs, following from Lemma 4, part 4.

Again conditioning on Ep, Lemma 4, part 1, implies that if E[deg(u)] > 1% In(2n/d), then,
Eldegp(u)] > 321In(2n/d). Hence, the preconditions of Theorem 1 are satisfied. Let C¢y be the
event that Algorithm 1 outputs a correct clustering of (); conditioned on Ep, Theorem 1 implies
that Cg occurs with probability at least 1 — 2.

We can define the analogous events Eg and C'p; note that Ep and E are independent. Lemma 4
implies that Eg occurs with probability at least 1 — J, and conditioned on Fg, Theorem 1 occurs
with probability at least 1 — 2. Cp and Cg are independent, and Algorithm 1 correctly clusters
both P and @ if both events occur. The theorem follows. |

Proof (Of Theorem 1) For any pair of nodes u and v in (), we define o, ,, = Ay, + Ay,. Let E be the
event that (a) for all pairs « and v that lie in the same cluster V;, ||Y,, — Y, || < oy, and (b) for all
pairs w and v that lie in different clusters, ||Y,, — Y, || > 0,,,. Lemma 5 shows that if the conditions
of the theorem hold, then, E happens with probability > 1 — 24. We assume for the rest of the proof
that £/ happens.

We now show the theorem by induction over the iterations of the while loop in Step 5 of Al-
gorithm 1. The induction hypothesis we maintain is that iteration ¢ of Step 5 correctly identifies a
partition V4, and assigns all nodes in V; N Q) (and no other nodes) the same label ¢. The base case is at
the beginning when there are no labelled nodes, and hence the induction hypothesis holds trivially.

Suppose the induction hypothesis holds after iteration ¢ of Step 5. This means that ¢ clusters in
the graph, say clusters V7, ..., V; have been correctly identified. Suppose u* is the node selected
in Step 5(a) of the next iteration of Step 5; then u* cannot belong to V3 U ... U V;. Without loss
of generality, let u* € V;4;. Conditioned on F, if any unlabelled node v belongs to V41, then v
is assigned label ¢ + 1; if v ¢ Vi1, then v is left unlabelled. Therefore, the cluster V;4; is also
recovered correctly. The theorem follows. |
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5. Lower Bounds

In this section, we show a lower bound required on the separation between clusters in the extended
planted partition model for any algorithm to be able to correctly discover the clusters. This is a
statistical lower bound, in the sense that it depends on statistical properties of the model, regardless
of computational considerations.

Theorem 9 Let G = (V, E) be a graph generated by the EPP model with k = 3 and parameters
V,d, p,q). If nwyin is the minimum size of any cluster in G, then, in order to correctly determine
the cluster assignments of all vertices in G w.p. > 3/4, we need:

(p—2q) > _ V2
2d2\/ 3nwmin

6. Related Work

Spectral clustering has been widely successful as an empirical tool for exploratory data analysis,
but despite some prior theoretical work (Ng et al., 2002; von Luxburg, 2007; Balakrishnan et al.,
2011), many theoretical aspects remain ill-understood. In this paper, we provide a theoretical anal-
ysis of spectral clustering on graphs drawn from a random-graph model, where the nodes are not
constrained to have similar degrees. The random graph model we use is called the extended planted
partition model, and is a variant of the popular planted partition model.

The planted partition model has long been used as a benchmark for evaluating graph-partitioning
algorithms; early work on partitioning random graphs generated by this model include Condon and
Karp (2001), Boppana (1987) and Jerrum and Sorkin (1993). The state-of-the-art on the planted
partition problem is due to McSherry (2001); he provides a spectral algorithm to recover the planted
partitions by using a projection of the nodes onto the top %k eigenspace of the adjacency matrix.
However, McSherry’s work (McSherry, 2001) and those of his predecessors only address the case
when all vertices in the same cluster have the same expected degree, and this method fails to recover
the correct partition in graphs generated by the extended planted partition model when the degree
distribution is too skewed (Mihail and Papadimitriou, 2002).

The extended planted partition model allows for a different expected degree for each node, and
as such can be viewed an extension of G(w), the random graph model with given expected de-
grees (Chung and Lu, 2006), to the planted partition setting. This extended model was introduced
by Dasgupta et al. (2004), who provided a spectral algorithm for partitioning graphs that it gener-
ates, under the assumption that the parameter vector d that generates the graph is known by the
algorithm. This assumption is critical to the algorithm, as its analysis depends on the concentra-
tion of the normalized adjacency matrix D~'/2AD~'/2, When D = diag(d) is unknown, one
must normalize A by the actual degrees; however, the concentration of this matrix degrades with
the minimum degree of any node in the graph. In this paper, we do not assume access to d, and
we address the concentration problem by using a degree-corrected version of the Laplacian. Our
bounds in general can be worse than those of Dasgupta et al. (2004). However, our work improves
on Dasgupta et al. (2004) by using the random-walk version of the Laplacian instead of the normal-
ized adjacency matrix; our calculations show that this yields slightly better bounds for partitioning
graphs generated by the extended planted partition model.
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Coja-Oghlan and Lanka (2009) provide a spectral algorithm for solving the extended planted
partition problem which does not require access to d, using the top k eigenspace of T-YAT-1,
where 7' is the diagonal matrix of degrees; however, it only recovers the correct partition under
certain conditions — when the maximum expected degree is of lower order than n, the cluster sizes
are well-balanced, and the degree of each vertex is at least a constant fraction of the average degree.
In contrast, our algorithm succeeds with more imbalance, and does not require these constraints.
Moreover, even if there are many low-degree nodes, we can still use them in the degree-corrected
Laplacian to find the correct subspace and help cluster the high-degree nodes, even if they cannot
be clustered themselves.

Rohe et al. (2011) consider the problem of partitioning graphs generated by the stochastic block
model, which is the same as the planted partition model; they show that for graphs drawn from
this model, the top k eigenvectors of the normalized Laplacian are consistent, in the sense that
they converge to a “population” limit as the number of nodes n grows to infinity. They also provide
guarantees on the performance of a spectral clustering algorithm based on the normalized Laplacian.
Unlike our work, they only consider graphs where the expected degrees of nodes in the same cluster
are equal. Choi et al. (2011) studies the consistency properties of the maximum-likelihood solution
in this model.

Bshouty and Long (2010) provide a nearly linear-time algorithm for partitioning graphs gener-
ated by the planted partition model. Their algorithm has faster running time but requires a larger
separation conditions. Karrer and Newman (2011) use a variant of the extended planted partition
model to probabilistically model graphs, and provide a local heuristic algorithm for estimating the
parameters of this model. Theoretical properties of their algorithm are not studied rigorously.

Spectral clustering of data drawn from a mixture model is well-understood theoretically; see,
for example, Achiloptas and McSherry (2005); Kannan et al. (2005); Kumar and Kannan (2010).
This work specifically deals with spectral clustering in similarity graphs. Some of the mathematical
techniques used in our analysis are related to the work on learning mixture models; examples in-
clude Arora and Kannan (2001); Kannan et al. (2005); Achiloptas and McSherry (2005); Chaudhuri
and Rao (2008); Kumar and Kannan (2010); however, the techniques for dealing with the effects
of varying degrees are specific to this problem. Finally, spectral clustering of random graphs where
nodes are data points drawn from a density has been studied by von Luxburg et al. (2008), who
provide results on the consistency the graph Laplacian in this setting.
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Appendix A. Appendix

Lemma 10 Ler X1, ..., X, be independent 0/1 random variables, and X = %" | o; X;, with all
o € (0,1). Let ||oo||* = S, o2. With probability at least 1 — 24,

X B < ()l /).
- 2
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Proof The proof follows from the standard Hoeffding bound (see Hoeffding (1963)) for indepen-
dent random variables Y;, with each Y; € [a;,b;] and Y = % S, Y

—2\2n? )
Z?:1(bi — a;)?

Note that if the X;’s are independent, then Y; = «;X; are as well, and based on this change of
variable, Y; € [0, ;] and Y = %X . Thus, we can write

PrllY — E[Y] > A] < 2exp<

Pr[|X — E[X]| > )] < 2e <2A2
r — = < XP o .
D o

The lemma follows by solving for a A that makes this probability < §. |
Lemma 11 Let X, ..., X, be independent 0/1 random variables, and X = Z?:l o; X;, with all
o; € (0,1). Letv = Y1, a?E[X;]. If v > ¢ In(1/6), then with probability at least 1 — 26,

X — E[X]| < %mu/&) + 2w In(1/9).

Proof Using standard Chernoff bounds appearing in Chung and Lu (2006), we have the following:

PriX <E[X]—-A] < exp (;if) , (1)
2
Pr[X > E[X]+A] < exp (M) . o)

Setting (1) < 0 requires A > /2v1n(1/4). For the upper tail (2), we need:

1 1
A > 3 In(1/6) + \/9(11&(1/5))2 +2v1n(1/9).
Aslong as v > ¢ In(1/6), choosing A > 11In(1/6) + 24/v1In(1/4) gives lower bounds of § for
each tail; the lemma follows. Note that if all o;; = 1, then this is a special case and v = E[X]|. W
Lemma 12 Let X1, ..., X,, be independent 0/1 random variables, and X = %" | o; X;, with all

a; > 0. Letv =37 | o?E[X;]. If (E[X])* > 2221In(1/6), then with probability at least 1 — 6,

X > -E[X].

Proof Follows directly from the standard Chernoff bound (1) appearing in Chung and Lu (2006).
|
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A.l. Proof of Theorem 2

Proof (Of Theorem 2) Note that when all the d,,’s are equal to d, ¢ is a constant, and 1 — w; — w;
is at least a constant, Z; = ©(ndq) and E[degp(u)] = ©(nd?q). With 7 = 0,

(-2) X - o ()

ueV;

INTEn DR S S RN (Ve
Zi\/T + minyev, Eldeg(u)] et (E[deg(u)] + 7)2 - ndy/qw; )’
B k1n(6kn/d)
N co)

These asymptotic bounds are symmetric for the terms involving V. The theorem follows by apply-
ing Theorem 3. u

A.2. Proofs of the main lemmas

Proof (Of Lemma 6) Our proof uses matrix concentration tools from (Chung and Radcliffe, 2011),
(Tropp, 2011) and (Oliviera, 2010).

In particular, following Chung and Radcliffe (2011), we can bound HAED — Al|| as:

s

< |55 (Ap - ap)| + |55 Ar - 551 | 3)
To bound the first term in Equation (3), we observe:

Sp'(Ap — Ap) = Sp' - S5 (Ap — Ap)Sp12 - S
We can now apply Lemma 15 to conclude:

] <557 - sy

310(211/3) . .
= +minu€p£[ deg (] With probability > 1 — 6 /2.

Let LA’P =71 - S;UQAPS’IZI/Q. Then, Ap = 5'113/2(1 — EA’P)S'IID/Q. To bound the second term in
Equation (3), we observe:

which from Lemma 18 is at most \/

SplAp—Spldp = SV - £p)SE? - SIS - L) S
(Sp12 = Sp1 8% (1= L) - Sif°
Sp!* (= 8PS 8) (1= £p) - 517

Now we can again apply Lemma 15 to conclude that:

|5 4p — 55 Ap| < |1 - 8255 57| £ - £
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Recall that from Lemma 17, HI — ﬁ’P H < 1. The theorem follows by combining this fact with
Lemma 16 with error bound /2, noting that |P| = n/2. [

Proof (Of Lemma 7) We can write:

[P () 7 ()| = e G|+ e (s - )|
degp(u) degP Eldegp(u degp(u)  E[degp(u)]
To bound the first term, we can use Lemma 13 with X,, = X and ¢’ = 6/6n. This implies that
w.p. >1-4/3,
kIn(6kn/0)
v < degP > H degP )] 2 '

To bound the second term, we note that.

7 (s~ mern) | < |

Xu Xy ‘
degp(u)  E[degp(u)]

*( [Eldegp(u)] - degp(w)
< 1%l < dog p(u)Eldeg ()] )
<y (rE[degpm)] - degp<u>\> "

degp(u)E[degp(u)]

= y/degp(u). Now we can use

the Chernoff bound (Lemma 11) with §' = §/6n to conclude that w.p. > 1 — /3,

IN

% In(6n/3) + 2\/Eldogp(w)] m(6n/9)
4\/Eldegp(u)] In(6n/0) ©)

Combining with equation (4) and some algebra gives:

| degp(u) — E[degp(u)]]

IN

HPU <de;ou( ) degp )H E[degp(u ln§6néjép(u)'

Finally, we note that using the Chernoff bound in Lemma 12, with probability at least 1 — §/3, for
all u, degp(u) > 1E[degp(u)] as long as E[degp(u)] > % In(6n/0). The lemma follows after
more algebra and recognizing that k£ > 2, and it all happens with probability 1 — §. |

Proof (Of Lemma 8) Recall that row u of the matrix I — Lp = SISIA pis:

1 P
Eldegp(u) + 7 " = 4 Zi+ 7

From Lemma 14 applied to (Sp'Ap)T, there exists a vector 3 such that: (Sp'Ap)T8 = p; p.
Moreover,

i, P-

—-1/2

d2
18]l = Z m (6)
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Let P $1Ap be the operator that projects a column vector onto the row-space of gljlfl p. We
can write:

[Psrap (i) — i = |7 =Pz, )85 4p) 8] < (T Pyia, (S5 4R - 181
Equation (6) provides a bound on || 3]|. To bound the other term, we can write:
|0=Porispian)| < || -Peas) S5 An)|
(= Paa (S AR - (551 T)| @

The second term in Equation (7) is at most HS;lA p— gglfl p|l; this is because the transforma-

. . -1 4 \T
tion [ — P $51Ap cannot increase norms. To bound the first term, observe that P S5l Ap (Sp"Ap)

is the best rank £ approximation to S’*lflp. As S};lAp is rank k,
5407 P 57207 < 050

The lemma now follows by simple algebra, recognizing that HA’P — A
|

= HS’;IAP — S;lApH.

Proof (Of Lemma 4) The cluster weight w; p can be written as a sum independent 0/1 random
variables: w; p = %Zve\/ Xy, where X,, = 1 with probability w;/2. Applying the Chernoff
bound in Lemma 12 with § = §’/4k and taking the union bound over all V; gives the result for w; p
with probability > 1 — §/4.

For Zuew Ap du, note that it can be written as Zuevi dy Xy, where X,, = 1 with probability
1/2. We again use the Chernoff bound in Lemma 12 and the union bound with 6 = ¢’/4k to get the
result in part 2 with probability > 1 — §/4. Part 3 follows from the same argument, replacing d,, by

2
W, and the observation that

E[degp(u)] < E[deg(u)]. Finally, the lemma follows from an union bound over the four parts. W

d?. Part 4 follows from the same argument, replacing d,, by @

Proof (Of Lemma 5) For any pair of nodes v and v in ), we define 0, , = A, + A,. Suppose u

and v are two vertices in the same cluster V; of the graph, and suppose that v and v lie in ). Then,

]E[Xu] ]E[XU] — M
recall that E[degp(uw)] — E[degp(v)] ~ Zip v

E[X,]
A T (=i R
SPlAP( E[degp(u )H ’ 1AP( degp >H

Since the projection P S5l Ap is computed independently of the edges adjacent to u and v, we can

, and therefore:

Ve — Ya| < \

apply Lemma 7 and (5) to conclude that ||Y,, — Y, || is at most oy, for all u and v with probability
>1-6.
Now suppose u lies in cluster V; and v lies in cluster V;, and both v and v lie in (). Then,

. Mz’,P_P i ,uzP M;P ,ujP
Zip S "Ap
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Again using Lemma 7 and (5),

Hi,p P
Zip  Zjp

1
v~ % > | |

Zip

1
i, p — nglAP (Hi’P)H_ZLp HHJ',P — P§;1AP (Nj,P)H_Uu,v-

Recall that from Lemmas 6 and 8,

—-1/2

/7 + min,ep E[degp(u)] weVinP (E[degp(u)] + 1)
for all ¢ with probability 1 — §; a similar statement is therefore true for H,uj’ p—Pg Ap (1j,p) H
P
Thus, if the conditions of the theorem hold, then,

pip —Pgij, (Mi,P)H <

1Yy = Yol > 0w

The lemma follows. [ |

A.3. Other lemmas

Lemma 13 Let U be a k-dimensional subspace and X a 0/1 random vector. Then, w.p. > 1 — 24/,

[Pu(x ~Elx))| < /M)

Proof The projection onto U can be written as:

k
Py (X —E[X]) =Y (X, v;) — (E[X],0) v;.
i=1

Applying the Hoeffding bound (Lemma 10) to (X, v;) with ¢’ = §/k and taking the union over
all 7 gives that for all ¢, with probability at least 1 — ¢§':

In(k/o)

’<X7vz>_<E[X]7vz>’ < 2 )

noting that ||| = 1 because v; is a unit vector. Using the triangle inequality,

k
P (X —EXDI < | D HX, i) — (ELX] 00) ]2,
i=1

from which the lemma follows. [ ]
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Lemma 14 Let x € R, o € RF be column vectors, and let M be an n x k matrix such that the
ith column of M is c;x. Then, there exists a column vector 3 € R* such that: M B = x, and

181 = 1

Proof Let /3 be the following vector: 3; = ——ay,fori € {1,...,k}. Then, || 3| = H;Tl Moreover,

2

-2 = ||a||2$ -
«

i

The lemma follows. |

Lemma 15 Let M be a symmetric matrix, let H be a diagonal matrix, and let M' = H=Y/2 M H/2,
If x is an eigenvector of M with eigenvalue )\, then:

1. H 2% is a right eigenvector of M' with eigenvalue \.

2| MM = |M2

Proof Lety = H /2.
My=HYV?MHEY?y=H'?Mz = H %z =)y

The first part of the lemma follows. To prove the second part, we observe that y is also an eigenvec-
tor of M’'T M’ with eigenvalue \2. [ |

Lemma 16 Let G = (V, E) be a random graph drawn from an EPP model, let S = (deg(u) + 7)
for 7 >0, and let S = E[S]. If for some &' € (0,1) and all u € V, E[deg(u)] > 1 In(2n/&"),
then, w.p. > 1 — ¢/,

In(2n/6")

\/mlnu [deg(u)] + 7

HI B §1/25—1§1/2H <

Proof We use a Chernoff bound (Lemma 11) on deg(u) with § = ¢’/2n and use the union bound
over V; for all u, with probability > 1 — §’,

| deg(u) — Eldeg(u)]| < %1n(2n/5/) + 2/E[deg(u)] In(2n/d")

Therefore,
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R I
| Eldeg(u)] — deg(u)
u E[deg(u)] + 7
o 21020/ + 2/Edeg(u)]In(2n/5)
i E[deg(u)] + 7

4y/E[deg(u)] In(2n/d")

<
= T T Eldeg(u)] + 7
lA
< max 4,/In(2n/¢") ’
u E[deg(u)] + T
from which the lemma follows. [ |

Lemma 17 Let EA}. be the degree-corrected normalized Laplacian, then,

g

<1

Proof Recall that:
I— /j/P _ 5';1/2121135';1/2 _ 5,;1/212113/2 ) T;1/2APT;1/2 ) T}D/QS';UQ
Therefore,

HI—E;

<l i ||

As T — T; 12 4 pT; 1/2 i the actual normalized Laplacian of G, its eigenvalues are in [0, 2] (as seen
in Chung (1997)), so TF_, 1 2A PT}; 1/2 has eigenvalues in [—1, 1] and spectral norm < 1. Moreover,

each entry of the diagonal matrix 5’;1/ 2T},/ % is at most 1 and therefore its spectral norm is also < 1.
The lemma thus follows. n

Lemma 18 [f a random graph G is drawn from the EPP model, then, with probability > 1 — 9,

HS—1/2(A—A)S—1/2HS\/ 31In(2n/6)

7 + min,, E[deg(u)]
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Proof We heavily use tools from Chung and Radcliffe (2011). Following Theorem 2 of Chung and
Radcliffe (2011), we define E*" to be a matrix in which the (u, v)-th entry and the (v, u)-th entry
is 1, and the rest of the entries are 0. Let p,, be the probability that the edge (u,v) exists in the
graph, and let Z,, be a 0 /1 random variable which is 1 with probability p,,, and 0 with probability
1 — pyy. Then, A = Zuﬂ) Puv L.

Let 7
Hyy =5~ 1/2(( puv)Auv)S_1/2 - %AW
We observe that for any w and v, |Hyy| < ﬁ Furthermore, for any u # v, E(H2,) =

55— (Puw — D2y) (Auu + Auy), and E(HZ,) = 0. Therefore,

Z Puv — p%“)A
N
Suuva

— max ( Puv — p'?]/L))
" u > SuuSvv

Puv 1 Puv 1
< max < —_—
Z SUUSUU B min’l} SU’U ) Suu o min?} S’UU

Here the second to last step follows because ) |, puy = E[deg(u)] < Syy. Similar to the proof of
the first part of Theorem 2 of Chung and Radcliffe (2011), the lemma now follows by an application

of Theorem 5 of Chung and Radcliffe (2011), with M = 1, V2 = minvl S = 7 +minu%ﬁ[deg(u)}, and

31n(2n/6)
T+min, E[deg(u)]" u

a =

A.4. Proofs from Section 5

Proof (Of Theorem 9) Fix constants d > 0, 0 < § < 65112’ Wmin > 0, and let p = 5 dQ + 6,

q=3 d2 — 9, d = d1. Without loss of generality, let n = |V| and wyi, be such that nwy,, and

n(1 — 2wy ) are integers, and let A be a fixed subset of n(1 — 2wy, ) nodes. For a subset of nodes
S C V\ A of size nwmyin, let S = V' \ (AU S). Thus, {5, 5, A} is a partition of V, and since A
is fixed, the partition is determined by the selection of S. We denote by G g the EPP with partitions
given by a specific S, and let F' be the family of all such Gg.

Suppose we are given G generated from some Gg € F, and we have an arbitrary algorithm or
estimator ¢(G) for a specific member ¢ € F. Then Fano’s inequality Cover and Thomas (2006)
gives:

supPrfy 4 > 1 D F 102
icF G Inr
where KL(Gg,Gg) < fforall Gg,Gg € F,and r = |F| — 1.

For a specific EPP Gg € F, the probability Pr[G] of generating G is a product of independent
Bernoulli distributions over the edges. Suppose that for a possible edge e, the edge probability in
Ggis p(e) and in Gg # Gg is p'(e). From Cover and Thomas (2006), we write

; ®)

L(Gs.Gs) §jKLp,
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For each possible edge e, the KL-divergence is zero if p = p/, and otherwise:

KL(p,p)) < d’pln jzz +(1—d%p)In i - jzz
— (1/24 d%) mm +(1/2 — d%) mm
2
= 2d%*5In m
= 2d*In (1 + 1/22d_2‘;25) < 2d251/22d_2225
< 2200 <o = S o)

Let N, be the number of edges e for which p(e) # p'(e). Because A is fixed, we only need to
consider edges within S U S:

KL(Gs,Ge) < oN(p-a)* < 5 (7" ) (@0 - 0 < 3euan( (o - )

To bound |F|, we consider the number of ways to split VV \ A into S and S. For clarity, let

T = NMWmnin. Then
1(2 2% 2
r = ()25
2\ z NG

using Stirling’s approximation. Therefore,

1 In2 In2
log(|F|—1) > (22 —3)In2— ilnx > %w = %nwmin.

Substituting into (8),

3n*wi s, (d*(p — q))?

min

sup Pr{ys # 1] > 1 -

iep i In(2)nwpin ’

which means that w.p. > 3/4, there is no algorithm that can discern between Gs and G's if:

s vIn?2
p—a= 2d2\/3nWin
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